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We consider the classical case of one-factor models for the short
rate. Modelling the short rate X(t) directly under the pricing
measure as

dX(t) = B(X(t),t) dt + o(X(t),t) dW,

the option price u corresponding to a pay-off function g is given,
using risk neutral valuation, by

u(x, t) = Ex. |e= ' X@dsg(x(TY)| .

Note that if the payoff g = 1, then bond prices are obtained. Also
note that the set-up covers the case of bond options. The function
u satisfies the term structure equation

ug(x, t) + %0’2(X, t)uxx (X, t) + B(x, t)ux(x, t) = xu(x, t)

with terminal condition u(x, T) = g(x). The term structure
equation holds at all interior points of the domain of X. However,
to have uniqueness of solutions to the equation one also needs to
specify boundary conditions at x = 0.



Assumptions

Hypothesis

The drift 8 € C([0,00) x [0, T]) is continuously differentiable in x
with bounded derivative, and (3(0,t) > 0 for a// t. The volatility

o € C([0,00) x [0, T]) is such that a(x, t) := 30°(x,t) is
continuously differentiable in x with a Holder continuous derivative
(for some parameter 6 > 0), and o(x, t) = 0 if and only if x = 0.
The functions (3, o and a are all of at most linear growth:

1B0x, ) + |o(x, 1) + [au(x, £)| < C(1 + x) (1)

for all x and t. The pay-off function g : [0,00) — [0, 00) is
continuously differentiable with both g and g’ bounded.



Model specification

It follows that there exists a unique strong solution X(t) to
dX(£) = BX(2), £) dt + o(X(2), £) AW (2)

The option price v : [0,00) x [0, T] — [0, 00) corresponding to a
pay-off function g : [0,00) — [0, 00) is given by

u(x, t) = Exe e/ XOdsg(x(T))] (3)

where the indices indicate that X(t) = x. The corresponding term
structure equation is given by

1
ur(x, t) + 502(x, ) usx(x, t) + B(x, t)ux(x, t) = xu(x,t)  (4)
for (x,t) € (0,00) x [0, T), with terminal condition

u(x, T) = g(x). (5)



Moreover, by formally inserting x = 0 in the equation we get the
boundary condition

ue(0,£) + B(0, t)ux(0, t) = 0 (6)

for all t € [0, T), since (0, t) = 0 by assumption. One of the
main efforts in this paper is to show that the option price u is
continuously differentiable up to the boundary x = 0, and that it
indeed satisfies the boundary condition (6) in the classical sense.



Main Result

Definition

A classical solution to the term structure equation is a function

v € C([0,50) x [0, T]) N CL([0, 00) x [0, T)) M C21((0, 00) x [0, T))
which satisfies (4), (5) and (6).

Our main result in this article is the following.

Theorem

In addition to Hypothesis 1, also assume that Assumption 6 below
holds. Then the option price u given by (3) is the unique bounded
classical solution to the term structure equation.



Examples

Classical short rate models such as the Cox-Ingersoll-Ross model
dX(t) = (a— bX(t)) dt + o+/X(t) dW, (7)
and the Dothan model
dX(t) = aX(t)dt + o X(t)dW, (8)

have boundary conditions at x = 0 that are immediate to write
down. These conditions are

us+au, =0 and uy =0,

respectively. We note that the boundary condition u; = 0 for the
Dothan model means that u is constant along the boundary, i.e.
u(0,t) = g(0). This is the same type of boundary condition that
appears for options on stocks in [4], which can be explained by the
fact that the Dothan model is a geometric Brownian motion.



The theorem also covers the Hull-White model

dX(t) = (a(t) — b(t)X(t)) dt + o(t)/ X(t) dW (9)

(which is a time-dependent generalization of the Cox-Ingersoll-Ross
model), and models of, for example, the form

dX(t) = (b— aX(t))dt + o X(t) dW v e (1/2,1], (10)

which also would be natural to consider for bond pricing.



Some remarks

Remark

It seems that many of the classical models for the short rate are
proposed for their analytical tractability. In particular, if the drift 3
and the diffusion coefficient o are affine, then the model admits
an affine term structure. It is easy to check that known explicit
formulas for bond prices and bond options satisfy the boundary
condition (6). In particular, for models admitting an affine term
structure, it is a consequence of the associated Riccati equations,
see Equation (22.25) in [3], that these boundary conditions are
fulfilled.



Remark

The assumption that g is continuously differentiable is satisfied for
bonds, but not in general for bond options. However, using the
Markov property, Theorem 3 readily extends to Lipschitz pay-offs
provided one can show that the corresponding option price

x +— u(x, T —€) is continuously differentiable on [0, cc0) for any

€ > 0. The regularizing effect of parabolic equations guarantees
continuous differentiability on (0, 00), so the main difficulty is to
show that x — uy(x, T — €) is continuous also at 0. If the model is
convexity preserving, this is easily done in certain cases including
for example call and put options written on bond prices. For
details on which short rate models are convexity preserving, see [2].
To our knowledge, all models used in practice belong to this class.



Proof of Main Result

Proof of uniqueness. Standard maximum principle argument.



Proof of continuity

To show that v is continuous, denote by X** the solution to (2)
with initial condition X**(t) = x. Let (x,t) and (y, r) be two
points in [0,00) x [0, T]. Then, if r < t, we have

uly. )~ u(et)] < E[en X0 g(x0(T)) — g(x(T))|

+E [g(XX,t(T)) ‘e_ j‘rT XVr(s)ds o ftT X*:t(s) ds
< E[lg(x(T)) ~ (X“(T))”

+C / (X7 () — X4(s)[] ds

e / E[X¥"(s)] ds

for some constant C, where we have used that g is bounded. A
similar expression can be derived if r > t.



It follows from Remark 1 in §8, Chapter 2 in [3] that X¥"(t) — x
in L2 as (y,r) — (x, t). Therefore, from Theorem 2.1 in [1] we
have
E | sup (X¥"(s) — X*%(s))?| — 0
t<s<T
as (y,r) — (x, t) (Theorem 2.1 in [1] also holds in the case of
random starting points). Since g is assumed continuous and

bounded, all three terms on the right hand side of (11) tend to 0
as (y,r) — (x,t). Thus u is continuous on [0,00) x [0, T]. O



Interior regularity

Proof that u € C%*((0,00) x [0, T)) and satisfies (4). For a given
point (x,t) € (0,00) x [0, T), let

R = (x1,x2) x [t1, t2) € (0,00) x [0, T)

be a rectangle which contains (x, t), where x; > 0. Since u is
continuous, it follows from standard parabolic theory, see [2], that
there exists a unique solution U € C%!(R) to the boundary value
problem

Us + 30%Usx + BUx —xU =0 in R
U=u on dpR,

where 0, R = ([x1, x2] X {t2}) U ({x1, %2} X [t1, t2]) is the parabolic
boundary of R.



From Ito’s formula, the process
Z(s) = e X dry(xxt(s), s)
is a martingale on the time interval [t, 7g|, where
TR = inf{s >t : X*!(s) ¢ R}
is the first exit time from the rectangle R. Therefore,
Ulx, t) = E [e7 77X 0y (x4 (1), )| = u(x, ),

where the second equality follows from the strong Markov property.
Consequently, u € C>1((0,00) x [0, T)). Since u= U on R, we
also see that u satisfies (4). O



Continuity of the First Spatial Derivate

Recall that ay is assumed to be continuous on [0, c0) x [0, T],

where a(x, t) = %O‘z(X, t). Let the process Y be modeled by the

stochastic differential equation

dY (t) = (o + B)(Y(t), t) dt + o(Y(t),t)dW.  (11)
Rather than specifying precise conditions under which (11) has a
unique solution, we simply assume what we need.

Assumption

The coefficients o and 3 are such that pathwise uniqueness holds
for equation (11).



Remark

Note that Assumption 6 holds for example if « is twice
continuously differentiable in space, since then the drift o, + (5 is
locally Lipschitz continuous. Moreover, if o and (3 are
time-independent, then it follows from [1], [2] and Section IX.3 in
[3] that Assumption 6 automatically holds. Thus the
Cox-Ingersoll-Ross model (7), the Dothan model (8), the
Hull-White model (9), and the model (10) all satisfy
Assumption 6.

Also note that since (0, t) = 0, we have ax(0,t) > 0. Thus Y
remains nonnegative since it has the same volatility as X but a
larger drift at 0.



Next, define the function v by

- e s s)
- E[/t exp{/ B dr}u(Y(s) )ds}

where Y is the solution to (11) with initial condition Y(t) = x.



Remark
If the term structure equation (4) is formally differentiated with
respect to x, then the derivative uy satisfies

(ux)t + a(“x)xx + (ax + 6)(Ux)x + (ﬁx — X)Ux —u=0

with terminal condition uy(x, T) = g'(x). The function v defined
in (12) is the corresponding stochastic representation. In
Theorem 11 below we show that v indeed equals the spatial
derivative of u.



Proposition
The function v(x, t) is continuous on [0, 00) x [0, T].

Proof.

The result follows along the same lines as for the continuity of u
above. [



Continuity in the volatility parameters

Let {o"(x, t)}22; be a sequence of functions satisfying
Hypothesis 1 unlformly in n, i.e. with the same constant C in the
bound (1). Moreover, assume that ¢"(x, t) converges to o(x, t)
and af converges to ay uniformly on compacts as n — oo, where
o = £(c")2. Let u" and v" be defined as u and v but using the
volatility function ¢" instead of o. More explicitly,

W(x, t) = E [e” I X g (x(T))]
and

V() = E[g'(Y”(T))exp{/TﬂX(Y”(s),s)—Y”(s)ds}]

—E [/ exp{/ Bl Y"(r Y (r) dr }u"(Y”(s),s) ds} ,



where X" and Y satisfy

{ dX"(s) = B(X"(s),s) ds + " (X"(s),s) dW(s)

X"(t) =x
and
{ dY"(s) = (o + B)(Y"(s),s) ds + o"(Y"(s), s) dW(s)
Y"(t) = x,

respectively.



Proposition

The functions u and v are continuous in the volatility parameter.
More precisely, u"(x,t) — u(x,t) and v"(x,t) — v(x,t) as

n — oo for any fixed point (x,t) € [0,00) x [0, T].



Proof.
It follows from Theorem 2.5 in [1] that

nlLrgoE[ sup (X(s)—X”(s))2] =0.

se[t,T]

Therefore

U(x,8) = u(x B)] < E [Jem I X em JIXE@ g (xn(T)) |
E [e—ffx<5> |g(x"(T)) — g(X(T))]
C/ E[|X(s) — X"(s)|]] ds

+E[lg(X™(T)) — g(X(T))] =0

as n — oo. Thus u is continuous in the volatility function. The
continuity of v in the volatility function is similar. O

IN



Applying Girsanov's theorem

Theorem
We have uy(x,t) = v(x,t) on [0,00) x [0, T]. Consequently, uy is
continuous on [0, 00) x [0, T].



Proof

It suffices to prove uy(x,0) = v(x,0). We first assume that o is
continuously differentiable in x with a bounded derivative. It then
follows from Section 5.5 in [1] or §8 in [3], that the derivative

g(r) = 210

of X(t) = X*O(t) with respect to the initial point x exists and is
continuous, and it satisfies

{ de(t) = E(E)B(X(£), ) dt + E(£)or (X (1), £) dW(2)
§0) = 1.



Moreover,

wie0) = Elgxmemes{- [ x| 02

- |ex(Myes {- | "x(s) s} | "e(s) o]

= /1 — 12.

We claim that f; = Jj, i = 1,2, where
=€ [g(rmyen] [ 5769~ v(9)as)]
and
bh=E [/OTexp {/0 Bu(Y(r), ) — Y(r) dr} u(Y(s), s) ds] ,

compare (12) above. Here Y is defined as in (11) with initial
condition Y(0) = x.



To show that /1 = J1, define a new measure @ on F1 by
dQ = M(T) dP, where the process M is defined by

uo - en |- [(Boe) @)
By Ito's formula,
dM(t) = M(t)ox(X(t)) dW(t),

so M is a martingale since o is bounded. In particular,
E[M(T)] =1, so Q is a probability measure.



From Girsanov's theorem it follows that
W(t) = W(t) — /otoX(X(s)) ds
is a Q-Brownian motion, and
dX = (oox + B)(X(t), t) dt + o(X(t), t) dW.

Here 0oy = ay, so by weak uniqueness, the Q-law of X is the
same as the law of Y under P. Consequently,

w = efgxmemen{- [ xas)]
= e [gximyen| [ nixe.9 - x| = 4



o prove h = e tha
L = E [g(X(T))exp{—/OTX s)ds} /OTf(s) ds}

by the Markov property.



Define a new measure Q@ = Qs on Fs by
dQ = M(s) dP,

where M is defined as in (13). Girsanov's theorem yields
Elew{~ [ x()arfeouxs)
= oo { [ B0 - X drf ()
_ E [exp {/0 Bu(Y (), r) = Y(r) dr} u(Ys,s)} .

Consequently, /» = J, which finishes the proof in the case of
continuously differentiable o.



The general case follows by approximation as follows.

Let ¢”, u" and v" be as described before Proposition 10, with each
o" being continuously differentiable in x with bounded derivative.
From above we then know that v"(x, t) = ul(x, t) at all points.
Moreover, by Proposition 10, v"(x, t) — v(x, t) pointwise as

n— oo.

On the other hand, since u" converges to u pointwise and is
uniformly bounded, it follows from standard parabolic theory that
also uf converges to uy pointwise for all points (x, t) with x > 0.
Consequently, v = u, on (0,00) x [0, T]. Since v is continuous on
[0,00) x [0, T] by Proposition 9, it is easy to check that uy(0, t)
exists and that we have v = u, everywhere on [0,00) x [0, T]. The
continuity of uy thus follows. O



An Estimate of the Second Spatial Derivative

Since the function v defined in (12) is continuous, it follows (by a
similar argument as in the proof that u satisfies (4)) that it indeed
solves the differentiated equation

Ve = aVx + (ax + B)vx + (Bx — x)v — u

on (0,00) x [0, T). In this section we use interior estimates to show
that avy — 0 as x — 0. Since v = u, by Theorem 11, this shows
that the term auyy in (4) approaches zero close to the boundary.

Proposition
The function v = u, satisfies

lim  a(x, t)ve(x,t) =0
(x,t)—(0,t0) ( ) ( )

for any to. Consequently, lim(, ¢)—(0,t) (X, t)tx(x, t) = 0.



Proof
Let {(xn, tn)}72; C (0,00) x [0, T') be a sequence of points
converging to (0, tg), where ty € [0, T). Define new coordinates
(y,s) by letting y = kx and s = k(t — ty), where k is specified
more precisely below. Then the function w defined by

w(y,s) = v(x,t)

satisfies 3
ws = Gwy, + fw, +yw + h, (14)
where s
a(y.s) = a7 to+ Pk
By, s) = (ox+ D)% to+ 3),
1y s y
and
1% s
h = — = —).
(yvs) ku(k7t0+ k)



Now consider a region R = R" which contains the point (x,, tp),
and such that
1<a(x,t)k <2 (15)

in R. Since ax(x, t) is continuous up to the boundary, the region
R in (y, s)-coordinates does not collapse as n — oo, but it can
rather be chosen to consist of a rectangle of fixed size.In this
rectangle, the coefficients of the equation (14) satisfy

1<a(y,s) <2,

1B(y.s) < C,
v(y,s)l < C,

and
|h(y,s)| < C/k

for some constant C which is independent of n.



Since w(y,s) = v(x, t) we have that w converges to the constant
v(0, tg) = ux(0, tp) uniformly on R as n — oo. By interior
Schauder estimates, w, tends to 0 as n — oco. Since

ax, t)vx(x, t) = aly, s)wy(y, s),

and since &(y, s) is bounded on R, the conclusion follows. 0



The Time Derivative at the Boundary

It follows from Proposition 12 and (4) that

lim  wue(x,t) 4+ 5(0, to)ux(0,tp) =0 (16)
(x,t)—(0,t0)

for any to € [0, T). In this section we show that the boundary
condition (6) also holds at the boundary, i.e. not merely in the
limit.

Proposition

The function u(x, t) + B(x, t)ux(x, t) defines a continuous
function on [0, 00) x [0, T'). Moreover, it vanishes for x = 0.



Proof

In view of (16) above, it suffices to show that u; exists at the
boundary and that it equals —Guy. To do this, fix a point on the
boundary with coordinates (0, tp). For notational simplicity we
assume that tp = 0.



The time (left) derivative u; at the boundary is defined by
. 1
u¢(0,0) = kllm k (u(0,0) — u(0, —k)> , (17)

provided the limit exists. To determine u:(0,0), we let X* be
defined by

dX* = B(XK(t),t) dt + a(Xk(t), t) dW
{ Xk(-1/k) = 0.



However, instead of considering the process X with different
starting times, we perform a change of variables so that the
starting time is independent of k. We thus introduce the process
Y*(s) by

Yk(s) = kXK(2).

With respect to the time variable s, the dynamics of Yk has the
form

{ dY*(s) = BEYK(s), ) ds + \/ ko?(EYH(s), 7) AW 18)
Yk(-1) =0,

where W*(s) denotes some Brownian motion.



By the Markov property,
u(0,~1/k) = E[e*ffl/kxk‘s)"su(xk(O),0)}
- E [effléyk@dsu(/l(yk(O),O)} .
Hence,

w(0.0) = Jim KEs3 00,0~ & 11V O v40),0)

el o)

where the second equality follows using the inequality
e X —12> —xsince

1
Eo,-1 [ku(kyk(o),O) ‘ef PiaYrerds _ 1”

0
< C%E07_1 [/ Yk(s) ds} -0
-1

as k — oo.



Now, define the process Y by

{ dY = B(0,0) ds + \/2ax(0,0)Y dW

Y(~1) =0,

and redefine Y* as in (18) above but using the same Brownian
motion W (this does not change the law of Y*). Since

B (v,5) = B(7. 7) = B(0,0)

oy, s) = 1/k02({, z) — 1/2a4(0,0)y

uniformly on compacts as k — oo (here we used the assumption
that « is continuously differentiable in space), it follows from [1]
that Y%(0) — Y(0) in L? as k — oo.

and



From Theorem 11 above we know that u is differentiable in x, so
k(u(0,0) — u(%,0)) converges to —ux(0,0)y. By dominated
convergence, we have

kE [U(O,O) — u(}(Y(O),O)] — —ux(0,0)E[Y(0)] = —5(0,0)ux(0,0)
as k — oo. Moreover, the Lipschitz property of u yields that
Miwivm)m—UQYWmmﬂgcfﬂymy—Y%mqﬁo

as k — oo. It follows that

u(0,0) + u(0,0)3(0,0) = 0.



As tg = 0 was chosen only for notational convenience, we have that
Ut(Oa t) + 5(0’ t)ux(oa t) =0

for any t. To be precise we have shown the result above only for
the left t-derivative. However, this left t-derivative is continuous
by the equation above, so it follows from a simple calculus lemma
that in fact u is differentiable in time, thus finishing our proof. [
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