ON LIEB-THIRRING INEQUALITIES FOR SCHRODINGER
OPERATORS WITH VIRTUAL LEVEL

TOMAS EKHOLM AND RUPERT L. FRANK

ABSTRACT. We consider the operator H = —A — V in Lo(R?), d > 3.
For the moments of its negative eigenvalues we prove the estimate

d—2 2 "/+%

Similar estimates hold for the one-dimensional operator with a Dirichlet
condition at the origin and for the two-dimensional Aharonov-Bohm
operator.

trHY < O’y,d/

R

INTRODUCTION

The Lieb-Thirring inequalities estimate a quantum mechanical quantity,
namely moments of negative eigenvalues of the Schrédinger operator —A—V
in Lg(]Rd), by means of the classical phase space volume. They state for
suitable values of v and d (see [LiTh] and, for more recent results, the
survey [LaWei2]) that

(0.1) tr(—A —-V)1 < L%d/d V+(a:)7+% dx.
R

Lately the main topic in connection with these inequalities has been to
establish their sharp constants L. 4.

We are interested in a different question. As is well-known, in dimension
d > 3 a sufficiently weak potential cannot bind a particle. Put differently, if
V € C°(R?%) then —A — BV is non-negative for small 3 > 0. This follows,
e.g., from the Hardy inequality

d—2 2 2
(0.2) u/ Ju® dx < / |Vul|? de, u € C°(RY).
4 Rd |T Rd
We see that the Lieb-Thirring estimate does not yield a good bound for

weak potentials. In the particular case V(z) = (iﬁjf the Lh.s. of (0.1) is

zero whereas the r.h.s. is infinite!

In this paper we show the rather unexpected result that the part of the
potential which is stronger than the Hardy weight is sufficient to estimate
the moments of the negative eigenvalues of —A — V. More precisely, we
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prove the inequality

d
d—2)2\""z
( )> i

(0.3) tr(—A—V)? < Cya /Rd (V(w) TR

+

for any d > 3 and v > 0. Note that a direct approach based only on (0.1)
and (0.2) leads to — A -V > —c A+ (1 — a)(‘fﬁ; —V for e € (0,1) and

hence
/Rd <V(a;) —(1- 5)%>7+% dx.

J’_

[S]isH

tr(—A — V)z < L%d e

However, as ¢ tends to zero the constant in front of the integral diverges.
For a deeper analysis in the case of positive € we refer to [St].

In order to prove (0.3) we will choose a slightly different (but equivalent)

point of view and establish Lieb-Thirring inequalities for the operator

2
(0.4) ~A - % — BV in Ly(RY), d > 3,
see Theorem 1.1. We note that several works have been devoted to the
investigation of this operator. In [Bi] sufficient conditions for the finiteness
of the negative spectrum were given. In [BiLa] the asymptotic number of
negative eigenvalues in the strong coupling regime 3 — oo was investigated
and, in particular, it was shown that the Weyl-type formula may be violated.
Indeed, an additional contribution of a one-dimensional auxiliary problem
appears. We emphasize that such a term does not appear in our Lieb-
Thirring estimates, which demonstrates the ‘smoothing effect’ of taking v >
0. In [Wei| the weak coupling regime § — 0 is investigated and a necessary
and sufficient condition on V is given for the operator (0.4) to have a negative
eigenvalue for any # > 0. This is in particular the case if V > 0 and stands
in sharp contrast to the operator —A — GV if d > 3. This is what we mean
by a virtual level.

It will turn out that the operator (0.4) has both two- and d-dimensional
features and the main difficulty in establishing a Lieb-Thirring inequality is
to estimate the former. Here we rely on weighted Lieb-Thirring inequalities
by Egorov-Kondrat’ev [EgKo].

The same approach allows us to obtain Lieb-Thirring inequalities for the
one-dimensional analogue of (0.4) with a Dirichlet boundary condition at the
origin (see Theorem 1.6) and for the two-dimensional magnetic Schrodinger
operator corresponding to the Aharonov-Bohm field when the critical Hardy
weight is subtracted (see Theorem 1.10). Our estimates allow also the in-
clusion of a weight in the spirit of [GIGrMaTh]|, [BIReSt] and [EgKo].

The authors are grateful to Ari Laptev and Timo Weidl for useful discus-
sions. The first author has been partially supported by the ESF European
programme SPECT.
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1. STATEMENT OF THE RESULTS

1.1. Schrédinger operators in d > 3. The main result of this paper is

Theorem 1.1. Letd >3, v >0 and o > 0. Then

d — 2)2 K 4 dta
(1.1) tr (—A — % - v> < Chda /Rd V()L 2 |z|*da
with a constant C 4. independent of V.

To be more precise, we prove that if V' € LMOC(Rd) and if the r.h.s. of
(1.1) is finite then the quadratic form

(1.2) /Rd <|Vu|2 = %mﬁ - V|u]2> dx

is lower semi-bounded and closable on C§°(RY) and the estimate (1.1) holds
for the operator associated with the closure of this form.

Specializing to the case & = 0 we obtain for the standard Schrédinger
operator

Corollary 1.2. Let d > 3 and v > 0. Then

d
d—2)2\""2
( )> i

Az|?

(13)  tw(-A=V)! < Cha /R d (V(x) _

with the constant C. q0 from (1.1).

+

Remark 1.3. In particular, if we replace V by GV, where V is bounded and
compactly supported, then the r.h.s. of (1.3) is zero for sufficiently small
B > 0. As explained in the introduction, this is an important feature of

(1.3) which is not shared by the classical estimate (0.1).

Remark 1.4. Neither Theorem 1.1 nor Corollary 1.2 hold for v = 0. This
2

follows from the fact that if V' > 0, V' # 0, then the operator —A — (ji;j% —

BV has a negative eigenvalue for all 3 > 0, see Remark 8.2 in [Wei] or, for
the case of a spherically symmetric V', our Proposition 3.2 below.

Remark 1.5. Our constants are explicit and given in (2.5). However, they
might be strongly overblown. It would be challenging to find their sharp
values.

1.2. Schrédinger operators on the semi-axis. Our result has a one-
dimensional analogue, which is an important ingredient in the proof of
Theorem 1.1, but also of independent interest. We consider the operator
—% - ﬁ — V in Ly(R4) with Dirichlet boundary conditions at the origin
and prove

Theorem 1.6. Let v > 0 and a > 0 such that v + HTO‘ > 1. Then

d2 1 v ,y_;,_ﬂ
tr{——-——5-V <Cyia Vv 2 r%d
1"( dr2  4r2 >_ = bl /I‘M (T)+ roar



4 TOMAS EKHOLM AND RUPERT L. FRANK

with a constant C.1 o independent of V.

Similarly as before, the precise statement involves the Friedrichs extension
of the form

1
(14 [ (17 = gals = vise ) ar

on C§°(Ry). We stress that Ry = (0,00). Note also that ﬁ is the critical
Hardy weight if d = 1, see (3.1) below.
We will prove this theorem in two steps. The case o > 1 is dealt with in
Section 2 using results of [EgKo| and the case 0 < o < 1 in Section 3 using
d? 1

explicit diagonalization of the operator — 25 — +5.

Remark 1.7. If a = 0 and v > % this leads to a Lieb-Thirring-type inequality
in the spirit of Corollary 1.2. It would be interesting to extend the estimate
1

to the critical case v = 3.

Remark 1.8. If @ > 1 we can take any v > 0. However, a similar estimate

for v = 0 cannot hold due to the virtual level of &

7z — 3,7 see Proposition
3.2 below.

Remark 1.9. If o =1 this is a Bargmann-type inequality. Recall that

d?  s(s+1 7 1
(1.5)  tr <_W + % _ V)_ < m /I‘h V(T)IHT dr

for s > —% and v > 0. Indeed, the proof of the Bargmann inequality in

[Si2] (Theorem 7.3) applies for any s > —% and v = 0. By the argument of
Aizenman-Lieb [AiLi] one extends this inequality to v > 0.

When s — —% the constant in (1.5) diverges to infinity. Our Theorem 1.6
with a = 1 yields (1.5) for s = — and v > 0 with a finite constant. Indeed,
the constant can be chosen as 27L, 2 with L o from (0.1), see Remark 2.3.

1.3. Aharonov-Bohm operators in d = 2. If d = 2 then the Hardy
inequality (0.2) becomes trivial. In this case it is interesting to consider the
magnetic Schrédinger operator (—iV — ¢A)2, where ¢ € R and A is the
Aharonov-Bohm magnetic vector potential,

A(z) = |z| 2 (—z9, 1), z € R%\ {0}.

As usual, (—iV — ¢A)? is defined as Friedrichs extensions of the correspond-
ing differential operator on C§°(R? \ {0}). By gauge invariance we can
assume that —3 < ¢ < . Recall (see [LaWeil]) the Hardy-type inequality

¢2/ [ 4 g/ (—iV — pA)u>dz,  ue C(R*\ {0}).
R R?2

2 |x]?

Here the constant ¢? is sharp. Our result is
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Theorem 1.10. Let v >0, o > 0 and —% << % Then
2 v 24a
tr <(_1v A — % _ v) < Can / V() o da
X _ R2

with a constant C, 2 o independent of V and ¢.

The proof is found in Section 4.

2. PROOF oF THEOREM 1.1

In this section we assume, unless stated otherwise, that d > 3 and write

(d—2)°

Hy=—-A—
‘ 4|z[2

The main idea in the proof of Theorem 1.1 is to consider Hy — V separately
on the space of spherically symmetric functions and on its orthogonal com-
plement. An essential ingredient in our study of the operator on the former
space will be the following result from [EgKo].

Proposition 2.1. Letd > 2, v > 0 and o > 0. Then

d+a
tr(—A — V)7 < cfgfa/ V()" ? |2 da
Rd

with a constant C’ffa independent of V.

For the convenience of the reader we will give a proof of this proposition
in the appendix.

We remark that for a = 0 this coincides with the classical Lieb-Thirring
inequality (0.1). The inclusion of the weight |z|® increases the power of V
by § as compared to (0.1). That this is necessary can easily be seen by
scaling of the space variables. We note that the result holds also if d > 3
and y=0and ifd=1 and v > HTO‘

From Proposition 2.1 we deduce now the first part of Theorem 1.6. Recall
that we consider the operator —% - ﬁ — V in Lo(R4) with Dirichlet
boundary condition.

Corollary 2.2. Let v >0 and o > 1. Then
d2 1 v 'y+—1+0‘
tr{—s-—-——5-V <C Vv 2 r%d
r( 2 42 >_ S Chla /R+ ()4 rdr

with a constant C.1 o independent of V.

Proof. The operator —A — V(| -|) in Lo(R?) is unitarily equivalent to the
direct sum @, cz(hy, — V) in @pezla(Ry), where we define
d? 1 n?

hy— Vo=t My
dr? 4r2+r2
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as quadratic form on C§°(R,). (Here we used that C§°(R? \ {0}) is a form
core for —A — V) Hence Proposition 2.1 yields
1 !
g
i) (o2~ — V) S O (A= V(1))
y4ite —
<Oy [ V0D fa da

14a
—27TC o 1/ V(r)j:r 2 r®dr
Ry
as claimed. O

Remark 2.3. In the case a = 1 we can apply the Lieb-Thirring inequality
(0.1) instead of Proposition 2.1. This shows that the sharp value of the
constant C 1,1 is bounded from above by 27 L. > with L, from (0.1).

Corollary 2.2 will allow us to treat the part of Hy — V' on spherically
symmetric functions. On the orthogonal complement of that space one has
an improved Hardy inequality.
Lemma 2.4. Let d > 2. Then

d2 ‘ u’2
4 Jpa |z
for all u € C§°(R?) satisfymg Jsa—1 u(rw) dw =0 for all r > 0.

dx </ |Vul|? dx

This inequality appears, e.g., in [BiLa]. We sketch the simple proof.

Proof. We substitute u = |z|>~%/2y and obtain
(2.1)

2_(d—2)2 2 _/ 2 .12—d
/Rd <|Vu| 2P |u|” | doe = d|V1}] |z|*~¢ dx
2
/ / ( 1 [Veu > dor dr
§d—1 7"
2/ / | Vev|? do dr.
0 Jsd-1

For fixed r the function v(r-) is orthogonal to constants, i.e., to the first
eigenfunction of the Laplace-Beltrami operator on S?!. Since the next
eigenvalue is d — 1 we find

/ |Vov(ro)* df > (d—l)/ lv(r0)|? db.
Sd—l Sd—l

Multiplying by r~! and integrating yields

/ / r—l\vgv(re)deedrz(d—l)/ || 72 |u)? d.
0 gd—l ]Rd

Combining this with (2.1) we obtain the result. O
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Now we are in position to give the

Proof of Theorem 1.1. By the variational principle it suffices to prove the
result for V> 0. Moreover, we will assume that the r.h.s. of (1.1) is finite
and that the quadratic form (1.2) is lower semi-bounded on C§°(R?). (Note
that these assumptions are satisfied, e.g., if V' is bounded and has compact
support.) Since the form (1.2) is closable we can define Hy — V as the
operator associated with this form. At the end of the proof we use a standard
approximation argument to show that the finiteness of the r.h.s. of (1.1)
implies the lower semi-boundedness.
We denote by P the projection onto spherically symmetric functions,

(Pu)(z) == [S41|71 /d 1 u(|z|w) dw, z € RY

and put @) := I — P. Note that P and () commute with Hy. Moreover, for
u € C$°(R?) one has

2Re (PVQu,u) < 2|V2Qu| - ||[VY2Pu|| < (PV Pu,u) + (QVQu, u),
which implies the operator inequality
PVQ+QVP < PVP+QVQ.
It follows that
Hy—V=P(Hy-V)P+Q(Ho—-V)Q—-PVQ—-QVP
> P(Ho—2V)P+Q(Ho—2V)Q,
and hence

(2.2)  tr(Hy— V). < tr (P (Hy—2V) P)Y +tr (Q (Ho — 2V) Q)" .

We consider the two terms separately and begin with the second one. By
Lemma 2.4 we find for all 0 < p <1 that

Q(Ho—2V)Q>pQ (—A—p'2V) Q+ 1 (1 — p)d® — (d - 2)*) Qlz| Q.
We choose p such that (1 — p)d? = (d —2)? and obtain from Proposition 2.1
(or (0.1) if & = 0) that

tr(Q (Ho—2V) Q)L < p'tr (Q (-A —p~12v) Q)"
(2.3) <pltr(-A-pi2v)?

d+a

SP—TQ“/JFHTQCVEK / V(2) 5 2] da.
d

,d,Ol

Now we turn to the term tr (P (Hp—2V)P)”. We define the spherical
average of V' by

V(r):= |Sd_l|_1/ V(rw) dw, reRy,

gd—1
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and note that (the non- trivial part of) P (Hog — 2V') P is unitarily equivalent
to the operator —-Ly — L. —2V in Ly(R,.). By Corollary 2.2 (with « replaced
by o+ d — 1) we obtain

tr (P (Hy — 2V) P) < 2772 C 1 o ran / V() petd=1 gy
R

Now Holder’s (or Jensen’s) inequality implies that
Ty < |sd—1|—1/ Vi)t S do,  reR,,
Sd—1
and hence
tr (P (Hog —2V) P)”

§27+d+Ta|Sd_1|_IC ,atd— 1/ / V(rw) 7+ 2 ot gu dr
(2.4) Sd-

d+a

_27+‘Sd_l‘_lc%1,a+d—1/ V(@) 2] da.
Rd

Adding (2.3) and (2.4) we obtain the assertion in view of (2.2) with a con-
stant satisfying

dta _dta 11—
(2.5) Chda <2772 ( SCPE, 18T e ,1,a+d—1)-

To complete the proof it remains that show that if 0 < V € Ll,loc(]Rd)
is such that the r.h.s. of (1.1) is finite then the quadratic form (1.2) is
lower semi-bounded on C’(‘)X’(]Rd). To see this, choose bounded, compactly
supported functions 0 < V,, <V such that V,, — V a.e. and

(2.6) /Rd(V(x) - Vn(;p))“/+fH—Ta|:p|a dr — 0.

The operators Hy — V;, are well-defined and (1.1) holds for them. In partic-
ular, A\(V;,) :=inf o (Hy — V},) satisfies

1
A(Vy,) > Ogda</ Vn(gj)’y“‘d;a|a:|o‘da:>v.
Rd

Hence for any u € C$°(R?) one has

2 (d— 2)* _ 2
/Rd <|Vu| P |ul® — Vy|u|® | dx
(77

1
dta, v
Caalol? ([ Vel 5 afear)

Using dominated convergence and (2.6) we can pass to the limit n — oo
and find that also the form (1.2) is bounded from below on C§°(R?). This
completes the proof. O
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Proof of Corollary 1.2. Assume that the r.h.s. of (1.3) is finite. Then ac-
cording to our comments after Theorem 1.1 the form

(2.7) /Rd (|vu|2 - VW) dz,

where
- d—2)? d—2)?
V(z) = (4|a:|2) + <V(:r) — (4|$|2) >+7

is lower semi-bounded on C§°(R?) and we denote by —A — V the operator
associated with its closure. Since V < V the form (2.7), with V replaced
by V, is also lower semi-bounded on C§°(R?) and the associated operator
satisfies —A —V > —A — V. Now Corollary 1.2 follows from Theorem 1.1
with a = 0 by the variational principle. O

3. PROOF OF THEOREM 1.6

Recall the one-dimensional Hardy inequality

r 2
(3.1) A M%ﬂdrg{é|wadn f€CFRY).

It allows to define the non-negative operator
d2

dr2  4r2
as the Friedrichs extension of the quadratic form (1.4) with V' = 0 on

C§°(Ry). This operator can be diagonalized explicitly. Indeed, let Jy be
the first Bessel function of order zero (see [AbSt]). Then

(3.2) ho = — in LQ(R+)

(Fof)(k) = /0 S VERI () f(r) . kER,,

initially defined for f € C§°(R4), can be extended to a unitary operator
Fo : La(Ry) — Lo(R4). It has the property

(3:3) (Fohof)(k) = k*(Fof)(k), K €Ry,
for all f € D(hg). (These facts are essentially contained in Chapter 4 of
[StWei].)

We denote by N (7, hg—V') the number of eigenvalues less than —7, count-
ing multiplicities, of the operator hg — V in Ly(R,). Our proof of Theorem
1.6 relies on the following

Lemma 3.1. Let ¢ > 1, 0 < a <1 such that 2¢g —a > 1. Then
(3.4) N(t,hg=V) < Ca,qT_quHTa V(r)dr®dr, T >0,
Ry

with a constant C, 4 independent of V.
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What we precisely prove is that if V' € Ly j,c(R) and if the r.h.s. of (3.4)

is finite, then the form (1.4) is closed and lower semi-bounded on D(h(l)/ 2)
and for the corresponding self-adjoint operator hy — V' the estimate (3.4)
holds.

Before we begin the proof we recall (see [BiSol], [Si2]) that &,, denotes
the class of compact operators K (in a given Hilbert space, in our case in
Ly(Ry)) such that

= (tr(K*K)§>l < .

We will use the following fact (see [LiTh]). If ¢ > 1 and A, B are self-adjoint,
non-negative operators such that A7B7 € G5 then AB € Gy, and

2
(3.5) IABIl5 < | A7B9|J3.

Proof of Lemma 3.1. Scaling with respect to the space variables shows that
it is enough to consider the case 7 = 1. Moreover, by the variational prin-
ciple we may assume V > 0. By the Birman-Schwinger principle and the
inequality (3.5) we obtain

N(1uho = V) < V200 + 1722 < V020 + 170

It follows from this estimate that we can restrict ourselves to, say, bounded
and compactly supported V. The general result as well as the comment we
made after the lemma are derived then in a standard way.
It follows from (3.3) that the operator V4/2(hg+1)~9/2F; has the integral
kernel
V() Vrk Jo(rk) (k2 +1)73,  rkeRy,

and therefore

qu/z(hoﬂ)—q/z“;:/ / Pk J2(rk) (K2 + 1)V ()¢ dk dr.
Ry JRy

Recall (see [AbSt]) that Jy is a continuous function with Jy(0) = 1 and

7 cos(x — w/4)
Jo(x)w\/;T as r — 00.

Hence with ¢, 1= sup, o2z ™/2Jy(x) < oo we can estimate
N(1,hog—V)<c? / / (rk)*(k* + 1)" 9V (r )qdkdr—C’aq/ )4 dr.
Ry JRy

Here Cyp 4 == c2 fR k(14 k?)~9dk is finite in view of our assumptions. [J
Given Lemma 3.1 we obtain in a standard manner the

Proof of Theorem 1.6. The case o > 1 was already proven in Corollary 2.2.
We assume now 0 < o < 1. The operator inequality

t t
ho—V4t>ho— (V-2 +=
o=V 4+t>hg (V 2>++2
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implies N (t,hg — V) < N (§,ho — (V — %)) and hence

tr(ho — V). =~ [ N(t,ho —V)t" tdt
R4

<y [ V(- =50
R4

=~27 N(r,hg — (V —71) )7 Ldr.
R4

Now we fix 1 < g <~vy+ HTO‘ and apply Lemma 3.1 to obtain

tr(ho — V)L <727 Cayq / (V(r) —1)ir 1% S drr® dr
Ry JR,

’y+1+70‘ o

—72VCQqB('y+H—a—q,q+1)/ Vir), 2 r%dr
Ry

where B(a,b) = 1 5%71(1 — 5)’~! ds is the beta function. Finally, one may
optimize over all 1 <g<~vy+ HTO‘ This establishes the theorem. O

In Theorem 1.6 it is impossible to take v = 0 since the operator hg has a
virtual level. More precisely, one has

Proposition 3.2. Let V obey fR+ [V (r)|*rdr < oo and fR+ [V (r)|(1 +

)TdT < oo for some & > 0 Then hg — BV has a negative eigenvalue for
all B > 0 if and only if fR r)rdr >0,V # 0. In this case, for sufficiently

small B the eigenvalue /\(6) s unique and satisfies as 8 — 0

A(B) ~ —exp << fR rdr) 1) if fR r)rdr > 0,
A(B) ~ —exp (—ﬁ—2> if fR r)rdr =0
with a suitable constant ¢ = ¢(V)) > 0.

Here we use the notation A(3) ~ —exp (—a/3~") meaning
lim —f3”log(—A(B)) = a.
B—0
The proof uses the same idea as the proof of Corollary 2.2.

Proof. We recall that —A — BV(| - |) in Ly(R?) is unitarily equivalent to
Onez(hn — BV) in ®pezLa(Ry4) where by, — BV are similarly defined as in
the proof of Corollary 2.2. Clearly ©yez(hn, — V) has a negative eigenvalue
if and only if hg — BV has a negative eigenvalue. The assertion follows
therefore from Theorem 3.4 in [Sil]. O
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4. PROOF OF THEOREM 1.10

The proof of Theorem 1.10 is similar to the proof of Theorem 1.1 and we
only sketch the major steps. We write

With polar coordinates (r,#) we define the projections P, n € Z, in Lo(R?),
1 [7 . .
(Pau)(r,0) = 5 / u(rw)e ™ dw @0 1 >0,0 € (=, 7).
™ —Tr
The subspace P, Ly(R?) reduces Hy and its part in this space is unitar-
n(n—2¢)
2

ily equivalent to the operator —% - ﬁ + === in La(R), defined as

quadratic form on C§°(Ry). Note that this operator coincides with (3.2) if
n =0 and, if ¢ = %, also if n = 1. This means that Hgy has one virtual level
if |¢] < 3 and two virtual levels if ¢ = 3.

Proof of Theorem 1.10. We assume V > 0 and put P := P_1 + Py if —% <
p<0, P=Fp+Pif0<¢< % and @ := I — P. (We emphasize that one
may also take P = P, if |¢| < 1, but then the constants below will blow up

as || — 1.) As in the proof of Theorem 1.1 one finds
tr(Hy — V)T < tr (P (Hy — 2V) P)L +tr (Q (Hy — 2V) Q)L

On QLo (R?) we use the estimate

QHyQ = (1-19)Q(-A)Q

which is easily obtained by decomposition into the subspaces P, Lo(R?). By
Proposition 2.1 we conclude

tr(Q (Hy —2V) Q)Y < (1—1g)"tr (Q (A —2(1—[¢))"'V) Q)T

24« 24«

< (- o) HE0THCES, [ vt e

On the orthogonal complement PLy(R?) we estimate
P(Hy—2V)P > Py(Hy —4V) Py + Px1 (Hy — 4V) Px1.
The latter operator is unitarily equivalent to the operator
d? 1 - d? 1 1-2|¢ -
—— —— —4V - = —4V
< dr?  4r? > © < dr?  4r? * r2 >

in Ly(R4) @ La(Ry), where

- 1 (7
V(r):= %/ V(r,0)de, r > 0.

—Tr
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We estimate 1 — 2|¢| > 0 and conclude by Corollary 2.2 that

d? 1 -\
(P (Hy—2V) P)? <2t (-W S —4v>

24a ~ 24a
<2477 Oy 1,041 V(r)’ Tz rotL dr.
Ry

It remains to use Holder’s inequality to complete the proof. Finally, we
remark that the constants can be chosen independently of ¢. U

APPENDIX A. AN INEQUALITY OF EGOROV-KONDRAT’EV

Our exposition in this appendix follows rather closely [EgKo]. Proposition
2.1 can be deduced by standard arguments (as, e.g., in our proof of Theorem
1.6 in Section 3) provided we have established

Lemma A.1. Letd > 2, g > 1, a > 0 such that 2g — a > d. Then
(A.1) N(r,-A-V) < Ot / V()4 |z|* da, T >0,
Rd

with a constant C' = C(«, d,q) independent of V.

The same result (with the same proof) holds if d =1, ¢ > 1, a > 0 such
that ¢ —a > 1.

First some terminology. By a ‘cube’ we mean always a cube with edges
parallel to the coordinate axis, and by its ‘length’ we mean the length of one
of its edges. We need the following variant of Rozenblum’s covering lemma
(see [EgKo], where also an explicit value for the constant can be found).

Lemma A.2. Let d > 1. Then there exists a constant C1 > 0 such that
for any ¢ € (0,1], any cube Q C R? and any non-negative f € L1(Q) there
exists a finite number of cubes Q1,...,Qn with the following properties:

1) QC Ai Q; and any point in R? is contained in at most Cy cubes,
j=1%7J

(2) fo, f(@)de <Oy [y fl@)de,  j=1,....M,

(3) M < 6_101.

Lemma A.3. Let0§s<2and1§p<%ideSand1§p<oo

if d = 2. Then there exists a constant Co > 0 such that for any cube Q) of
length | and any v € H'(Q)

1
(A.2) (/ |u|2p|$|_8d:p>p g@z?—d*drf/ (IVul? +172u)?) dz.
Q Q

Moreover, if fQ udr = 0 then

1
(A3) (/ |u|2p|a:|_5d:17>p gcgﬁ—d*dﬁ/ Vul? da.
Q Q
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Proof. By scaling it suffices to consider the case [ = 1. We can choose

1 < p1 < oo such that 2pp; < d%‘é if d > 3 and such that sq; < d where

pit+ ¢yt = 1. Then by Holder’s inequality

1 1
/ |u|2p|$|—s dx < </ |u|2pp1 d$> P1 </ |$|—sq1 d;p) a1 ‘
@ @ Q@

The latter integral is finite, uniformly for all cubes of length one, by our
choice of g;. Moreover, by the Sobolev embedding theorems

_1
</ |u|2PP1 da:) < 02/ (IVul* + |ul?) dz
Q Q

for some constant Co = Ca(p,p1,d). If u has mean value zero we may use
Poincaré’s inequality instead (see [LiLo]). O

Proof of Lemma A.1. As in the proof of Lemma 3.1 we may assume 7 = 1
and V > 0. Fix ¢ > 1, > 0 such that 2¢ — a > d and note that p and
s, defined by p~! + ¢ ! = 1 and a = s(q — 1), satisfy the assumptions of
Lemma A.3. Put

I::/ Vz|* dx
Rd

and introduce the unit cube Qg := (0,1)%. By Hélder’s inequality and (A.2)
we obtain that

(A.4)

Viu*de <
/Rd [u x_z

kezd

1 1
</ VQ|x|s(Q—1) da:> ¢ </ |’U,|2p‘l”_5 d:L’) P
Qo+k Qo+k

< 021%/ (1Vul? + [uf?) dz.
R4

In view of this inequality it suffices to prove the assertion only for, say,
bounded and compactly supported V. Moreover, we conclude from this
inequality that N(1,—-A — V) = 0 if I < C; % Hence it is enough to
establish the estimate

(A.5) N(1,-A-V)<CI

under the additional condition

(A.6) >0y

To obtain (A.5) we find a subspace L C H'(R?) such that

(A.7) / Vi§u|? dz < / (|Vu|2 + \u]Q) dx, uelL,
R4 Rd

and such that codim L < C1.
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For 0 < e <1 (which will be determined later) Lemma A.2 yields cubes
Q1,...,Qn such that suppV C U;‘il Q)j, such that each point is covered by
at most C; cubes,

(A.8) / Vaz|de <eCyI
Q@
and M < ¢~ 1Cy. With l; denoting the length of @Q; put
Jo:={j: l; <1}, Js ={j: ; > 1}.
First we consider j € Js (i.e., large cubes). We divide @Q; = [J, @ in a

finite number of non-intersecting cubes with equal length [; € (1,2]. Esti-
mating similarly as in (A.4) and using (A.8) we obtain

o

1

1
aq P
V|u|2dx§2</ Vq\w(q—l)da;) (/ \u]2p|a:|_8dx)
L Qjk Qjk

< 0222_d+dr%s(z—: Cll)i/ (IVul* + |ul?) dz.

J

J

Now we consider j € J< (i.e., small cubes). If u € H'(R?) satisfies

(A.10) / udx =0,
Q@
then a similar estimate (but using (A.3) instead of (A.2)) yields
(A.11) / Viul2de < Cy(e CLI)H / Vul? da.
j Q@

Let L be the space of all u € H!(R?) such that (A.10) holds for all j € J<.
We sum (A.9) and (A.11) over all j to get

2 A 2 2
V0ul*dx < Cg(EI)q/ (|Vul* + ul?) dz, u€L,
Rd R4
where C3 = 0222_d+(d_s)/p011+1/q. Now we choose ¢ := C; 27!, (Note
that in view of (A.6) and C; > 1 one has ¢ < 1.) Moreover, with this choice
of € relation (A.7) holds and

codimL =§J< <M < e1loy = C1C4I.
This yields (A.5) with C' = C1C{ and finishes the proof. O
Remark A.4. If d > 3 then Proposition 2.1 follows by the argument of

Aizenman-Lieb [AiLi] from

d+a

N(O,-A—-V) < C(fjfa/ V(z)? |z|*dx.
]Rd

Different proofs of this inequality can be found in [BlReSt|, [EgKo] and
[BiSo2]. It would be desirable, in particular in view of constants, to find an
alternative proof of Proposition 2.1 in the case d = 2.
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