B.Y. Chen [2] established a sharp inequality for the warping function of a warped
product submanifold in a Riemannian space form in terms of the squared mean
curvature. For a survey on warped product submanifolds we refer to [3].

In [5], we established a corresponding relationship between the warping func-
tion f (intrinsic structure) and the squared mean curvature and the holomor-
phic sectional curvature (extrinsic structures) for warped product submanifolds
M x ¢ My in any complex space form.

In the present paper, we investigate warped product submanifolds in quaternion
space forms M™(4c). We obtain different estimates of the mean curvature in
terms of the warping function, whether ¢ < 0, ¢ = 0 and ¢ > 0, respectively.
Equality cases are considered and certain examples are given.

As applications, we derive obstructions to minimal warped product immersions
in quaternion space forms. For example, the non-existence of minimal proper
warped product submanifolds M; x s M3 in the m-dimensional quaternion Eu-
clidean space Q™ with M; compact is proved.

References

[1] M. Barros, B.Y. Chen and F. Urbano, Quaternion CR-submanifold of
quaternion manifold, Kodai Math. J. 4 (1981), 399-417.

[2] B.Y. Chen, On isometric minimal immersions from warped products into
real space forms, Proc. Edinburgh Math. Soc. 45 (2002), 579-587.

[3] B.Y. Chen, Geometry of warped products as Riemannian submanifolds and
related problems, Soochow J. Math. 28 (2002), 125-156.

[4] B.Y. Chen, A general optimal inequality for warped products in complex
projective spaces and its applications, Proc. Japan Acad. Ser. A Math. Sci.
79 (2003), no. 4, 89-94.

[5] A. Mihai, Warped product submanifolds in complex space forms, Acta Sci.
Math. Szeged 20 (2004), 311-319.



