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Investment projects producing a commodity

e Market price of the commodity: X = (X;)>0.

e Production activity (Two-regimes case):

Mode On/open off/closed Default/def. closed
Indicator 1 0 T

Switching cost a D F(X~) (£0)

e Running profit per unit time:

Y1(t,z), if u=1; on/open,
d(t,x,u) =
Yo(t,x), if uw=0; off/closed.



e Decision times: These are Stopping times.

0 < < < < m,m<S o<y
l l | l
on off on T

e State of the whole economic system:

(t7 Xta ut) if ™ <t S Tn4+1-

(v, X~) if in mode 1 (default).
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e The Management decision’s strategy (admissible)

6 = ((Tn)n>1:7)
such that =, 7 ~.

(T2n, T2n+1] in mode on/open,
(Ton4-1> Ton+-2] in mode off/closed,

~y in mode t (default).

e EXxpected profit using strategy d:
J(6)= FE [fg CD(S,XS,uS)ds]

—F [ZnZl{a]l[TQn_1<7] T D]l[TQn<7]}]

+E |[F(X) L[ oq)l] -



Optimal problem

Find the best strategies

0" = ((T;;)nzl; '7*)
for which
J(§*) = max J(J).

admissible &

e [0 sustain profitability only a finite number of decisions is required:

max J(0) = max J(5).

admissible & finite admissible 0

Brennan & Schwartz (85), Dixit (89),..., Zervos (03) discuss the case
T = oo and need infinite number of decisions to sustain it.



Previous work
e Infinite horizon case (T' = oo) (PDE approach):
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e Finite horizon case (T < oo) (Probabilistic approach):

1) Two-regimes case: Hamadeéne & Jeanblanc(2006); Hamadéne & Hdhiri
(2006); Porchet, Touzi & Warin (2006); Djehiche & Hamadene (2007).

2) Multiple-regimes case: Carmona & Ludkovski (2007); Djehiche, Hamadéne
& Popier (2007).



Main assumptions
e The filtration F = (F¢)o<¢<T is @ Brownian filtration.

e The market price of the commodity (X3)¢>0 is
(i) (F:)+—adapted and continuous;
(i) Elsupo<i<r | Xe|?] < o0.

o F(x), ¥1(t,x), ¥o(t,x) are continuous.

o [F(z)|+ |v1(t,z)| 4 |v2(t,z)| < C(1 +[z[) over [0,T].



Probabilistic set up

e The Snell Envelope: The smallest supermartingale (Z;)o<i<7 that

dominates a unif. integ. rcll process (U;)o<i<T IS given by the following
formula:

Zy = ess sup>gB[Ur|Fyl, Zp=Ur,

T and 6 being stopping times. The process Z is continuous if U is contin-
uous.

Moreover, if Z is continuous then:

g =inf{s>0;, Zs =Us} AT
is optimal and

Zg = BlZ+|Fo] = EUr«| Fol.



A Verification Theorem

Consider the system of equations in (Y1,Y?2):

(

Vit = ess sup > E[f] 1(s, Xs)ds 4+ (—a + Y2) V F(X2) 1, .| Fi,

Y7 = ess sup,>¢E[[] ¢2(s, Xs)ds + (=D + Y1) V F(X7) 1, .| Fi.

\

e Y,! is the optimal expected profit, if at time ¢ the production activity
IS in its open mode.

o Yt2 is the optimal expected profit, if at time ¢t the production activity
IS in its closed mode.



e The system admits a unique solution (Y1,Y?), if it exits and is continu-
ous.

e Furthermore,

Yg = sup J(4).
0eD



Choosing the optimal strategy- the Snell Stopping times
Set D/ (¢=¢):=inf{s>71,(s=C(}AT

and define the sequence of F-stopping times (7),>1 by:

1 =Do(Y! = —a+Y?) ADo(Y! = F(X))

Dy (Y2 =-D+ YY) ADy(Y?=F(X)) on {Y} > F(Xr)}
T =
T, elsewhere,

Dry(Y! = —a4+Y?) A D (Y = F(X))on{Y} > F(Xr,),i = 1,2},
T3 =
T, elsewhere,
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and for n > 1, set

Ln={V} > F(X:),Y2 > F(Xp,),.... YL > F(Xry, )}
En — {Yl > F(XTl)a > F(XTQ) 7’2 41 > F(XTQn—I—l)}
2
{YTQ 4o = F(XT2n+2)}v

and

DT2n+1(Y2 =-D4+YHA D72n+1(Y2 = F'(X)) on Ly;

TOn+4+2 —
Ton+15 elsewhere,

Dry (Yl =—a+Y2)A Dy, (Y1 =F(X)) on Ly;

ToOn+3 —
Ton+42; elsewhere.

Finally, let v* = sup,>1 mn.
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e Then the strategy 6" = ((Tn)n>1,7") is optimal.



Existence of (Y1, Y?2)
Main tool: Reflected Backward SDEs (El-Karoui et al (1997)).
Let £ € L2(Q,Frp), (ft, St)i<7 sufficiently regular and such that Sp < &.

Then, there exists a triple (Y, Z, K) := (Y3, Zt, Kt)o<¢<7 Of sufficiently reg-
ular processes such that K; is an increasing and continuous process with

Ko =0 and

( T T
Yi:ﬁ_l_/t fsds—/t ZSdBS_I_KT_Kta

Yi > 5, 0<t<T,

N\

T
/O (Y, — Sp)dK; = 0.
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In addition, Y admits a Snell envelope representation:

Y; = ess sup,s B /t fods + Srllpr gy 4 €11 | Fil.

In our case, we have

£ =0, (the terminal payoff)
the barrier
( (—a+ Y752> V F(Xy),

St =< or

(=D + Y1)V F(Xy),
and the payoff per unit time

( 101 (t7 Xt)a

ft =4 or

\ ¢2(t7 Xt)
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Approximation scheme

Construct a sequence (Yl’”,an)nZO of reflected BSDEs that converges
to (Y1,Y?) of the Verification Theorem.

_
Y, 0 = ess supthE[/t 1(s, Xs)ds + F(X7) 1ol Fil,

y

Y2 :/t ¢2(3,X3)ds—/t Z2"dB, + K2" — K2

1n—1

7\

Y2 > (=D 4+ YY) VE(X), 0<t<T,

T  on 1n—1 on
/O(Yt’ —(-D 4+ Y v F(X))dK>"™ = 0.
\
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and

7\,

y

T T
yin — /t ¥1(s, Xs)ds — /t ZIdB, + K2 — K}

Y > (—a+ Y VE(Xy), 0<t<T,

T 1.n 2.n 1.n
/O " — (—a+ Y2™) v F(X)dEK" = 0,
\
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Properties of (Y17 y2n)

, Ytl,n — ess supTZtE[/t W1(s, Xs)ds + (—a + YTQ,n) V F(XT)]l[T<T]|-7:t]

Y%Q,n — eSS SUDTZtE[/tT ¢2(8,X3)d8 4+ (—D -+ YT]-,n—l) \/ F(XT)]l[7-<T]|ft]-

\

e The sequences (Y1), and (Y2™),, are increasing (in n), bounded and
converge to rcll processes Y1 and Y2,

where
- T -
Vit = ess SUDTZtE[/t ¥1(s, Xs)ds + (—a+ Y2) vV F(X7) L[, .| Fi]

52 = esssupTZtE[/tT $a(s, Xo)ds + (~D + ¥1) v F(X) 1L, gy Fl.
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e Using now reflected BSDEs with rcll barriers we can show that Y1 and
Y2 have no jumps. Therefore they are just Y1 and YZ2.

e Fori=1,2, we also have

lim E[ sup Y2 —Y!?] =0
e 0<t<T

and

P—as. lim sup |Y,""(w) - Yi(w)]?=0.
=00 o<t<T
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Connection with variational inequalities

Consider the system of variational inequalities:

[ min{v1(t,z) — (—a+ vo(t,z)) V F(x), —0w1(t,z) — Av1(t,z) — Y1(t,z)} = 0O,

7\,

min{va(t,2) — (=D +v1(t,2)) V F(z), —0wa(t, z) — Ava(t, x) — ¢o(t, 2)} = 0,

v1(T,z) =0, vo(T,z) =0,

\
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where,

A= %Z(O_‘O—*)ij(t7 x)Dw -+ Zbi(t, x)D;.

1,]

IS the infinitesimal generator of the Ito diffusion:

(dXP" = b(s, X®)ds + o(s, X®)dBs, t<s<T,;

X =z, fors<t,

that models the market price of the commodities that influence the prof-
itability.
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Theorem Assume that there exist some positive constants C' and p > 1
such that for (¢,z) € [0,T] x R¥

[h1(t,z)| + [2(t, z)| + [F(z)| < C(1 + [zf").

Then there exist two deterministic functions v1(¢,z) and v2(t, z) such that:

e vl and v? are continuous in (t,x) and satisfy a polynomial growth con-

dition.

e For eacht e [0,T] and for any s € [t,T],
Ysl’tw — Ul(sa ng)
and

YSQ,tCB — ’UQ(S,XECU>.

e The pair (vl,v?) is a viscosity solution for the system of two variational
inequalities.
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A special case

The case FF = —oo corresponds to the default-free model discussed in
Hamadeéne & Jeanblanc (2006). Let

Y:Yl—YQ, ¢=¢1—¢2, o — vl — 02
e Y is a solution for a BSDE with two reflecting barriers D and —a

e the optimal strategy (m,)n are those for which the process Y reaches
successively the barriers D and —a

e in case when X = X%Z then Y; = v(s,Xﬁ"”) and v is a viscosity solution
for the following double obstacle variational inequality:

min {v(t,z) + a, max{—(9; + A)v(t,x) — Y (t,x),v(t,z) — D}} = 0O,
V(T,z) = 0.
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Extensions and limitations
e Probabilistic setup. The setup extends to the following cases:

a) The switching costs can be general positive continuous processes adapted
to the Brownian filtration (with some integrability conditions) instead of
constants.

b) The multiple switching regime case with general cost functions (Dje-
hiche, Hamadéne & Popier (2007)).

c) General impulse control problems with random coefficients (Djehiche,
Hamadene & Hdiri (in progress))
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e Relation to viscosity solutions of variational inequalities

a) We can only treat the case of switching costs that are deterministic and
time dependent.

b) The setup extends to the multiple switching regime case with gen-

eral cost functions (Djehiche, Hamadeéne & Popier (2007)). Carmona &
Ludkovski (2007) provides a powerful numerical scheme.
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Thank you for your attention!
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Viscosity solutions

Let (v1,v5) be a pair of continuous functions on [0, 7] x R¥ with values in
R and such that (v1,v5)(T,z) = 0 for any = € R¥, The pair (v1,v>) is called

(1) A viscosity supersolution of the system if for any (tg,zg9) € [0,T] X
RF and any pair of functions (¢1,p2) € (CL2([0,T] x R¥))?2 such that
(o1, 02)(tg, xg) = (v1,v2)(tg, xg) and (tg,xzg) IS @ maximum of 1 — vy and
> — vo respectively we have :

{ min{vy (tg, z0) — (—a + v2(to, z0)) V F(xp),
—0rp1(to, z0) — Ap1(to, zo) — Y1(to, o)} > 0
and
{ min{va(tg, zg) — (=D + v1(tg,x0)) V F(xo),
—0rp2(to, zg) — Apoa(to, zo) — Y2(to, o)} > 0.
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(12) A viscosity subsolution of the system if for any (tg,zg9) € [0,T] x
Rk and any pair of functions (¢1,¢2) € (CH2([0,T] x R¥))2 such that
(1, 02)(to, xg) = (v1,v2)(tg, zg) and (tg,zg) iS @ minimum of ¢ — vy and
o — vo respectively we have :

{ min{vy (tg, z0) — (—a + v2(to, z0)) V F(xg),
—0rp1(to, zo) — Ap1(to, zo) — Y1(tg,x0)} <O

and
{ min{va(to, zg) — (—D 4+ v1(t0, x0)) V F(xq),
—0rp2(to, z0) — Apoa(to, zo) — Y2(to, o)} < 0.

(493) A viscosity solution if it is both a viscosity supersolution and subsolu-
tion.



