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Introduction

A stochastic volatility model:
dX(t) = VY (O X(t)dw,
where the variance process Y is defined by
dY(t)=B(Y(t))dt+o(Y(t))dV.

Here W and V are standard Brownian motions, dW dV = p dt.
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A stochastic volatility model:
dX(t) = VY (O X(t)dw,
where the variance process Y is defined by
dY(t)=B(Y(t))dt+o(Y(t))dV.

Here W and V are standard Brownian motions, dW dV = p dt.
Price of an option that pays g(X(T)) at T:

U(Xaya t) = EX,y,tg(X( T))
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Introduction

The corresponding Black-Scholes equation is

{ Ut + 3YXP U+ P /YO (¥) XUxy + 562 (¥ ) Uy +B(Y)ty = 0
ux,y, T)=9(x)

The diffusion coefficient grows superquadratically, so neither
existence or uniqueness of solutions to the equation is covered
by the standard PDE-theory!
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A Classical Result

The PDE

{ Ut + 311 (X,¥) Uex + @12(X, ¥ ) Uyy + 3822(X, ¥ )Uyy = 0
u(x,y,T)=g(x)

has a unique solution of at most polynomial growth if the
operator is parabolic (i.e. Z,%H aji(x,y)&;i& > 0 for all

& = (&1,&) € R?\ {0}) and the coefficients a; are of at most
quadratic growth:

|@;(x,y, )] < C(1+x° +y2).
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Plan for the rest of the talk

» Review the classical PDE-theory for the Black-Scholes
equation in one spatial dimension.

» The Black-Scholes equation for general local volatility
models (no bound on the diffusion coefficient).

» The Black-Scholes equation for stochastic volatility models
(two spatial variables).



Classical Results

The Classical Set-Up

Stock price process:

absorbed at 0. Assume that
la(x, )| < C(1+x).
Given a pay-off function g, define the option price by

u(x,t) = Extg(X(T)).
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Classical Results

All Moments are Finite

Theorem
Ifla(x,t)| < C(1+x), then all moments of X(T) are finite.

Bevis.
to =

XNT) = x'+ y/orx71 (s)a(X(s),s) dW

+%y(y— 1)/0TX72(S)052(X(S),S) ds.

Taking expectations —-
;
EX'(T) < x'+C / EX(s) ds.
0

Gronwall’s lemma =
EX"(T) < x"e®T.



Classical Results

Existence of Solutions

Corollary
Assume that |a(x,t)| < C(1+x) and |g(x)| < C(1+xN). Then
the function

u(x,t) = Exg(X(T))

solves the corresponding Black-Scholes equation.



Classical Results

Uniqueness of Solutions via the Maximum Principle

Theorem
Assume that |o(x,t)| < C(1+x). Then u= 0 is the only solution
of at most polynomial growth to the equation

U+ 202 (x, tu =0
ux,T)=u(0,t)=0



Classical Results

Uniqueness of Solutions via the Maximum Principle

Theorem
Assume that |o(x,t)| < C(1+x). Then u= 0 is the only solution

of at most polynomial growth to the equation

U+ 202 (x, tu =0
ux,T)=u(0,t)=0

Bevis.
For the proof one needs to find a supersolution h(x,t) which
grows faster than the candidate solution u as x — . Since u is
of at most polynomial growth, say |u(x, t)| < C(1+x"), the
function

h(x,t) = eM (1 4 xN+1)

will do. his indeed a supersolution if M is large enough:

2 ,N-1 _  N+1

X X

hy = MeM (1 +xN*")  and %azhxx ~
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General Local Volatility Models

As before,

with absorption at 0.
WE NO LONGER ASSUME THE LINEAR BOUND ON a!!

Clearly, X is a non-negative local martingale, hence a
supermartingale. Therefore

It follows that u(x,t) = Ex:g(X(T)) is finite if g is linear, so it
solves the Black-Scholes equation.

Models in which the stock price is a strict local martingale has
been proposed to model bubbles, see Cox-Hobson (2005).
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Non-Uniqueness of Solutions

If Ex+X(T) < x, then u' = E, ¢ X(T) and u?(x,t) =

distinct solutions to the Black-Scholes equation
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X are two
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Non-Uniqueness of Solutions

If Ex+X(T) < x, then u' = E,:X(T) and u?(x,t) = x are two
distinct solutions to the Black-Scholes equation

{ Ut + 5 02(X, DUy = 0
u(x,T)=x
u(0,1) = 0.

If u(x,t) is a solution to the Black-Scholes equation, then all
functions of the form

u(x,t) + A (x = Ext(X(T)))

are solutions as well.
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Let g be lower bounded. Then the stochastic solution
u(x,t) = Extg(X(T)) is the smallest solution to the
Black-Scholes PDE which is bounded from below.
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A Stochastic Maximum Principle

Theorem

Let g be lower bounded. Then the stochastic solution
u(x,t) = Extg(X(T)) is the smallest solution to the
Black-Scholes PDE which is bounded from below.

Bevis.
Let v be a solution to the Black-Scholes PDE which is bounded

from below. Define Y(s) = v(X(s),s). By lto’s Lemma, Y(s) is a
local martingale. Since it is lower bounded, it is a
supermartingale. Consequently,

VX, 1) = Y(t) = Ext Y(T) = Extv(X(T), T) = Exg(X(T)) = u(x, ).
O



General Local Volatility Models

Corollary
If g is bounded, then the Black-Scholes equation has a unique
solution given by Ex 1g(X(T)).
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We also have the following stronger uniqueness result.
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The Black-Scholes equation has a unique solution in the class
of functions of strictly sublinear growth.
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A General Uniqueness Result

We also have the following stronger uniqueness result.

Theorem
The Black-Scholes equation has a unique solution in the class
of functions of strictly sublinear growth.

Example
Any pay-off function of the form g(x) = x'~¢ gives a unique
solution (unique in the class of strictly sublinear functions).

Bevis.
Note that h(x,t) = eM (1 + x) is a supersolution. Indeed,

’
hy=MeM(1+x)>0= Eazhxx.

Thus we have uniqueness in the class of functions which grow
slower than x. O
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A Condition for X(t) to be a Strict Local Martingale

We have seen that uniqueness is lost in the class of linear
functions if x — Ex +X(T) > 0.

Theorem
Assume that |a(x, t)| > x'*9 for large x. If § > 0, then

ExtX(T)=o0(xf) as x — oo

forany € > 0.
If6 >1/2, then Ex+X(T) is bounded in x.

Corollary

Iflo(x,t)| > x'+9 for large x, then X(t) is a strict local
martingale. Consequently, there are multiple solutions to the
Black-Scholes equation (in the linear class).



General Local Volatility Models

Bevis.
It can be checked that the function
X

h(x,t)=eM "~
(x,1) T ixP

is a supersolution if M, nand B are chosen appropriately. The
result then follows from the Stochastic Maximum Principle.

O
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Non-Existence of Solutions

Example
Assume that X follows the Constant Elasticity of Variance
(CEV) model

dX = X?dW.

Then X is a strict local martingale (actually, the first moment
Ex +X(T) is bounded in x).
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Ex +X(T) is bounded in x).

One can show that all moments smaller than 3 exist; the third
moment is infinite.
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Non-Existence of Solutions

Example
Assume that X follows the Constant Elasticity of Variance
(CEV) model

dX = X?dW.

Then X is a strict local martingale (actually, the first moment
Ex +X(T) is bounded in x).

One can show that all moments smaller than 3 exist; the third
moment is infinite.

For this model we have
» Uniqueness in the class of strictly sublinear functions.
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Non-Existence of Solutions

Example
Assume that X follows the Constant Elasticity of Variance
(CEV) model

dX = X?dW.

Then X is a strict local martingale (actually, the first moment
Ex +X(T) is bounded in x).
One can show that all moments smaller than 3 exist; the third
moment is infinite.
For this model we have

» Uniqueness in the class of strictly sublinear functions.

» Existence in the class of functions of strictly sub-cubic
growth.
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Stock price:
dX(t) =+ Y(Ha(X(t),t)dW,

where the variance process Y follows
dY(t)=B(Y(t),tHydt+o(Y(t),t)dV,

dWdV = pdt.
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Stock price:
dX(t) =+ Y(Ha(X(t),t)dW,
where the variance process Y follows
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dWdV = pat.

We assume that both X and Y are absorbed at 0.
If Y reaches 0, then both X and Y remain constant.
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Stochastic Volatility Models

Stock price:
dX(t) =+ Y(Ha(X(t),t)dW,
where the variance process Y follows

dy(t) =B(Y(t),t)dt+ o (Y(t),1)dV,
dWdV = pat.

We assume that both X and Y are absorbed at 0.
If Y reaches 0, then both X and Y remain constant.

Linear growth on the coefficients for Y:

IBy;)| < C(1+y)and[o(y,t)| < C(1+y)
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Black-Scholes Equation for Stochastic Volatility Models

The option price is defined as

U(Xv}/> t) = Ex,y,tg(X(T))'
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Black-Scholes Equation for Stochastic Volatility Models

The option price is defined as
U(X7Y> t) = Ex,y,tg(X< T))
The corresponding Black-Scholes equation is
1 1
ut+§ya2(x, Huxx+pVYo(y)a(x, t)uxy+§<72(y)uyy+ﬁ(y)uy =0

with boundary conditions
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Existence and Uniqueness

As before, X(t) is a lower bounded local martingale, hence a
supermartingale. Therefore Ex , (X(T) < X, s0 Ex ,+g(X(T)) is
a solution to the BS-equation if g is at most linear.
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Existence and Uniqueness

As before, X(t) is a lower bounded local martingale, hence a
supermartingale. Therefore Ex , (X(T) < X, s0 Ex ,+g(X(T)) is
a solution to the BS-equation if g is at most linear.

As for uniqueness, the function h(x,t) = eM(1 + x4 y™) is a
supersolution (if M is large enough). Thus uniqueness always
holds in the class of functions of strict sublinear growth in x and
polynomial growth in y.
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The Heston Model

In the Heston model,

VYDOX()
{ ():(1 Y(t)dt+\/ fdv.
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The Heston Model

In the Heston model,

{ (1) = /YDOX(D)
():(1 Y (1)) dt+\/ fdv.

The corresponding Black-Scholes equation is

1 5 1
ut+§yx Uxx+pyXUXy+§yUyy+(1 -y)u, =0

with boundary conditions
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Theorem
Existence and uniqueness holds in the class of functions that
are linear in x and polynomial in y.
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Theorem
Existence and uniqueness holds in the class of functions that

are linear in x and polynomial in y.

Bevis.
The function

h(x,y,t) = eM(1+xInx+y™+ xy)

is a supersolution if M is large enough.
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Results for the Heston Model

Theorem
Existence and uniqueness holds in the class of functions that

are linear in x and polynomial in y.

Bevis.
The function

h(x,y,t) =eM(1+xInx+y™+xy)
is a supersolution if M is large enough.

Corollary
In the Heston model, X (t) is a true martingale.
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The SABR Model

In the SABR model,

dx(t) = /Y(OX(t)dW
dv(t) = Y(t)dVv.

The corresponding BS-equation is

Ut + 3 YX2% (X, ) U+ py®2x % Uy + 5 y2Uyy =0
u(x,y,T) =g(x)

u(0,y,t) =9(0)

u(x,0,t) = g(x)

If @ < 1, then all moments are known to be finite
(Andersen-Piterbarg (2007)). Thus we have existence of
solutions for any polynomial pay-off.
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Results for the SABR model (o < 1)

Theorem
If a <1 in the SABR model, then there is uniqueness for the

BS-equation in the class of functions of at most polynomial
growth.
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Results for the SABR model (o < 1)

Theorem

If a <1 in the SABR model, then there is uniqueness for the
BS-equation in the class of functions of at most polynomial
growth.

Bevis.
The function
hix,y,t) =eM( +x"+y™
is a supersolution provided m and M are chosen large
enough. O

Corollary
If oo <1, then X(t) is a true martingale.
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Results for the SABR Model (o = 1)

Theorem
Leta=1. If p <0, then uniqueness holds in the class of
functions which are linear in x and polynomial in y.

Note: If p > 0, then E4 :X(T) < x as is shown by Sin (1998).
Thus there is no uniqueness in the linear class in this case.

Corollary
Ifa=1andp <0, then X(t) is a true martingale.

Bevis.
If p <0, then

h(x,y,t) = e"(1+ xInx+y™+ xy)

is a supersolution. O
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Thank you for your attention!
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