Mathematical Systems Theory: Advanced Course
Exercise Session 6

1 How to check stability in critical cases?
Consider a nonlinear system

T = f(x).
Now suppose that the matrix

_of

L=
Oz =0

has no eigenvalues in the open right half-plane but has some eigenvalues
on the imaginary axis. Such cases are called critical cases. To check the
stability in such cases, one can use the center manifold theory.

The procedure to check the stability is as follows.

Step 1. From & = f(x), obtain
jj:Lx"i'p(x)a (1)

where p includes higher order terms than order one.

Step 2. If necessary, do a coordinate change to transform (1) into

2]_[a 21 [ few)
] Blly 9(z,y) |’
where A and B have eigenvalues only on the imaginary axis and only

in the open left half-plane, respectively.
Step 3. First, try to solve y =0, i.e.,

By +g(z,y) =0,

with respect to y. If it is difficult to solve, we solve instead By +
9(z,0) =0, ie.,
y=—B""g(z,0).

Set ¢(z) := y. Using the obtained ¢, define

M=) = D24 1 [z, 0(2)) ~ BOE) ~ o2, 6(2)



Step 4. The center manifold is approximated as
h(z) = ¢(2) + O(M¢(2))-
Step 5. Check the stability of
w = Aw + f(w, h(w)).

Example 1
Check the stability of the system
Ty = .’/Uil —+ x1T9
To = —2x9 — x% + :1:1:1:%
This system can be written as
. 4
1 = 0 z1+2]+ 2120
4 f(x217$2) )
Tog = —2x —T T1T5 .
2 9 + (—27) + 2125
B g(z1,32)

Since it is difficult to solve —2z9 — 2% + x123 = 0 with respect to x3, we set

vy = B g(m,0) = 52 = g(o).
Hence,
Mo(1) = 22 (Awi + Jler,olen))) — Bo(on) - glo1,6(0)
B (xgl - %xi;) - ixi’
= O(z}).

So, the center manifold is approximated as
1
ha) = —5a% + O(d).
Let us check the stability of
2

) f(w,h(w))

Since w = 0 is asymptotically stable for this system, (x1,z2) = (0,0) is also
asymptotically stable for the original system.



Example 2

Consider the control system

T1 = wow3
.Ci?Q = U
T3 = —xI1To+ us.

This is the model of spacecraft with some constants (see the note for Exercise

Session 5). If we use control
_ 2 _ 3
Uy = —22+ 2], U= —T3— 2T,

the closed-loop system becomes

.’/‘61 = X923
ig = —X92 + CC%
.’fU3 = —I1xX9 — T3 — .Cl?:%

We will check the stability of this closed-loop system.
We can write the system as

b1 = Az f(a, [, 7))
[i;] - Blii + g(w1, 2, 23])

where

A=0, B= l _01 _01 ] | f(@1, 29, w5]) = 2o, glan, 12, 25]) = l

First, solve
0= —x9 —|—x% = I9 = x% =: ¢1(x1)

0=—x129 — T3 — x:{’ = x3 = —Qxi)’ =: (1)

Define ¢(z1) := [ z;giig ] Then,

i
—X1T2 — X7

M(e1) = 5 (Aas + Fles,olen))) — Bo(en) - glos,6(e)

]



So, the center manifold is approximated as

ot

h({lfl) = [ _szlg +

O(a$) ]
o)) |

Let us check the stability of the system

W = (w? + O(wh))(—2w? + O(w))
= = —2w’ + O(w?).

w = 0 of this system is asymptotically stable, and so is x = 0 of the original
system.

2 Normal form in SISO nonlinear systems

Consider a SISO nonlinear system
&= f(x)+g(x)u
y = h(z).
The system has relative degree at a point xq if
LgLkh(x) = 0,z € N(x0), k=0,1,...,r =2,
Ly L h(xg) # 0.

If the system has relative degree at g, then in N'(zg), we can transform
the system into a normal form:

.2"’ = f0(27§)7
& = &
ér'—l = fr

57“ = fl(z7§) +gl(zué)u’

The zero dynamics is
z= fo(Z, 0).

To obtain a normal form, we take new states as
&1 :=h(x),& = Lh(x), -, & = L}_lh(:c).
As for the z part, first define

D :=span{g}.



Then, compute

Dt = {wi(z): i=1,...,n—1, wi(z)g =0}.

For each row vector w;(x) =: [ wi(z) - wi(z) }, if the following
holds: Bt ‘
Wi Qwy
L=k vk
dzy,  Oxj’ G

then you can find z; satisfying
dZi = W;j.

Choose such z; that are linearly independent of £ part that has already been
chosen.

Otherwise, you have to change the basis of D+. (But how to find such
basis is not required in this course.)

Example

Consider the system

j?l = T2
To = sinx; +u
fC3 = T4
T4 = sin2xq + (cosz1)u
y = I,
or equivalently,
i) 0
sin 1 1
r = + U
Xq 0
sin 2z COS T'1
f(z) g(z)
=
Yy 1
h(zx)

First, let us check if the system has relative degree at x = 0.

Loh(z) = on =[1000]g=0

O
8h 8562

LyLyh(z) = Ly (%f) = Ly(z2) = o2 Y= 1#0.
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Hence, relative degree is two.
Next, we transform the system into a normal form. We take new states
as

&1 :=h(x) =21, & := Lyh(x) = 2.

We have to take another two states z; and z9 (z part). To this end, we first
find

D+ := (span {g})* = span{elT,e3T, [ * cosxp * —1 H
We obtain one state z; from the following observation:

dz = el = 2 = 1 (already chosen as &;. Ignore!)
dz = el = 2 = 3.

To ensure the existence of z9 with dzy = [ * cosxy * —1 }, we verify

dcosxy  O(—1),

Oxy

So we can solve
sz:{* cosry * —1}.

or equivalently,

822 COS
[ S — T
8952 !
9z _ 4
8x4 N

One solution is
zo = (cosx1)T2 — X4.

Since &1 := x1, & := x5 and 21 := x3 do not include x4, this 29 satisfies the
second condition above.

Therefore,
2’1 = 563 = X4 = (COS .’L‘l).’EQ — 29 = (COS fl)fg — 29
Z"Q = (— sin :1:1):1':1:1:2 + (COS xl)ﬂtg — .Ci?4

= —(sinwy)z3 + (cosx1)(sinx1 + u) — (sin 221 + (cos x1)u)

= —(sin&p)&s — L gin 26

. ) 2

1 = T1=12=E§

& = do=sinx;+u=sin& +u
y = &1



The zero dynamics is obtained by setting & = 0:

Z"l = —Z9

zg = 0.



