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TheKalmanDecomposition

PSfragreplacements

R∩Ō=span{Vōr}Vor=span{Vor}

Vōr̄=span{Vōr̄}Vor̄=span{Vor̄}
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TheKalmanDecomposition
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zōr̄

zor̄















+















B1

B2

0

0















u

y=
[

0C20C4

]















zōr
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KalmanDecomposition

PSfragreplacements
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ΣōrΣor̄

Lecture94SF2832



Example
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Dynamics
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R=ImΓ=R
2
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Inthenewcoordinates
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MinimalRealizations

LetR(s)beastrictlyproperrationaltransferfunction.

Definition1.TheMcMillandegree,δ(R),isthedimensionofany

minimalrealization(A,B,C)suchthatR(s)=C(sI−A)
−1

B.This

meansthatif(Ã,B̃,C̃)isanotherrealizationthendim(A)≤dim(Ã).

Wewill

�Identifynecessaryandsufficientconditionsforarealizationtobe

minimal.

�ShowhowtheMcMillandegreecanbecomputedusingtheMarkov

parameters

�Showhowtoobtainaminimalrealization.
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TheHankelMatrix

GivenastrictlyproperrationaltransfermatrixR(s)suchthat

R(s)=
1

χ(s)

(

N0+N1s+...Nr−1s
r−1

)

=R1s
−1

+R2s
−2

+R3s
−3

...

χ(s)=s
r
+a1s

r−1
+...+ar(istheleastcommondenominator

oftheelementsRij(s)ofR(s))

theblockHankelmatrixisdefinedfromtheMarkovparametersas

Hν=















R1R2...Rν

R2R3...Rν+1

..

.
..
.

RνRν+1...R2ν−1
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Givenanyrealization(A,B,C),theMarkovparametersaregivenas

Rk=CA
k−1

B.Thisimpliesthat

Hr=















CBCAB...CA
ν−1

B

CABCA
2
B...CA

ν
B

..

....
..
.

CA
ν−1

BCA
ν
B...CA

2ν−2
B















=















C

CA
..
.

CA
ν−1















[

BAB...A
ν−1

B

]

=ΩνΓν

If(Ã,B̃,C̃)isanotherrealizationthenHν=Ω̃νΓ̃ν=ΩνΓν
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OverviewofTheory

������
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Thm 5.2.6

Thm 5.2.9

Lem 5.1.6

Lem 5.2.8
Cor 5.2.10

PSfragreplacements

(A,B,C)Hν=ΩνΓν(A,B,C)minimal⇔(A,B)controllable

(A,C)observable

δ(R)=rank(Hn)

r=degχ(s)

δ(R)=rank(Hr)
n=rank(Ωr)

n=rank(Γr)

rank(Hr)=rank(Hν),ν≥r

Ho’salgorithm

Givesminimalrealization
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Theorem5.2.6

Theorem1.Arealizationisminimalifandonlyif

�(A,B)iscompletelyreachable.

�(A,C)iscompletelyobservable.

TheMcMillandegreeisgivenasδ(R)=rank(Hn).

Proof.SeeLindquistandSandorthelecture.Theproofrelieson

propertiesofthematrixrankpresentedinthenextfewslides.
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MatrixRank

Definition2.TherankofP∈R
q×m

isdefinedas

rankP:=dim(ImP).

Lemma1.Wehave

(i)rank(PQ)≤rank(P)

(ii)rank(PQ)≤rank(Q)

(iii)rank(P)=rank(P
T
)

(iv)rank(QQ
T
)=rank(Q)
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ProofofLemma

(i)EachcolumninPQisalinearcombinationofthecolumnsinP.

ThisimpliesIm(PQ)⊂Im(P)=span{p1,...,pm},wherepkare

thecolumnsofP.Thisimpliesrank(PQ)≤rank(P).

(iii)Thefundamentaltheoremoflinearalgebrashowsthat

dim(Im(P))=dim(Im(P
T
)).Thisproves(iii).

(ii)rank(PQ)
(iii)
=rank(Q

T
P

T
)

(i)

≤rank(Q
T
)

(iii)
=rank(Q)

(iv)Thefundamentaltheoremoflinearalgebrashowsthat

Im(QQ
T
)=Im(Q),whichimpliesrank(QQ

T
)=rank(Q).
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EquivalentMatrices

�TwomatricesAandBarecalledequivalentifA=PBQ,forsome

invertiblematricesP,Qofsuitablesize.

�ThematricesPandQnormallyrepresentselementaryrow

respectivelycolumnoperations.

�WeusethenotationA∼BtoindicatethatAandBareequivalent.

Example1.Wehave
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WehaveshownPHQ=





100

000





,where

P=





10

1−1





,H=





112

112





,Q=









1−1−2

010

001
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Lemma5.2.8.

Proposition1.Letr=deg(χ(s)).Thenrank(Hr)=rank(Hν),ν≥r.

Proof.UseRr+k=−a1Rr+k−1−...−arRktoshowthatHrandHν

areequivalent.
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Thefollowingcharacterizationofthenatrixinverseisusedfortheproof

ofLemma5.2.9.

Lemma2.(sI−A)
−1

=
1

det(sI−A)
adj(sI−A)wherethe(i,j)

elementofadj(sI−A)is(−1)
i+j

timesthedeterminantofthe

submatrixobtainedbyremovingthej
th

rowandi
th

columnof(sI−A).

IfAisn×nthendeg(adj(sI−A))<n.
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Theorem5.2.9

Theorem2.δ(R)=rank(Hr),wherer=deg(χ(s)).

Proof.Theorem5.2.6showsn:=δ(R)=rank(Hn).Suppose

(A,B,C)isaminimalrealization.Wehave

R(s)=
1

χ(s)

(

N0+N1s...Nr−1s
r−1

)

=C(sI−A)
−1

B

=
1

χA(s)
C(adj(sI−A))B,whereχA(s)=det(sI−A)

Fromthisitisclearthatr=deg(χ(s))≤deg(χA(s))=n.Bythe

minimalityof(A,B,C)wehave

rank(Hr)=rank(Hn)=δ(R)⇒δ(R)=rank(Hr)
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