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Abstract
A maximal partial Hamming packing of Z37 is defined by us to be a family S of

mutually disjoint translates of Hamming codes of length n, such that any translate
of any Hamming code of length n intersects at least one of the translates of Hamming
codes in §. The number of translates of Hamming codes in § is the packing number,
and a partial Hamming packing is strictly partial if the family S does not constitute
a partition of Z%.

A simple and useful condition describing when two translates of Hamming codes
are disjunct or not disjunct is proved. This condition depends on the dual codes of
the corresponding Hamming codes. Partly by using this condition, it is shown that
the packing number p, for any maximal strictly partial Hamming packing of Z%,
n=2"—1,satisfiesm+1<p<n-—1.

It is also proved that for any n equal to 2™ —1, m > 4, there exist maximal strictly
partial Hamming packings of Z§ with packing numbers n—10,n—-9,n—8,...,n—1.
This implies that the upper bound is tight for any n =2™ — 1, m > 4.

All packing numbers for maximal strictly partial Hamming packings of Z3', n =7
and 15, are given by a computer search. In the case n = 7 the packing number is 5,
and in the case n = 15 the possible packing numbers are 5,6,7,...,13 and 14.

(Supervised by Olof Heden, Department of Mathematics, KTH.)
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1 Introduction

In this section we give a brief introduction of the concepts and methodology used in this
Master of Science Thesis. The concepts that are introduced here will be explained with
more details in later sections.

1.1 Coding theory

Coding theory is concerned with how to encode, decode and transfer information from
one place to another in an efficient and accurate manner. The study of coding theory
began in the 1940’s with works of Golay, Hamming and Shannon.

A subarea of coding theory is the theory of error correcting codes. The theory of error
correcting codes has been developed for many different applications. For example, error
correcting codes are used in CD-players and in the Voyager spacecraft which have sent
pictures of Jupiter and Saturn to Earth.

A perfect e-error correcting binary code of length n, is a subset C' of ZJ, such that
for every z € Z} there is a unique ¢ € C, satisfying that the number of positions for
which  and ¢ differ is less than or equal to e. In this thesis we will study perfect 1-error
correcting binary codes, which we simply will call perfect codes. A linear perfect code is
called a Hamming code, i.e. a perfect code C' is a Hamming code if ¢,& € C implies that
c+cdeC.

It is well known, (as will be explained in Section 2), that if C' is a perfect 1-error
correcting binary code of length n, then n = 2™ — 1 for some integer m. Hence the
possible lengths for perfect codes are 1,3,7,15,31,... . There is a general construction
for all Hamming codes of every possible lengths, (this construction is given in Section 2).
However, there only exist non linear perfect codes of length n > 15 and there is no general
construction for all of them. There are many different constructions on perfect codes, see
e.g. [14].

Perfect codes are fascinating. Although the basic structure of a perfect code is simple,
it is a finite set of elements that satisfies a conceptual simple condition, there are many
relations within each perfect code and with other perfect codes. For example, there is no
known classification of perfect codes of length n > 15. Further, from [9], the number of
different perfect codes of length n > 15, is greater than

22”%1*10%2(“1) ] 32’%}3 . 22"T+5*10g2("+1>

The number of atoms in the observable universe is estimated to be about 108, which is
much less than the number of different perfect codes of length 31 which is, by the equation
above, at least 10982,

The properties in the paragraph above show that it is hard to order, enumerate and
classify perfect codes. There are many interesting problems concerning perfect codes that
still remain open.



1.2 Methodology and disposition

The main subject of our investigations in this thesis is the packing number of maximal
strictly partial Hamming packings.

A partial Hamming packing of Z§ is a family S of mutually disjoint translates of, not
necessarily different, Hamming codes in ZF. Further, a partial Hamming packing of Z§
is strictly partial and maximal if the following conditions are satisfied:

(1)  The union of the sets in the corresponding family S is a strict subset of Zj.

(1) There does not exist any translate of any Hamming code of length n which is

disjunct to the union of the sets in the corresponding family S.
The packing number of a partial packing is the number p of translates of Hamming codes
in the partial packing.

To our knowledge there have not been any studies on maximal strictly partial Hamming
packings so far. However, in other areas of mathematics, similar objects have been studied.
For example, maximal partial spreads in P(3,¢). A maximal partial spread in P(3,q) is a
set S of mutually skew lines in the projective 3-dimensional geometry, such that any line
in this geometry intersects at least one of the lines in S. That study started by Mesner
in 1967 and has continued since then, [10]. Further, there have been studies on partitions
of Z} with translates of Hamming codes and translates of any perfect codes, which may
be seen as full partial Hamming packings respectively full partial packings. For example,
n [12], by using a computer study, Phelps gives all inequivalent partitions of Z7 with
perfect codes. (All perfect codes of Z are translates of Hamming codes. Two partitions
are equivalent if we can obtain one of the partitions from the other by a permutation
of the coordinate set of ZJ and the addition of one element z € ZJ.) These partitions
are significant for one of the more important constructions of perfect codes, namely the
Phelps construction, see e.g. [11].

In this study we will use both theoretical and computer based methods. The main
results of the study are:

- Corollary 3 of Section 5, that gives a necessary and sufficient condition for when a
set of translates of Hamming codes is a partial Hamming packing.

- Corollary 4 and Corollary 6 of Section 6, that gives a lower and an upper bound for
the packing numbers of maximal strictly partial Hamming packings.

- Theorem 9 and Theorem 10 in Section 7, which give, by use of a computer search,
the packing numbers that exist for maximal strictly partial Hamming packings of

73 and Z35.

- Corollary 7 of Section 7, which gives an existence result for some packing numbers
of maximal strictly partial Hamming packings of Z§, n > 15.

As mention before, even though perfect codes are conceptually easy to handle, there
are many different relations between perfect codes and there are many different perfect



codes. These properties may cause problems when dealing with perfect codes in practice.
For example, the number of different translates of Hamming codes of length 31 equals

31!

32 -
31-30-28-24-16

~3-10%,

(see Proposition 5 of section 2). Suppose we could execute one of these translates every
clock cycle on a 5 GHz personal computer. Then it would take approximate 2 - 10'3 years
to execute all of the translates. This shows that the computer search we are using in this
study for maximal strictly partial Hamming packings of Z§, n = 7,15, is impossible to
perform when n is greater than or equal to 31.

This thesis is organized in the following way. Section 2 contains some basic facts
concerning coding theory in general and perfect codes in particular. This will introduce
the casual reader to the subject, and give the necessary basic knowledge needed for later
sections. In Section 3 and 4 we give some results concerning more specific topics that we
will use when we prove the main results in this thesis. The main results will be given in
Section 5, 6 and 7. In Section 8, we summarize the results we have obtained and list some
open problems.

(As this is a Master of Science Thesis we also include some elementary proofs, that
are normally not included in regular research reports in mathematics.)

2 Preliminaries and notation

In this section we shall give some basic definitions, results and notation concerning coding
theory in general and perfect codes in particular.

The results in this section are well known and covered in many books about error-
correcting codes. For a general introduction to coding theory see for example [13].

2.1 Binary codes

A binary code is a subset of Z%,

Z;L:\ZQXZQX...XZQJ,
n

where Z, is the finite field with two elements. These elements will be denoted by 0 and
1. Note, that by a code, C, we will always mean a binary code.

Following are some definitions and notation concerning the elements of Z3. By a word
we mean an element T = (21,29, ...,2,) € Z3. The number n is called the length of the
word. Addition and scalar multiplication will be defined by

(al,aQ,...,an)—i—(bl,bQ,...,bn):(a1+b1,a2+b2,...,an+bn)

and
May,ag, ... a,) = (Aag, Aag, ..., Aay,).

3



Hence, with the addition and scalar multiplication above, Z3 is a vector space.
The dot product of two words a,b € Z3 is defined by,

a-b=ab +asby+ ... +ayb, (mod 2).

This dot product will be used to define orthogonality and dual codes.
Example. Consider the words @ = (101), b = (001) in Z3. Then
a+ b= (100)
and B
a-b=1-04+0-0+1-1=1 (mod 2).

A code C'is linear, if for any z,7" € C, the word (z + ') € C. This means that C is
linear if and only if C is a subspace of the vector space Z7.

Example. Let C be the code {(000), (110)(001)(111)} and C” the code {(110)(001)(111)}.
Then C'is a linear code and C” is a non linear code, as for example (110)+(110) = (000) ¢
.

There are some frequently used words that will have a special notation. Let, for
1 = 1,2,...,n, ¢ be the word in Z7 with a 1 in the position ¢ and with 0O:s in the
remaining coordinate positions. Also, let g =0 = (00...0) and 1= (11...1).

Further, to every word z = (z1, s, ...,2,) € Z§, we associate a word that is denoted
as T*,

T = (xf, 21,25, ..., xy) = (0,21, Ta, ..., Tp).
Example. Consider the words €y, & and 1 in Z3. Then
eo = (000), & = (010), 1= (111) and &5 = (0010).
For any integer n, let

n] ={1,2,...,n} and [n|"=1{0,1,2,...,n}.

When considering the distance between two words, different definitions of distances may
be used in general. However, here we will only consider the Hamming distance. By d(z, z’)
we denote the Hamming distance between the words z,z" € ZJ,

d(z,7') = [{i € [n] | =i # 23} |

The support of any word Z € Z3, supp(Z), is defined to be the set

supp(z) = {i € [n] | z; = 1},

and the weight, w(Z), to be the integer
w(@) = | supp(z) | .

4



An e-sphere with center Z, where e is an integer and z € Z%, is the set

Se(z)={ce Z} | d(z,¢) < e}.

Example. Consider the words @ = (101), b = (001) in Z3. Then

d(@,b) = 1, supp(@) = {1,3}, w(@) = 2 and S;(a) = {(101), (001), (111), (100)}.

2.2 Perfect 1-error correcting binary codes

As mention in the introduction, coding theory is concerned with how to encode, decode
and transfer information from one place to another in an efficient and accurate manner.
When information is transmitted, disturbance on the transmission channel may cause the
received information to differ from the originally transmitted information. When this
happens we need to be able to detect and correct the errors.

With an e-error correcting code we are able to detect and correct e or less errors in a
code word. For example, if we have a 1-error correcting code we are able to detect and
correct one error in a code word, i.e. if one of the 0:s of a transmitted code word has been
changed to 1 or if one of the 1:s have been changed to 0.

A code C'is an e-error correcting code, if

c,deCandec#cd = S.(c)NS.(c)=0.

Example. If the messages that will be sent over a channel is, yes or no, then we can
encode the messages with the code C' = {(000), (111)}, where yes = (000) and no = (111).
The code C'is a 1-error correcting code.

Now suppose the message that will be sent is yes, i.e. (000), but the word that the
receiver gets is (010), then a l-error has occurred. Because there is only one unique code
word in C' at a distance less than or equal to 1 from (010), the receiver should correct
the received word to (000). (We assume that the probability of errors are small, thus the
probability for multiple errors are much smaller.)

We are now ready to define the main object of this thesis, perfect 1-error correcting
binary codes. A perfect 1-error correcting binary code of length n is a subset C' of Z§
satisfying the following condition:

For every word T € Z3 there is a unique word ¢ € C, such that d(z,¢) <1

By a perfect code we will always mean a perfect l-error correcting binary code. Note
that by the definition above of perfect codes we may conclude that a subset C of ZJ is a
perfect code if and only if

Jsi(e) = 2. (1)

ceC



(The notation U means here that all the sets in the union are mutually disjoint. For
example, all the sets S;(¢), ¢ € C above, constitute a partition of Z3}.)

A perfect code C, such that 0 € C, is sometimes called a normal perfect code. This
terminology will be used in this thesis.

A rather simple method for constructing all linear perfect codes was given in a paper
from 1950 by Hamming, see [4]. Hence, a perfect code that is linear is called a Hamming
code. For example, the code C' = {(000), (111)} is a Hamming code. Below we explain
the method that Hamming invented.

Construction. Consider the space Z}, n = 2™ — 1. Let the matrix H consist of m rows
and n columns, such that the n columns consist of all non zero words of ZJ*. Then the

set
C={c=(c1,¢c,...,cp) € Zy | He" =0}, (2)

is a Hamming code of length n. To see this we note the following: Due to the fact that
each word in Zi"\ {0} is equal to a unique column of the matrix H above, we may observe
that for any word z € Z&'\ C there is a unique i € [n] such that Hz” = He!. This implies
that
Hi"=He! & H@E+e)' =07 & z+e¢€C.

Hence for all z € Z§ there is a unique ¢ € C such that d(¢,z) < 1. Consequently C' is a
perfect code.

Note that the rows in the matrix H above are linear independent.

Example. Take

0001111
H = 0110011
1 01 0101
Then
1
0001111 Co 0
C:{(Cl,CQ,...,C7)| 0110011 = 0 }
1 01 0101 0
C7

Thus we get the Hamming code
C' = {(0000000), (1110000), (1001100), ..., (0110011), (0001111), (1111111)}.

A matrix H is called a parity-check matriz for a code C' of length n, if the rows in H
are linear independent and C' consists precisely of all words ¢ € Z% such that He! = 07.
Hence, the matrix H in the construction (2) is a parity-check matrix to the corresponding
perfect code C.

A straightforward result on parity-check matrices is the following proposition:

Proposition 1. Consider two different parity-check matrices H and H', the correspond-
ing codes C and C" respectively are the same if and only if the linear span of the rows in
each matriz are the same.



Consider any two subsets A, B € ZZ', then
A+B={a+blaec A be B}.

(Note that A + B is not a multiset.)
A translate of a perfect code C' of length n is any set

C+z={c+z|ceC},

where 7 is a fixed word of Z3.

Note that a translate of a perfect code is also a perfect code, as will be proved in
Corollary 2 on page 8. Further, from the definition of perfect codes we get that for any
perfect code C, | S1(0) N C' | = 1. These properties imply that any perfect code of any
length n is a translate, C' + ¢;, where i € {0,1,...,n} and C' is a normal perfect code of
length n.

Also, by trivial verifications we get that any translate, C' + z, of a Hamming code C
of length n is equal to one of the following sets

C+e={c+el|ceC}, i=01,...,n.

Example. Consider the Hamming code C' = {(000), (111)} of length 3. There are four
translates of ', namely:

C + e = {(100), (011)},
C + e, = {(010), (101)},
C +e3 = {(001), (110)},
C + e, = {(000), (111)} = C.

2.3 Partial packings

In coding theory there is a well known upper bound for the number of words in any e-error
correcting codes. This bound is called the sphere packing bound and it states that for any
e-error correcting code A of length n

,
S (e Fae G}

e

see for example [13]. The number of words in any perfect code attains this upper bound.
This property will be stated as condition (7) in the theorem below.

Theorem 1. Let C be a subset of ZY. Then C' is a perfect code of length n if and only
if both of the following conditions are satisfied:

(6) [C] =2"/(1+n),
(i) ¢, €eCandc#¢ = Si(¢)NSi(@)=10.



Proof. From (1) on page 5, C'is a perfect code of length n if and only if

Jsi(e) = 72

ceC
This is equivalent to
Sie)nsSy(d)y=0 if ¢deC,c£¢

and
r =12 = X180 = 1011500 | =[]+ (])),
ceC

The next corollary is an immediate consequence of Theorem 1.

Corollary 1. If C s any perfect code of length n, then n = 2™ — 1 for some integer
m>1and|C| =2"",

The next corollary is also a well known result.

Corollary 2. Any translate of any perfect code is a perfect code.

Proof. Let C' be any perfect code of length n. Then
|C+z| = |C| =2"/(n+1), ze€Zj.

If there exist any two words (¢+ ), (¢ +Z) € (C'+ ), ¢ # &, and any word 7' € Z§ such
that @ € Si(¢+z) N S1(¢ + x), then (Z' + z) € S1(¢) N S1(¢'), which is a contradiction.
Hence by Theorem 1 the corollary is proved.

Now we define the main topic of this thesis, partial packings. A partial packing of Z3
with translates of perfect codes, is a family of mutually disjoint translates of perfect codes
of length n. By a partial packing we will always mean a partial packing with translates of
perfect codes and by a partial Hamming packing we will always mean a partial packing
with translates of Hamming codes. Note that a partial Hamming packing is also a partial
packing.

We will write PP(Cy,CY, ..., Cy;m;n) for the following partial packing of ZI'

(Co + éw(o)) U (Cl + éﬂ(l)) U ... U (Ok + éﬂ(k)), (3)
where Cy, (', ..., C) are normal perfect codes of length n and 7 is a permutation of the
set {0,1,2,...,n}.

Further, if the perfect codes Cy, C1, ..., Cy in (3) are Hamming codes, then we have a

partial Hamming packing of Z§' which we may denote by PHP(Cy, Cy,...,Ck;m;n).
Note that the perfect codes Cy, C1, ..., Ck in (3) do not need to be distinct.



Example. Let Cy, C; and Cy be the Hamming code {(000), (111)}. Also let 7 be the

permutation of {0, 1,2,3} where 7(0) =1, 7(1) = 3, m(2) = 0 and 7(3) = 2. Then
(Co + €x(0)) = {(100), (011)},
(C1 + exy) = {(001), (110)},
(Cy + ex(2)) = {(000), (111)}.

Thus, we get a partial Hamming packing, PHP(Cy, Cy,Cs;m;3), and consequently a
partial packing, PP(Cy, Cy, Cy;m;3), such that these packings equal

{(100), (011)} U {(001), (110)} U {(000), (111)}.

The number of translates of perfect codes in a partial packing is called the packing
number. Hence, the packing number of a PP(Cy, C4,...,Cy;m;n) equals k + 1.

By Corollary 1, we may conclude that for any partial packing of Z3', n = 2™ — 1, with
packing number p the number of words in the partial packing equals p-2"~™. Consequently,
the packing number for any partial packing of Z7 is less than or equal to n+1, with equality
if and only if the partial packing is a partition of ZJ.

A PP(Cy,C4,...,Cy;m;n) is a mazimal partial packing, if for any perfect code C' of
length n and any j € {0,1,2,...,n}

ok
(U_(Ci+ &) N(C +25) #0. (4)
Further, a PHP(Cy, Ch,...,Cy;m;n), is a mazimal partial Hamming packing if condi-
tion (4) above is satisfied for any Hamming code C' of length n and any j € {0,1,2,...,n}.

Example. If C' is a perfect code of length n, then to any word z € Z there is a unique
word ¢ € C such that d(z,¢) < 1. This implies that

CU(C+e)U(C+e)U ... U (CH+e,) =2y

Thus, for any perfect code of length n and any permutation 7 of {0,1,...,n} we get a
maximal PP(Cy,Cy,...,Cp;mn) if C =Co=Cy=...=C,.

Note that a maximal partial Hamming packing does not need to be a maximal partial
packing.

A mazimal strictly PP(Cy,Ch, ..., Cy;m;n) is a maximal partial packing with a pack-
ing number less than (n + 1), i.e

(Co + éﬂ(o)) U (01 + éﬂ(l)) U...U (Ck + éw(k)) ; Zg.

Also, a mazimal strictly PHP(Cy, C4, ..., Cy; m;n) is a maximal partial Hamming packing
with packing number less than (n + 1).



2.4 Rank, kernel and dual code

The set of all linear combinations of the words in a code C'is denoted by < C' >. This
set is called the linear span of C. Further, the rank of a code C, denoted by rank(C), is
the dimension of the linear span < C' >. A full rank code is a code C' of length n with
rank(C) = n.

The kernel of a code C of length n is the set of periods, i.e.

ker(C)={pe Zy |p+ceC Vce C}.

This set is a subspace of Z3. Also, C'is a linear code if and only if ker(C) = C.
The set of words of Z} orthogonal to all words in a linear code C' of length n, denoted
by C*, is the dual code of C, i.e.

Ct={zeZ)|z-¢=0 (mod?2) VeeC})

It is straightforward to show, that C* is also a linear code and that for any linear codes
A, B of length n
(AnNB)Y = At +B* (5)

and
At = (AL)l. (6)

Example. Let C' = {(1100), (0010)}, then

<C> = {(0000),(1100), (0010), (1110)},
< C >t = {(0000),(0001),(1100), (1101)},
ker(C) = {(0000),(1110)},

rank(C) = 2.

By the construction (2) on page 6, we get a Hamming code of length n = 2™ — 1,
by using a parity-check matrix with m independent rows. The generated subspace of the
rows in this parity-check matrix is the dual of the associated Hamming code. Hence, if
we have a Hamming code C' of length n, then

C={ceczy|z-¢ Vzel}.
The proposition below is a well known result in coding theory, see for example [13].
Proposition 2. For any linear code A of length n
dim(A) = n — dim(A™b).
By Corollary 1 on page 8, we get that for any perfect code C of length n = 2™ — 1,

rank(C) > logy,(2"™™) = n —m, (7)

10



where rank(C) = n — m if and only if C' is a Hamming code. Thus, by Proposition 2
above, for any perfect code C' of length n = 2™ — 1,

dim(< C >+) < m, (8)

where dim(C') = m if and only if C' is a Hamming code.
The next proposition is a consequence of some elementary results concerning vector
spaces and we will use this proposition frequently in Section 5.

Proposition 3. Let A and B be any linear codes of length n. Then

dim(AN B) = n — dim(A*) — dim(B*) + dim(A+ N BY).

Proof. An elementary result in linear algebra, that may be proved by a straightforward
verification, states that for any subspaces V' and W of a vector space,

dim(V + W) +dim(V W) = dim(V) 4+ dim(W).
This implies, by (5), that
dim((AN B)*) + dim(A*+ N BY) = dim(A*Y) + dim(B™).

The proposition now follows from Proposition 2.

3 Simplex codes and the associated extended funda-
mental partition to a simplex code

In [8], Hergert shows that if C is a perfect code, then < C' > is a simplex code. To

any simplex code we may associate a special partition that will be called the extended

fundamental partition. The concepts of simplex code and extended fundamental partition

will be used frequently. We will in this section give the basic facts about these subjects.
We define a simplex code D to be a subspace of Z§, n = 2™ — 1, such that

n+1

de D\{0} = w(d)= 5

Note that any subspace of a simplex code is also a simplex code.

Example. The space spanned by the two words of length seven in the matrix below is a

simplex code,
0001111
0110011 /-

11



In [1], the term fundamental partition Iy, Iy, ..., I; of {1,2,...,n} is defined for any
simplex code D of length n = 2™ — 1, when 1 < dim(D) < m — 1. The existence of these
extended partitions for simplex codes is also a result of [2]. By Lemma 1 below, we extend
this definition to a partition of {0,1,...,n} such that it works for any simplex code of
length n = 2™ — 1, with dimension less than or equal to m. This extended partition will
be called the extended fundamental partition and will be denoted by I, I7, ..., I}.

The lemma below is a straightforward result from e.g. [1] or [2].

Lemma 1. To any simplex code D of length n = 2™ — 1 and 0 < dim(D) < m, there is
a partition of the set {0,1,...,n},

IULU. .. 0l ={0,1,...,n},
where t = 29(P) _ 1 such that the following conditions are satisfied:

@ L5 =1 =... = || = (n 4 1)/24m(D),
() deD = IjNsupp(d) =0, )

(iii)) de D = either I} C supp(d) or I} N supp(d) =0, i=1,2,...,t

Another result concerning the extended fundamental partition to a simplex code is
the following property, which is also a straightforward result from e.g. [1] or [2].

Proposition 4. Let D =< dy,ds, ..., d; > be a simplex code of length n = 2™ — 1 such
that dim(D) < m — 1. Also, let the associated extended fundamental partition of D be
denoted by I, IF,....IF. If d ¢ D is a word such that < dy,ds, ..., dy,d > constitutes a
simplex code, then fori=20,1,...,t,

| I Nsupp(d) | = [ I | /2.

Note, that if D is a simplex code of length n = 2™ — 1, then 0 < dim(D) < m. Also
note, that if C' is a perfect code of length n = 2™ — 1, then the dimension of the simplex
code < C >* equals m if and only if C' is a Hamming code.

Example. The simplex code spanned by the two words of length seven in the matrix
0001111
0110011 /)°

has the associated extended fundamental partition

I ={0,1}, I; = {2,3}, I = {4,5} and I] = {6,7}.

Example. The simplex code spanned by the three words of length seven in the matrix

1111000
1100110 |,
1010101

12



is the dual of a Hamming code and has the associated extended fundamental partition
Ig = {0}, IT = {1}, Iy = {2}, I5 = {3}, I} = {4}, I§ = {5}, Iy = {6} and I7 = {7}.

The following proposition is needed for our computer search in Section 7. We use some
of the properties of simplex codes to prove it.

Proposition 5. The number of different Hamming codes of length n = 2™ — 1 1s

n!
(2m —20) . (2m — 21) . (2m —22) . .. . (2m —2m—1)

Proof. The number of different parity-check matrices in the construction (2) on page
6, is equal to n!, since we have to order n different columns. Further, in general if A is
any subspace of Z, then we may construct a base by, bo, ..., by, k = dim(A), of A by
successively choosing

BleA\{O}, 526A\<Z_71> s e l_)kEA\<l_)1,[_)2,...,l_)k_1>.

Thus, by elementary linear algebra, the number of ways to choose a base by the procedure
above for a subspace A of ZI equals

(zdim(A) . 20) . (2dim(A) . 21) . (zdim(A) . 22) .o (Zdim(A) . 2dim(A)—1)_ (9)

From Hergert [8], we know that the subspace of Z} generated by the rows of any
parity-check matrix in the construction (2) is a simplex code. Hence, we may conclude
that if by, bs, ..., b is a base of A, then the matrix

is a parity-check matrix of a type that is used in the construction (2). The proposition is
now proved.

The next lemma is a key result in the proof of Theorem 11 in Section 7. Observe that
in this lemma the words z(V, 2z, ... z((+1)/2) are not necessarily distinct.

Lemma 2. Suppose D is a simplex code of length n = 2™ — 1 and d € D \ {0}. Let
supp(d) = {i1, iz, ... imi12} and let j be a fived integer in {0,1,...,n} \supp( ).

If D' is a linear code of length n, with the property that for each k: 1,2,...,(n+1)/2
there is a word

f(k) = (xlkakaa s 7$nk> ebn D/ such that (E;kkk ?é x;k,

then d € D’

13



Proof. Suppose d ¢ D'. Then the fact that D’ is a linear code implies that
<zW z@ gt s O g z@ g/ g €D, (10)

Since every subspace of a simplex code is a simplex code we get that the linear code
<z, z? . z+D/2) > i a simplex code with an associated extended fundamental
partition 1§, I, ..., I . By (10),

dim(< zM, 723 702 ) < dim(D) < m.

Thus by Proposition 4 on page 12,

| supp(d) NI | = | 15| /2, i=0,1,2,...,t

Hence there exists an element i; of supp(d) and a set I} in the extended fundamental
partition I3, I7,..., I, such that j, i, € I*. This implies that no word z*) € D N D’
exists such that

x;k # x;‘k’

which is a contradiction. The lemma is now proved.

Example. We use the same notation as in the lemma above. Assume that d = (1111000),
J = 0and D is the simplex code of length 7 generated by the rows in the following matrix:

11110060
1100110 /)°

Also, let D’ be a linear code of length 7 in which there exist, not necessarily distinct,
words 2,z z0) z() € DN D', such that

* * * * * * * *
T F Toy,  Tog F Ty, Tz F Ty and  xyy #F Ty

Then by Lemma 2 above, the word d = (1111000) € D'.

4 Fourier coefficients

The technique with Fourier coefficients can be a very useful method when proving results
concerning perfect codes. In Section 6 we will use this method to prove Theorem 8.

This section consists of two subsections. In the first subsection the basic definitions
and results that we need concerning Fourier coefficients in connection with perfect codes
in general are given. In the second subsection some more specific results on Fourier
coefficients in connection with Hamming codes are given.

14



4.1 Fourier coefficients and perfect codes

Most of the material in this subsection is covered in [5] and [6].

We consider a group algebra R[zq,xs,...,z,]. The elements in R[zy,zo,...,x,] are
polynomials in n variables z1, x», ..., x,, over the real numbers R. Thus, for any polyno-
mial 7(z1,Zs, ..., x,) of Rlzy, 29, ..., 2y,

_ _at1 .t t
r(zy, e, ..., T,) = E rery s L. T
tezy

where t = (t1,ts,...,t,) and 17 € R.

The addition of polynomials in Rz, za,...,x,] is defined in the usual way. The
multiplication of polynomials is defined by extending the multiplication of monomials to
multiplication of polynomials in the usual way. If (si,s9,...,5,), (t1,t2,...,t,) € Z¥,
then

e N L e R A L N L

where u; = s; +t; (mod 2) fori=1,2,...,n.
To connect Z7 with the group algebra above we represent any word in ZJ as a mono-

mial in Rz, xe,. .., 2],
t=(t1,te, ... ,ty) € Z8 — ailal?. .. aln.

n

A subset A of Z3 is represented by a polynomial A(Z) in R[xy, 22, ..., x,]. This polynomial

will be
Alz) = thf:l:? ooate (11)

tecA

Example. Let A be the subset {000,101, 111} of Z3, then

A(ﬁ) = 1+ T1X3 + T1T223.
Now we define the set of polynomials in R[z1, 2, ..., x,] needed in order to define the
Fourier coefficient:
1 | N
yi(T) = on Hl(l — ) (14 a;)' 7",
where t = (t1,t3,...,t,) and T = (21, xa,...,T,).

Example. If ¢ = (101), then yz(Z) is equal to

§(1 — 1) (1 + o) (1 — x3) = §(1 — o1 + Ty — X3 — 1T + T1T3 — ToT3 + T1T2T3).

We are now ready to define the Fourier coeflicient for any subset of Z§ and to state
the Propositions 6 - 11. The proofs of the Propositions 6, 7 and 9 - 11 may be found in
e.g. [5] or [6].

15



Proposition 6. The group algebra Rlxy, za, ..., x,] defined above, may be considered as
a vector space of dimension 2" over the real numbers. Further, the set of polynomials
{ye(Z) | t € Z}, constitutes a base for the vector space Rlx1,xa, ..., 2,

Thus from the proposition above, we get that for any subset C of ZZ' there is a unique
subset of real numbers Az(C), t € ZZ, such that

C(z) = ZAE(C)%@)~

The coefficients Az(C), t € Z3 above, are the associated Fourier coefficients to the subset
C.

Example. From the definition of y;(Z), we observe that
Zy(x) = (Q4z)(l+xe)...-(I+x,) = 2"ys(T). (12)
Hence the Fourier coefficients of the set Z3 satisfy

. " if f=
Af<Z2):{o if 7+

Proposition 7. For anyt € Z} and any subset C' of Z3, the associated Fourier coefficient
A (C), may be calculated by using the following formula:

8’ teZy.

A(C) =| {ceCle- =0} |- |{eceC|c-T=1}].

The zero word is orthogonal to any word of Z%, i.e. for any t € Z5, ¢-0 = 0.
Consequently Az(C) > — | C'| + 1 for any subset C' of Z where 0 € C. Further, for
any subset C of Z¥, a word ¢ is in the dual code of the linear span of C' if and only if ¢ is
orthogonal to all words of C'. Thus by Proposition 7, the following proposition is true.

Proposition 8. For any t € Z5 and any subset C' of ZY, such that 0 € C,
—[C+1 < A(C) < [C

and

te<C> = AC)=|C].
Note that Corollary 1 in Section 2 gives that for any perfect code C' of Z3}, n = 2™ —1,
|C| =2"™.
Proposition 9. For any t € Z5 and any subset C' of ZY, such that 0 € C,

i | AC) if =0, .
At(C’JreZ)—{ CAL(C) i ti— 1, 1=1,2,...,n.

16



Note that for any perfect code C' of Z}, n = 2™ — 1, the corresponding Fourier
coefficient Ag(C) equals 2"~

The next proposition gives a very particular and important result concerning Fourier
coefficients and perfect codes.

Proposition 10. The Fourier coefficients of any perfect code C in Z§ satisfy,

A(C) =0 if w(D) ¢ {0," 1),

Let for any subset C' of ZI', the set {t € Z7 | Az(C) # 0} be denoted by A(C).

Proposition 11. For any perfect code C' of length n,
ker(C) =< A(C) >~ .

4.2 Fourier coefficients and Hamming codes

Proposition 12. For any t = (t1,t,...,t,) € Z5 and any Hamming code C of length

n=2"-—-1,
o 2o te
At(c)_{ 0 if t¢Ct,
and
an—m - if teCtoandt; =0,
Af(C 4 )= =20 ™ if teCtandt; =1, i=1,2,...,n.

0 if t¢ ot
Proof. Note that C' = ker(C) for any Hamming code C. This implies by (6) on page
10 and Proposition 11, that C =< {t € Z7 | A;(C) # 0} >*= (C*+)+. We thus get, by
Proposition 8 and equation (8) on page 11 that
ACy=2"""ifte Ct and A(C)=0ift¢ C*.
The proposition now follows from Proposition 9.
Proposition 13. If C' is a perfect code of length n = 2™ — 1, such that
A (C) € {0, —2""m 2"}

for allt € Z1, then C is a translate of some Hamming code.

Proof. Without loss of generality we may assume that 0 € C, since by Proposition 9, we
get that for any normal perfect code C” of length n and any ¢ € Z3

Ai(C"+ &) e {—A(C"), A (C)} i=1,2,...,n}.

17



We remind that A(C) = {t € Z§ | Az(C) # 0}. Further, equation (6) and Proposition
11 implies that < A(C) >= ker(C)*.

Most trivially, as 0 € C, the subspace ker(C) of ZI is a subset of C. Now we assume
that C' is a non linear perfect code. This implies that dim(ker(C)) < n—m — 1. (In
fact one can, as an easy exercise, prove that for any non linear perfect code C' of length
n=2"—1, dim(ker(C)) <n —m — 2.) Consequently by Proposition 2 in Section 2

dim(< A(C) >) = dim(ker(C)*) > m + 1.

Since dim(< C >1) < m — 1 we get by the equation above that there exists a word
t € A(C) such that ¥ ¢< C >*. Hence A; # 0 and by Proposition 8 and the fact that
=2,
=2 1 < A(C) <2 — 1.

The proposition now follows from Proposition 12.

5 Disjunct perfect codes
Given two subsets A and B of Z7, the intersection number of A and B is defined as
n(A,B)=|ANB|.

In this section we will obtain some results which deal with the question whether two
perfect codes are disjunct or not disjunct. The results here will concern both Hamming
codes and perfect codes in general.

In the rest of this thesis, even though we denote perfect codes as C; and C; where ¢ # 7,
C; and C; does not necessarily have to be different perfect codes. Further, (since there
only exists one normal perfect code of length 1 and one of length 3), we will henceforth
only consider perfect codes of length n > 7.

5.1 Disjunct translates of Hamming codes

The key result in our investigations of maximal partial Hamming packings is Corollary 3
in this subsection. However, we need some more results before we prove that corollary.

The following results will be used in the proof of Lemma 3. For any Hamming code
C oflengthn=2"—1andt=1,2,...,n

<C+e> = CU(CHe). (13)

Hence dim(< C'+é; >) =n—m+ 1, and consequently by Proposition 2 in Section 2, we
get that
dim(<C+e&>Y) = m-—1 (14)
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Let C' be any Hamming code of length n = 2™ — 1. From the construction (2) on page 6,
we also get that for any set of base vectors of C*, there exists for each i € {1,2,...,n} a

base vector d¥ such that the i : th coordinate of d”) equals 1. Define
D; ={(di,ds,...,d,) €ECT|d; =0}, i=12,...,n

The set D; is a subspace of C*+ and we may conclude that C+ = D; U (J(i) + D;). We
thus get that

[ {(d1,dz, ..., dn) € CH | d; =0} | = | {(d1,ds,...,dn) € C~ | di =1} |
Hence from equation (14) and the fact that dim(C*) = m, we get that
<C+é¢>J_ = {ZE’GOJ_|.TZ:O} (15)

Lemma 3. Assume that C; and C; are any two Hamming codes of length n = 2™ — 1,
where i,j € {0,1,...,n} and i # j. Then the following conditions are equivalent:

(1) n(Ci+e,Ci+e) # 0,
(@) n(Ci+é,Ci+e) = nCndCy),
(111) <Ci+&>" N CF = CFn <Cj+é >+,

Proof. The proof will be divided into two main cases. The first case deals with when
7 = 0. In the second case both 7 and j are non zero.

First we state some results that will be used in the proof of the first case. Let C and C’
be any two Hamming codes of length n, not necessarily different, and let i = 1,2,...,n.
By Proposition 3 of Section 2,

dim(< C+¢& > NC") =n — dim(< C + & >T) — dim(C'™*) + dim(< C + & >+ nC'™*)
and
n = dim(CNC") + dim(C*t) + dim(C*) — dim(CtnC™t).

We know that dim(C*+) = dim(C't) = m and dim(< C + ¢; >) = m — 1, hence from
the equations above we get that

dim(< C+é&; > NC") = 1+dim(CNC") —dim(C-NC™H) +dim(< C+e; >+ NC™*). (16)
Also, from equation (13), we may conclude that
<C+eg>nC" = (CNnC") U ((C+e)nc.
Hence,

n(0+éia0/) _ 2d’im(<C+é¢>ﬂC’) _ 2dim(CﬂC’)‘ (17)
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Case 1,1 €{1,2,...,n} and j = 0: Assume
<Cit+e>t NnCH = CFn Cf.
Then, by combining the equations (16) and (17), we get
N(Cs+ & , Cy) = 2Um(CnCo)+1l  _ 9dim(CnCo) = p(Cy | Cy).
Now we assume that
<Ci+e>t N Cy # CHn Cf.

Then, due to the fact that < Cj+e&; >*S C} and dim(< Ci+¢&; >*) = dim(C}-) — 1, we
may conclude that

dim(< C; + & >+ NCy) = dim(C;- N C3) — 1.
Thus by combining the equations (16) and (17),
n(CZ + é’L ’ CO) — 2dim(C¢ﬁC()) _ Qdim(cimCo) — O

We have now proved that in the case j = 0, the conditions (7), (i7) and (iii) are equiv-
alent.

Case 2, i,j € {1,2,...,n} where i # j: To prove the lemma in case 2, we divide
this case into the following four different subcases:

(2.1) Ci-nCs = <Ci+g>'nNCt = Cin<Cj+e >+,
(2.2) Ci-n ey = <Ci+é>tnCj,

Ci-nCy £ Cin<Cj+ée; >*.
(2.3) Ctnct # <Ci+é>nCj,

<Cl-+éi>£m(1jL Cin<Cj+e >*.

(24) Citn Gy # <Ci+e>-nCy,
Ci-nCy £ CtN< Cj+¢ >t
<Ci+e > NCH # Cin<Cij+e >+,

For any Hamming code C', the dual code of any translate of C' is a subspace of the dual
code of C'. Thus we get the following implication

<Ci+é&>"NC=CN<Cj+e > =
<Ci+e>N<Ci+é>=<Ci+e>NCr =CiN<Cj+e >".

By the implication above, and due to the facts that for any Hamming code C' of length
n, dim(C+) = dim(< C+& >")+1land < C+¢& > C+ fori =1,2,...,n, we get

20



the following relations in the four subcases.

(21) dim(< Ci+é&>"N<Cj+e >") = dim(C-NCY)

(22) dim(< Ci+e>"N<Ci+e > = dim(CinCi)—1
(23) dim(<Ci+&>"N<Cj+e>") = dim(CinCj) -1
(24) dim(<Ci+&>"N<Cj+e > = dim(C-nNCj) -2

With the same argument used to prove equation (16), we get that

dim(<Ci+e;>N<Cj+e >) =

24 dim(C; N C)) — dim(C N CL) + dim(< Ci 4 & >* 1 < Cy 4y 1), 18

From (13) we may conclude that
< Ci+é >N < Ci+e; >= (C;NCHU((Ci+e)NCHU(C;N(C4€;))U((Ci+e)N(Ci+Ej)).
Hence,
n(Ci+&;,Cj4¢;) = 28m(<Cite>n<Cite;>) _p(C; C})—n(Ci+é;, C;) —n(Cys, Cj4¢;). (19)
Now, by combining (18) and (19) in the four subcases (2.1), (2.2), (2.3) and (2.4) we

get the following relations:

(2.1) n(Ci+é, Cj+e)=n(Ci,C;) and < Cj+e& >+ ij:Cfm<Cj+éj>
(2.2) n(Ci+eé ,Cj+e)=0 and < C;+¢ >+ ﬂCL#C’Lﬁ<C +é; >
(2.3) n(Ci+e,Cj+é)=n(C;,C;) and < C;+é >+ moL Cfn< Cj+¢ >
(24) n(Ci+¢ ,Cj+e)=0 and < C;+¢ >t mCL%Cim<C +e >

The lemma is proved.

Note that in the lemma above and in the theorem below and its corollary, the Hamming
codes C; and Cj, © # j, are not necessarily distinct.

Theorem 2. Let C; and C; be any two Hamming codes of length n, and i, j two different
elements of the set {0,1,...,n}. Then n(C;+e;,Cj+e;) = 0 if and only if there exists a
word & € Ci+ N C’jL such that x; # 7.

Proof. From (15) on page 19, for any Hamming code C of length n,
<CHe,> ={zeCt|z; =0}, k=0,1,....n
Thus we get that
<Ci+e>NCr={zeCnCy |z =0}

and
CrN<Ci+e>={zeCNCj|a} =0}
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This implies that there exists a word z € Cj- N Cj- such that
T £, = <Cit+e> N0 £CIN<Ci+e >,
The theorem now follows from Lemma 3.

An immediate consequence of Theorem 2 is Corollary 3 below. This corollary is
fundamental for our investigations of partial Hamming packings.

The following definition will be used in the corollary below. For any family of nor-
mal perfect codes Cy,CY,...,Cy of length n, where k£ < n, and any permutation 7 of
{0,1,...,n} let the set S;; be defined for each pair 4,5 € {0,1,...,k}, i # j, as

Corollary 3. Consider any family S of Hamming codes Cy, C1, ..., Cy of lengthn, k < n,
and any permutation © of {0,1,...,n}. The family S and the permutation 7 constitute
a partial Hamming packing, PHP(Cy, Cy,...,Cy;m;n), if and only if for each pairi,j €
{0,1,...,k}, i # j, the associated set Si; # 0.

5.2 Disjunct translates of perfect codes in general

As mentioned before, in his thesis [8], Hergert shows that if C is a perfect code, then
< C >1 is a simplex code. It would therefore be interesting to know if Theorem 2 is also
valid for non linear perfect codes.

In this subsection we will show that the (<) - implication of Theorem 2 is true in
general for all perfect codes. This will be proved by using Theorem 3 below. We will here
also show that the (=) - implication of Theorem 2 is not true in general for all perfect
codes. This will be proved by an example where we use the construction of Vasil’ev codes
[15].

In [7], the following theorem was showed by Heden. We state it for the extended
fundamental partition instead of the fundamental partition as in [7].

Theorem 3. Let L be a simplex code in Zi, L 2 {0}, with an associated extended
fundamental partition consisting of the sets I, I, ... I}.
If Cy,Ch, ..., Cy are any normal perfect codes in Z3 satisfying

L C <Cj>t  j=0,1,2,...,t

then the family S of n + 1 perfect codes Cj+é;, wherei € I forj =0,1,...,t, constitutes
a partition of the set Z3.

A special case of the theorem above is when L = {0, 7} is a simplex code of dimension
one, Cy and C; are normal perfect codes of length n and L is a subspace of < Cy >+ N
< C; >*. The associated extended fundamental partition to L is

I ={0,1,...,n} \ supp(z) and I} = supp(x)
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In this case, by Theorem 3 above, the family S of perfect codes,
S = {Co—f—éi |Z€]g}U{Cl+él | 1 G[ik},

constitutes a partition of Z'. Hence the (<) - implication of Theorem 2 is true for every
perfect code. Thus the following theorem is valid.

Theorem 4. Assume that C; and C; are any two normal perfect codes of length n and
assume i,j € {0,1,...,n}, where i # j. If there exists a word T €< C; >+ N < C; >+
such that xj # x, then (C; 4 &) N (C; +¢&;) = 0.

However, the (=) - implication of Theorem 2 is not true in general for perfect codes,
as will be illustrated by some examples below. In these examples the lengths of the perfect
codes will be at least 15.

Let C' be any non linear normal perfect code and I§, I, ..., I; be the extended funda-
mental partition associated with < C' >*. We know from equation (8) on page 11, that
the dimension of < C' > is smaller than or equal to m — 1. Thus, by Lemma 1 in Section
2,

| IE] > 2, E=0,1,2,...,t.

Hence, there exist for example in I}, different elements , j such that (C'+¢;)N(C+¢;) = 0.
However, there does not exist any word # €< C' > such that z} # x;. Therefore the
(=) - implication of Theorem 2 is not true if we take C; = C' and C; = C.

The (=) - implication of Theorem 2 is obviously not true for two disjunct translates
of different normal perfect codes of full rank codes. However, this (=) - implication
is not even true in general when C; and C; are different normal perfect codes, where
dim(< C; >*) = dim(< C; >*) = m—1, as will be shown by the example below. In this
example we will use the construction of Vasil’ev from 1962, see [15]. This construction
was the first example of a non linear perfect code.

Theorem 5. (Vasil’ev) For any perfect code C of length n and for any function X : C' —
Zy, the following set is a perfect code of length 2n + 1:

VIC AN ={(z|z+¢c|o(@)+Nc))|ze Zy,ce Y},

where 0(Z) =21+ 22+ ...+ 2, (mod 2).

Example. We will construct two non linear Vasil’ev codes of length 2n — 1, V(Cp, Ao)
and V' (C;, \;), where i is a fixed integer in the set {1,2,...,n}, such that

< V(Cg,)\g) >tn< V(CZ,/\z) >t= {()}
and

V(Co, M) N (V(Ci, Ai) + Enyi) = 0.
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In [3], Etzion and Vardy proved that for each m > 3, there exist two Hamming codes
C,C" of length n = 2™ — 1, such that

n(C,Cc"y = 2"  for r=m+1,m+2,...,2m.

Let i be a fixed integer in ¢ € {1,2,...,n} and let Cy and C; denote any two Hamming
codes of the length n = 2™ — 1, where m € {3,4,...}, such that n(Cy, C;) = 2"~?™. Then
by Proposition 3 in Section 2, Cy- N Ci+ = {0}. This implies that

Cinct = OFn< G+ >t
since {0} €< C; +¢&; >1C C;+. Thus, by Proposition 3 in Section 2 and Lemma 3,
77((;«0, Cs + éi) _ 77((;«07 Ci) _ 2n—dz‘m((}0l)—dz’m(Cil)—i—dim(COlme) — 9n—2m (21)

Now we define the functions A\g : Cy — Z5 and \; : C; — Z5 as follows:

1 else,
and _
0 if ¢=0,
Ai(e) =490 if e+e ey,
1 else.

Assume that there exist a word (Z | Z + ¢ | o(Z) + A\o(¢)) € V(Cy, A\o) and a word
(@2 +2|o(@)+ N(c)) € V(C;, \;) such that

(Z|z+c|o@)+ (@) = @ |7+ ]|a(@)+ N(@)) + enti-
Then 7 = 7’ and ¢ = @ + ¢;. Consequently, as evidently ¢ # 0 and & + ¢; € Cp,
o(Z)+ X(C) = 0(z) +1 # o(z) + 0 = o(Z') + \(7).
This is a contradiction, and we may therefore conclude that
V(Co, o) N (V(Ci, ) +ényi) = 0.

Trivially, for any Hamming code C of length n = 2™ — 1, the rank of the Vasil’ev code
V(C,A) equals 2n + 1 — m if and only if X is a non linear map, see e.g. [1].

By equation (21), we get that the cardinality of the set {¢ € C; | \;(¢) = 0} is 2" 2" +1.
This cardinality is not a divisor of 2" =| ZJ |. Hence, by elementary linear algebra, the
set {¢ € C; | \j(¢) = 0} is not a subspace of Z', and clearly the function J; is non linear.
Similarly we get that the function )\ is also a non linear function.

By [1], if C'is a Hamming code of length n = 2" — 1 and V(C, \) is non linear, then
dim(< V(C,\) >) = 2n+1—m. Hence from Proposition 2 in Section 2, we may conclude
that

dzm(< V(Co,)\o) >J') = dzm(< V(Cza)\z) >J') = m.
Therefore, by a straightforward verification, we get that the following m-dimensional
subspaces of Z;"t! {(¢|¢|0)|e€ Ci}and {(¢ |2 |0)|& € C}, are the dual codes
of the Vasil’ev codes V(Cy, \g) and V (C;, \;) respectively. Hence

< V(Co,)\o) >J— Nn< V(Cl, )\Z) >J_: {6}
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6 Lower and upper bounds for the packing numbers

Although the main focus of this thesis is on partial Hamming packings, some of the results
will also concern partial packings in general. The main results in this section are Corollary
4 and Corollary 6 that give a lower respectively an upper bound for the packing numbers
of maximal strictly partial Hamming packings. Further, in this section we also give a
trivial lower bound and a non trivial upper bound for the packing numbers of maximal
strictly partial packings.

6.1 Lower bounds

The lemma below will be used to get a lower bound for the packing numbers of maximal
strictly partial Hamming packings.

We remind the definition of S;; in equation (20) on page 22, where we defined S;; for
any PP(Cy,C1,...,Cy;m;n) as

Sy = {jeCilijL|xjr(i)7éx;‘r(j)}, i,7€{0,1,...,k} and i#j.

Lemma 4. Consider any PP(Cy,C4,...,Cy;m;n), where n = 2™ —1. Assume that there
exists a simplex code D of length n and an element i of {0,1,... k}, such that

DNS;#£0 for j={0,1,....i—1i+1,... k}.

Let s =(n+1)/ | D |. Then there exists a permutation © of {0,1,...,n}, such that the
family of perfect codes

Co + er(0), C1 + €x(1), - -, Ok + Ex ), Ci + € (k1) - -+ Ci + Enr(hgs—1),
constitutes a partial packing of Zy, where ©'(1) = n(l) if L € {0,1,... k}.
Proof. Suppose D is a simplex code of length n and ¢ is an element of the set {0, 1,...,k},

such that
DOSZ-]-#Q) for j=0,1,....,t—1,¢e+1,... k.

Then by Lemma 1 in Section 3, D has an associated extended fundamental partition
I5, I, ..., I, where

Gl =151 = ... =] = (n+D/[D].

Hence, for any j € {0,1, ..., k}, there exists a unique set I:(i) in the extended fundamental
partition above, such that

m(j) € I}, ifand only if j =i
We thus get, by Theorem 4 in Section 5, that for each p € I;‘(Z.) and each j € {0,1,...,k}\

{i}
(Cite)N(Cj+ery) = 0.
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Now, let 7’ be a permutation of {0,1,...,n} such that

) — (1) if 1e€{0,1,...,k},
T = e L\ {m(i)} i Le{k+ L k42 kts— 1}

Also, let
Clc+1 = Ck+2 = ... = Ck+s—1 = Ci-

Then we have a partial packing, PP(Cy, C1,...,Cris—1;7';n), (note that this partial
packing not necessarily is maximal). The lemma is proved.

Theorem 6. Consider any PHP(Cy,Cy,...,Cy;m;n), wheren =2™ —1 and 0 < k <
m—1. Lett = 2m"k—1. Then for anyi € {0,1,...,k} there exist elements g\ g g
of {0,1,...,n}, such that the family of translates of Hamming codes

CO =+ éW(O)acl + éﬂ'(l)? .- '7Ck + éw(k)7ci + éqy)a s 7Ci + éqgi)a

constitutes a partial Hamming packing of Z73.

Proof. Since the family of all translates of a Hamming code constitutes a partial Ham-
ming packing of Z7', the theorem is immediately true when k& = 0.

Consider any PHP(Cy,Cy,...,Cx;mn), where n = 2™ — 1 and 1 < k < m — 1.
(We remind from equation (20) on page 22, that the set S;; is defined for each pair
i,7€{0,1,...,k}, i # 7, as

Sy = {T€ NG |k, #7i;)})

®)

Then, by Corollary 3 in Section 5, each of the sets S;;, i,j € {0,1,...,k} and i # j, are
non empty. Now, for i = 0,1,..., k, take any set

D; = <Zo, X1,y Ti1,Tis1y---,Tp >, Zj ESij,je {0,1,,/{,‘}\{@}

The set D; is a subspace of C;- and consequently a simplex code. Further, for i =
0,1,...,k,
D;nS; # 0, jg=0,1,....i—10+1,... k.

Hence, the theorem now follows from Lemma 4.

The corollary below gives a lower bound for the packing numbers of maximal strictly
partial Hamming packings.

Corollary 4. The packing number p of any maximal strictly partial Hamming packing of

Zy, n=2"—1, satisfies
p > m+1.
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Proof. For any PHP(Cy,C4,...,Cy;m;n) with & < m, Theorem 6 implies that the par-
tial Hamming packing is not maximal, since 2% — 1 > 1.

For the packing numbers of maximal strictly partial packings in general we have not
found any non trivial lower bound. Note that if C' is any perfect code, then the sets of
words in two different translates of C' are disjunct. Clearly, a trivial and immediate lower
bound for the packing numbers of maximal strictly partial packings of any Z3, n = 2™ —1,
is two.

6.2 Upper bounds

The following theorem is a consequence of the definition of perfect codes and we will use
this theorem to give an upper bound for the packing numbers of maximal strictly partial
Hamming packings and maximal strictly partial packings.

Theorem 7. For any partial packing, PP(Cy,C1,...,Ch_1;m;n), the set

n—1

c = zp\|J(Ci+en)

1=0

s a perfect code.

Proof. Take any word z € ZJ. By the definition of a perfect code, see page 5, there
exists for each i = 0,1,...,n—1 a unique word z; € C; + é,(;) such that z; € S1(z). Since
the sets Co + €x(0), C1 + €x1), - -+, Cn—1 + €x(n—1) are mutually disjoint, we get that the
words Zg, T1,...,T,_1 are distinct. Hence

|Cm51(£f)‘ = |Sl(j)—{f0,i’1,...,i’n,1}’ = n+1—n = 1.

This implies that there exists a unique word ¢ € C such that ¢ € S;(z). Consequently,
by the definition of a perfect code, the set C' is a perfect code.

An immediate consequence of the theorem above is the following corollary that gives
a non trivial upper bound for the packing numbers of maximal strictly partial packings.

Corollary 5. The packing number p of any mazimal strictly partial packing of Z3, sat-
1sfies

p < n—1.

Proof. We remind that the packing number for any maximal strictly partial packing of
length n is smaller than n + 1. By Theorem 7, any PHP(Cy, Cy,...,Cy;m;n) with the
packing number equal to n is not maximal.

However, we can prove that the same upper bound is true for the packing numbers

of maximal strictly partial Hamming packings. This is a consequence of the following
theorem.
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Theorem 8. For any partial Hamming packing, PHP(Cy, C1,...,Cy_1;m;n), where n =
2m — 1, the set

n—1

cC = Z}\ U (C; + éw(i))
i=0
1s a translate of some Hamming code.

Proof. By Theorem 7, C' is a perfect code. Now we will prove that C' is a translate of
some Hamming code by using the technique with Fourier coefficients.

If A and B are two disjunct subsets of Z§ represented by the polynomials A(Z) re-
spectively B(Z) in the group algebra Rz, z,. .., z,], see (11) on page 15, then the set
AUB may be represented by

(AUB)(z) = A(z)+ B(x).
Hence from the fact that the perfect codes
Co + Ex(0), C1 + Ex(1)s - s Ct + En(no)
constitute a partial packing of Z7, we may conclude that
Z3(@) = C()+ (Co+ ex) @) + (Cr+ Ex) (@) + o+ (Cuct + nuon)(@). (22)

Further, from Proposition 12 in Section 4, for any t € Z%

) [ (=) @) i fe CF .
At(Ci“‘eﬂ-(i))—{O it f¢CL 1=0,1,...,n—1.
Hence for i = 0,1,...,n — 1,
(Ci+ i) (@) = 277 ) (1)1 #0) (). (23)
teCit

From equation (12) on page 16, we get that ZJ'(x) = 2"ys(x). Further, by Proposition
7 and 9 in Section 4, | Az(C) |[<2m™.
Thus, by combining the results in the paragraph above, equation (22) and equation
(23), we may conclude that
A(C) A0 = | A(C) =2, Fe .

The theorem now follows from Proposition 13 in Section 4.

The corollary below gives an upper bound for the packing numbers of maximal strictly
partial Hamming packings.

Corollary 6. The packing number p of any mazimal strictly partial Hamming packing of
Z%, satisfies

p < n—1.

Proof. We remind that the packing number for any maximal strictly partial Hamming
packing of length n is smaller than n + 1. By Theorem 8, any PH P(Cy, C4,...,Cy;m;n)
with the packing number equal to n is not maximal.
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7 Maximal strictly partial Hamming packings

In this section we give some existence results for the packing numbers of maximal strictly
partial Hamming packings of Z7. The section is divided into two subsections.

In the first subsection the results will consider maximal strictly partial Hamming
packings of ZJ and Z1°. For these cases, by use of a computer, we give a complete
solution for the spectrum of the packing numbers.

In the second subsection we give a more general result that consider maximal strictly
partial Hamming packings of ZJ', where n > 15. However, our result does not give a
complete solution on the spectrum of the packing numbers.

Note that by Corollary 4 and Corollary 6 in Section 6, we get that the packing number
p for any maximal strictly partial Hamming packing of Z§, n = 2™ — 1, satisfies

m+1<p<n-—1. (24)

7.1 A computer search for maximal strictly partial Hamming
packings of Z] and Z;°

The maximal strictly partial Hamming packings we get by the computer search are given
in Appendix A. Further, we should remark that although the programming we use for
our computer search has been carefully tested it is still possible that errors may have
occurred. However, due to our tests, we are convinced that the results are true.

In the programming every Hamming code is represented by a parity-check matrix, see
construction (2) on page 6. One problem with the programming was how to enumerate
these matrices such that each Hamming code is represented just one time. (In fact,
every Hamming code of length 7 can be represented by 7-6-4 = 168 different parity-check
matrices and every Hamming code of length 15 can be represented by 15-14-12-8 = 20160
different parity-check matrices, see equation (9) on page 13.)

7.1.1 Maximal strictly partial Hamming packings of ZJ

By Proposition 5 in Section 3, there are 30 Hamming codes of length 7. To enumerate
these Hamming codes we will divide the corresponding set of dual codes into two classes:
class Al and class A2. Each dual code is represented by a parity-check matrix of the
corresponding Hamming code. This representation is described and discussed below.

Parity-check matrices. The matrices in the classes A1 and A2 are all parity-check
matrices of respective type which satisfy the construction (2) on page 6, i.e. the seven
columns of the matrix consist of all non zero words of Z3. Below, — =0 or 1.

0 01
Class Al : Oo10 — — — —
1 00
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Class A2 :

— o o
)
—_ o
oo
|
|
|

We will now show that with the matrices above we may enumerate all Hamming codes
of length 7 in a unique way. Hence, we have to prove that the matrices in A1 and A2
generate different subspaces of ZJ and that the number of matrices in A1 and A2 is 30.

Since the words (0,0, 1), (0,1,0) and (1,0, 0) are independent, we get that there exists
only one word of each type (0,0,1,—, —,—,—), (0,1,0,—,—, —, —) and (1,0,0,—, —, —, —)
in any subspace generated by the rows of a matrix in the class A1. Consequently, if H
and H’ are different matrices in Al, then at least one of the words (0,0,1,—, —, —, —),
(0,1,0,—,—,—,—) and (1,0,0,—, —, —, —) in the subspace generated by the rows of H
is not contained in the subspace that the rows of H' generates. We thus get that all the
subspaces generated by the matrices in Al are different.

With the same arguments as in the paragraph above, we get that all the subspaces gen-
erated by the matrices in the class A2 are different, since the words (0,0, —, 1), (0,1, —,0)
and (1,0, —,0) are independent.

There exists only one word of type (0, 0,0, —, —, —, —) in the subspace generated by any
matrix in the class A1l. As the words (0,0,1), (0,1,0) and (1,0,0) are independent, this
word must be the zero word, (0,0,0,0,0,0,0). Hence, the word of type (0,0,0,1, —, —, —)

that exists in the subspace generated by any matrix in A2 is not a member of the subspace
generated by any matrix in A1. This implies that the generated subspaces of the matrix
in A1 and the generated subspaces of the matrix in A2 are different. Consequently, all
the generated subspaces of the matrices in A1 and A2 are different.

The number of matrices in Al plus the number of matrices in A2 equals 4! 4+ 3! = 30.

Algorithm. The algorithm computes, maximal strictly partial Hamming packings,
PHP(Cy,Ch,...,Cy;id; 7), with packing number 4, 5 or 6 if such exist. The permutation
id is the identity permutation, i.e. id(i) =i for i =0,1,...,7.

If PHP(Cy,Ch,...,Cy;m;n) is maximal and strictly partial, then for any z € Z and
any permutation 7’ of the coordinate set we get a new set of mutually disjoint Hamming
translates,

Ui (Ci+ T + En(i))-

This set of Hamming translates is also a maximal strictly partial Hamming packing. From
equation (24), we get that the only possible packing numbers for maximal strictly partial
Hamming packings of ZJ are 4, 5 and 6. Hence, by the computation of the algorithm we

get the set of possible packing numbers of maximal strictly partial Hamming packings of
7zl

H = family of all Hamming codes of ZJ
A = family of maximal strictly partial Hamming packings of ZJ
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id = identity permutation of {0,1,...,7}
W = set of words of length 7
disjunct = boolean

A={}
for k = 3,4,5 do
for; each (k + 1)-multiset {Cy, C1,...,Cr} of H do
W ={}
disjunct = true
for, i =0,1,...,k do
else
disjunct = false
break fors
end
end
if disjunct = true then
forsi=k+1k+2 ...,7do
for each C of ‘H do
if WN(C+eé¢)#0 then
disjunct = false
break fors
end
end
end

if disjunct = true then

break for;
end
end
end
end
output A

The results from the computation of the algorithm above are stated in the appendix.
By these results we get the following theorem.

Theorem 9. The only integer p for which there exists a mazximal strictly partial Hamming
packing of Z3 with packing number p is the integer p = 5.
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7.1.2 Maximal strictly partial Hamming packings of Z1°

By Proposition 5 in Section 3, there are 64864800 different Hamming codes of length
15. To enumerate these Hamming codes we will use, as in the case of length 7, a set of
parity-check matrices given by classes B1, B2, ..., B9, discussed below.

Parity-check matrices. The matrices in the classes B1, B2, ..., B9 are all parity-check
matrices of respective type which satisfy the construction (2) on page 6, i.e. the 15

columns of the matrix consist of all non zero words of Z3. Below, — =0 or 1.
o001 - - - === == - = =

o010 - - --—-=--=--=--=- - - =

Class B1 : 0100 — — — — _— _ _ _ _ _ _
1000 - = - = = = = = - = =

cooo0o01 - - - - = - == - =

o001 -0-- === = = - = =

Class B2 : 010 — 0 — — — — _— _ _ _ _ _
roo-0- - - - - = - = - =
6cooo60o01 - - - - — — — — —

coo1 - -0---=-- - - = = =

Class B3 : 010 — — 0 — — — — _— _ _ _ _
roo--0- - - - = - - - =
6000001 -- - - — — — —

ool - --0--=-=-=--=-- - - =

Class B4 : 010 — — — 0 — — — — _ _ _ _
100 - --0 - === == - -
0o0oo0oo00O0O01 - - - — — — —

o001 - ---0-=--=- - - - -

Class B5 : 010 — — — — 0 — — — _ _ _ _
100 - - --0-=-=--=- - - -

co0001 - = — — = — = — — =

coo0oo010 - =——-— - - - == = =

Class B6 : 01100 — — — — _— _ _ _ _ _
ro100 - - - - - — — — = =
coo0oo000T1- - - — — — — — —

o001 -0 - - - — — — — — =

Class BT : 0110 — 0 — — — — _— _— _ _ _
ro1ro60-0- - - - - - - - =
coo0oo000%0O01- - - - — — — —

coo0oo01 - -—0- - - — = = = =

Class BS: 0110 — — 0 — — — — — — _ _
1010 - -0- - - — — — = =
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0oo000O0OO0OTO0OT1 - —— — — — —
cooo01 - - -0- - - = = - —
Class B9 : 0110 — — — 0 — — — — _ _ _
1010 - ——-—0-— - — - - — —

With similar methods as used for Hamming codes of length 7, we will show that
the parity-check matrices above enumerate all Hamming codes of length 15 in a unique
way. Therefore we have to prove that the matrices in B1, B2,..., B9 generate different
subspaces of Z}% and that the number of matrices in B1, B2,..., B9 is 64864800.

With the same arguments, as on page 30, where we proved that the subspaces gener-
ated by the matrices in Al are different, we may prove that the subspaces generated by
the matrices in B1, B2, ..., B9 respectively, are different.

On page 30, we proved that the subspaces generated by the matrices in Al are different
from those subspaces generated by the matrices in A2. With the same arguments as in
that proof, we may prove that the subspaces generated of the matrices in B1, B2, ..., B5
are different and that the subspaces generated by the matrices in B6, B7,..., B9 are
different.

Finally, we get that none of the words of type (0,0,1, —, —, —, —, — —, —, —, —, —, —, —)
are members of any of the subspaces generated by the matrices of B6, B7,..., B9. This
implies that the subspaces generated by the matrices in B1, B2,..., B5 are different to
those subspaces generated by the matrices in B6, B7,..., B9. Consequently, all of the
subspaces generated by the matrices in B1, B2, ..., B9 are different.

Further, the total number of matrices in B1, B2, ..., B9 equals

1M 4+4-1014+4-3-9'+4-3-2-8+41- 71+ 101 +3 -9 +3-2- 81 4 3! - 71 = 64864800.

Algorithm. The algorithm computes a maximal partial Hamming packing of Z3°. Note
that from equation (24) on page 29, we get that the only possible packing numbers for
maximal strictly partial Hamming packings of Z3° are 5,6,7, ..., 14.

H = family of all Hamming codes of Z3°
B = family of Hamming codes

W = set of words

7w = permutation of {0,1,...,15}

p = packing number

B={}
W ={}
p=20
fori=0,1,...,15 do
for; each C of H enumerated in random order do
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if WN(C+e;)=0then

c,=0C
B=BUC,
m(p) =i
p=p+1
break for;
end
end
end

output B and 7

Some results from the computations of the algorithm above are given in the appendix.
By these results and equation (24), we get the following theorem.

Theorem 10. The only integers p for which there exist a maximal strictly partial Ham-
ming packing of Za° with packing number p are p=15,6,7,...,14.

7.2 A general construction of some maximal strictly partial Ham-
ming packings
Theorem 11. If there exists a mazimal partial Hamming packing of Z§', n' = 2™ — 1,

with packing number n’ + 1 — r, then there exists a maximal partial Hamming packing of
Zn, n = 2" — 1 with packing number n +1 —r.

Proof. Assume that we have a maximal PHP(C{,Cy,...,Ci;n';n’), n’ = 2™ — 1, with
packing number n' +1—r,ie. k =n'—r. Also, let H), H},..., H; denote corresponding
parity-check matrices of the Hamming codes C{, C1, ..., C].

Now, by using the maximal partial Hamming packing above, we construct a maximal
partial Hamming packing of Z&, n = 2™ — 1, with packing number n + 1 —r.

Take any Hamming code C” of length n’ and denote a corresponding parity-check ma-
trix by H'. Denote by C, Cy, C1, ..., C) the Hamming codes of length n which corresponds
to the following parity-check matrices,

~[o..0j1]1...1
= [ 7o & }
and ‘ ‘
0...0[1]1...1 .

Note that n’ +1 = (n+ 1)/2. Clearly, the (n + 1)/2 translates of the Hamming code
c,
(C+eni1), (C+enya),. .., (CH+en),
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are mutually disjoint.

We remind that 7’ is the permutation given by the maximal PHP(C{, C; ..., Cy; @', n').
By Corollary 3 in Section 5, for each pair 4,5 € {0,1,...,k}, i # j, there exists a
word 79 € C/- N C-, such that 3! ,(Z v £ y(” . This implies that for each pair i,j €

{0,1,...,k}, i # j, there exists a word (%) = y(U)OgW) € C’Z-lﬂC’jL such that xf:,j()s + a:E:,]():)
Hence, by using Corollary 3 again, we get that the translates of Hamming codes,

(OO+671' ) (Cl+€7r )) "(Ok+éﬂ/(k))7

are mutually disjoint.
Further, for each pair 4, j, where i € {0,1,...,k} and j € {n'+ 1,0 +2,... ,n}, we
get the following facts:
(i) z=(0...01...1) € Ci- N C*,
(17) 2} =0and 2} = 1.

This implies, by Theorem 2 in Section 5, that (C; + éx;)) N (C'+¢&;) =0 .
Let S denote the family of the following translates of Hamming codes:

Co+€7r/ Cl+€7r’ . Ck+€7r’k),C+€n+17C+en+2;---,C+én-

The codes in this family are mutually disjoint. Consequently, the family S constitutes a
partial Hamming packing with packing number n + 1 — 7.

Now, assume there exists a translate D + €; of some Hamming code D of length n,
such that D + €; and the codes in the family S are disjunct. Then,

Ge{0,1,. ..\ {x(0), 7 (1),..., (k).

By Lemma 2 in Section 3, we get that the word 01 € D+. Also, by Corollary 3 in
Section 5, we get that there exist some words d©,d®, ..., d*® € Dt such that

a9 e Gt and dig, A4 i=01 k. (25)

Let A be the set of words of length n'/, that we get by removing the last n’ + 1
coordinates in each word of D™, i.e.

A = {z=(x1,09,...,20) € ZY | (x1, 29, ..., Ty, Tiqa, ..., Tn) € DT}

Since 01 € D+, we may conclude from Proposition 4 in Section 3, that A is a simplex
code of dimension m. Consequently A is the dual code of a Hamming code of length n'.
Let us denote this Hamming code by D’. From (25), we get that there are some words
g g0 . g® e D' = A, such that for i =0,1,...,k,

) e C!* and yfrl;)(:) £ yj(l)*
Hence, by Theorem 2 in Section 5,
(Ci+ewvm)N(D' +¢)=0, i=1,2,... k
This is a contradiction, since PP(C{,CY1,...,C};';n’) is maximal. The theorem is now

proved.
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Corollary 7. For any n = 2™ — 1, m > 4, there exist mazximal strictly partial Hamming
packings of ZY with a packing number p equal ton —10,n —9,....,n — 1.

Proof. By Theorem 10, the corollary is true for m = 4. Thus from Theorem 11, by
induction the theorem is true.

Note that the corollary above and Corollary 6 in Section 6, gives that the upper bound,
p < n — 1, for the packing numbers p of maximal strictly partial Hamming packings of
Zy, n > 15, is tight.

8 Conclusions

In this section the results are summarized and problems for further study are suggested.

8.1 Results

The main results of this thesis are the following:

e We have given a condition when translates of Hamming codes are mutually disjoint
or not mutually disjoint, which are related to the corresponding dual codes.

e Non trivial lower and upper bounds for the packing numbers of maximal strictly
partial Hamming packings have been given.

e A non trivial upper bound for the packing numbers of maximal strictly partial
packings with perfect codes has been given.

e By a computer search we have found all possible packing numbers for maximal
strictly partial Hamming packings of Z7 and Z1°.

e Finally we have proved a general result for the existence of some packing numbers
of maximal strictly partial Hamming packings of ZJ, n > 15. We have thereby
verified that the upper bound is tight for Z§, n > 15.

8.2 Further study

In this subsection we list some open problems which have connections with the investiga-
tions of this thesis:

e Which are the packing numbers for maximal strictly partial Hamming packings of
Z3, n > 157 From the results in this paper we know that the packing numbers for
maximal strictly partial Hamming packings of Z1° are the integers from the lower
bound to the upper bound that we have proved. Is this result also true when n is
greater than 157
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e [s it possible to find a general construction for some maximal strictly partial Ham-
ming packings, without using the computer? The general result of this study is
proved by using the result of the computer search on maximal strictly partial Ham-
ming packings of Z,°.

e In this thesis we give a trivial lower bound and a non trivial upper bound for the
packing numbers of maximal strictly partial packings with perfect codes in general.
One problem to consider for further investigation, would be to see if these bounds
could be improved, especially the lower bound.

e [t would also be interesting to know which packing numbers exist for maximal
strictly partial packings with perfect codes in general and for different classes of
perfect codes, e.g. for Vasil’ev codes constructed from Hamming codes.

e Finally, we believe that some of the results in this study may be used in the inves-
tigation of other areas concerning perfect codes. We especially believe that Lemma
3 and Theorem 2 in section 5 may be used in studies of similar areas such as inter-
section numbers of perfect codes or partitions of Z§ into perfect codes.
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A Appendix

This appendix contains two tables with maximal strictly partial Hamming packings of
7§ with packing number 5 and of Z1° with packing numbers 5,6,7,...,14. These maxi-
mal strictly partial Hamming packings were given by the computer searches described in
Section 7.

In the tables below, a maximal strictly PH P(Cy, C4,. .., Cy;m;n) is represented by its
packing number, Hamming codes Cy, C1, ..., Cy and corresponding words €x(o), €x(1), - - - ,
€x(k) that describe the translations. A Hamming code is represented by a corresponding
parity-check matrix. A parity-check matrix will here be denoted by the integers that
correspond to the binary numbers that each columns in the matrix represent. For example
the matrix

0001111
0110011
1010101

will be denoted as
(1 23456 7).

Table 1. Maximal strictly partial Hamming packings of Z3.

’ Packing number H Hamming codes \ Translate words ‘

(12473506) éo
(1243576) &
5 (124675 3) &
(1245367 é3
(124756 3) és

Table 2. Maximal strictly partial Hamming packings of Za°.

Packing . Translate
Hamming codes
number words
(1 2481 7 9 14 10 13 6 12 5 11 3) €o
(1 247 8 31314 9 5 6 11 10 12 15) €1
5 (1 24810 13 5 7 15 11 3 6 9 14 12) €9
(1 248 7 10 11 915 5 14 12 13 3 ©6) €3
(1 245 8 13 10 7 14 9 15 11 6 12 3) €4
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(1 24811 310 9 15 6 13 14 5 7 12) éo
(1246 812 9 3 5 11 7 13 10 14 15) &
(1248 3151013 7 6 5 14 9 11 12) &
(1245 813 910 7 3 14 6 11 12 15) &3
(12481 310 915 6 13 14 5 7 12) e
11 (1245 812 7 14 9 6 11 3 10 13 15) e
(1248 610 15 13 7 3 5 11 12 14 9 és
(1246 812 9 3 5 11 7 13 10 14 15) és
(1245 812 7 14 9 6 11 3 10 13 15) é10
(12481 1510 6 7 13 14 5 9 3 12) é11
(12481 310 9 7 1413 6 5 15 12) é1s
(124281415 10 9 3 7 5 12 6 11 13) &0
(1243 5 7 81513 9 6 10 11 14 12) &
(1246 8 5 311 12 7 9 14 10 13 15) &
(12481 713 9 11 14 5 12 6 3 10) é3
(12481 9 31012 7 6 15 5 14 13) é1
. (1245 3 81014 9 7 15 11 12 6 13) &5
(1248141513 910 7 5 12 6 11 3) é
(12481 713 911 14 5 12 6 3 10) ér
(1243 5 7 81513 9 6 10 11 14 12) és
(1248 911 13 10 14 7 6 15 5 12 3) é13
(1245 8 3 61410 7 15 11 12 13 9) e1q
(124812 14 1310 3 7 615 5 9 11) é15
1248 315 7 14 6 10 9 12 11 13 b5) &
(1248141510 712 9 3 5 6 13 11) &
(12481 14 6 7 10 3 5 9 11 12 13) &
(1248121 5 6 3 10 14 9 11 13 7) e
(1245 8 9 715 12 10 14 6 13 11 3) é4
(1248 31410 7 615 5 9 11 12 13) e
13 (12481415 710 912 6 5 11 13 3) ér
(1248141510 712 9 3 5 6 13 11) &
(1245 8 9 7 15 12 10 14 6 13 11 3) e11
(12481415 7 5 612 9 10 11 13 3) E1
(12481415 71210 9 5 3 11 13 6) é13
(1248 315 7 14 610 9 12 11 13 5) E1q
(12481415 7 310 6 5 12 11 13 9 é15
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