
� � � � � � � � � � � � � � 	 
�� 
��  � � �
� � � � 
�� � � � � 	 ��� � � � �

� � � � 
�� � � � � � � � � � � 
�� �

������������� �"!$#&%'#

( )'*,+.-0/2143657-98:3;+=<?>@-A3CBEDGFIH
J KML0NPORQTSUL

E V N=Q?WXQZYRQZS[K2\]QT^P^ V SUL`_ V ^aK@Q�SUbZYML E+ c
u′(t) = [Au](t) + F (t). (1lin)deLfS[bgYMN V]h L[i=^PKML0YMbgYM\ V YMLUQZijNlkmNl^aL[noL

u′(t) = [Au](t) +Gu(t) + F (t) (0 ≤ t ≤ T ), plqsr
u(0) = 0, putgr

T
∫

0

u(t)dµ(t) = ψ (ψ ∈ D(A)), pwvxr
_=KMLUiyL

A : D(A) → E V NjQ�\ V YMLUQZizS[\]bgNyL h bZOMLUiPQT^abgiz_ V ^aK{Q h LUY|NPL h bgnoQ V Y}bZ~ h LE~ V Y V ^ V bgY D(A) ⊂ E �
u ∈ C1([0, T ];E) ∩ C([0, T ];D(A))

note
= X;

F (t) = Φ(t)f ∈ C1([0, T ], E);
f ∈ E V N ^aKML0SUbZY|^aiybg\ h L[N V iyL h4�
Φ(t) ∈ C1([0, T ];L(E)) � L(E) V NXQ9WjQZYRQZS[K�QZ\��gLU�MiPQfbT~6\ V YML�QZi�S[\]bgNyL h bZOMLUiPQT^abgiyNXnoQZOMO V YM� E V Y|^Pb

E � LU��� V O|OML h _ V ^PK,^PKML0bgi h|V YRQZilk{bgO|LUiaQ�^abgi YMbZiPn �
Φ ≥ 0

~�bgi
0 ≤ t ≤ T �

µ(t) V N=Q�YMbZY h LUS[iPLUQZN V YM�obZY [0, T ]
NPSUQZ\�QTij~��MYMS[^ V bgY,S[bgY|^ V YM�Mbg�|Nj~�iPbgn�^PKML0i V �gK|^j~�bgi t = 0 �p�vxrXV N=Q���LUSE^abgi����mQZ\��ML h@�=V LUnoQZYMY��l��^ V LU\�^w�yL[N V Ym^aLU�ZiaQZ\ �

G : X → C([0, T ], E) V N Ny^PiPbgYM�o�7i|�LUSUK|L[^ hMV ~&~�L[iPL[Y|^ V QZ�M\]L�YMbgYM\ V YMLUQZijbgOML[iaQT^Pbgi NP�|SUK,^aKRQT^
G(0) = 0 � G′(0) = 0 cJ KML�\ V YMLUQZi�QZYRQZ\�bg�g�ML�bT~{^aK V N�OMiPbg�|\]LUn KRQZN��MLUL[Y�SUbgY|N V]h LUiPL h �|k��@�¡ C¢7£�¤¦¥4§©¨«ª�¬ª�®2¯9 C°±§±²¦§´³¬ª�µ{ª�¶Zµ�§±·x·g¸Z¹|²¡§´³R¢7£�²¦ ¡£º²¡£�§�»¼²¦§±�¦§�»¼²¦§±½T§ ·¾¢¡¹M½E¹M£�¿A§±½T§ ³ ¹MÀ±·g¸M�¦¹M¥¡¸|²¡§´¿ Áx³±§�¢7Â}Ã¡ ¦§´²¡²¦§´¿

Ä �¦¹M³´²¡£�²¦ ¡  ¶Z¬@Å�³´£�·g¸M ¦Æ"¨{¥±¹�»�£�¿A ¦ ÈÇ@¹ Ä ¥zªGÉ9£��¦ ¦ÆÊ¿A¹M¸|£�¿A¹|¸M ¡Ë¦£�·g¥´¹|Æ:ª�Ì�Í´ÍRÎCª0¯�ªÐÏ´Ñ6®�Ò$Ó4ªGÉoªÌ�Ô�Õ�Ö�Ì�Ñ±Ñ4ª×ÙØaÚ�ÛRJ KMLALU\�LUn?LUY|^
f ∈ E V NzS�QZ\�\]L h QGNybg\]�|^ V bgYobZ~6^aK|LÐOMiPbZ�M\]L[n p�q¾r � p�vxr _ V ^PK�Q9~ V�Ü L h ψ ∈ D(A) V ~^aKML0Nybg\]�|^ V bgY�bT~�ÝjQZ�|SUK|k,OMiybg�M\�LUn plqsrE�Iputgr _ V ^aK�^aK V N f

NPQT^ V Ny~ V LUN pwvxr c
q



J KML9S[bgY hMV ^ V bgY�bZ~¡iPL h L[^aL[iPn V YRQ�^ V bZY pwvxrXV YMS[\]� h LUNj^aK|L0~�bZ\]\]bT_ V YM��Ny�M�MSUQZNPL[N���������
	���������������������������

u(T ) = ψ
��~

µ(t)
~�iPbgn p�vgrXV N=Q�Ny^PLUO2~��|YMS[^ V bgY � _=LfbZ�|^ Q V YML

α1u(t1) + α2u(t2) + ... = ψ,_=KMLUiyL
ti ∈ [0, T ] � αi

�
Σ|αi| <∞ c����� �!"���
	#��$��%� ����������������"�

��~
µ(t)

~�iPbgn p�vgrXV N=QZY2QZ�MNybg\]�|^PLU\�k}S[bgY|^ V YM�Mbg�|N=~��|YMS[^ V bgY�_=L0bg�|^aQ V YML
(B)

T
∫

0

ω(t)u(t)dt = ψ � _=KMLUiyL ω(t) = µ′(t) V N=Q?Ny�Mn?n}QZ�|\]L�~��MY|S[^ V bgY c
&#' Ø$(�)�Ø+* Û-,6L[^

J =
T
∫

0

Φ(t)dµ(t)
�ML�QZYebgO|LUiaQ�^abgi�Ny�MSUKe^aKRQ�^

J−1 ∈ L(E) � J−1 ≥ 0 V c L c �
J−1(E+) ⊂ E+ � ^aKMLAbZOMLUiPQT^abgi A

�ZLUYML[iaQT^PL0Q�NPLUn V �ZiPbg�MO S(t)
bZ~

C0

��SU\]QZNPNX~�bZiX^aKMLA\ V YMLUQZiXO|iPbg�M\�LUn plq\ V Y r � putZrE� ^aKML�NPLUn V �ZiPbg�MOo�MLÐOMbZN V ^ V ��L S(t) ≥ 0 ∀t ≥ 0
QTY h SUbZnoORQTS[^X~�bZi t > 0 � ^aKMLÐNyOMLUSE^aiy�Mn�bZ~

A�ML
{λ ∈ C : Reλ < 0}

QZY h NP�|OMOMbgNyL9bgY|LfbT~¡^PKMLA~�bg\]\�bZ_ V YM�GSUbgY h|V ^ V bgYMNjK|bg\ h N��p Q r Φ′(t) ≥ 0
~�bZi

0 ≤ t ≤ T �p � r ^aK|L0~��|YMS[^ V bgY µ(t) V N SUbZY|��L Ü �MO|_ QTi h N bgY [0, T ] cJ KMLUY@^aKML0YMbgY|\ V Y|L�QZijO|iPbg�M\�LUn p�q¾r � pwvxr KRQZN QZY,�MY V ���ML0NPbg\��|^ V bgY f V Y@Q�Y|L V �ZKM�MbgiyKMbgb h bZ~/.UL[iPb V Y E~�bgi=Q�NP�|~&~ V S V LUY|^P\�koNPnoQZ\]\ �|k,YMbgiyn ψ
~�iPbgn

D(A) cJ KMLÐOMiybgbZ~6bZ~6^PKML`^PKMLUbZiPLUn V N:�RQZNyL h bgY10�Y|bZ_=Y�OMiPbZOMLUil^ V L[NXbZ~4\ V Y|L�QZi:OMiPbZ�M\]L[noN plq \ V Y rE� putgr QZY hÙplq \ V Y r �p�vxr QZY h bgY h bg�M�M\�L�QZOMOM\ V SUQT^ V bgY2bT~ V Y|��LUiyNPLG~��MY|S[^ V bgY«^aK|LUbgiyLUn V Y«SUbZiPiPL[NPOMbZY hMV Y|�{~��MYMS[^ V bgY NPORQZS[LUN � bgYML�bZ~_=K V S[K V N ^aKMLANyORQZS[L9bZ~¦^aK|Lf\ V YMLUQZi=ÝjQZ�|SUK|k,OMiybg�M\�LUn32 N Nybg\]�|^ V bgY
H

def
= {v ∈ X|∃F ∈ C([0, T ], E) : v V N Nybg\]�m^ V bZY�bZ~ plq \ V Y r � putgr }.

4 N V ^ V N50�Y|bZ_=Y
∀F ∈ C([0, T ], E)

^aKML[iPL�L ÜmV Ny^aN�QTY h$V N«�|Y V ���ML Nybg\]�m^ V bZY bZ~oÝjQZ�|SUK|k$O|iPbg�M\�LUn
plq \ V Y rE�4putgr �

‖u‖C1([0,T ],E) ≤ K‖F (t)‖C([0,T ],E),_=KMLUiyL
K > 0 V N=Q�SUbgY|Ny^ QTY|^ �^aKML[Y}^aKML`bgOML[iaQT^Pbgi

L = d/dt−A V NXQZY V NybgnoLE^ai V S V Nybgn?bgiPOMK V NPn H
bgY|^Pb

LH = C([0, T ], E)
_ V ^aK^aKML0YMbZiPn

‖u‖H = ‖Lu‖C([0,T ],E).J KMLUiyL[~�bgiyL
(H, ‖ · ‖H) V N=Q?WXQZYRQZS[K2NyORQZSUL9QZY h ^PKML V YMS[\]�MN V bgY H ⊂ C1([0, T ], E) V N SUbgY|^ V YM�|bg�MN c6�QT� V Y|�oQTNPNP�|noL h2V Y2Q hMhMV ^ V bgY{^PKMLA�mQZ\ V�hMV ^ykobT~7L[Ny^ V n}Q�^aL

‖G′(u)‖L(H,LH) ≤ ?ϑ(r)

~�bZi
‖u‖H ≤ r,_=KMLUiyL�^aKML�~��MY|S[^ V bgY ?ϑ : [0,∞[→ [0,∞[ V NÐn?bgYMbT^abgY V S�QZ\�\�k�Y|bgY h L[SUiPLUQZN V YM� � _=L�QZ\]Nyb{bg�|^aQ V YML h _ V ^PK^aKMLfKML[\]O bT~�Ny^aQT^aL h �MLU\�bZ_ ^PKMLUbgiyLUn ^aK|LGNP�m~&~ V S V LUY|^`SUbZY hMV ^ V bgY|N=~�bZi�Q hMV n?LUYMN V bgY,bZ~7^aKML9LUY|� V iybgYMn?LUY|^ ~�iPbZn_=K V S[K V ^ V N OMbZNPN V �M\]LÐ^Pb?^aQ+0�LfQ�~��MY|S[^ V bgY ψ

~�iPbgn ^aKMLfSUbgY hMV ^ V bgY�bZ~¡iPL h L[^PLUiyn V YRQT^ V bgY pwvxr ~�bgi bgYML ���mQZ\��ML hNPbg\��mQZ� V \ V ^ykobT~ plq¾r � p�vxr c798 ��:�����ª�;=<�>�? 8 ���@���BAÊªC�Ðª
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,CLE^
X

�ML0Q�WjQTYRQZSUK�NyORQZS[L � Y �ML0QGNyLUORQTiaQZ�M\�L�^abZOMbg\]bZ� V SUQZ\R�mL[S[^PbgijNPOMQZSUL � A : X → Y
�ML0QG\ V YMLUQZiSUbgYm^ V Y|�Mbg�MN bgO|LUiaQ�^abgi � U �MLA^aKML0bgO|LUY@�MY V ^j�RQZ\]\ V Y X � PAU : AX → [0,+∞[

�MLfQ�~��MYMS[^ V bgYMQZ\�bZ~¦^aK|L V Y�0�bT_=N 0 V NPL[^ AU � QZY h ^PKML0n}QTOMO V Y|� Ψ : X → AX
NPQT^ V Ny~&k{^PKML0SUbgY h|V ^ V bgY

PAU

(

Ψ(x) − Ψ(?x)
)

≤ Θ(r)‖x− ?x‖

~�bZi
‖x− x0‖ 6 r, ‖?x− x0‖ ≤ r~�bgi NPbgn?L

x0 ∈ X � _=KMLUiyLf^PKMLA~��MYMS[^ V bgY
Θ : [0,∞[→ [0,∞[ V N n?bgYMbZ^PbgY V S�QZ\�\�k�YMbgY h LUS[iPL�QTN V Y|� cdeLfNyL[^

b(r) = max
(

1 − Θ(r), 0
) ~�bgi

r ≥ 0 c
,CLE^

w =
∞
∫

0

b(r) dr ∈]0,∞],

r∗ = sup{r ≥ 0| b(r) > 0} � w(r) =
r
∫

0

b(t)dt (r ≥ 0)
QZY h f(x) = Ax+ Ψ(x)

~�bgi
x ∈ X cJ KMLUY

∀r ∈ [0, r∗[ ∀y ∈ f(x0) + w(r)AU
∃x ∈ x0 + rU : f(x) = y cJ K V N`QZ�MNl^aiaQTS[^ÐiyLUNy�M\�^`S�QZY �ML�QZO|OM\ V L h ~�bgi`Nybg\�� V YM� � ~�bgi=L Ü QZn?OM\�L � N V n V \�QZiy\�koOMbgNPL h«V Ym�mL[iPNyLGOMiybg�M\]L[n;~�bgi

!�QT� V LUil����^ab+0�N L[���RQT^ V bgY c
" )'*�+$#©+=-A3;+=<?>,-03CBEDGFIH
�7bgi�Q}�Mbg�MY h L h�h bgnoQ V Y bZ~�bgY|L�SUbgYMY|LUS[^ V � V ^yk Ω ⊂ Rn

_ V ^PKÙQ{�Mbg�MY h QZiyk ∂Ω ∈ C2 (n ≥ 2) � ST =
∂Ω × [0, T ] p _=KML[iPL T > 0 rE�_=LfS[bgYMN V]h L[i=^PKMLA~�bg\]\�bZ_ V Y|� V Y|��L[iPNPL0OMiybg�M\�LUn3�

ut − ∆u− Φ(u) = F (x, t),

u|t=0 = 0,

u|ST
= 0,

∫

Ω

u(x, t)ω(x)dx = χ(t),

_=KMLUiyL
F (x, t) = h(x, t)f(t) � f(t) V N=Q�SUbgY|^PiPbg\ � ^aK|L0~��|YMS[^ V bgY Φ ∈ C1(R) V N NP�|SUK2^PKRQT^

|Φ(u)| ≤ C1 |u|
α1 + C2 |u|

α2 ,

|Φ′(u)| ≤ α1C1 |u|
α1−1 + α2C2 |u|

α2−1 ,_ V ^PK 1 < α1 ≤ α2 ≤ (n + 1)/(n − 1) � h, g � ω, χ
� QZiPLG� V ��LUY2~��MYMS[^ V bgY|N � �M�|^ u

QZY h f
� QZiPL�MY 0�YMbZ_=Y@~��MYMSE^ V bZYMN cJ K V N V Ym�mL[iPNyLoOMiybg�M\�LUn S[bgYMN V Ny^PN V YNyLU\�LUS[^ V YM��^PKML�SUbgY|^PiPbg\ f(t) � �g�MQZiaQZYm^aLUL V YM��^PKML��|QT\]�ML�bZ~ V Y|^PLU�giPQZ\0�YMbZ_=Y Q�^fQZY|k�n?bgnoL[Y|^AbZ~z^ V noL � bZ~zOMiPb h �MS[^9bZ~:^aKML�NPbZ\]�|^ V bgY��|k«^PKML�~��MYMS[^ V bgYÙ_=KMb h LUO|LUY h NfbgYM\�k«~�iPbZnNPORQTSULA�mQZi V QZ�M\]L[N cJ KMLA\ V YML�QZizQZYRQT\]bg�g�|L`bZ~6^PK V NzOMiPbZ�M\]L[nÈKRQTNj�MLUL[Y�SUbgY|N V]h LUiPL h �|k&%@§±·g¸M ¡² ¨«ª('{ª�)�À´�¡¹|¸M²�*�£�Å�¹�»¼¹�Ë¡ »¼¢¦Æ ¿A¹|¸M£�¿A¹M¸M ¦Ë¡£�·g¥¦ ¦° ¿A§�»¼£x¢7£,+.-@ ¦Å� ¦Ë¡£�·g¥¦ ¦° ¤¦�¡§´Ã¦£�·x·g§±³Cª0/ 1"ª�231'¬54�¬�®jÌ�Í´Í6Ì´ª�/ Éoª7Î ÏmÖÎ Í6ª
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deLfO|iPbZ��L h ^aKMQT^ V ~
ω ∈ W 2

2 (Ω)∩
◦

W 1
2 (Ω),

χ ∈ W 1
2 (0, T ), χ(0) = 0,

h ∈ L2(QT ), ‖h(·, t)‖2,Ω V NG�MbZ�MY h L h�V Y [0, T ]
QZY h

∣

∣

∣

∣

∫

Ω

h(x, t)ω(x)dx

∣

∣

∣

∣

≥ δ > 0
~�bgiGQZ\]n?bgNl^9LE��LUiyk

t ∈ [0, T ], u ∈ W 2,1
2 (QT ),

^PKMLUY}^PKMLUiyL�L Ü|V Ny^PNj�MY V ���|L�NPbZ\]�|^ V bgY f ∈ L2(0, T )
bZ~6^aK|L�YMbgY|\ V Y|L�QZi�OMiybg�M\]L[nV Y,Q�YML V �gKM�MbZiPKMbgb h bT~ .[LUiPb�~�bgi=Q�NP�m~&~ V S V LUY|^P\�koNPnoQZ\]\ �|k�YMbZiPn χ cJ KMLGNy�|~&~ V S V LUYm^�S[bgY hMV ^ V bZYMN ~�bgi�Q hMV n?LUYMN V bgY@bZ~¼^PKMLfLUY|� V iybgYMn?LUY|^`~�iPbgn;_=K V SUK V ^ V N OMbgNyN V �|\]L0^abo^aQ+0�L�Q~��MYMSE^ V bZY χ(t)

~�iPbZn ^PKML�SUbgY hMV ^ V bgY«bT~ziyL h LE^aL[iPn V YRQT^ V bgY NPb{^aKMQT^Ð^aK|L V Y|��LUiyNPL�OMiybg�M\�LUn�_ QZNANPbg\��mQZ�M\]L�QZiPLQZ\]Nyb�bg�|^aQ V YML h c

�


