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T he mean-field approximation may be useful in problems such as:

e Price formation and dynamic equilibria (Aumann (1964),..., Follimer
(95'),..., Larsy and Lions (00'-07"), G. Carmona (07"));

e Formation of volatility (due to trading impacts), auctions and insider
trading, stock pinning (Kyle (85'), Avellaneda & Lipkin (03")).

The list is much longer..



The talk is based on the following papers

e R. Buckdahn, B. Djehiche, J. Li and S. Peng (2009): Mean-Field
Backward Stochastic Differential Equations. A Limit Approach. To
appear in the Annals of Probability.

e D. Andersson and B. Djehiche (2009): A maximum principle for SDEs
of mean-field type (Preprint).



Forward SDEs of mean-field type

The dynamics of an SDE of mean-field type on R is

de; =b(t,xzt, B (x4)) dt + o (¢, ¢, Ep (x+)) dBs.
(1)

The classical example is the McKean-Vlasov model, in which the coef-
ficients are linear in the marginal law (P, (dy)) of the process (see e.g.
Sznitman (1989) and the references therein):

dry = fR b (ta Lty y) th(dy)dt + I]R g (ta Lty y) th(dy)dBt
(2)

For the nonlinear case, see Jourdain et al. (2008).



A related optimal control problem

The dynamics of the controlled SDE of mean-field type on R is

{ do; = b (t, o, B (2) ,ue) dt + o (4,2, B (2) ,ur) dBy. (3)
CB(O) — IQ,

The cost functional is of the form

J(u) =E (/OT h (¢, xe, Bo (2¢) , ue) dt 4+ g (xp, Ex (fL‘T))) : (4)

It is also of mean-field type, as the functions A and g depend on the law
of the state process.

We want to "find” or characterize (through a maximum principle)

u* = arg min J(u).



Time inconsistent control problem

The fact that g is nonlinear in Ex (z+) makes the problem time inconsis-
tent.

The classical Bellman optimality principle based on the law of iterated
expectations on J does not hold.



An example: Mean-variance portfolio selection
The dynamics of the self-financing portfolio is
dxy = (prxt + (o4 — pt) ug) dt + opurdBy, xo = z(0). (5)

The control u; denotes the amount of money invested in the risky asset
at time t.

The cost functional, to be minimized, is given by
J(u) = %Var(a:T) — Exp. (6)
By rewriting it as
I(w) =E(Jo% — or) - 2 (Bar)?,

it becomes of type (2) i.e. nonlinear in Exp.



Previous work: extend the HJB equation to the mean-field case

(1) Ahmed and Ding (2001) express the value function in terms of the Nisio
semigroup of operators and derive a (very complicated) HJB equation.

(2) Huang et al. (2006) use the Nash Certainty Equivalence Principle to
solve an extended HJB equation.

(3) Lasry and Lions (06'-07") suggest a new class of nonlinear HJB involv-
ing the dynamics of the probability laws (u¢)+.

(4) Bjork and Murgoci (2008) use the notion of Nash equilibrium to trans-
form the time inconsistent control problem into a standard one and derive
an "extended” HJB equation.



The mean-field SDE is obtained as an L2-limit

E

sup |z, — z¢|?| — 0, as n — oo
te[0,T]

of a system of interacting particles of the form

day™ = b (tay", F P10 (a7")) dt + o (6" 5 S0y ¢ (27")) dBY,
in 0 (7)
T3 = ",
B!, i =1,2,...,n being independent Brownian motions.

Notice: z“™ i =1,...,n are identically distributed for all n > 1.

For the general case, where the coefficients depend on the law of x4, one
may use:

wn wn 1 L, 1 '
da" = b (t, 2" lym 534-,”) dt + o (t, i Lym 533{,71) dBi,
mn

:138 = 20,



Standard backward SDEs

(2, F,IP) a complete probability space, on which B is a standard Brownian
motion. F := (F); = FB v Np (i.e. augmented by all P-null sets).

8]% = {(Yt)t, R — valued, contin. adapted : E [SUDte[o,T] |Yt|2} < oo},
L2 —{(Z) R — valued ANERVARY
P = )¢, , Prog. measur. : Jo |Z¢]7dt] < ooy,
Let ¢g: 2 x [0,T] x R x R — R be F-measurable and satisfy

(Al) |g(taylazl) o g(t,y2,22)| S C(|y1 T y2| _I_ |Z1 T Z2|)7

(A2) g¢(-,0,0) € L.



Lemma (Pardoux and Peng (1990)) Let g satisfy (A1) and (A2). Then
for any & € L2(Q2, Fp,P), the backward SDE

T T
v =6+ | g(s,wysz)ds — [ zdBs, 0<U<T,
t t

has a unique solution (y,z) € Sg x L3.
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Connection with PDEs

Consider a forward SDE
(a7 =t b (et dr [P (rat) dBe, v, 2

t,x
|z =x, s

with infinitesimal generator:

Lo(z) = —02(?5 )" () + b(t, )¢ ().

When £ = CD( ¥), given the solution of the following BSDE

T

yS_CD(:c )‘I‘/ g(r, fUr 73J?“7Z'r')d7“—/ zrdByr, 0<s<T,

S

11

(8)



There exists a continuous deterministic function v(¢,x) such that

Y, = fu(s,xg’x); Zs ="0(s, xé’w)ﬁxv(s,x?m)”, s >,

and which is a viscosity solution of the semi-linear PDE

ov(t,x) + Lv(t,z) + g(t, z,v(t,x),0(t,x)0v(t, ) =0, v(T,z)= P(x).
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Backward SDEs of mean-field type

Recall the forward SDE of McKean-VlIasov type
dX; = [rb(t, Xy, ) Px,(dy)dt + Jpo (t, Xt,y) Px,(dz)dBy.

(9)
Xg =14°,
whose infinitesimal generator is
1 2
Lm)p() = 5 ([ ot pm(dy)) ¢ @) + ( [ btz y)m(dy) ) @' @),
m(dy) being a probability measure.
The McKean-Vlasov (or Fokker-Planck) equation reads:
Oymy — Li(my)my = 0,

(10)

mq(dy) = probability measure.
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We will consider the following BSDE of McKean-Vlasov type, driven by
the process X, whose unique solution A = (X,Y, Z) satisfies

T T
Yt:/RCD(XT,:):)PXT(da:)—I—/O /R £(s, As, \) Pr_(dN) ds—/t ZsdBs,

1+1+1

and should be adapted to the filtration of the Brownian motion F,
under certain conditions on the coefficients b, and

frRIFIHL g RI+I+1 R d:RxR— R
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Connection with a class of PDEs suggested by Lasry & Lions (06)

Meta-theorem: Given the BSDE

T T
}Q:/Rd>(XT,:c)PXT(d:c)—I—/O /Rf(s,/\s,a:)PXS(dx) ds—/t ZsdBs,

There exists a continuous deterministic function v(¢,z) such that

Vs = v(s, X5%), Zs=" (/J(S,Xﬁ’x,y)mS(dy)> Orv(s, XLT)",

such that v (depending on m) is a viscosity solution to the following PDE

(O (t,z) + Lo(t,z) + ([ f(t,z,v(t,z), (o(s,z,2)ms(dz)) Ozv(t,x)) ms(dy) = O,
U(Ta 37) — f (D(Ta X, y>mT(dy)7

Ormy — Li(my)my = 0,

mo(dy) = probability measure.
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To solves this equation we need an appropriate approximation scheme.
Using an approximation scheme similar to Eq. (7), for the forward case,
we may lose adaptation of the solutions with respect to F, due to the
interaction between the particles that are not necessarily driven by the
same underlying Brownian motion B.

We need to construct a sequence of processes A" = (X", Y™, Z™) that solve
ordinary forward and backward SDEs, are adapted to the the filtration of
the Brownian motion B, and which converges properly to A = (X,Y, 2).
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Main result

Assume
(B1) b,0 bounded and Lipschitz

(B2) f bounded, [f(,(u1,v1)) — f(t, (u2,v2))| < C(|lug — up| + |v1 — v2|),
(B3) @ bounded, [®(z1,Z1) — P(z2,72)| < C(Jz1 — 22| + 21 — Z2]),
then
e there exists a unique solution (X,Y, Z) € Sg x Sg x L3,
e there exists a sequence of processes A" = (X", Y™, Z") that solve ordinary

forward and backward SDEs, are adapted to the the filtration of the
Brownian motion B such that

T
E| sup |XI'—X;2+ sup \Yt”—Yt\QJr/O 1z — Z,2dt| < C/n.

te[0,T] te[0,T7]
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The sequence A" = (X", Y™, Z") reads:

(XP =20 [SLyn b(s, XT, 0K (X™))ds + LN o(s, X2, ©F(X1))dBs;

Yt =Ly DX OF (X)) + [ 20 f(s, A OF(AD))ds — [ Z7dBs,

\

where, the family of shift operators ©F : & — §: k > 0 is constructed such
that for all £ € LO(Q, F,P):

e the r.v. ©F%(¢), k > 1, are independent and identically distributed,
of the same law as ¢ and independent of the driving Brownian motion B
(very important for simulations). Note that @9(¢) = ¢.

18



or, equivalently,

e the shift operators ®%, k > 1, leave the Wiener measure P on 2 invari-
ante:

Pelefll=r

where, the original probability space is one component in the infinite prod-
uct of (independent) Wiener spaces:

Q = (Co([0,T7; R))I, P = products of P,

where, I is a countable set of indexes....

See (Buckdahn el al. (2009)) for details.
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The optimal control problem

The dynamics of the controlled SDE of mean-field type on R is

{ d,rt = b (t, Tt, E¢ ($t) ) ’U,t) dt + o (t7 L, Egb (xt) ) ’U,t) dBt (11)
x(0) = x,

The cost functional is of the form

J(u) =E (/OT h (¢, xe, Bo (2¢) , ue) dt 4+ g (xp, Ex (fL‘T))) : (12)

It is also of mean-field type, as the functions A and g depend on the law
of the state process.

We want to "find"” or characterize (through a maximum principle)
u* = arg min J(u).

20



A maximum principle for controlling mean-field type SDEs

The dynamics of the controlled SDE of mean-field type on R is

dxy =b(t,xt, K (xp) yur) dt + o (¢, x4, Ep () , ur) d By,
z(0) = o,

The cost functional is of the form

J(u) =E (/OT h(t,zy, Eo (x¢),us) dt + g (xp, Ex (:L'T))> :

We want to " find/characterize”

u* = argmin J(u),
ueld

U is the class of measurable, adapted processes v : [0,7T] x 2 — U.
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Assumptions
(1) The action space U is a closed and convex subset of R.
(2) All the involved functions are sufficiently smooth.

Let © denote an optimal control, and x the corresponding state process.
Also, denote

b(t) = b (t, 3¢, B(t), i) ,

and similarly for the other functions and their derivatives.

22



Necessary conditions for optimality a la Bensoussan (1982)

(1) Taylor expansions.
let 2 correspond to u! = 1y + Ovy, vr € U.

Lemma. Let

[z = (Ba()z + by(DE (Pu(t)zt) + bu(t)vr) dt
| + (62t + 6y(DE (¢2(t)zt) + G0(t)vr) dBt.
L z0= 0.
Then it holds that
¢ — 7 2
imE sup |-t—*_ 2| =o.
0—0 0<t<T
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Lemma. The Gateaux derivative of the cost functional J is given by

d _
@J (u + 6v)

T 7 1 —~ _~
. —F ( /O (h:c(t)Zt + hy(O)E (@z(t)2) + hv(t)fut) dt)

+E @x(T)ZT + §y(T)E (X:B(T)ZT)) .
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(2) Duality. The adjoint equation
[ dpy = — (Bx(t)ﬁt + 62(t)q: + Tlm(t)) dt + qtd By

\\

— (B (by()pt) P=(t) + E (34 d2(t) +E (hy(D)) $(t)) dt,  (13)

| pr = 9=(T) + E(gy(1)) X=(T).

Under our assumptions, this is a linear mean-field backward SDE with
bounded coefficients. It has has a unique adapted solution such that

T

E[ sup |p|2] —I—E/ G|2 dt < +oo. (14)
te[0,T] 0

(See Buckdahn et al. (2007), Theorem 3.1)

Lemma (relation between p; and z)

E (prr) =E ( /OT (Pibo(t)vr — 2tha(t) — 2E (Ry(t)) @o(t) + G@do(t)vr) dt) .
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Define the usual Hamiltonian

H (z¢,ut, pt, qt) =h (&, z, E(o(xr)) ,ur) + 0 (L, z, E (P (), ur) p
_I_U (t7 Lt, E (¢(:Ct>) , ut) qt-
Noting that

E (przr) = E (g2 (T) 27 + gy (T) E (X2(T)27))

we obtain the following result.

Proposition The Gateaux derivative of the cost functional can be ex-
pressed in terms of the Hamiltonian H in the following way.

d
@J (u + 6v)

T h ~ 7 ~ ~
—0 =K (/O (hv(t)’Ut + ptbv(t)’vt + qtgv(t)vt) dt)

Taqa
=K / —H (T, Ut, Pt, qt) vedt | .
0 dv
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Theorem Under our 'assumptions’, if wu; is an optimal control with state
trajectory Z;, then there exists a pair (pt, q¢) of adapted processes which
satisfies (13) and (14), such that

d
d_H (t, Z¢, us, Pt, qr) (v —1u) > 0, P—a.s., for all t € [0,T]. (15)
(Y

This condition is also sufficient, under further assumption on the coeffi-
cients.
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A worked out example- Mean-variance portfolio selection

The state process equation is

dry = (pixe + (ap — pt) up) dt + opudBy, xg = x(0).

The cost functional, to be minimized, is given by

I(w) =E(Jo% — or) - 2 (Bar)?,

The Hamiltonian for this system is

H(t7 Z,u,p, Q) — (ptCU + (Oét — pt) U)p + otuq.

The adjoint equation becomes

dpt = —piprdt + qrd By,
pr = y(xp —pr) — 1,

(16)
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Try a solution of the form (with A, C; deterministic functions)
pt = Ag (zr — py) — Cy,

Ap =~, Cp=1

After easy manipulations we get

[ Ar (pr (zp — pe) + (o — pr) (ur — E (up))) + A} (@ — pr) — CY

N\

= —pt At (¢ — pt) + peCt,

QG = Aioug.

\
together with the first order condition for minimizing the Hamiltonian yield-

ing

(at — pt) pt + orqe = O.
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A solution of the mean-variance portfolio selection problem is given by

where,

which is identical to the optimal control found in Zhou and Li (2000)
(Egs. (5.12), (6.7) and the subsequent comments) by embedding it into a
stochastic LQ problem.
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