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Abstract

We consider the operator Ji; + V on the real line with a real periodic potential V. The
spectrum of this operator is absolutely continuous and consists of intervals separated
by gaps. We define a Lyapunov function which is analytic on a two sheeted Riemann
surface. On each sheet, the Lyapunov function has the same properties as in the scalar
case, but it has branch points, which we call resonances. We prove the existence of real
as well as non-real resonances for specific potentials. We determine the asymptotics
of the periodic and anti-periodic spectrum and of the resonances at high energy. We
show that there exist two type of gaps: 1) stable gaps, where the endpoints are periodic
and anti-periodic eigenvalues, 2) unstable (resonance) gaps, where the endpoints are
resonances (i.e., real branch points of the Lyapunov function above the bottom of
the spectrum). We also show that the periodic and anti-periodic spectrum together
determine the spectrum of our operator. Finally, we show that for small potentials
V' # 0 the spectrum in the lowest band has multiplicity 4 and the bottom of the
spectrum is a resonance, and not a periodic (or anti-periodic) eigenvalue.

1 Introduction and main results

We consider the self-adjoint operator £ = % +V, acting on L?(R), where the real 1-periodic
potential V belongs to the real space Ly(T) = {V € LY(T), [, V(t)dt = 0}, T = R/Z,
equipped with the norm ||V = fol [V (t)|dt < oco. It is well known (see [DS]) that the
spectrum o (L) of £ is absolutely continuous and consists of non-degenerate intervals. These
intervals are separated by the gaps G,, = (E,,, E;Y),n > 1, with length |G,| > 0. Introduce
the fundamental solutions ¢;(t, A),j =0, 1,2, 3, of the equation

y" 4+ Vy =y, (t,A) e RxC, (1.1)
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satisfying the following conditions: g0§-k) (0,A) =6k, j,k =0, ..., 3, where §;; is the standard

Kronecker symbol. Here and below we use the notation f' = %, f) = %. We define the
monodromy 4 x 4-matrix M by

M) = M(1,X),  M(tA) = (Mt ) = {071 (1.2)

The matrix valued function M is entire. An eigenvalue of M () is called a multiplier. 1t is a
root of the algebraic equation D(7,A) = 0, where D(7,\) = det(M(\) — 714),7, A € C. Let
Dy (X) = 1D(£1,X). The zeros of D (X) (or D_())) are the eigenvalues of the periodic (anti-
periodic) problem for the equation y”’4Vy = Ay. Denote by A, A5, n = 1,2, ... the sequence
of zeros of D, (counted with multiplicity) such that A\f < Ay < A <A <A <) < ...
Denote by AL, ,,n = 1,2, ... the sequence of zeros of D_ (counted with multiplicity) such
that A7 <A <A <A <A <A <

A great number of papers is devoted to the inverse spectral theory for the Hill operator.
We mention all papers where the inverse problem including characterization was solved:
Marchenko and Ostrovski [MO], Garnett and Trubowitz [GT1-2],Kappeler [Kap], Kargaev
and Korotyaev [KK1], and Korotyaev [K1-3] and for 2 x 2 Dirac operator [Mil-2], [K4-5].
Recently, one of the authors [K6] extended the results of [MO], [GT1], [K1-2] of the case
—y” +uy to the case of distributions, i.e. —y” +u'y on L*(R), where u € L} (R) is periodic.

There exist many papers about the periodic systems N > 2 (see [YS]). The basic results
for the direct spectral theory for the matrix case were obtained by Lyapunov [Ly| (see also
the interesting papers of Krein [Kr], Gel'fand and Lidskii [GL]). The operator —% +V on
the real line where V is a 1-periodic 2 x 2 matrix potential was considered in [BBK]. The
following results are obtained: the Lyapunov function is constructed as an analytic function
on a 2-sheeted Riemann surface and the existence of real and complex resonances are proved
for some specific potentials. Recall the well-known Lyapunov Theorem, in a formulation
adapted for our case (see [Lyl,[YS]):

Theorem (Lyapunov) Let V € L{(T). Then

D(r,)=7'D(r™t,.), T#0. (1.3)

If for some X\ € C (or A € R) 7(\) is a multiplier of multiplicity d > 1, then 7=Y(\) (or T()\))
is a multiplier of multiplicity d. Moreover, each M(X),\ € C has exactly four multipliers
7 N), 5N (N). Furthermore, A € o(L) iff |[m(N)| = 1 or [(\)| = 1. If 7(\) is a simple
multiplier and |T7(X)| = 1, then 7'(\) # 0.

The spectral problems for the fourth order periodic operator were the subject of many
papers (see [P1-2],[PK1-2], [GO], [YS]). Firstly, we mention the papers of Papanicolaou
[P1-2] devoted to the Euler-Bernoulli equation (ay”)” = Aby with the periodic functions
a,b. For this case he defines the Lyapunov function and obtains some properties of this
function. In particular, it is proved that the Lyapunov function is analytic on some two
sheeted Riemann surface. It is important that for this case he proved that all branch points
of the Lyapunov function are real and < 0. Note that in our case we have the example,
Proposition 1.4, where the Lyapunov function has real and non-real branch points. This the
main difference between our Lyapunov function and his one. Moreover, Papanicolaou proved
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that if all the gaps are closed and the Lyapunov function is entire in v/A, then the functions
a, b are constants. Secondly, Papanicolaou and Kravvaritis [PK1-2] considered some inverse
problems for the Euler-Bernoulli equation. Thirdly, Galunov, Oleinik [GO] considered the
operator ¥y + vd,.,(t)y,7 € R, on the real line with the periodic delta-potential §,e,(t).
They study the spectrum in the lowest band. It can be seen from the results of this paper,
that the spectrum in this band has multiplicity 4, for n = 2 and for some 7. Recall that (see
Theorem 1.3) we prove a stronger result and show that the spectrum has multiplicity 4 in
the lowest band for each sufficiently small potential.
We introduce the functions
1 o +1
p _=

Tm:ZTrMm, m =1, 5

—TZ (1.4)

The functions T,T5, p are real on R and entire. In the case V = 0 the corresponding
functions have the forms
cos mz + coshmz o (cosz— coshz)?

m=1,2, p = 1 , z:)\i, (1.5)

T° =
m 2 )

here and below arg z € (—Z, T]. Tt is known (see [RS]) that D(7,\) = 3" &n(A) 747", where

VRV
the functions &,, are given by

So=1, & =41, &=-2T+Ti&),

Then using the identity (1.3) we obtain D(7,-) = (7% + 1) + & (73 + 7) + &7, which yields

D(r,-) = <T2 — ATy — Jp)T + 1) (# — 2Ty +/p)T + 1). (1.6)

We introduce the domains
T

D, :{)\ eC: A\ >r, A~ (1+i)mn| > % VS — 7] > 2,

n > o}, r>0. (1.7)
We have p(\) = p°(\)(1 + o(1)) as |A\| — oo, A € Dy (see Lemma 5.1). Then we define
the analytic function \/p(A),\ € D, for some large r > 0, by the condition \/p(\) =
VAP A (1 +0(1)) as |A| = 00, A € D,, where 1/p°(\) = (cos z — cosh z)/2.

The function p is real on R, then r is a root of p iff 7 is a root of p. By Lemma 5.1,
for large integer N the function p(\) has exactly 2N + 1 roots, counted with multiplicity,
in the disk {X : [\| < 4(7(N + 3))*} and for each n > N, exactly two roots, counted with
multiplicity, in the domain {\ : [A\Y/* — 7(1 4 i)n| < 7/4}. There are no other roots. Thus
the function p(A) has an odd number > 1 of real zeros (counted with multiplicity) on the
real interval (—=T',I") C R,I" = 4(w(N + 3))*.

Let {ry,rE}° be the sequence of zeros of p in C (counted with multiplicity) such that:

Ty is the maximal real zero, and .. < Rer,;, ; < Rer} <.. <Rerf,

if - e€C,, thenr, =rF €C_,

if rF € R, then r,, <rF <Rer,_;,m=1,..,n.



Below we will show that r¥ = —4(7n)* + 0(n?) as n — oo, see Lemma 5.1. We call a
zero of p a resonance of L. Let ... < T, < r,f[j <..<r, < rj{l < 1, be the subsequence of

the real zeros of p. Then p(\) < 0 for any X € 4 = (12 Tny)sd = 1. We call an interval
7;) C R a resonance gap.

We construct the Riemann surface R for \/p. For any 77 € C, we take some curve 7,,
which joins the points r;F, 7T and does not cross v° = U4%. To "build” the surface R, we
take two replicas of the A-plane cut along 4° and Un,, and call them sheet R, and sheet R,.
The cut on each sheet has two edges; we label each edge with a + or a —. Then attach the
— edge of the cut on R; to the + edge of the cut on Ry and attach the + edge of the cut on
R1 to the — edge of the cut on Ry. Thus, whenever we cross the cut, we pass from one sheet
to the other. There exists a unique analytic continuation of the function ,/p from D, into
the two sheeted Riemann surface R of the function /p. Let below ¢ € R and let ¢(¢) = A
be the natural projection ¢ : R — C.

We introduce the Lyapunov function by

AQ) =Ti()+ V),  CeR. (1.8)

Note that T7(¢) = T1(A), since T; is entire. Let A(¢) = Aj(A\) on the first sheet Ry,
A(C) = Az(N) on the second sheet Ro. Then

Ar(A) =Ti(A) +Ve(A), B2(A) = Th(A) = Vp(A), A= ¢(Q). (1.9)

Now we formulate our first result about the function A(\).

Theorem 1.1. Let V € L{(T). Then the function A = Ty + \/p is analytic on the two

sheeted Riemann surface R and the branches A,, of A have the forms

A) + 7. (N
2 )

A () = T AERm, m=1,2, (1.10)
and the following properties:
i) The following identities and asymptotics are fulfilled

Ti(N) = OO (\) = O, (1.11)

Ar(\) = cosh /4 (1 + O()\‘3/2)>, As()) = cos A/ (1 + O()\‘3/2)> (1.12)

as |A| — oo, A € Dy.

it) A € a(L) iff Am(N) € [—1,1] for some m = 1,2. Moreover, if X € o(L), then p(A) > 0.
iii) The spectrum of L on an interval S C R has multiplicity 4 iff —1 < A,,(2) < 1 for all
m=1,2, A\ €S, except for finite number of points.

iv) the spectrum of L on an interval S C R has multiplicity 2 iff —1 < Ay(X) < 1,A5(N) €
R\ [-1,1] or =1 < Ag(N) < 1, A1(N) € R\ [—1,1] for all X € S,except for finite number of
points.

v) Let A, be real analytic on some interval I = (a1, ) C R and —1 < A,,,(A) < 1, for any
A€ I for some m € {1,2}. Then Al (\) # 0 for each A € I (the monotonicity property).
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vi) Each gap G, = (E,,E),n > 1 is a bounded interval and E= are either periodic (anti-
periodic) eigenvalues or real branch point of A, (for some m = 1,2) which is a zero of p
(that is a resonance).

Remark. i) In the case of the Hill operator the monodromy matrix has exactly 2 eigenvalues
7,7~'. The Lyapunov function 3(7+ 7!) is an entire function of the spectral parameter. It
defines the band structure of the spectrum. By Theorem 1.1, the Lyapunov function for the
operator L also defines the band structure of the spectrum, but it is an analytic function on
a 2-sheeted Riemann surface. The qualitative behavior of the Lyapunov function for small
potentials is shown on Fig. 1.

ii) Recall that in the scalar case the spectrum of each spectral band has multiplicity 2 with
a possible exception in the end points of the bands. For £ this is similar.

iii) In the case V' = 0 the corresponding functions have the forms

=

AY(N\) =coshz, AY(N) = cosz, m=1,2, z = \1. (1.13)

Thus the function A%(\) = > 5° (—1)"((?3? is analytic on the two-sheeted Riemann surface

RO of the function \/X, where v/1 = 1 on the first sheet R(l). We have only one resonance
gap (—00,0), since we have only one branch point, which equals zero. We also have

DY = (coshzF 1)(coszF 1), A0 =(an)*, r'=—A(mn)’, n>1, ry =0, \J'=0.

n n

(1.14)
iv) We describe the difference between the Lyapunov functions for the operators £ and the
operator L, = —% -+ YV on the real line where V is a 1-periodic 2 x 2 matrix potential from

[BBK]:

1) For the operator £ the Lyapunov function A; is increasing and A, is bounded on
the real line at high energy. It creates some problem to determine the asymptotics of the
spectral data for £. Moreover, this implies that the spectrum of £ has multiplicity 2 at high
energy. For the operator L, all Lyapunov functions are bounded on the real line.

2) The resonances for £ go to —oo and the resonances for the operator L,s go to +oo.

We formulate our theorem about the asymptotics of the periodic and anti-periodic eigen-
values and resonances at high energy and the recovering the spectrum of L.

Theorem 1.2. Let V € Li(T). Then
i) There exists an integer N > 0 such that for alln > N the inequalities are fulfilled:

A SN <A S < A KA, < (1.15)

where the intervals [\, A, 1] are spectral bands of multiplicity 2 in (N}, A\, 1), and the
intervals (N, , \F) are gaps. Moreover, the following asymptotics are fulfilled:

1
N = (an)h £ [V + O(n2), ¥, = / V(t)e= 2y, (1.16)
0

n

rE = —4(mn)* £ V2IV,| + O(n~*?), n — +oo. (1.17)

n
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Figure 1: The function A for small V.

it) The periodic spectrum and the anti-periodic spectrum recover the resonances and the
spectrum of the operator L.

iii) The periodic (anti-periodic) spectrum is recovered by the anti-periodic (periodic) spectrum
and the resonances.

Remark. Assume that in Theorem 1.2 the potential V' has the Fourier coefficients
V,, = 1/n,|n| > n, for some n, € N. Using asymptotics (1.16) we deduce that there exist
infinitely many gaps in the spectrum of £ and infinitely many resonance gaps. Unfortunately,
we can not construct a potential with a finite number of gaps in the spectrum of L.

Consider the operator £ = % +V,V € L{(T) and real v. We will show that for small
v # 0 the lowest spectral band of £ contains an interval (r;, \J) of multiplicity 4 (see Fig.1).

Theorem 1.3. Let L = % +~V, where V € L{(T),V # 0,7 € R. Then there exist two real
analytic functions vy (7), Ag (7) in the disk {|y| < €} for some € > 0 such that v (7) < A\§ ()
for all v € (—e,e) \ {0}. Here ry () is a simple zero of the function p(A\,vV),r,(0) =0
and \§ (v) is a simple zero of the function Dy (X, V), A\{(0) = 0. Moreover, the following
asymptotics are fulfilled:

ro (7) = 277 (4v1 —v2) + O(7%), A (7) = 27*(4v1 — v2) + O(7%), (1.18)
_ vy 4 5 Vo
A(y) =g () =44 + O(y%), A= é 3= > % >0, (1.19)
n#0

as v — 0, where

1

1
V.= | Ve qt, v, = —
/0 (et v =

/m dt /tU(s)v(t)(m—t+3)3(t—s)3ds, m=1,2. (1.20)
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Furthermore, the spectral interval (ry (), A\d (7)) has multiplicity 4 for any v € (—¢,¢)\ {0}.

Consider the operator L7 = % + YOper, ¥ € R, where 0pe,(t) = > 0(t —n). We prove
that the function A(X, ydpe-) has real and as well as non-real branch points for some v > 0.

Proposition 1.4. There exists N > 0 such that for eachn > N there exist z, € (2nm, (2n+
D7), v € R &, > 0, and the functions r=(y), —e, < 7 — Yn < €n, such that rX(v) are zeros
of the function p(\, ¥0per), 7 (7n) = 2. Moreover, the following asymptotics are fulfilled:

rE(Y) =z £ VU +0(vE), an >0, v=7—7,—0. (1.21)

Remark. i) Numerical experiments show that asymptotics (1.21) hold for all n > 1. The
qualitative behavior of p(X, Yoper), A(X, ¥0per) at v &~ 71 is shown by Fig. 2. ii) If v > 0,
then the branch points r¥(v) are real. If v < 0, then the branch points () are non-real.

We describe the plan of our paper. In Sect.2 we obtain the basic properties of the
fundamental solutions and give a convenient representation of the functions 7;, in terms of
the entries of some auxiliary matrix ®. In Sect.3 we determine the asymptotics of the matrix
®. Using these results in Sect.4 we determine the asymptotics of T,,. We prove Theorems
1.1, 1.2 in Sect.5. In Sect.6 we consider the case of small potentials and prove Theorem 1.3.
The periodic d-potential is considered in Sect.7. The existence of non-real branch points of
the Lyapunov function is shown and Proposition 1.4 is proved in Section 7.

Recall that the spectrum of the operator _aa_; +Q(x), x € R? where @ is a real periodic
potential is absolutely continuous and consists from spectral bands separated gaps. We have
a conjecture that ends of these spectral bands are periodic or anti-periodic eigenvalues or
some numbers similar to resonances from our paper.

2 Fundamental solutions

We begin with some notational convention. A vector h = {h,}¥ € C¥ has the Euclidean
norm |A> = SV |h,|?, while a N x N matrix A has the operator norm given by |A| =
SUP =1 |Ah|. In this section we study the fundamental solutions ¢;,j = 0,1,2,3,. We

introduce the fundamental solutions @9 of the unperturbed equation y””’ = Ay given by
cosh zt 4 cos zt smh 2t 4 sin 2t
0 _cosh 2t — cos zt 0 _ sinh 2t — sin 2t 14 T
902(12 )‘) - 9,2 ) (,03(t, )‘) - 2.3 ) = A ; argz € (_Z Z] (2'2)

which are entire in A\ € C. Here below we have z = x 4+ iy, = > |y|. They satisfy

O (1, N) = @) 4 (t, V), Z% (GNP (5, 0) = ) (E+5,0), 0<k,j<3, (23)
m=0

7

3
ng (m, \) = 2(coshmz + cosmz), m =1, (2.4)
7=0
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et® + etlvl

20t \)| < —5 — < e, j=0,1,2,3. (2.5)
The fundamental solutions ¢;, 7 = 0, 1,2, 3, satisfy the following integral equations
i(t,\) = g&?(t, A) — /Ot O3t — s, )V (s)p;(s, N)ds, (t,\) e R x C. (2.6)
The standard iterations in (2.6) yield
A= engt ), asi(t,A) = = /Ot 3t — 5, )V (5)pn,;(s, A)ds, (2.7)
n>0

where ¢g; = ¢). Define the functions

/ dt/ m—t+s Nt —s Nds, m=12 (28)

We prove

Lemma 2.1. For each (t,V) € Ry x L{(T) and j = 0,1,2,3 the functions ¢;(t,-) are real
on R and entire and for each N > —1 the following estimates are fulfilled:

ik ) i _ VI
s { N (70 Z‘pm“)‘} R A T

where |A|; = max{1, |\|}. Moreover, T,,,m = 1,2 is real for A € R, entire and satisfies

1,00 < e, [T () - T < T pomie (2.10)
T (\) — T2 (A) — Tpa(M)| < (M) o (2.11)

3!

Proof. We estimate g, the proof of other estimates is similar. (2.7) gives

onolt ) = / (T &3timr — e V(00 oot Ntrdts .t (2.12)
0<tn<.<to<ti <to=t I SKSP

Substituting estimates (2.5) into (2.12) we obtain ¢, o(t, A)| < %e“, which shows that

for any fixed t € [0, 1] the formal series (2.7) converges uniformly on bounded subset of C.

Each term of this series is an entire function. Hence the sum is an entire function. Summing

the majorants we obtain estimates (2.9).

The monodromy matrix is real on the real line. Then 77,75 are real on R. We will prove
(2.10), (2.11). We have

3
AT, = Tr M™(X) = Tr M(m, \) Zap] m, \) ZZ@SE(m, A), m=12 (213)

n>0 j=0



The estimates |g0£f;}(m, A)| < 2 grmtoe vield

n!

3 n
)E o) (m, A)‘ < 47(7”},{) e n 2 0. (2.14)
’ n!
J=0

The last estimate shows that the series (2.13) converges uniformly on bounded subset of C.
Each term of this series is an entire function. Hence the sum is an entire function and 17,75
are entire. Summing the majorants we obtain the first estimates in (2.10). Using (2.3), (2.7)
we obtain

3 3 m m
PEHEIEEY / P (m — t, N2, NV (1)dt = —gS(m, \) / V(t)dt = 0,
§=0 j=0v0 0

and

3 ) 3 m t
S Wmay =3 / / A — Nt — 5, N (s NV (s)V (£)dsdt = Ty (N,
j=0 j=0 70 O

where we have used (2.8). Then (2.13), (2.14) give the second estimate in (2.10) and (2.11). m
Note that M(t, \) is a solution of the equation

0 1 00
vi=| o 01|y evennxc (2.15)
A=V 0 00

such that M(0,\) = I;. Lemma 2.1 does not give asymptotics of M(1,A). In order to
determine the asymptotics of M(1, \) we need another solution Y (¢, \) of Eq.(2.15) with the
good asymptotics at high energy, see Lemma 2.2. Note that M(t,\) = Y (£, \)Y 10, ).
We will construct the matrix ¥ using some special solutions of Eq.(1.1), which have
”good” asymptotics at |A| — oo (see Lemma 2.2).
In order to determine the asymptotics of M () we need another solution 9;,j = 0,1, 2, 3.
We introduce a matrix (\) by

Q= Q(A> = diag(w07w17w27w3> - (]‘7 _Z'77;7 _1)7 A€ C_-i—? Q(X) = Q()\>

Here wy and ws are constants in C, but w; = w;(\),j = 1,2, are constants only in Cy. It
will imply that some of functions, which will be introduced below, they will not be analytic
in whole complex plane, but will be analytic only in C. or theirs subsets.

We define the functions ay(t,)\), k =0,1,2,3, (t,A\) € R x Cx by

k—1
ao(t, \) =0, ap(t,\) =Y wie™i, k=1,2,3, <0, (2.16)

=0
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Figure 3:
3
ap(t,\) ==Y w;e™, k=01,23, t>0, (2.17)
j=k

z= A/ —I <argz < Z. Note that Re(zwp) > Re(zw;) = Re(zws) > Re(zws) (see Fig.3).
Then we have

|e*wi| = et Relews) L ptRelon) 0 j <k, t<0, [ <etBeE@n) <3, t>0.
Substituting these estimates into identities (2.16),(2.17) we obtain
lap(t, \)| < 4etBeCeon) 1 =0.1,2,3,  (t,\) € R x Cx. (2.18)
Identities (2.16), (2.17) show that ay, a}, aj are continuous functions of ¢t € R and
ay (+0,A) — a)' (—0,\) = —42°,  al"(t,\) — Aax(t, \) = —42°5(t). (2.19)
Let A, = {A € C:7||V| < |A\*¥*} and AF = A, N C*,r > 0. Below we need
Lemma 2.2. Let V € L{(T). Then for each j =0,1,2,3 and X € A_ic the integral equation

1 !
ﬁj(t, )\) = Bthj + @ CLj(t — S, /\)V(s)ﬁj(s, )\)dS, t € [0, ”, (220)
0
has the unique solution J;(-, ) and each 9;(t,-),t € [0,1] is analytic in AT and continuous in
AT Moreover, each ¥;(-,\), A € AT is a solution of equation V5" + Vi; = N fort € [0,1]
and satisfies

6tRe(zwj) - 4
., (t,A) €[0,1] x AT, :%.

[9;(t, )] < (2.21)

1— 2

11



Proof. Let 9;(t, \) = e**3. The iterations in Eq.(2.20) provide the identities

e ) 1
N =S 0t A), Ot ) = 413 / 05t — 5, V()00 1(s, Nds, n > 1, (2.22)
0

1

it A) = 7/ a5t = £)as(tn — b )ty (ts — 1)V (). V ()t b,
’ (423)™ Jioapm

For —% < argz < 7,t € [0, 1] using estimates (2.18) we obtain

1

|Z‘3n

[0 (t, M) <

/ e(t—tn) Re(zwj)e(tn—tn_l) Re(zwj) N .€(t2 —t1) Re(zwj)etl Re(zwj)

[0,1]™

[V (#)|. |V (t0)|dtr...dt, =

/ V()| V(1) iy, = W et
0,1]" |z[3"

ER
Substituting the last estimate into (2.22) we get (2.21). This estimate shows that for each
fixed |z| > HVHl/g, —% < argz < 7§ series (2.22) converges uniformly on the interval [0, 1].
Thus it gives the solution of Eq.(2.20). Suppose that there exists another solution y; of this
equation. Then y = y; — J; satisfies the equation y(¢,\) = 5 fo a;(t — s, Ny(s, \)ds.
The iterations of this equation give y(t,\) = 0. For each teR the series (2.22) converges

unlformly on any bounded subset of the domain |z| > ||[V||'/?, — <argz < 0,0r 0 <

arg z < . Each term of this series is an analytic function of z in this domain. Hence the

sum is an analytic function and 9, (¢, \) is analytic of A € AT and is continuous in A_f
We will show that 9;(-, A) is a solution of y"" + Vy = Ay. Using (2.19) and (2.22) we
obtain

9 N) = ML) + / 1 (W —8(t— s))V(s)ﬁj(s, N)ds = M;(t, \) — V(£)0;(t, \)

0

Thus 9;(-,\), X € AT is a solution of y”" + Vy = Ay, t € [0,1]. m
Let Y(t,\) = {29§-k) (t, A)}} j—o- Then Y(t, A) is a solution of Eq.(2.15) and hence

M) =Y, NYH0,)), € AT (2.23)

Differentiating Eq.(2.20) we obtain
(k) : L iaa®
9 13) = (et + L / V()a® (t — 5, \)05(s, \ds, Jk=0,1,2,3  (2.24)
We introduce the matrix W = {ty;}} ;_o, where y;(t, \) = z_ke_z'f“’jﬁg-k) (t,A). Then

U(t,\) = Z7HNY (£, N)e ™ Z(\) = diag(1, z, 22, 2%), (2.25)
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hence Y (t,\) = Z(\)¥(t, \)e* 2. Substituting this identity into (2.23), we obtain
M(t, ) = ZN) (L, N)e U0, ) Z7H(N), t €[0,1], (2.26)
and then
Tr M(A) = Tr(®(N)e®), Tr M2(\) = Tr(®(\)e*h)?, () = U710, )W(1,N), (2.27)
for \ € A—ft Note that Tr M, Tr M? are entire functions, but the functions ¥(¢,-),t € R, and

®, are not entire.

3 Asymptotics of the matrices ¥ and ¢ as |\| — o

We rewrite identities (2.24) in the form

1
Ui (8, ) = 413t/1C%j@——s,A)VXS)¢QKs,A)dS, ag;(t,N) = 2z Fe a1, 1), (3.1)

J.k =0,1,2,3. The last identities contain the equations for the functions (¢, \):

1 ! .
%Mmﬂ+g/%mﬂwmm@mmjﬂ¢m. (3.2)
0

We rewrite (3.2) in terms of the matrix ¢ = diag(too, %01, Y02, Yo3) b

1

1
Wt A) =1+ P a(t — s, )V (s)(s,N\)ds, a = diag(ago, ao1, oz, ao3)- (3.3)
0

Define the matrix A = {a;}} ;o and rewrite (3.1) in the form

WA =Wt g [ AU s VRN o= (Voo = (e 6

Note that ¥y = Wy(A) is constant in Cy and satisfies the identity WUy = 41, hence %\Ifo is
an unitary matrix. Identities (2.16) yield

(&) A) = pr(zwp)keZt“’p, t<0, and a k pr zwp)Fe et > 0.

Then (3.1) gives

api(t, \) prwk Zt(“’p_“’ﬂ t <0, and  ag;(t, ) prwk Zt(“’p_“’ﬂ t> 0.

13



Thus the following identities are fulfilled:

A(t,\) = VoQH(t, N), Q= diag(wo,wr, w2, ws), H = {h]k}]k _os (3.5)
where
0 ik _etwimar) | ik
h]k(t, )\) = { eZt(Wj_Wk) :; < k Y t < 07 h]k(t7 )\) = { 0 :; < k: 9 t 0
(3.6)

Iterations in Eq. (3.3) yield

N =Dt N, b)) = / a(t — 5, NV (8)bu_1(s, N)ds, w0 = Is. (3.7)
0 0
Substituting the series (3.7) into (3.4) we obtain

:i\lfn(t,)\), Ut A) = — / A s V() (s Vs, (38)

423

We need the result about the matrix functions ¥, ®(\) = U0, \)¥U(1,)\), A € AT,

Lemma 3.1. Let V € L{(T) and let 3 = |/|\|‘Zl|4 Then

i) Each matriz function W(t,-),t € [0,1] is analytic in the domain A5 and continuous in A

and satisfies
[Wol =2, |Tu(t,N)] < 2", n>1, (3.9)

N
TN <4 (TN =D Wt A)] <4 N >0, AeAS (3.10)

ii) The matriz function ®(A\) = W=1(0,\)¥(1,\) is analytic in X € A and continuous in
AT and satisfies

~ O
B =L+ &+ + D, B(N) = 4—23/ Vis)(H( —s.0) —~ H(=s,3))ds,  (3.1)
0
By()) = 16Z6 du/ (0 u, 8, \) — (1,u,s,)\)>ds, (3.12)
F(t,u,s,\) = H(—u, \)QH(t — s, \) — H(t —u, \)a(u — s, \),
B <4, [B1(N)] <2, BN <45, BN <6055, Ae AT (3.13)

Proof. i) Recall that 5 is a unitary matrix. Then [¥o| = 2. Let a(t) = a(t, A). Identity
(3.7) for v, gives

(o (ta )‘) =

a / a(t — t)alts — t2)oalbn s — )V (82).V (1)1, 1> 1.
(423)™ Jio.apm
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Identity (3.1) for ax; together with estimate (2.18) yields |ag;(t)| < 4. Then [a(t, A)| < 4 for
(t,\) € R x C. Using the last estimate we obtain

[, N < 3", n>0, (t,\) e [0,1] x Cy. (3.14)

Identities (3.5)-(3.6) imply |H(t,\)| < 4,]Q] = 1. Identity (3.5) for A gives |A(t,\)| <
8. Substituting this estimate and estimates (3.14) into identity (3.8) for ¥,, we get (3.9).
Estimate (3.9) shows that for each ¢ € [0,1] the series (3.8) converges uniformly on any
bounded domain in AF. Each term in this series is an analytic function in A¥. Hence W(t, \)
is also analytic function in A¥. Summing the majorants we obtain

> e 2%N+1
|Z\1/n(t,A)\<2Z%”:1 <4 Ne A, N> -1,
—

N+1 N+1

since » < %, A E A—ét Then we obtain (3.10).
ii) For the case N =2 (3.10) yields

Ut A) =W+ Uy (8, A) + Uy (8, N) + U8, N), |0 <45, (A €[0,1] x AT, (3.15)

We introduce the matrices ¥° = ¥(0,-), R = (¥°)~1, % = ¥, (0, ), Vo = \TI(O, -). We will
prove that the matrix R()\) is analytic in the domains AT and satisfies

R = Ro+Ri+Rs+R, Ro=1U;', R =—RoURy, Ry=—RoUIRo+Ro(VIRy)% (3.16)

R = —RoW° Ro+ Ro(W3+0°) Ry (¥° —Wo) Ro+ Ro W) Ry (W9 +W°) Ry — R((W°—Wo) Ry)?, (3.17)
1 ~ —
The matrix 3V is unitary, then |Ro| = |Uy'| = [2¥5] = 1. We have U0 = ¥ + (U0 — 0.
Recall [¥°] = 2. If X € Ay, then » < 1 and (3.10) yields [¥° — ¥y < 43¢ < 1. Hence 0 is
not an eigenvalue of WO (see [Kal), U° is invertible and R is analytic in AT. Substituting
estimates (3.9) into (3.16) we have estimates of |Ry|,|Rz| in (3.18). Using the standard
identity A~ — B™' = —A7'(A — B)B™! for the matrices A = ¥° B = ¥, we obtain
2 3
R=Ry— RV’ — Wy)Ry = Ry — Ro(W° — W) Ry + R0<(\If° - \IIO)R()) - R((\Ifo - %)Ro)
(3.19)
which yields (3.16), (3.17). Using the first identity in (3.19) we obtain

| R e
<1, MNeAl,
1 — | W0 — W||Ry| 4

|R| <

which yields estimate of | R| in (3.18). Substituting this estimate and (3.9), (3.10), (3.15) into

(3.17) we obtain estimate for |R| in (3.18). Thus relations (3.16)-(3.18) have been proved.
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Now we prove (3.11)-(3.13). Estimates (3.10) and (3.18) give (3.13) for ®. Let ¥ =
U(1,A),¥, =¥,(1,\) and R = R(\), R, = R,(\). Identities (3.15) and (3.16) give (3.11),

where
&) = RyU + R Wy, By = RoUg+RU+RyUy, & = RyW+Ry(Vy4 W)+ Ry(V—Vy)+RU.

Using estimates (3.9), (3.10), (3.18) we get (3.13).
Let A(t) = A(t,\), H(t) = H(t,)\),a(t) = a(t,)\). Using B; = —RyW¥, ! and (3.8) we
get

By = RyWy + Ryl = Ro(Wy(1,0) — (0, ) = 220 / V(s)(A(L — 5) — A(—s))ds.

423
4z% /o

Substituting (3.5) for A into the last identity we obtain (3.11).
We will prove (3.12). Recall &3 = RoWy + R1V; + RoWs. Identities (3.16) give Ry =
((RO\IJ?)Q — Roqjg)Ro Then

RoWy = (Ro¥?)? — Ry = Ro(VIRyWY — WY).

Substituting ¥y, Uy from (3.8) and v, ¢ from (3.7) into the last identity we obtain

Ry, = %//0 V(u)V(s)A(—u) (ROA(—S> —a(u — 3)>duds.

[0,1]2

Using identity (3.5) for A we have

1;;6//[0 1]2V(U)V(S) <H(—U)QH(—S) — H(—u)a(u — s))dud&

Recall that Ry = —RyWIRy. Then (3.8) implies

—R
R, = 162 g// —u)RyA(l—s dud3—16 6// —u)QH (1—s)duds.

[0,1]2 [0,1]2

RV =

(3.8) gives

A(l— Yduds = H(1- —s)duds.
U, = 162//[01]2 —u)a(u—s)duds 162//01]2 —u)a(u—s)duds

The last three identities yield (3.12). m

4 Asymptotics of the trace of the monodromy matrix

We introduce the functions bj, ¢k, o, Bji in C. by

a j —w zZ(wj—w
]k - 1]6Z§/ / Z(U—S)(w] k)dS, Cjk = e ( J k)(b]k + bk]); (41>
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3

3 2
ap = Z(bko + ko), @ = Z (bg; + cxj) Zb]k, j=1,2, a3=— Zb?’k’ (4.2)
k=0

k=1 k=j+1
Bik = aj + o — gy (4.3)
which are analytic in C4 and are continuous in C.. We define the function

T = 4AT? — Ty, T° = 4(T}?)? — Ty = 1 + 2 cosh z cos 2.

In order to determine asymptotics of T, T, we will show the following identities

3
1 1 »
=1 E ope™, T = 5 E VRN g = bibre — Djrdrj, (4.4)
0

0<j<k<3

for A € A} where ® = {djr}3 —o- Identity (2.27) yields the first identity in (4.4). Due to
(2.27) we have

1 1 »
Ty = 5 T M? = £ Tr(@e™)? = (Z B 12 Y dudige ).

4 .
0<j<k<3

Substituting the last identity and the first identity in (4.4) into T' = 4T% — Ty, we obtain the
second identity in (4.4). Recall z = A4 =z + iy, |y| < 2, A € C.

Lemma 4.1. Let V € Ly(T) and let & = W0, )W(1,-) = {@jx}}—o. Then
i) For each \ € A_ff the following identities and estimates are fulfilled

- 3 -
D) =1+ ap(A) + dun(A),  |o(A)| < §%27 |ore(N)| < 1205°,  k=0,1,2,3, (4.5)
~ 7 ~ ,

it) The following estimates and asymptotics are fulfilled
1Ty (A) — TO(N)| < 315227, [T(A) — TO(\)| < 128152 X\ e AT, (4.7)

Ty(\) = Tlo()\)<1 + 0(2—6)), T(\) = T°(N) (1 + O(z—ﬁ)), N — o0, AeDy, (4.8)

z

Ti(A) = %(1 +ap(A) + 0(2_9))’ T\ = %(2 cos 2 + €1 fon (A) + €2 Boa (A) + O(Z_9>>
(4.9)
as |A| — oo, ly| <, and
6(1+W1)% (]' — wl)’z 1-w1)2 —(1-w1)2 -9
h() = —; (2 cosh 1 4 e =DE () + e Eaa () + O(z )), (4.10)
e(l—i—wl)z
T() = ——(1+ fa () + 0(=™)) (4.11)
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Remark. i) Using the estimates of the functions 3y, $kk, Vji, in Aff we obtain the estimates
of the entire functions 77,7 in C.

ii) The conditions |[A\| — oo,z — |y| < 7 imply ReA — —oo and |ImA| — 0. Note that
le*+@D)z| — 4100 and |e~“1?| is bounded in (4.10), (4.11).

Proof. 1) Identity (4.1) yields

V2
32|26’

VP2
16|26’

bx(N)| < ek (W) < AeCL, 0<k<j<3
Substituting these estimates into (4.2)-(4.3) we have estimates of a;, B, in (4.5), (4.6).
We will prove estimate of ¢y, in (4.5). Recall that (3.11) give ® = Iy + ¢ + ©2 + @

where O (\) = &, = {gb&jk}:;?’k:o, s=1,2and ® = {¢jk’}?,k:0' Now we will prove that

Gin = Oj + DLk + Goje + bjer |dje] <1205, A€ A, jk=0,1,2,3.  (412)

We need some simple estimate from the matrix theory. Let A = {a;;}} ,_ be a 4 x 4-matrix
with the usual matrix norm |A|. We prove that

max_|a;;| < 2]A]. (4.13)

0<4,5 <3

For each vector z = {z;}3_, € R* estimates |z|o < |7|] < 2|2|s hold, where we denote
2| = (32 |#x]?)"? and |#]o = max |z;|. Then

|Ar]oo < |Aa] < 2| At]o < 241 S Jal. (4.14)

Let |ay,| = maxog; j<3 |ai;|. We take xj, = 0k, in (4.14). Then ), ajpzr = a;q and we obtain
max; |a;,| = |aye| < 2|A|, which yields (4.13). Estimate (4.13) together with (3.13) gives the
last estimate (4.12).

Substituting (3.6) into (3.11) we obtain

. 1 z(1=s)(wj—wg) P>k
o= ) € y JZ
O1,5k o7 ), dsV (s) { ) G (4.15)

and the identity [, V(t)dt = 0 yields ¢1,;; =0, j=0,1,2,3.
In order to complete the proof of (4.5) we have to prove the identity ¢o ;; = «;, where
a; are defined by (4.2). Recall that

Q
1626

O, =

/01 du /01 V(u)V(s) (F(O, u,s) — F(1,u, s))d& (4.16)

F(t,u,s) = H(—u)QH(t —s) — H(t —u)a(u—s), H= {hjk}ikzo,

Q = diag(wo, w1, ws, ws), a = diag(ago, ao1, ao2, ao3).
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Then the diagonal entries of the matrix F' = {f;;} are given by
fii(t, u, s) Z wehjk(—u)hyi(t —s) — hj;(t — w)ag;(u — s). (4.17)
In particular,
f3(0,u,s) Zwkh]k w)hi;(—s) — hyj(—u)ag; (u — s).

Recall the identities (3.6):

0 ) j> k _eZt(Wj_wk) ) j> k
hjk@) = { et (w;i—wi) L i<k’ t <0, hjk(t> = { 0 , j<k t=0.
(4.18)
Then f;;(0,u,s) =0 and we have
T — // V)V (s)fi;(1,u,s)duds, j=0,1,2,3. (4.19)
162 [071]2
Let 0 < u, s < 1. Substituting (4.18) into (4.17) we obtain
3
fjj(17u7 8) = - Z kaZ(l_S+U)(Wk_wj) +a0j(u_$)7 . :07172a f33(17u7 8) :aog(U—S).
k=j+1

Identity (4.19) gives

3
Y < S — 5) — z(l—s+u>(wk—wj>>d d
bri =15 | /[0 LVOVE) (a3 e uds

k=j+1

— 1626 //0 e (s)agj(u — s)duds + Z wye® W w)(bjk + bkj)>, j=0,1,2,

k=j+1

¢2733 = _162 /4} 2 aog(u — S)dUdS.

Moreover, substituting (2.16), (2.17) into (3.1) we obtain

CL()j(lf) = Zw] Zwke (W —wj) , j = 1, 2,3, (loo(t) = O, t < O,

ao; (t Zwkez wrwi) 5 =0,1,2,3, ¢ 0.
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Then we obtain ¢9 j; = a;, which yields (4.5).
We will prove (4.6). Recall the identity (see (4.4),(4.12)): v = ¢;jPkk — Pjrdr; and
ik = 0k + 1,k + D2k + . The last identities and ¢q g, = 0, P2 11 = oy, give

Vip = (14 Gy + dagi + 035) (1 Dk + Gopn + dar) — (D1jk + Do g+ k) (D14j + Doj + Pry)-

= (L+ 0+ 0;5) (1 + g + i) — (D1k + Dojie + Gjn) D1y + Sopg + D)

which yields
Vjig = 1+ Vo + Uji,  Vojk = 0 + g — D1 kb1 k) (4.20)

where
Uk = ¢a,jj(P2pr + Dur) + ajj@ck — 1k (Po,s + (Bk]) — (o k + ajk) (D165 + P2 + ak]) (4.21)

Recall the estimates (3.13): |®(A)]| < 4, [®1(N)] < 252, [D2(N)] < 452, |®(N)| < 6053, Using
(4.13) we have

0] S 2PN <8, drigl S 4o, g <87 [yl < 1205°, 0<k,j <3,

Substituting these estimates into (4.21) we obtain estimate (4.6).
We will prove vy jr = (. Identity (4.15) provides

1 1
wj —zt(wj—w Wk z2(1—t)(wg —w;
P15k = 4”3 e WiV () dt, ¢y = eI (A== V(1) dt, (4.22)
0<j7<k<3. Then
wiwp [ 1
O1,jkP1kj = 1% 5 /e_zu(wf_wk)\/(u)du/ez(l_s)(“’k_“’j)\/(s)ds = iy, (4.23)
0

where we have used (4.1). Substituting (4.23) into (4.20) we obtain ve jx = a; + ag — cx;j,
which yields vg j, = Bj5. Then (4.20) gives the first identity (4.6).

ii) Let A € AZ. Then (4.4)-(4.6) imply
1o ~ ~
() = TPV < § >l lax(A) + b ()] < e max (V) + G (V)],
0

T =T NI< 5 D 1918 + Tr(N)] < 3" max [8(N) + (M),

0<j<k<3
0<j<k<3
which yield (4.7). Asymptotics (4.8) follows from (4.7).
We will prove (4.9), (4.11) for y > 0. The proof for y < 0 is similar. Let |A\| — 00,0 <
y < C. Then (4.4) gives

N | —

() = ezz((poo(x) FOE™), T() = %Z(e-izvmu) + () + (™))
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and (4.5), (4.6) yield (4.9). Let |A| — oo,z —y < m. Then (4.4) gives

T = i<¢00€2 + dore” " + O(e_m))’ () = %<e(l_i)2001()\> + 0(1))

and (4.5), (4.6) yield (4.11) and

Ti(\) = %(1 + ap(N) + 0(2_9)> + “

which implies (4.10). =

(140 +0(=™)),

5 Proof of the main theorems

Using the definitions of Ay, Ay, 17, .. we obtain following identities

To+1 T-—1 1-7
= =—+T 1
2 2 ) /0 2 + 1> (5 )

A2 A2 =14Ty,, AAy=2TF—

2Ty F1)2 - T TF4T, +1
Dy = (Tis1)2—p=_ 1]F2) 2 _ ]F21+ , D,—D_=-4Tv. (52
Then by Lemma 2.1, the functions Ay + Ay, A1 Ay, D4, p are entire and are real on the real

line. We need the results about the function p. Recall p? = (€she=cosz)2 5 — N4 = g 4 gy,

Lemma 5.1. i) For each V € L{(T) the function p = 5(T» + 1) — T{ satisfies

[p(A) = ()] < 352>, A e C, (5.3)
10°(\)] > . A4 (1+i)mn|> ——, nez (5.4)
p 427 = 2\/57 9 .
p(N) = pO(A)<1 + O(A‘3/2)), A — o0, AeD, (5.5)
€2z L

p) = = (142000 +OE™), A —o0, [yl <, (5.6)

e(1+w1)z
P = — (—1 +cosh(1 — wy)z + a(\) + 0(2—9>), N —oo, z—lyl<m (5.7)

where

_ 1 (l—wl)z 1 —(l—wl)z 2 4 4N “A/HP 5 8
o= ( +e )OKO +( +e )al - ﬁOla Oé(— (ﬂ_n) ) - (271'77,)6' ( : )

ii) Let V € LY(T). Then for each integer N > ||V ||*/3 the function p()\) has exactly 2N + 1
roots, counted with multiplicity, in the disk {X\ : |\| < 4(x(N + 1))*} and for each n > N,
exactly two roots, counted with multiplicity, in the domain {\ : [A\Y* — (1 +4)n| < 7 /4}.
There are no other roots.
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Proof. i) By Lemma 2.2, p is entire and real analytic. The identity p = @ T? yields

Ty —TY
|p_ O‘: %_Tf (TO ’ ’T2 TO’—F‘Tl ‘Tl‘i‘TO‘
Then estimates (2.5), (2.10) provide (5.3).
Using the identity p°(\) = — sinh? (1_22)2 sin? (1_21)'2, and the estimate el < 4|sin z|, |z —
mn| = §,n € Z (see [PT]), we obtain
) 2z
1P"(N)] > L oo Gz gy gz L gy €

16 16 16

which yields (5.4). Asymptotics (5.5) follows immediately from (5.3),(5.4).

Substituting (4.9) into (5.1) we obtain (5.6). Substituting (4.10), (4.11) into (5.1) we
obtain (5.7). We prove the second identity (5.8). Then the first identity (5.8) and (4.1),(4.3)
give at A = —4(mn)4, ie. z = (1 +4)mn,

a(N) =2(ag(A) + a1(A) — Bor(N)) = 2¢10(AN) =

—i ,
@ b (Y) + bio() =

i) Introduce the contour C,(r) = {\ : [AY/* — (1 + 2) | = mr}. Let Ny > N be another
integer. Consider the contours Co(N + 3), Co(Ny + 3),Cr(5),n > N. Note that we have
3),

A = 4|V, =< 5753 on all contours. Then (5.

(5.4) yield on all contours

2x
0

< IO
Hence, by the Rouché theorem, p has as many roots, counted with multiplicity, as p® in each
of the bounded domains and the remaining unbounded domain. Since p°(\) has exactly one
simple root at A = 0 and exactly one root of multiplicity 2 at —4(7n)%, n > 1, and since
N; > N can be chosen arbitrarily large, the point ii) follows. =

Recall that the set {\: Dy(\) = 0} is a periodic spectrum and the set {\: D_(\) = 0}
is an anti-periodic spectrum. Now we prove a result about the number of periodic and
anti-periodic eigenvalues in the large disc. Recall DY = (cosz F 1)(cosh z F 1).

Lemma 5.2. Let V € L{(T). Then the following estimates and properties are fulfilled:
|D+(\) — DY(N)] < 866520 X e AT, (5.9)

i) For each integer N > ||V||'/3 the function D+ has exactly 2N + 1 roots, counted with
multiplicity, in the domain {|\[** < 2x(N + 1)} and for each n > N, ezactly two roots,
counted with multiplicity, in the domain {|\"/* — 27n| < 3}. There are no other roots.

ii) For each integer N > ||V||'/3 the function D_ has exactly 2N roots, counted with multi-
plicity, in the domain {|\"* < 2rN} and for each n > N, ezactly two roots, counted with
multiplicity, in the domain {|]\V/* — w(2n + 1)| < Z}. There are no other roots.
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Proof. Identities (5.2) give

T — T + 4|7 — T?| 2 1701e™ ¥ 4 4 . 312
2 h 2 ’

|D: — DY <

which yields (5.9).
i) Let N’ > N be another integer. Let A belong to the contours Cy(2N + 1), Co(2N’
1), Con(3), [n| > N, where C,,(r) = {\ : [\Y* — 7n| = 7r},r > 0. Note that s < a )3 and

ezl < 4| sm§|,e2 < 4|sinh Z|,z = AY*, on all contours. Then ezt < 16| sin £ sinh £ |
and (5.9) on all contours yield

D (\) — 4sin? = sinh? 2| < (305027 < (155024 sin Z sinh 2| < )4sin2 Z sinh? >
" 2 2| = 2 2 21

Hence, by Rouché’s theorem, D, () has as many roots, counted with multiplicities, as
sm2 5 smh2 5 in each of the bounded domains and the remaining unbounded domain. Since
sin smh2 2 has exactly one simple root at A = 0 and exactly one root of the multiplicity
two at (27m) n > 1, and since N’ > N can be chosen arbitrarily large, the point i) follows.
The proof for D_ is similar. [ |

Now we prove our first result about the Lyapunov function A =T7 + /p.
Proof of Theorem 1.1. By Lemma 5.1 ii, the function ,/p is an analytic function in

the domain D,,r = 47T4HV||i‘/ % and it has an analytic continuation onto the two-sheeted
Riemann surface. The function A is analytic on the Riemann surface of the function /p.
Due to identity (1.6) all branches of A have the forms A, (2) = 3 (7 (2) +7,,'(2)), m = 1,2.
i) We prove (1.12). Substituting (4.8), (5.5) into (1.8) we obtain the first asymptotics (1.12).
Substituting (4.8) and the first asymptotics (1.12) into the identity Ay = K_l (see (5.1)) we
obtain the second asymptotics in (1.12).

By (1.6), the matrix M(A), A € D, for large r > 0, has the eigenvalues 7,,()\) satisfying
the identities 7,,(\) + 7, (A\)™' = 2A,,(A). Then 7,,(A) has the form 7,,(A) = A, (\) +

A2 ()\) — 1, where v/1 = 1. Asymptotics (1.12) give

m1(\) = cosh z(1 + O(z7%)) + \/cosh2 2(14+0(276)) — 1 =e*(1 + 0(279)),

To(A) = cos z(1 + O(279)) + \/cos2 2(1 + O(279)) — 1 = e*(1 + O(279)),

|A| — 00, A € Dy, which yields asymptotlcs (1.11).

ii) By the Lyapunov Theorem (see Sect.1), A € (L) iff A,,,(\) € [-1,1] for some m = 1, 2.
If A € o(T), then Ty () is real. By ii), A(A) is also real. Hence by (1.8), v/p()) is real and
p(A) = 0.

iii) Asymptotics from i) yield Ay # Do, 71 # t3. Then we have the statements iii) and iv).

v) We have A}, = 2(7, + 7,,1) = 5(1 — 7,,,2)70, # 0,m = 1,2, since 7, # 1,75, # 0.

vi) Let G, = (E,,EY) # 0 for some n > 1. It is possible that EF is a periodic
or anti-periodic eigenvalue. Assume that E T is not a periodic or anti-periodic eigenvalue.
Then A,,(E) € (—1,1) for some m = 1,2. If EY is not a branch point, then we have a
contradiction. m

We determine the asymptotics of the Lyapunov function near the positive semi-axis.

23



Lemma 5.3. Let V € L{(T). Then the following asymptotics are fulfilled

Ar(N) = %(1 + ap(N) + 0(2_9)>, Ay(N) = cosz + @ +0(z7), (5.10)
as |A\| — oo, |y| <7, where
B = e By + €2y — 209 cos z,  B((mn)h) = [Val? . (5.11)
16(mn)8
Proof. Substituting (4.9), (5. 6) into the identity Ay = T3 + /p we have asymptotics (5.10)

for A;. Using identity Ay = and (4.9) we obtain

2 CcoSs z + Gwlzﬁ(n + QWQZﬂOQ + O(Z_g)
21+ ap + O(z9))

which yields asymptotics (5.10) for A,. We prove the second identity in (5.11). If A = (wn)?,
then 2z = mn and we write 8 = 3((7n)*), b;r. = bjx((7n)*), ... We have

B = (=1)"(Boz + Bor — 2a0) = (—1)" (o1 + a2 — ¢c19 — C20)-
Identities (4.1)-(4.3) give

Ay =

B = (—1)"(bar + ca1 + b31 + c31 — bro + b3z + 32 — bag — bay — €10 — €20)

= (—=1)"(ba1 + b1 + b3y — big + b3a — bog) + €~ ™" (b3y + b1z + bsa + bag — big — bor — bao — bog)-
We have

A
16(m ) 6’
The last identities give the second identity in (5.11).m

Now we prove the result about the asymptotics of the gaps and the resonance gaps.
Proof of Theorem 1.2. i) Recall that {\J,\5,,n > 1} is the sequence of zeros of D,
(counted with multiplicity) such that A\ < Ay < AJ < A} < A\ < Ay < ... And
{\%,_,,n > 1} is the sequence of zeros of D_ (counted with multiplicity) such that A\] <
AT <Ay <A <5 <M <. Lemma 5.2 gives that [(A5)Y* — an| < 2,n > N for some
N > 0. Furthermore, A\ are roots of A? — 1 for some j = 1, 2. Asymptotlcs (5.10) of A4
shows that A;(\) > 1 for large A > 0. Hence for such A the spectrum of £ has multiplicity
2 or 0, and the points A are roots of A3 —1 for n > N.

We determine (1.16). Lemma 5.2.ii yields AX"* = 7n 4 e, |e| < 7 for n > N. Asymp-
totics (5.10) gives Ap(AE) = (—1)"cose, + O(n~°). Then the identity Ay(AE) = (—1)" gives
en=0(n73).

Now we wﬂl improve the asymptotics of &,. Using again (5.10) we have (—1)"Ay(\F) =
cose, + ﬁ ) + O(n™?). Note that

Ozj()\ff) = a;((mn)*) + O(1) max ia;()\)| =a;((mn)*) +0(n™?), n — .

|z—mn|<en

ba1 + big = bao 4 bio = b31 + bsa,  bag + bo2 + bio + bo1 = b1 + bz + bsg + bas.
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since aj(A) = %O(n_?’) and, by (4.1), % =0(n7?), |z —mn| < 1,n — +oo. The functions

Bk, ¢ji. have similar asymptotics. Then S(\E) = 3((wn)*) + O(n™?) and

20 = (1 (1= 2+ 28D o)), pianyt) = 1

see (5.11). Then the identity Ay(AE) = (—1)" gives €2 = B((7n)*) + O(n™?) and we obtain

A(mn)e, = £/ [T, +0(n3) = £|7,] + O D),

ME = (mn +e,)* = (mn)* + 4(7n)e, + O(n™%),

which implies (1.16).

Asymptotics (5.10), (1.16) provide —1 < Ay(X) < 1, as A € (A1, A, ;) and Ax(N) &
[—1,1}, as A € (A, A\)),n > N. Then each interval (A}, A\, ],n > N is a spectral band with
multiplicity 2 and each interval (A, \}),n > N is a gaps.

We will prove (1.17). We consider the case Im 7 > 0. The proof for Im r* < 0 is similar.
Lemma 5.1. ii implies z = A4 = (1 +4)mn + 0,,|6,] < 1 for A = ¥, n > N. Then (5.7)
gives p(r¥) = 62%(cosh(l +1)0, — 1+ O(n°)). The condition p(r¥) = 0 yields &, = O(n=3).

Using (5.7) again and the asymptotics a(r®) = a(—4(mn)*) + O(n™?) we obtain
2mn
p(rE) = % (2'55 + a(—4(mn)Y) + O(n‘9)>.
The condition p(rf) = 0 yields §2 = ia(—4(mn)*) + O(n™?). Identities (5.8) give
(1+8) Vo] + O(n=2?)
V2(27n)3 ’

o il + 0

=+
" (27n,)6 n

and then .
re = (( iy +6,) = —A(n) = 8(1 = i)(xn)*6, + O(n ™),

which yields (1.17).
ii) Assume that we have the periodic spectrum Mg, A3, n > 1. Using the asymptotics (1.16)
and repeating the standard arguments (see [PT,pp.39-40]) we obtain the Hadamard factor-
ization vy A% — N0 — )
D.()\) = — — 0 2n 2n .
+( ) H (27T’n,>8

n>1

By the similar way, we determine D_ by the anti-periodic spectrum. Using (5.2) we have p.
Thus, we recover the resonances.

iii) Suppose, that we have the periodic spectrum and the set of the resonances. Then we
determine the functions p by the resonances, and D, by the periodic spectrum. Using (5.2)
we get 11, To and then D_. Thus, we recover the anti-periodic spectrum. The proof of
another case is similar. m
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6 The spectrum for the small potential

Proof of Theorem 1.3. Recall that Ly = ¢y +~1Vy,V € L{(T),v € R and let T} () =
T MAV),m =1,2,p7(A) = p(A,7V), ... Due to (2.11) we have

3

) =Ty +7Tm2+ 7T, (X 7)] < %emﬂ, A€ C, (6.1)
1 m t

Trn2(X) = Z/ dt/ V(s)V()ps(m —t + s, N3t —s,\)ds, m=1,2, (6.2)
0 0

where T, p° were given by (1.13), and ©9(¢, \) was given by (2.2) and 7,,(),7) is a real
analytic function of (\,~) € C2. Simple calculations imply

4 3

TOO) = 14 A+ 00%), @6 0) = 5+ 00, A =0, (6.3)

uniformly on ¢ € [0, 2]. Substituting this asymptotics into identity (6.2) we obtain
Tn2(A) =vm+O(), Al =0, (6.4)

where v,,, was given by (1.20). Using identity (1.4) we obtain

PO =N+ ). ) = OO, A0 (6.5)
FA) = 122 ATV NTL0) +0(), 7 0. (6.6

uniformly in any bounded domain in C. The function p°(\) has simple roots A = 0 and
p°(N), p(A,7) are analytic at the points A = 0,7 = 0. Applying the Implicit Function

Theorem to p?(X) = p°(A) + (A, 7) and Zp7(N) . # 0, we obtain a unique solution
=y=0

ro (7), |7] < ,7ry (0) = 0 of the equation p?(A) = 0, |y| < € for some € > 0.
In order to prove asymptotics (1.18) we rewrite the equation p?(A) = 0 in the form

A

Z + O(>\2) - _72ﬁ(>‘77)7 )\ = TO_(/Y)’ (67)

which yields ry (7) = O(v?),y — 0. Then using asymptotics (6.3), (6.4), (6.6), we obtain

B\ ) = % — 20, 4+ O(7 + ). (6.8)

Substituting the last asymptotics into (6.7), we have (1.18).
Identity (5.2) gives

- - T
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uniformly in any bounded domain in C, and DY was given by (1.14), D} = —2+0(\?), || —
0. The function DY (X) has simple roots A = 0 and D9 (), Dy (), ) are analytlc at the points
)\ =0,v7=0. Applymg the Implicit Function Theorem to DL(N\) = DY(A) +~%g(),v) and
D7 |sx=y=0 # 0, we obtain a unique solution A\{(7),|y] < &,Ad(0) = 0 of the equation
Dl()\) =0, |v| < ¢ for some £ > 0.
We prove asymptotics (1.18). We write the equation D] (A) = 0 in the form

—% + O(>\2) = _725+(>‘77)7 A= /\3(7% (69)

which yields A\f (7) = O(¥?),v — 0. Then using (6.3), (6.4) we obtain

~ v
D+(>\7/7):2U1_§2+O(7>7 ’YHO
Substituting the last asymptotics into (6.9), we have (1.18).
We prove (1.19). Substituting asymptotics (1.18) into (6.1) and using (6.3), (6.4) we

obtain
vy 4duy

TI) =1-7"A+0(y"), A= - 7=0 (6.10)

Using asymptotics (1.18) we have
pP"(A) =sy(y), y=(p")(ry) +0(s), s=N —ry =0, as v— 0.

Substituting p7(A\¢) = sy(v) into the identity Dy = (T} — 1)* — p (see (5.2)), and using
D, (\}) = 0 we obtain
(7Y (Ag) — 1)?

s=N\ —ry = (6.11)
y(7)
Asymptotics (6.5), (6.6) and (p")'(A) = 1 + O(X), |A] — 0 give
¥() = () (r5) + 0(") = § +0(), (612

where we have used asymptotics (1.18). Substituting (6.10), (6.12) into (6.11) we have (1.19).
Recall the identity A) =T7 — (=1)™y/p7,m = 1,2. Then

AT N =T (rg) = (=)™ /A =15 /y() + O((A=15)2), A—ry — +0.

Hence the function A] is increasing in the interval (ry,ry +¢) for some £ > 0 (see Fig.(?7?))
and the function AJ is decreasing in this interval. Asymptotics (6.10) gives

Al(rg) =AJ(rg) =T (ry) =1 =7y A+ 0(7*), v—0, 1y =ry5(7).

Assume that A > 0. Then there exists ¢ > 0 such that —1 < AJ(ry) < 1 for each v € (0, 9)
and A7 is increasing in the interval (ry,7; + €) with some € > 0. Then by Theorem 1.1
iv, AJ is increasing in the interval (5, Ao(7)), where A](Ao(7)) = 1. Hence A\o(7) = AL, (7)
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for some n. Note that \g(0) = 0, since AY(\) = coshz. Then \o(7) = A\J (y) = A\J. Hence
-1 < AT(\) <1,X € (ry,\) and AT ()\§) = 1. Moreover, substituting identities (6.1), (6.5)
into the identities AJ = T} — /p7, we obtain AJ = cosz + o(7y),y — 0. Then the function
A} +1,0 < v < 6 has not any zero in the interval (ry, \). Then —1 < AJ(\) < 1 for each
A € (ry, A¢). Hence by Theorem 1.1 ii), the spectral interval (ry, Ad) has multiplicity 4.

Now we will show that A > 0 for all V' € L{(T),V # 0. Firstly we prove the following
identity

1 1

m f(u) /u V(V(t —u)dtdu, f(u) = u?(2u* — 6u® + 5u* — 1). (6.13)

Let Ag = 2 - 288A. Identities (1.20), (1.19) give

8 8h h hs
/dt/ (2 —t+s) (t—s)?’ds—ghl:—?l-}- 32+ 6 (6.14)

hy = /dt/ t)(1 —t+ 5)*(t — s)°ds,
hy = /dt/ )(2—t+5)*(t—s)ds, hz = /dt/ Y(1—t+5)?(1+t—s)ds.

Then

where

hi =13 — 3L +3I5 — Is, hy =8Iy —12I,+6Is — I, hs = —6I,+6I, —2Is, (6.15)

where

1 t
[m:/ dt/ V(s)V(t) t—smdS—/ mdu/ (t —uw)V(t)dt, m > 0. (6.16)
0 0

Substituting (6.15) into (6.14) and using (6.16) we obtain

Ay = 51y — 615 + 205 — I — /1 £(s) /1 VOV (t — s)dtds, (6.17)
0 s

where f = u?(2u? — 6u® + 5u? — 1), which yields (6.13).
Now we prove that A > 0. Using f9)(0) = fO(1),0 < j <4, fO(1) = —fO(0) = 6! we
have

4 6!2
— Z fnez27rnt7 fn _ (27”1)6’ n 7& 07 fO Z V ezQﬂ'nt (618)
n n#0

Substituting these identities into (6.17) we get
Ao=2 ViV / f(s)ds / et — Fy 4 F
mn 0 s
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where

£y = Z Van /1 f(s)e_z‘27rns(1 i ez’27r(n+m)s>d8 _ Z V V Jo = fm —0
2mi(n+m) J, e "2ri(n +m)

m—+n#0
and )
A= [ 90— e v
0
Note that
/ f —z27rnsd Z/ ].—Sf i2m(p— nsds_z_ifp_i_&
re “i2r(p—n) 2

Then

F= (Y gy 5) ~ L R >0

n#0 pF#N p n#0
since Vo = 0, F} is real, p>0,p#0.m

7 Complex resonances.

Consider the operator £7 = dt4 + YOper, v € C, where Opers Oper = »_0(t —m). Let T} =
T1 (s Y0per), p7 = p(-, ¥0per), ... Recall that A = z* and for the case V =0 we have

cosh z £ cos z sinh z + sin 2
T = s(2), p'0) = (), exle) = DRETBE (o) SIRERME g
Lemma 7.1. For the operator L7 = d*/dt* + 70, the following identities are fulfilled:
2
TV =0 — S o 05 2 e 2
1 1 74237 P p Y 223 + 1626 (7 )

"

Proof. The solution y(t) of the equation y”" + V7y = Ay and y’,y” are continuous and
y" (n+0)—y"(n—0) = —yy(n), n € Z. Then the fundamental solutions ¢;(t, ), =0, 1,2, 3,
have the form

eit) =0(t), 0<t<1, ;(t)=e)(t) =18 —1)e)(1), 1<t<2,

@i(B=23(8) = 723(t = D(1) — 16t - 2)(£9(2) — B(eB()), 2 <t <3,
here and below we write ¢;(t) = ¢;(t,A). Then

3

Z% = (90 —2eh) =10 - ),

0
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which yields the first identity in (7.2), and

w
w

3 =360 @) =T = 23D - 2(442) - 1AD)).

Identities (2.3) give S o(¢3) 9 (1)¢%(1) = ¢5(2) and we obtain
42
77 - 19 - L) + L)

Then

pr= L@y = (10 L) + T +1) - (10 - 2t

gl gl gl 2
= /"= 2@ + TI2AM) + (140 -
Using

2c_s4

1
2T005(1) — p3(2) = 5.3 ((coshz + cos z)(sinh z — sin z) — (sinh 2z — sin 2z)> ==

we obtain the second identity in (7.2). =
We shall show the existence of complex resonances. In this case 7 is not small parameter.
We rewrite p?, given by (7.2), in the form

P = (e - 5L - TR S () -0 ) (73)
Fi(z) = 127 (2) u=sinhzsinz, z € E, = (2mn,7(2n+ 1)) (7.4)

si(2) £/u’
where z = \/4 and /1 = 1. The following properties of F' = F', are fulfilled: for each n > 1
the functions F' are analytic on the interval 7, and,

F'(z) - —00 as z —2mn+0, and F'(z) > 00 as z— (2n+1)7 — 0.

Hence for each n > 1 there exist points z,, € E,,, such that F(z,) = min,cg, F(z). Then the
Taylor expansion of the function F' at the point z, is given by

F(z) = F(z) + %(F”(%) +F(:), F(z)=0(z=2) as 2= 2= 0. (7.5)

Moreover, for each fixed z € FE,,, we have
F(2) =422(1 4+ 0(e7*?) =423(1 + O(e™™)), as n — oo. (7.6)

We prove that there exist the real and non-real branch points of the function A7(\) for some
7. The corresponding behavior of the functions p?(\), A7(A) is shown by Fig.2.
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Now we prove Proposition 1.4. Let v, = F(z,).We prove that there exists N > 0 such
that for each n > N there exist ¢,, > 0 and the functions rﬂf (Y)Y — €n <7 < Yn + En, such
that r£(v) are zeros of the function p7(\),r=(0) = z1. Moreover, the following asymptotics

are fulfilled:

1 P
rff('y):ziiélzz( >2+O<V%>, F'(z,) >0 asv=7—2, — 0. (7.7)

2v
F"(Zn)
Proof of Proposition 1.4. Differentiation in identity (7.4) for F' = F, yields

3 /
F' = gF, g:—+8—+—h, h:g, a =5, ++/u. (7.8)
z  c a
Asymptotics (7.6) gives F(z,) # 0,n > N. Then using identity F’(z,) = 0 we obtain
g(z,) = 0, hence

3 3+(Zn) 3 -2
h(z,) = — =14+—+0("™), . 7.9
(o) ==+ 2 1 2 0™, 0 o (79)
We get
F'=¢F+gF, F"(z,)=¢"(2.)F(zn), (7.10)
and
3 cpl(za)  si(z) -2
g =g90—h, golz)= Tz + ) 2 =0(n"7), n— +oo. (7.11)
Consider /'. Differentiating identities (7.8) we obtain
a’ o o 1 u' N2
= K 4= — "= 4+ ——-—(—=) . 12
h ah,a c++2\/a,a s—l—z\/a 4\/ﬂ<\/ﬂ> (7.12)

Using identity (7.8) for a we have

a/l (Zn)

a(zn)

=14+0(e™), n— +oc. (7.13)

Substituting (7.9), (7.13) into (7.12) we have h/(z,) = —% + O(n™2). Then (7.11) gives
g'(zn) = % + O(n™2). Thus (7.6), (7.10) imply
F'(z,) =2422(1+0(n™Y), n — +oc.

Thus, for each r > 0 there exists N > 0 such that F"(z,) > r for all n > N.
Let n > N. Substituting F'(z,) = 7, into (7.5) we have

(z — Zn)2

2

F(z) =+ <F”(zn) + ﬁ(z)), F(2)=0(z—z,), z—2z,—0. (7.14)
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There exists § > 0 such that the function F(z) is analytic in the disk {|]z — zn| < 0} and
F"(z,)+F(z) > 0for z—z, < (—6,0). Then using (7.14) we rewrite the equation F'(z)—vy =0
in the form

Z— Zy
V2

Using (P1).(2n, 7) # 0 and applying the Implicit Function Theorem we obtain that & (z,~)
has exactly one simple root z4 (v, + v) in the disk {|v| < ¢, } for some ¢, > 0 such that

V2v
V() + Pz (7))

Thus, the function F'(z) — 7, |v| < €, has exactly two zeros z4 (7). Then (7.3) gives that the
function p7(A), |y — vn| < €, has exactly two zeros rZ(vy) = 24 (7). Substituting asymptotics
(7.5) for F into (7.16), we obtain (7.7). =
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