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1. (a) R:[

(b)

0 1] , which has full rank. The system is therefore reachable.

-1 0
)

o= [ erma=[ )

_ _ | cos(h) sin(h
F_g%_[ i

—sin(h) cos

B _ [1—=cos(h) cos(h) + sin(h)? — cos(h)?
R=[G FG]= [ sin(h) —sin(h) + 2sin(h) cos(h)
We have

det(R) = sin(h)(—1 + cos(h))

which is zero if and only if h = kw, k = 0,41,4+2.... Hence the system is
completely reachable when h # kr, £k =0,£1,+£2....

2. (a) If we plug the suggested solution to the dynamic equations we get
k
0=ow?— =
oW — —3
0=0

i.e. the system admits a circular solution when o3w? = k.

(b) Let 0 =1 and define the states (deviations from the circular soltion)
ri=r—1, xo=7, w3=0—wt, x4=0—w

Linearization gives the system

i 0 1 0 0] [xu] [0 0O
io| 3w 0 0 2w| |z 1 0| [w
is] 10 0 0 1]zl {0 0 LJ
o 0 —2w 0 za] |01



Sid 2 av 3

Homework 1, 2006

5B1742

(¢) The controllability matrix is

R=[B AB A’B A®B]

0 0 1 0 0 2w —w? 0
/10 0 2w —w? 0 0 —2uws
100 0 1 —2w 0 0 —4w?

01 2w 0 0 —4w? —2u3 0

The first four rows are linearly independent and therefore InR = R4. Hence,
the system is completely reachable. To see that the first four columns are linearly
independent consider the equation system

0 0 1 0 a1
1 0 0 2w |az| 0
00 O 1 Qs
01 —2w 0 oy

This implies that a3 = a4 = 0 (first and third equation) and then the second
and fourth row implies oy = as = 0. This proves the claimed linear indepen-
dence.

If u; = 0 (radial thrust broken) we get

0 0 2w 0
0 2w 0 —2uw3
_ 2 3 _
R=[By ABy A’By A’Bo]= |0 " 2
1 —4w? 0
Consider again
0 O 2w 0 oq
0 2w 0 -2 |as —0
0 1 0 —4w?| |as|
1 0 —4w? 0 oy

The first equation shows that as = 0. Then equation four gives oy = 0. The
remaining equation system is

2w —2w3] [ao
2 =0
1 —4dw Qy

The matrix is invertible, which implies as = a4 = 0. Hence the column vectors
of R are linearly independent and Im R = R# and the system is controllable.

If uo = 0 then

0 1 0 —w?

1 0 —w? 0
R=[By ABy A’B; A®Bi| = 0 0 % 0

0 2w 0 2w

We see that the first three columns are linearly independent but the fourth
column is —w? times the second column. Hence dim(Im R) = 3 and the system
is not controllable.
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(d) If only r is measure then

Cr | 1 0 0 O
o0 ciA| |0 1 0 0
T | ChAY T 3w 0 0 2w
CiA3 10 —w? 0 0
4 0_
Clearly Ker O = (1) so the system is not observable from r. If only 6 is
\ 0_
measured then
Cy ]| [0 0 1 0
o0 ChA | 0 0 0 1
| CAY T 0 2w 0 0
CoA3| | -6w® 0 0 —4w?

Now Ker O = {0} so the system is observable from the angle measurement.

3. We use the definitions

d
aéc(t, s) = A(t)D.(t, s), O(s,s) =1
%(Do(t, §) = — AT, (1, 5), By(s,s) = I

(a) The claim follows since differentiation gives

%Wc(to,t) = %/ ®.(t, 7)B(r)B(r)T®.(t, ) dr

to

= A(We(t, to) + Welt, t) A(t)" + B(t)B(1)"
(b) Using one of the rules derived for the transition matrix we get
d d

%@C(s,t)T = (EQ)C(S,t))T = (=®.(s,)A(t))T = —At)T B (s,1)
and therefore ®,(t,s) = ®.(s,t)7T.
(¢) We have

We(to, t1) = /tl O, (t1, T)B(T)B(T)T(I)c(tl,T)TdT

to

For the observability Gramian we have

Mo(to, tl) = /tl @0(7', tO)TC(T)TC(T)‘I)O(T, tQ)dT

to

_ / " bu(to. 1) B() BT Duto, 1) dr

to

Hence

D(t1, to) Mo(to, t1)(D(t1, t0)" = We(to, 1)



