
OptimalControltoaManifold

J
∗
(x0)=min

∫

tf

0

f0(x,u)dts.t.















ẋ=f(x,u),x(0)=x0

x(tf)∈Sf={x:G(x)=0}

u∈U,tf>0

Notethattheterminaltimeisaparametertobeoptimized,whichisthe

reasonwhyJ
∗

isafunctionoftheinititalstatebutnottheinitialtime.

Trytoprovethis!

TheHamilton-Jacobi-Bellmanequationbecomes

0=min
{

f(x,u)+Vx(x)
T
f(x,u)

}

V(x)=0,whenG(x)=0
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ApplicationtoTime-OptimalControl

J
∗
(x0)=mintfwhen















ẋ=−x+u,x(0)=x0

x(tf)=0

|u|≤1,tf>0

Itiseasytoverifythat

u
∗
(t)=−sign(x(t))

J
∗
(x)=ln(1+sign(x)x)

WenotethatJ
∗
(x)satisfiesHJBE

0=1−V
′
(x)x−|V(x)|,whenx6=0andV(0)=0.

However,J
∗
6∈C

1
soourtheoryisnotvalidforthisexample.

Moreonthisinthenexthomework.
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AnLQproblemwithnosolution

min

∫

T

0

(−x(t)
2
+u(t)

2
)dts.t.ẋ=u,x(0)=x0

TheRiccatiequationforthisLQproblemis

ṗ=1+p
2
,p(0)=0

Thesolutionbecomes

p(t)=tan(t−T)

NoteifT>π/2thenthesolutionp(t)seasestoexistatt=T−π/2

(finiteescapetime)
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AnExistenceandUniquenessResult

Theorem1.TheRiccatiequation

Ṗ+A
T
P+PA+Q=PBR

−1
B

T
P,P(T)=Q0

whereQ=Q
T
≥0,Q0=Q

T
0≥0,R=R

T
>0hasauniquesolution

on[0,T].
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