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Solve Exercise 4.8 by using a LP formulation

Simplify the constraint 3" yjx — a3, 1 pij(k)yix = Bj Vj.

For j =0 we get

(yoo + Yo1 + Yo2 + y03) -
P00(0)yo0 + P10(0)y10 + P20
Poo(1)yo1 + p1o(1)y11 + p20
P00(2)yo2 + P10(2)y12 + P20
P00(3)y03 + P10(3)y13 + P20

(y00> - Oé{

L1900 + 0y10 + Oy20 + Oyzo+
sy11 + Oy21 + Oyz1+

5Y22 + Oysa+

%yszs} =po=

)y20 + P30(0)y30+
Jy21 + p3o(1)yz1+
) (2)
) (3)
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2)y22 + p30(2)y32+
3)y23 + p30(3) Y33 +}
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=

1 1 1 1 1
(1= g)yoo — Y11 — QY22 — §AY33 = 7-

For j =1 we get

(y10 +yn +yi2 + y13)
P01(0)yoo + P11(0)y10 + P21
po1(1)yor + p11(1)y11 + p21
Po1(2)yo2 + P11(2)y12 + P21
P01(3)yo3 + P11(3)y13 + P21

a|
0)y20 + p31(0)y30+
Dy + p31(1)ys1+
) 2)y32+
) 3)3/33] =

2)y22 + P31
3)y23 + D31

A~
~~ I~/

(ylo + 3/11) - Oé{%yoo + gy10 + Oy20 + Oyso+
Ty11 + sya1 + Oys1+

3Y22 + §Y32+

1 — 1

3933} =0 =7

—%Oéyoo +(1— éa)ylo + (1 - %a)yn - %Oéym - %Oéy22 - %Oéy:sz - %Oéy:ss = i-

For j =2 we get

(yzo + Y21 + Y22 + y23)
P02(0)yo0 + P12(0)y10 + P22
po2(1)yo1 + p12(1)y11 + p2o
P02(2)yo2 + P12(2)y12 + P22
P02(3)y03 + P12(3)y13 + P22

Y20 + p32(0)ys0+

a|
0) (0)
D)yo1 + p32(1)ys1+
) (2)
) (3)

2)y22 + p32(2)y32+
3)y23 + p32(3 y33} =

A~ N N N



(920 +y21 + y22) -« [%yoo + $y10 + Y20 + Oyso+
FYIL + §Y21 + §Y31 + 322 + 3y + %y33} =[r=7

—Tayoo — Fayio N sayin + (1 — §a)yao + (1 — ga)yo1 + (1 — 3a)y22 — gows1 —

1 1 _
30Y32 — 3QY33 = 7

For j =3 we get
(2/30 + Y31 + Y32 + y33> —

203(0)y00 + P13(0)y10 + P23(0)y20 + P33(0)
po3(1)yo1 + p13(1)y11 + pa3(1)y21 + p3z(1)ys1+
P03(2)yo2 + P13(2)y12 + p23(2)y22 + p33(2)
P03(3)y03 + P13(3)y13 + p23(3)y23 + P33(3)

<y30 + Y31 + Y32 + y33) [%yoo + 2y10 + 6:920 + lyso+

yi1 + 2yo1 + %y31+
Y22 + Y32+

%3/33} =03 =1

—*Oéyoo - aylo - 6ay11 - %Olym - %aym - %aym + (1 —a)yso + (1 —

(1—* )y32+(1—* )yss = 5.

The LP problem to be solved is

minimize  CTy
subject to Ay =05
y=>0

where CT = (3, 3,0, 3,0, —1, 3,0, —1, —2),
Z/T = (yoo, Y10, Y11, Y20, Y21, Y22, Y23, Y31, Y32, y33)7
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Solve this LP problem in Matlab by simple(c, A,b), which gives

(y)T ~ (3.1144, 0, 7.2132, 0, 8.5779, 0, 0, 0, 0, 7.3035).

Y .
ik Tn this case

From y* we obtain D}, =

K Yik
Do =1, Dig = 0, D1y = 1, D3g = 0, D3y = 1, D3y =0, D3g = 0, D3, =0, D33 =0

and D3y =1, ie. dj=0,df =1,d;=1and dj = 3.

R* = [d§, di, d3, d5] = [0, 1, 1, 3].

c)ys1 +
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Solve Exercise 4.8 by using the Policy improvement algorithm

First iteration

1. Compute Vp, V7, Vo, Vi:

: _ 90 _ 21 _ 6 _ 3
see Tutorial 8. Vo = 53, V1 = 53, Vo = o5, V3 = 35.

w

2. Policy improvment
see table 1.

Let d; = minimizing k, gives
Ry = [do, di, da, d3] = [0, 1, 2, 3] # Ro

= new iteration.

Second iteration
1. Compute Vy, Vi, Vs, Vs

Vo = Coay + o 35— po;(do) V;
= Cpo + Oé(poo(do)Vo + po1(do) Vi + po2(do)Va + poz(do)Vz)
=3+ (o + 1+ 1va + 1p)

Vi =Cug, + a0 pi;(di)V;
=0+ (30 + Vi + IVa + TWA)

Vo = Cagy + 35— p2;(d2)V;
=1+ (3o + 1Va+ 4Va + 11g)

Vi = Caay + a0 35 p3;(ds)V;
=2+ S(IVo+ IVi + LVa + 11A)
The solution of this system is Vo =2, V3 = —1, Vo = —2 and V3 = —3.

2. Policy improvment
see table 2.

Let d; = minimizing k, gives
Ry = [do, d1, da, d3] = [0, 1, 2, 3] = Ry
= Ry is optimal.

R* = [d8> 1 ds, d;] = [07 1,2 3]-
Note that the policies [0, 1, 1, 2], [0, 1, 1, 3], and [0, 1, 2, 2] are just as good.



State i Decision k First iteration, 2. Policy improvment

1 0 Vip = Cio + X5 p1;(0)V;
=Cipo+ a(mo(O)VO + p11(0)V1 + p12(0)Va + p13(0)V3)
—5 308+ 4B+ 1+ 1) =B

1 1 Vi =Cu+aYiopi(1)V;
=Cn +Oé(p10( Wo +pui(1 )V1 +p12( )Va + p13( )V3>

_ 190 4 121
=0+7 (623+323 373 623)

2 0 ‘720 =Cy + « Z? 0 D25 (0>V'
= Cy + a<p20( YWVo + p21(0 )V1 +p22( )V +P23( )V3)
2 1 Vor = Coy + 042?:0 p2;(1)V;

2021—1-(1(1720(1)‘/0 + p21(1) Vi + pa2(1)Va + pas(1 )V3)
6(n90 , 121 L, 16 , 1
:0+7(0ﬁ+623+§f3+§ﬁ):*

2 2 Voo = Cag + Z?:O p2;(2)
=Coyp + a(pzo( YWVo + p21(2)V1 + p22(2)Va + p23( )Vs)

_ 190 121
=-1+7 (6ﬁ+§ﬁ+§ﬁ+6zg)

S

3 0 ‘73020304'042? 0 P35 (0)V;
=C3 + Oé(pzo(o)Vo + p31(0 )Vl + P32 0) 3(0)V3>

i
161

3 1 Va1 = Ca1 + 042?:0 p3;(1)V;
=C3 +a(p3o( )Vo + p31(1)V1 + p32(1)Va + p3s(1 )V3>
=0+ 208 +0B+15+23) =2

3 2 Vag = Caa + a 30 p3;(2)V;
=Cs + a(p30(2)Vo + p31(2)Vi + p32(2)Va + p33( )V3)
=-1+ %(0%4‘ égzla ""%2%"‘ 223)

3 3 Vaz = O3 + >3 p3;(3)V;
= Cs3 + Oé(ps,o( Wo + p31(3)V1 + p32(3)Va +p33(3)V3>
_ 190 121 16 13 _ 25
=2+ (3R iR IS i) =8

Table 1: Compute Vi, = Ci + « Z?:o pij (k)Vj.
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State ¢ Decision k Second iteration, 2. Policy improvment
1 0 Vio = Cro + a X5 p1;(0)V;

= C1o + Oé(plo(O)Vo + p11(0)V1 + p12(0) V2 +P13(0)V3)
=3+ 20+ 3D+ 5(-2)+1(-3)) =1

1 1 Vii = Ci1 + aZJ 0P (1)V;
=Cn +a(P10( Wo +pui ()W +p12(1)V +p13(1 )V3)
=0+ (24 3D+ 32+ (- 3):
P 0 Voo = Cao + a 33 p2; (0)V;

:C’20+a(p20( )Wo + p21(0)V1 + p22(0)Va +
=3+ 3(04+0(-1) + 5(-2) + 3(-3)) = 4

2 1 Vor = Co1 + a X5 poy (V)
=Cy + a(pzo(l)Vo + p21(1)Vi + paa(1)Va + pas(1 )V:a)
=0+ 5(0+§(-1) +5(-2) + 3(-3)) = -2

2 2 Vog = Cag + 042? 0P2;(2)V;
:C22+04<P20(2)V0 + p21(2)V3 +p22( )Va + pas(2 )V3)
=1+ (24 3D+ 32+ 3(-3) = -

3 0 Vg = C30 + Z?:o p3;(0)V;
=C30 + Oé(pao(o)Vo + p31(0)V1 + p32(0)Va + p33(0 )Va)
=3+ 8(0+0(-1) +0(-2) + 1(=3)) =

3 1 Va1 = C31 + OZZ? op3;(1)V;
=Cs + Oé(Pgo(l)Vo +p31( )Vl +P32(1) >+
=0+ 2(0+0(-1)+ 1(-2) + 3(-3)) = -

3 2 Vag = 032‘1‘@2] 0P3;(2)V;
= O3 + Oé(p:so(?)vo +p31(2)V1 + p32(2)Va +
=—1+3(0+3(-D)+3(-2)+5(-3)=-3

(1)V3)

3 3 Viz = Cs3 + Z?:o p3;(3)V;
= Clig + a(p3o(3)V0 + st (3)VA + paa(3)Va + pa(3)V5)
=2+ (243D +5(-2) + }(-3)) = -3

Table 2: Compute Vi, = Cyp, + aZj’?:o pij(k)Vj.



