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Stabilitydefinitions

Consider

ẋ=f(x),x(0)=x0,(1)

Definition1.x=0isanequilibriumpointfor(1)iff(0)=0,

Definition2.x=0isastableequilibriumof(1)if∀ε>0,∃δ(ε)>0

suchthat

‖x0‖≤δ(ε)⇒‖x(t)‖≤ε,t≥0

Definition3.x=0isanasymptoticallystableequilibriumof(1)if

(i)itisastableequilibrium

(ii)x(t)→0ast→∞
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PositiveDefiniteness

Definition4.AfunctionV:R
n
→Rispositivesemi-definiteif

V(x)≥0andV(0)=0

anditisapositivedefinitefunctionif

V(x)>0,x6=0andV(0)=0

ItisradiallyunboundedifV(x)→∞if‖x‖→∞
Example1.V(x)=x

T
Qxis

�positivesemi-definiteifQispositivesemi-definite(denotedQ≥0),

i.e.λ(Q)≥0foralleigenvaluesofQ.

�positivedefiniteifQispositivedefinite(denotedQ>0),i.e.

λ(Q)>0foralleigenvaluesofQ.
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TheInfiniteTimeHorizonLQcontroltheorem

min
u∈U

∫∞

0

(x(t)
T
Qx(t)+u(t)

T
Ru(t))dt

︸︷︷︸

J(u)

subj.toẋ(t)=Ax(t)+Bu(t),x(t0)=x0

(2)

U=

{

u:

∫∞

0

(‖x‖
2
+‖u‖

2
)dt<∞

}
�Stabilityguaranteeduetotheconstraintu∈U

�Performanceguaranteeduetothecostintegral
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Theorem1.Suppose

(i)R>0andQ=C
T
C

(ii)(A,B,C)isaminimalrealisation.

Thesolutionto(2)isgivenbythestatefeedback

u(t)=−R
−1

B
T
Px(t),whereP=P

T
istheuniquepositivedefinite

solutiontotheARE

A
T
P+PA+Q−PBR

−1
B

T
P=0(3)

Theoptimalcostisminu∈UJ(u)=x
T

0Px0.
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TheRocketCar

z z00

u

Drivetherocketcarfromrestatpositionz0toapproximatelyrestat

position0.LQoptimalcontrolprovidesthreealternatives

�Fixedendpointcontrolwithminimumenergy

�FinitetimehorizonLQoptimalcontrolwithterminalcost

�InfinitetimehorizonLQoptimalcontrol
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InfiniteTimeHorizonLQ

min
u

∫∞

0

(‖x‖
2
+‖u‖

2
)dtsubj.toẋ=Ax+Bu,x(0)=x0

TheAREA
T
P+PA+I−PBB

T
P=0becomes



−p
2
12+1−p12p22+p11

−p12p22+p112p12−p
2
22+1



=0

whichimplies

P12=±1

P22=P11=±
√

1±2

LQoptimalcontrol75B1873

ThepositivedefinitesolutiontotheAREis

P=





√
31

1
√

3





Theoptimalstatefeedbackisu=−R
−1

B
T
Px=−

[

1
√

3
]

xandthe

closedloopsystemmatrixbecomes

A−BB
T
P=




01

−1−
√

3





whichisastablematrix.
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>>H=[0100;000-1;-1000;0-1-10];

>>[VD]=eig(H)

V=

0.50000.50000.4330-0.2500i0.4330+0.2500i

0.4330+0.2500i0.4330-0.2500i-0.2500+0.4330i-0.2500-0.4330i

-0.4330+0.2500i-0.4330-0.2500i0.50000.5000

-0.2500-0.4330i-0.2500+0.4330i-0.0000+0.5000i-0.0000-0.5000i

D=

0.8660+0.5000i000

00.8660-0.5000i00

00-0.8660+0.5000i0

000-0.8660-0.5000i

>>X=V(1:2,3:4);

>>Y=V(3:4,3:4);

>>P=Y/X

P=

1.7321-0.0000i1.0000-0.0000i

1.0000-0.0000i1.7321
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