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Let n; denote the level of contract ¢, where ¢ = 1,2, 3..

Define functions f and ¢ that we want to minimize, with the right properties. Frasse
wants to maximize the lobby effects. Let L;(s;) be defined by the table. Let
f(s1,82,83) = —[L1(s1) + La(s2) + L3(s3)] Clearly f is a separable function, and
decreasing.

Integer-convexity follows by considering A f;(1), i.e.

Af | AL | ALy | ALs ||
si=0] —-10] -15 | —15
si=1] =5 | -2 | =3
si=2| =3[ -2 | =2

which are increasing.

We want to minimize the cost, let g(s1,s2,53) = c1(s1) + ca(s2) + c3(s3). Clearly g
is a separable function, increasing, Integer-convexity follows by considering Ac;(1),

ie.
Ag H Acg ‘ Ac, ‘ Acp, H
si=0| 6 7 8
si=1| 15 | 10 9
si =21 17 11 11

which are increasing.

We can then apply the Marginal Allocation algorithm.

—Af/Ag | vy v
s, =0 10/6 =1.7 | 15/7=2.1 | 15/8 =1.9
si=1 5/15=0.33 | 2/10=0.2 | 3/9=0.33
s;=2 3/17=10.17|2/11 =0.18 | 2/11 = 0.18

The efficient allocations are therefore,

SO) = (51 =0,50=0,53=0), f(sD)=0, g(s©)=0

S = (57 =0,50=1,83=0), f(sW)=15 g(sW)=7

S(2) = (s1=0,s9=1,83 =1), f(s(Q)) = 30, g(s(Q)) =15

SG) = (s =1,50=1,s3=1), f(s®) =40, g(s®)=21

S =(s1=1,50=1,53=2), f(s®) =43 ¢(s®) =30

SW) = (s1=2,80=1,53=1), f(s®) =45 ¢(s®) =36

SO) = (51 =2,50=1,53=2), f(s®) =148, g(s) =45
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Note that the order of the efficient solutions are not unique here, S® and S*") can
be taken in any order, i.e., the fourth choice could be either lobby group 1 or 3 at
contract level 2. However, if the budget constraint is 30 k$, then the lobby group 3
at contract level 2 is the only choice.

The intensity of incoming calls (from outside) is A = 100 per hour, and it is divided
up to each station according to Ay = 30, Ao = 50, and A3 = 20.

Furthermore, including the feedback from station 1 the total arrival intensity at
station 2 is /\2 = A9 4+ 0.2\ = 56 callers per hour. Slmllarly, 1nclud1ng the feedback
from station 2 the total arrival intensity at station 3 is )\3 = A3+ 0. 5)\2 = 48 callers
per hour.

The light traffic conditions have to be satisfied so therefore p; = A1/(s1u1) < 1 has
to be satisfied, that is, s; has to be at least 2.

Similarly, ps = 5\2/(32u2) < 1 has to be satisfied, that is, s has to be at least 6.
Similarly, p3 = A3/(s3p3) < 1 has to be satisfied, that is, s3 has to be at least 3.

Use the formulas for M|M|1 systems to obtain L; = p1/(1 — p1) = 1 caller, Ly =
p2/(1 — p2) = 14 callers, L3 = p3/(1 — p3) = 4 callers. Then L = L1 + Ly + L3 =19
callers, and using the global version of Little’s formula we have that the average time
to pass the system is 19/100 hours + 30 seconds.

The difference in the modelling is that the service time for an individual caller is
reduced by a factor s; in the approximation. So if the queue is full then customers
are served one-by-one at an increased speed, instead of in parallell at the normal
speed. The average time to pass through the system is still similar. If the queue is
not full then the caller still gets the fast service and then the average time to pass
through the system is underestimated.

Maximization formulation:

Define the reduced problems

(Pn) s.t Zf\;n zic; < Cp
z; >0fori=mn,---,N.

where C,, = remaining budget for posters at locations n,---, N.
The original problem is (P;) starting at C, = C.

Let f}(C),) = the optimal value of the optimization problem (P,,), and let f(C,, z) =
the optimal value of the optimization problem (P,) when z is the size of the poster
at location n and and the rest of the budget is spent optimally.

Then

f*(C)—maX{f( ,2)|Cp — enz >0} = max{z[ + fr(Cy zcn{C — z¢p >0} .

n
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We now solve it for N = 3, that is we need to solve for f(C,) for C,, < 10 and
n = 2,3 to obtain f;(10).

Let fi =0, then f;(Cs) = 4C% if x5 = Cs.

For n = 2,

15(Cy) :mzax{322+f§(02 —22)| Cy — 22 > 0} :mzax{322+4(02—2z)2‘02 —22>0}.

Taking derivatives we see that 2 = 8/19C,. (Note that it satisfies the constraint)
Then the maximum is attained either for 2 =0 or 2 = Cy/2.

f3(C2) = max{4C3,3/4C3} = 4C3 for 2 = 0.

Forn=1,
f1(10) = min {2 + f3(10 — 2)| 10 — 2 > 0} = min { 2% + 4(10 — 2)*| 10 — z > 0} .
z z

Then the maximum is attained either for 2 =0 or 2 = 10.

fF(10) = max{4 x 102,10%} = 4 % 102 for 2 = 0. and the optimal poster sizes are
given by

x1 = 0, then Cy = 10,
x9 = 0, then C3 = Cy — 2 x 29 = 10,
x3 = C3 = 10.

Minimization formulation:

Define the reduced problems

. N
Ty TN

(Pn) s.t SN wici = Cy,
x; >0fori=mn,---,N.

where C,, = remaining budget for posters at locations n,---, N.
The original problem is (P;) starting at C; = C.

Let f(C),) = the optimal value of the optimization problem (P,,), and let f(Cy, z) =
the optimal value of the optimization problem (P,) when z is the size of the poster
at location n and and the rest of the budget is spent optimally.

Then

fi(Cr) =min{ f(Cy, 2)| Cp — cpz > 0} = min { 221, + fH(Cp — zcn)’ Cr — 2¢, >0} .
We now solve it for N = 3, that is we need to solve for f(C,) for C,, < 10 and
n = 2,3 to obtain f;(10).

Let ff =0, then f5(C3) = 4C’§ if z3 = Cs.

For n =2,

f3(Cy) = mzin{322 + f5(Cy —22)|Co — 22 >0} = mzin{322 +4(Cy —22)%| Cy — 22 > 0} .

Taking derivatives we see that 2 = 8/19C,. (Note that it satisfies the constraint)
Then
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£3(Ca) = 12/19C3.

Forn =1,

f1(10) :mzin{z2+f;(10—z)\ 10—z > 0} :mzin{z2+12/19(10—z)2} 10—z > 0}.

Taking derivatives we see that Z = 12/31 % 10. (Note that it satisfies the constraint)
Then f;(10) = 12/31 % 102. and the optimal poster sizes are given by

x1 = 12/31 % 10, then Cy = 10 — 21 = 19/31 « 10,

x9 =8/19%19/31 = 8/31 % 10, then C3 = Cy — 2% w9 = 19/31 %10 — 2% 8/31 x 10 =
3/31 x 10,

r3 = C3 =3 %31 % 10.

4. We consider this as a markov decision process where we start with the policy to
never do any controversial statements.

Define the states
o — 2 if H. is hot at the beginning of week k
71 1 if not at the beginning of week k

Let the decision x, at stage n be 1 if H. makes no controversial statement and 2 if
he makes a controversial statement.

The state transition probabilities are (without making controversial statements)

~ [ poo(1) por(1) ] [ 0.6 04
Pl = [p?g(l) p(ﬁ(l) } - [ 0.25 0.75 ]

if he makes a controversial statement it is

P(2) = [POO(Q) po1(2) ] _ [ 0.5 0.5 ] '

P10(2) p11(2) 0.6 0.4
Then
¢11(1) =50, qi2(1) =10  (no statem.)
q11(2) =50 + 20, ¢12(2) =10+ 20 (c.statem.)
g21(1) =50, goa(1) =10  (no. statem.)
@21(2) =50 — 40, @22(2) =10—40  (C. statem.)
Now

OO

Cr1 = quu(1)p11(1) + qr2(1)p12(1) =
C21 = qa1(1)p21(1) + gaz2(1)p21(1) = 20
Cr2 = q11(2)p11(2) + q12(2)p12(2) =
Ca2 = ¢21(2)p21(2) + q22(2)p21(2) = —6

~—
UT

Starting policy:
If s, = 1, make decision z; = 1.
If s = 2, make decision x; = 1.
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Solving the value determination equations again with new immediate costs. Let
v = 0.
g+v1 = Cu + pr1(1)vr + pra(1)ve

g+ v2 = Co1 + par1(1)v1 + paz(l)va

are
g+wv1 =34+ (0.6v; + 0.4 %0)

g+ 0 =20+ (0.25v; + 0.75 % 0)

gives g = 330/13, v; = 280/13 and ve = 0.

To find out if it is optimal we do one step of the policy iteration.

Fori=1
}g}%{cm + p11(k)vr + pr2(k)va)} =
=max{C11 + (p11(1)v1 + p12(1)v2), Ci2 + (p11(2)v1 + p12(2)va2) }
= max{34 + (0.6 x 280/13), 50 + (0.5 * 280/13)} = 790/13 for k = 2.
610/13 790/13
Fori1=2
km—i1nQ{02k + (p21(k)v1 + paa(k)v2)} =
= max{Ca1 + (p21(1)v1 + paz(1)v2), Coz + (p21(2)v1 + p22(2)va2) }
= max{50 + (0.25 x 280/13), =5 + (0.6 * 280/13)} =
330/13 90/13
for k=1.
The starting policy is not optimal, to maximize the expected future votes he should
change

Updated policy:
If s, = 1, make decision z; = 2.
If s = 2, make decision x; = 1.

That is, make controversial statements only when hot.

Let vo = 0. The value determination equations
g +v1 = Ci2 + p11(2)v1 + p12(2)v2

g+ v2 = Co1 + p21(1)v1 + paz(1)vg

are
g+v1 =50+ (0.50; + 0.5 *0)

g+0=20+ (0.25v; + 0.75 % 0)

gives g = 30, v1 = 40 and vy = 0.

The expected number of votes is now 30.
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This can be modelled as a newvendor problem. Identify variables,

c=3, p=10, h=-1.

Then F(k) = L = 15=1 = 7/9..

Therefore, we want to find k such that

2N 2N

2N — k 2N — k
Z s :Z Nz = 2/9
k=k k=k

Let x = 2N — l%, then 23 = 2/9 N2, j.e. ¥ =2/3N and then the optimal number
of T-shirts is k = 2% N — x = 4/3N = 4/3  500.000.



