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TheRealizationProblem

The realization problem

PSfragreplacementsh(t,τ)=C(t)Φ(t,τ)B(τ)

Σ
u uy y ẋ=A(t)x+B(t)u

y=C(t)x,x(0)=0

∫t

0h(t,τ)u(τ)dτ

Theorem1.Therealizationproblemcanbesolvedifandonlyif

h(t,τ)=H(t)F(τ)forsomefunctionsH(t)andF(t)withappropriate

dimensions.
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Proofofnecessity:Weknowfromchapter2that

h(t,τ)=C(t)Φ(t,τ)B(τ)=C(t)Φ(t,0)
︸︷︷︸

H(t)

Φ(0,τ)B(τ)
︸︷︷︸

F(τ)

Proofofsufficiency:Consider

ẋ(t)=F(t)u(t),x(t0)=0

y(t)=H(t)x(t)

Thisimplies

y(t)=H(t)x(t)=H(t)

∫t

t0

F(τ)u(τ)dτ=

∫t

t0

H(t)F(τ)
︸︷︷︸

h(t,τ)

u(τ)dτ

whichisthedesiredconvolutionkernel.
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Time-invariantSystems

ẋ(t)=Ax(t)+Bu(t),x(0)=0

y(t)=C(x(t)+Du(t)

⇔y(t)=

∫t

0

g(t−τ)u(τ)dτ,g(t)=Ce
A(t−τ)

Bθ(t)+Dδ(t)

⇔Y(s)=G(s)U(s),G(s)=L{g}(s)=C(sI−A)
−1

B+D

ThetransferfunctionG(s)=C(sI−A)
−1

B+Dis

�arationalfunctionins

�aproperfunctionsinceG(∞)=DandstrictlyproperifD=0
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TheFundamentalProblem

Givenamatrixfunctionwithproperrationalelements

G(s)=







G11(s)...G1m(s)
..
.

..

.

Gq1(s)...Gqm(s)





,Gij(s)=

nij(s)

dij(s)

wheredij(s),nij(s)arepolynomialswithdeg(nij)≤deg(dij).Finda

finitedimensionalrealization,i.e.matrices

(A,B,C,D)∈R
n×n

×R
n×m

×R
q×n

×R
q×m

suchthat

G(s)=C(sI−A)
−1

B+D

�Whatistheminimaldimensionoftherealization,i.e.thesmallest

possiblen=dim(A).

�Istheminimalrealizationunique?
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ThedirecttermisobtainedasD=G(∞).Themainproblemistofind

(A,B,C)suchthat

R(s)=G(s)−G(∞)=C(sI−A)
−1

B
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StandardReachableRealization

Example1.

Y(s)=
n2s

2
+n1s+n0

s3+a1s2+a2s+a3

U(s)

⇔
1

n2s2+n1s+n0

Y(s)=
1

s3+a1s2+a2s+a3

U(s)
︸︷︷︸

X1(s)

LetX2(s)=sX1(s)andX3(s)=sX2(s).Then

sX3(s)=−a1X2(s)−a2X1(s)−a3X1(s)+U(s)

Y(s)=n0X1(s)+n1X2(s)+n2X3(s)
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InverseLaplacetransformationoftheaboveequationsgivesthe

realization






ẋ1

ẋ2

ẋ3





=







010

001

−a3−a2−a1













x1

x2

x3





+







0

0

1





u

y=
[

n0n1n2

]







x1

x2

x3






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MultivariableCase

R(s)=
1

χ(s)

(
N0+N1s+...+Nr−1s

r−1
)

χ(s)=s
r
+a1s

r−1
+...+ar,(Leastcommondenominator)

Thestandardreachableform:

A=













0I0...0

00I...0

...
...

...I

−arI−ar−1I−ar−2I...−a1I













,B=













0

0
..
.

0

I













C=
[

N0N1N2...Nr−2Nr−1

]
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Thestandardreachablerealizationiscompletelyreachablesince

Γ=
[

BAB...A
n−1

B

]

=













00...0I

00...I∗

...

0I...∗∗

I∗...∗∗













whichhasfullrank.
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StandardObservableForm

Example2.

R(s)=
n2s

2
+n1s+n0

s3+a1s2+a2s+a3

=r1s
−1

+r2s
−2

+r3s
−3

...

TheMarkovparametersrkcaneasilybeshowntosatisfytherecursion

r1=n2

r2=−a1r1+n1

r3=−a1r2−a2r1+n0

r3+i=−a1r2+i−a2r1+i−a3ri(1)

Wemusthave

R(s)=C(sI−A)
−1

B=CBs
−1

+CABs
−2

+CA
2
Bs

−3
...
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Itiseasytoseethat

A=







010

001

−a3−a2−a1





,B=







r1

r2

r3







C=
[

100
]

satisfiesrk=CA
k−1

B.Theprooffollowssince

A
k−1

B=







rk

rk+1

rk+2







whichcanbeprovenfrom(1)byinduction.
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Multi-variableCase

R(s)=R1s
−1

+R2s
−2

+R3s
−3

+...whereRkisk
th

Markovparameter

Thestandardobservablerealization

A=













0I0...0

00I...0

...
...

...1

−arI−ar−1I−ar−2I...−a1I













,B=













R1

R2

..

.

Rr−1

Rr













C=
[

I00...00
]
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Thestandardobservablerealizationiscompletelyobservablesince

Ω=













C

CA
..
.

CA
n−2

CA
n−1













=













I00...00

0I0...00
...

000...I0

000...0I












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Example

R(s)=
[

1
s2+4s+3

1
s+3

]

=
1

s2+4s+3

([

13
]

+
[

01
]

s
)

whichgivesthestandardreachablerealization(controllablecanonical

form)

A=










0010

0001

−30−40

0−30−4










,B=










00

00

10

01










C=
[

1301
]
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Isitobservable?Wehave

Ω=










C

CA

CA
2

CA
3










=










1301

0−31−1

−33−41

12−313−1










WehavetheequivalenceΩQ=Ω1,where

Q=










1000

0100

−1010

−1−301










,Ω1=










0001

001−1

00−41

0013−1









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Hence

Ō=KerΩ=QKerΩ1=span




















1

0

−1

−1










,










0

1

0

−3



















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Alternatively

R(s)=
[

1
s2+4s+3

1
s+3

]

=s
−1

[

10
]

+s
−2

[

1−1
]

+s
−3

[

−41
]

...

whichgivesthestandardobservableform(observablecanonicalform)

A=




01

−3−4



,B=




01

1−1





C=
[

10
]

Thisisacontrollablerealization

Γ=
[

BAB

]

=




011−1

1−1−41




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ReducingtheOrder

�Thestandardreachablerealizationisreachablebutpossiblynot

observable

–Ifnotobserablethentherearestatestoberemoved.

�Thestandardobservablerealizationisobservablebutpossiblynot

reachable

–Ifnotreachablethentherearestatestoberemoved.
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Reachability

PSfragreplacements
Vr̄

Vr̄

R=Im(Γ)
R=Im(Γ)

x x

xr̄

xr̄

xr
xr

ThechoiceofVr̄isnotunique
�R=ImΓ=Im

[

BAB...A
n−1

B

]

isthereachablesubspace.
�ThereachablesubspaceisA-invariant,i.e.AR⊆R

⇒Risindependentofthechoiceofcoordinates

�R
n

=ImΓ⊕Vr̄,dim(Vr̄)=n−r,wherer=dimImΓ

–Vr̄isnotunique.Itdependsonthechoiceofcoordinates.
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Thedynamicsinthenewcoordinates
�xr∈Rreachablestates

�xr̄∈Vr̄statesthatcannotbereachedfromtheorigin

isonthefollowingform(independentofthechoiceofVr̄)



ẋr

ẋr̄



=




Ã11Ã12

0Ã22








xr

xr̄



+




B̃1

0



u

y=
[

C̃1C̃2

]




xr

xr̄











Ã21=0sinceÃR⊆R

B̃2=0sinceImB̃⊆R

Reducedorderdynamics:

R(s)=C̃1(sI−Ã11)
−1

B̃1
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Observability

�Ō=KerΩ=Ker










C

CA
..
.

CA
n−1










istheunobservablesubspace.

�TheunobservablesubspaceisA-invariant,i.e.AŌ⊆Ō

⇒Ōisindependentofthechoiceofcoordinates.

�R
n

=Ō⊕Vo

–Voisnotunique.Itdepenedsonthechoiceofcoordinates.
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Thedynamicsinnewcoordinates

�xō∈Ō=Ker(Ω)unobservablestates

�xo∈Vostatesthatcanbeobserved.

isonthefollowingform(nomatterthechoiceofVo)



ẋō

ẋo



=




Ã11Ã12

0Ã22








xō

xo



+




B̃1

B̃2



u

y=
[

0C̃2

]




xō

xo











Ã21=0SinceAŌ⊆Ō

C̃1=0sinceŌ⊆Ker(C̃)

Reducedorderdynamics:

R(s)=C̃2(sI−Ã22)
−1

B̃2
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�TheKalmandecompositiongeneralizestheaboveideas

�Astate-spacerealizationisnotminimalifitthereareunreachableor

unobservablestates.
�Answerstothefundamentalproblemaregivennexttime.
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