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Predictability and Unpredictability in Kalman
Filtering

C. 1. Byrnes, Fellow, IEEE, A. Lindquist, Fellow, IEEE, and T. McGregor

Abstract—In this paper, we study the dynamical behavior of
the Kalman filter when the given parameters are allowed to vary
in a way which does not necessarily correspond to an underlying
stochastic system. This may correspond to situations in which
the basic parameters are chosen incorrectly through estimates.
We show that, as has been suggested by Kalman, the filter
equations converge to a limit (corresponding to a steady-state
filter) for a subset of the parameter space which is much larger
than that corresponding to bona fide stochastic systems. More
surprisingly, in the complement of this subset, the filtering
equations behave in both a regular and an unpredictable man-
ner, representative of some of the basic aspects of chaotic
dynamics. This interesting dynamical behavior occurs already
for one-dimensional filters, and we give a complete phase por-
trait in this case.

1. INTRODUCTION

IVEN a (scalar) stationary stochastic process { y,; t € Z}
with an n-dimensional minimal stochastic realization

(1.1)

(where {v,, w,} is white noise and prime denotes transpose),
it is well known that the Kalman filter

fz+1 =Fx, + k,(y, - hlfx)

Xeo1 = Fx, + v,
y=hx+w,

=0 (1.2)
depends only on the covariance data of { y,} and is independ-
ent of the particular choice of realization (1.1) [6], [8].

More specifically, the gain sequence { k,} is given by
k,= (1 - kT,h) (g - FI,h) (1.3)

where g:= E{x,,,»,} and {II,} is the solution of the
discrete-time matrix Riccati equation

N,,, = FII,F + (g - FIL,h)(1 — k'TL,h)""
(g - FIL,hY; T, =0.

(1.4)

(This is the invariant Riccati equation of stochastic realiza-
tion, with IT,:= E{%,%,} the covariance of the state esti-
mate.)
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Convergence of (1.4), and hence (1.3), is well understood
in the classical case when the parameters (F, g, k) corre-
spond to a stochastic system (1.1), but it has been an impor-
tant open problem to understand precisely for what other
parameter values (1.3) will converge to a steady-state value.
In the classical case, corresponding, for example, to com-
plete knowledge of the correlation coefficients

¢;=E{y, .y} i=0,1,2," (1.5)

of the stationary stochastic process, the parameters (F, g, h)
can be determined from the spectral density

3

®(z) =co+ ez +277)
i=1
of {y,}. Assuming, as we shall throughout this paper, that
¢o = E{ y}} = 1, these parameters are obtained as a realiza-
tion of the positive real part

&, (z)=1/2+r(zA-F)'g (1.6)

of ®(z). The matrix function ¢, being positive real ensures
that (F, g, h) corresponds to a stochastic system, or equiva-
lently that the Toeplitz matrices

G € R
¢ G R P

L=1. . - (1.7)
¢ G T Co

are positive definite for all ¢. Under these conditions, as
t = o, the gain sequence {k,} tends to a limit kX, and the
steady-state Kalman filter is identical to the realization (1.1)
with the smallest state covariance P_. . Likewise, IT, > P_. .
Moreover, for such classical parameters it is known that the
conditions

1-HI,h=0 (1.8a)
1-KI,h=0=g-FI,h=0 (1.8b)

hold for all # = 0 and, conversely, that if (1.8) holds for all
t >0, then the parameters correspond to a positive real
function (1.6). )
However, as pointed out in lectures by Kalman, positivity
is not necessary for convergence of the filter, raising the very
interesting question of characterizing those values of the
parameters (F, g, h) for which (1.3) will converge, leading
both to a more complete theoretical understanding of the
Kalman filter and to the potential development of ‘‘condition-
ing numbers’’ for the numerical analysis of filtering prob-
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lems. Understanding of the dynamics of (1.3) or (1.4) is also
crucial, since one typically will only have estimates of the
{c;}, and not only questions concerning convergence, but
also broader issues such as sensitivity to initial data, become
important in applications of the Kalman filter.

This question has also arisen in the study of the fast
algorithm

-1
koo = (U= (WD) Tk~ (KRR ko=g
-1
ki = U= (Wi [FRE - (REDK]: kE=g
(1.9)

for Kalman filtering, due to Lindquist [15]. Indeed, some
““chaotic’’ behavior has been observed when this algorithm
has been used with parameters (F, g, h) estimated from
statistical data. As is suggested by our present results, this is
because the sequence (1.5) has lost its positive real property.
The fast algorithm (1.9) can be reformulated so that all the
parameter dependence enters in the initial conditions and
none of the parameters (F, g, h) enters in the recursions
themselves [16], thereby reducing the convergence question
to one of studying the sensitivity in the initial conditions of a
nonlinear dynamical system and to one of determining for
which initial conditions there is convergence to a limit point.

For this reason, and because of its intimate connection
with spectral factorization, the Kalman filtering algorithm
(1.9) allows for a systems theoretic interpretation of the
convergence of the Riccati equation (1.4) for nonclassical
parameter data, e.g., for initial conditions of the reformu-
lated fast algorithm for which (1.8) holds only for ¢ < T but
not at time 7T + 1. As we observe (see Remarks 3.11 and
4.6), this situation is a point at which the continuous-time
case and the discrete-time case differ in a substantial manner,
not in the methods which underlie the analysis of the respec-
tive dynamics but rather in the conclusions which we can
draw from this analysis. Indeed, our analysis of (1.4) or (1.9)
uses a variant of the power method initiated by Vaughan
[26], which is the discrete-time analog of Riccati’s
‘‘state—costate’’ representation of the Riccati equation (cf.
Remark 4.5). It is here, however, that the analogy ends.
Consider, for example, a nonclassical choice of parameters
as above, where (1.8) is satisfied only in a finite-time interval
[0, T). In the continuous-time case, it is well known that for
some finite T the trajectory of the Riccati differential equa-
tion will escape. This can happen as well for the discrete-time
Riccati equation (1.4), e.g., when (1.8b) is violated in the
sense that

1-RWMh=0, g-FIh#0

However, for nonclassical initial conditions we show that
solutions of the fast algorithm can also

1) evolve in unbounded, complicated excursions; or

2) exhibit periodic behavior of every period, p = 3 (which
reduces to p = 2 for the Riccati equation); or

3) converge to a classical limit.

The situations 1)-2) are of course reminiscent of some of
the features of chaotic dynamics. We have, however, re-
frained from describing these dynamics as being chaotic since
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a spectral factorization interpretation implies the existence of
certain invariants of motion (see Section III) and therefore
these dynamics cannot be topologically or measure-theoreti-
cally transitive (as required in some definitions of chaos [7];
see, however, Remark 3.12). On the other hand, 3) is
particularly interesting from a systems-theoretic perspective,
since convergence to a classical limit occurs when the Riccati
equation has lost its variational interpretation, i.e., when
(1.8) is violated. Among the results we prove is a general
necessary condition for 3) to occur, expressed in terms of
spectral factorization. For the one-dimensional case, this is
also sufficient, and there is reason to believe that it is true in
general (see [5]). As a matter of fact, our preliminary
analysis in the higher dimensional case has shown that the
Riccati equation admits for more complicated dynamic behav-
ior than the fast algorithms which are lower dimensional,
essentially focusing on computing the n-vector II, A rather
than the n X n symmetric matrix II,. This relative simplicity
in dimensions n > 1 is one reason our basic analysis begins
with the fast algorithm, but there are other reasons as well. In
particular, using the fast algorithm, one can give a systems-
theoretic interpretation of the classical limit of a trajectory
with a nonclassical initial condition in terms of spectral
factorization and stochastic realizations (see Remarks 3.6 and
4.4).

In order to keep the paper reasonably self-contained and to
fix notation, in Section II we present preliminaries on fast
filtering algorithms, positive real conditions, and some classi-
cal convergence results for Kalman filtering. We begin Sec-
tion III by stating some results for scalar output systems of
arbitrary dimension. In particular, for the fast filtering algo-
rithms, we describe some invariants of motion, a characteri-
zation of the equilibrium set and necessary conditions for
convergence to a classical limit. For any p = 3, we claim the
existence of initial conditions, of course not satisfying these
necessary conditions, which are periodic of period p. More-
over, we also assert the existence of initial data which are
arbitrarily close to these periodic points and which have
unbounded trajectories, defined for all positive times. Taken
together, these results prove that the fast filtering equations
are sensitive to initial conditions, in the region of initial data
for which there is not convergence to a classical limit.

As we have remarked, convergence is related to a spectral
factorization problem; viz. the factorization of a pseudopoly-
nomial canonically associated to the initial data. Based on this
pseudopolynomial and its sign definiteness we can give a
complete phase portrait for the case of one-dimensional sys-
tem. In particular, we find that convergence occurs exactly
when the pseudopolynomial is sign definite, although not
necessarily positive real, on the unit circle. This also turns
out to correspond (in the present one-dimensional case) to the
condition that the pseudopolynomial has real roots. When this
does not occur, the existence of periodic orbits or unbounded
excursions depends on whether the phase of such a root is, or
is not, a rational multiple of =, yielding what we feel is a
surprisingly rich phase portrait in the discrete-time case.

In Section IV, we discuss the ramifications of this phase
portrait for the dynamics of the Riccati equation (1.4), which




BYRNES e al.: PREDICTABILITY AND UNPREDICTABILITY IN KALMAN FILTERING 565

depends also on the pseudopolynomial introduced in Section
II. Of course, each of the corresponding Riccati equations
has a measure zero set of initial conditions which escape in
finite time. We show that, depending on the phase of the root
of this pseudopolynomial, we either have, for initial data
which does not escape, convergence, periodic orbits of some
period p (all periods p = 2 are possible), or every orbit
being dense. While the first two conclusions are immediate
from Vaughan’s method, a precise determination of the pe-
riod and a proof of density require a more refined analysis.
Moreover, our interpretation of convergence in the nonclassi-
cal case reposes on analysis of the fast filtering algorithm.
Section V contains the proofs of our main theorems, provid-
ing an analysis of the dynamics via power methods, as well
as an explanation of the similarities and differences between
the continuous-time and discrete-time cases. In particular,
since the continuous-time dynamics either converge or escape
in finite time in any dimension, the perhaps plausible expecta-
tion that the one-dimensional discrete-time Riccati equation
would perhaps behave more like a two-dimensional continu-
ous-time Riccati equation does not explain the presence of
both predictable and rather unpredictable dynamical behavior
of the discrete-time Kalman filter—a point to which we
return in our conclusions, summarized in Section VI.

II. PRELIMINARIES

In this section, we review some relevant facts about the
fast algorithms [15]-[17] for Kalman filtering and their rela-
tionship to the Szegd polynomials orthogonal on the unit
circle [1], [10], [12], the Levinson algorithm [14], positive
realness, and classical convergence results.

A version of these algorithms will be our basic tool for
analyzing the dynamics of the Kalman filter. The n-dimen-
sional Kalman filter can be characterized by 2n parameters
and, as we shall see, the fast algorithm can be interpreted as
a recursion in the parameter space R2", generating a se-
quence of Kalman filters. This naturally brings in questions
of positive realness and convergence.

Given a stationary stochastic system (1.1), we have

E{xp1 ¥} = F*ig (2.1)
where g:= E{x,y,}. From this we obtain the realization
ck=WFlg;  k=1,2,--- (2.2)

for the covariance sequence {1, ¢, c,, -} of the output
process {¥o, Y2, V3, *°° }; for normalization we take ¢, =
1. Now, {c,} being a covariance sequence requires that

for k = j

®,(z) =3+ W(A-F) g (2.3)
is positive real, i.e., satisfies the Popov condition
®,(z) +®,(1/2) >0  ontheunitcircle (2.4)

and the condition that F is a stability matrix, having all its
zeros inside the unit circle.

Another criterion for positive realness of ® ,(z) is testing
that all Toeplitz matrices {7,, ¢ = 0,1,2, - - } are positive
definite. The study of such Toeplitz forms lead to the Szegd

polynomials {¢,(2), ¢|(2), ¥2(2), "
monic polynomial

}, a sequence of

o) =2"+ o 2"+ -+, (2.5)
which are orthogonal on the unit circle. The Szegd polynomi-
als are determined from the sequence {c,,c;,¢;, """}
through the polynomial recursions

e+1(2) = 2¢,(2) — v,0(2); eo(z) =1 (2.6)
e*41(2) = ‘Pf(z) veze(2); 05(z) =1
where {v4, v, 72, * * * } are the Schur parameters
1 t
= 7 z_: t, i~ kChk+1 (2'7)

and {ry, r,, r,, - -+ } are given by the recursion

g1 = (1 - (2.8)

It can be shown that there is a one-to-one correspondence
between the subsequences {1, ¢, ¢,,"*-, ¢} and {v,,
Yis-e->¥e—qy forall £=1,2,3,--+, and that

T,>06 |y, | <1 fork=0,1,2,--,1~1. (2.9)

(See [11, [10], [24].) Consequently, in our analysis the
covariance sequence {c,} can be replaced by the sequence
{,} of Schur parameters, and ¢ (z) is positive real if and
only if all Schur parameters are less than one in modulus, a
test that still is infinite but simpler than testing {7,}. As we
shall see, the fast algorithm serves as a finite dimensional but
nonlinear realization of the Schur sequence.

The recursions (2.6)~(2.8) are equivalent to the Levinson
algorithm [14]. To see this, note that the two recursions
(2.6) are equivalent, { ¢} being the reversed polynomials

(2.10)

The connection between Szegd’s polynomials and least-
squares prediction is well known [12]. In fact, if
{¥Yo» ¥1» Y2, "+ } is a stationary purely nondeterministic
stochastic process with zero mean and covariance sequence
{1,c,,¢c5,¢3, "}, cxi= E{¥,¥,, 4}, then the linear least-
squares estimate of y, given { y,, ¥,,* -, ¥,_} is given by

o= C @no (2'11)

where {¢,,} are the coefficients of the ¢: th Szegd polyno-
mial. Moreover, the orthogonality of {¢,} on the unit circle
is equivalent to the orthogonality of the innovation process

{7}

'Ytz)rz; r0=1-

ef(2)=euz' o, 27+ £

—OnYi-r — P¥i2 —

*Feudo (2'12)
E{£n}. More specifically, we

Ve=yi ==yt enyit+
in the inner product (£, 9) =

have

E{§. 35} = ribis (2.13)

where {r,} are given by (2.8).

To apply this theory to Kalman filtering, we assume that
the stochastic process { ¥o, ¥1, ¥,, *** } is the output of the
stochastic system (1.1) and that, consequently, the covariance
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sequence {c,, ¢,, c3, **- } is given by the finite-dimensional
realization (2.2). The Kalman filter is a recursion updating
the linear least-squares estimate X%, of x, given
{Yos »15* 7> ¥4} Since { Fo, $1,-++, J,_,} is an orthogo-

nal basis of Y,_,:= span{y,, ¥,,* ", ¥,_1}
-1
= 3 —E{%,5:} 7. (2.14)
k=0 Ty

However, the components of (x, — %,) are orthogonal to
Y,_,, and therefore (2.14) can be written

t—1
X = Z

) (2.15)

—E{x, 5} Ji-
Ty

Moreover, E{x,, ¥} = FE{x,5,} for k =0,1,-++, ¢t —
1, and y, = y, — b’ %,, because w, and v, are orthogonal to
Y,_, which is contained in the past space of the stochastic
system (1.1). Therefore (2.15) yields the Kalman filter

= FR +k(y,—K2); %=0 (2.16)

where the gain

1
k= ’—E{xt+15't} (2'17)

t
is expressed in a form useful for our purposes. From (2.17)
we can derive the Riccati equation (1.3) and (1.4), but here
we shall take a different route.
This brings us to the fast algorithms. In view of (2.1),
(2.10), and (2.12), the gain (2.17) may be written

1
h=;wwm.

t

(2.18)

This is the key observation that allows us to
sions (2.6). In fact, defining

use the recur-

1
k¥:= 7¢,(F)g (2.19)
t
it follows from (2.6) and (2.8) that
ki1 = 1_72(k1_71Fk:‘); ko=2¢
! (2.20)
k;k+l= 2(Fk;k_71kr); k;)l‘:g'

-

It remains to eliminate the Schur parameters {v,}. However,
inserting (2.2) into the defining relation (2.7), we obtain

v, = Ik (2.21)

and hence we have a nonlinear realization of the Schur
sequence. The system (2.20) with (2.21) inserted in place of
v, is the fast algorithm (1.9) first presented in [15]. It
requires only 27 equations to solve for the gain sequence
{k,} instead of the $n(n + 1) equations of the matrix Riccati
equation.

Next, following [16], we shall carry this reduction one step
further. First, we shall strip the recursions (2.20) of its
parameter dependence so that the parameters (F, g, h) occur
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only in the initial conditions. To this end, choose the canoni-
cal form

-a 1 0 0

-a, 0 1 0 é
F= Lo R h=1.1 (2.22)

-a,_; 0 0 1 O

-a, 0 0 0
in terms of which we may write

F=J~-ak (2.23)

where a is the column vector (a,, @,," -+, a,) and J is the

obvious shift matrix. [Consequently, the Kalman filter can be
characterized by the 2 n parameters (a, g)]. Then, observing
that Fk} = Jk¥ — v,a, the change of variables

q:=k,+a
o L% (2.24)
q,:= k t
yields the following “‘stripped’” version of (2.20):
1
qH|=Tj7ﬂm—wJ#% 4G=g+a
L (2.25)
G =0 -va);  ar=¢
-~ Y

where vy, = (g}),, the first component of gF. Therefore, in
view of (2.8), the polynomials

Q,(z) = rt[zn + (qr)lznul + - +(q!)n]
[QT(Z) Srf(@) e O
satisfy the same recursions
Qt+l(z) = Qr(z) - 7tzQ;k(z)
{Q:a.(z) _ o) -medn) O

as those of the Szegd polynomials (2.6), except that the initial
conditions are such that Q, and QF have constant degrees n
and n — 1, respectively. From (2.27) it is not hard to see
that the functions

“[ed)e (™) - @H(2)QH=] = Dz, 27
(2.28)

are invariant for £ = 0, 1,2, - -+ . The equations (2.28) pro-
vide n first integrals for the system (2.25) and in [16] these
integrals are used to obtain an algorithm consisting of only n
equations for determining the Kalman gain sequence k,.
Such reduction will play an important role in the following
sections.

It is not hard to see (cf. [16]) that (1/r,)Q,(2) is the
stable characteristic polynomial of the matrix F — kA’ in
the Kalman filter

X = (F— k,h'))?, + k., (2‘29)
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and that (g, g*) tends to a limit (g,,0) as ¢ — oo, corre-
sponding to the steady-state Kalman filter. Moreover

1 5(2)
&, (2) =2+ —2
" 2 Q(z) - Q3(z)
It readily follows from the invariance (2.28) and the positiv-
ity of the parameters {ry,r,,r,,r;, -} that if ® (2)

satisfies the Popov condition (2.4), then so do the rational
functions

(2.30)

1 7(z)

-t — (2.31

2 ¥ 000 - 0o )
for all £ =0,1,2,3, - . Therefore, since Q,(z) is stable

and the covariance structure of the stochastic system (1.1) is
determined by the 2n parameters (a, g), each step in the
recursion (2.25) defines another stochastic system with a:=
q,— qf and g:= gq/.

It should be noted that the subset of the 2 n-dimensional
parameter space corresponding to ®_ (z) being positive real,
i.e., (1.1) being a bona fide (forward) stochastic system, is
bounded and simply connected [4]. As an example we may
consider the case n = 1. Then, setting z = e, the Popov
condition (2.3)-(2.4) becomes (after multiplication by | z +
al?)

1+a®+2ag+2(a+g)cosf >0 forallfel0,27),

ie.,
(1-la+g|)>e> (2.32a)
Likewise, the stability condition may be written
ja| < 1. (2.32b)
Using new coordinates
a=a+g
{7 Ze (2.33)

(2.32)-(2.33) defines the positive real diamond-shaped re-
gion in Fig. 1.
Moreover, in the case n = 1, y, = g is the Schur param-

eter. Therefore, setting «,:= q,, the fast algorithm (2.25)
becomes

oy
Uy = 2
1-v
2.34
Ve ( )
Yeer = T ¥
t

Starting with a bona fide stochastic system, i.e., a pair
(@, vo) inside the diamond, the recursion (2.34) will gener-
ate a sequence («,,vy,), each point of which belongs to the
diamond and hence corresponds to a stochastic system, con-

verging to (., 0), which corresponds to the steady-state
Kalman filter
X = —anX 4+ (e — a)y,. (2.35)

The basic question to be addressed in this paper is what

Fig. 1.

happens if the fast filtering algorithm has initial conditions
outside the positive real region.

III. MAN ResuLTs CONCERNING THE DYNAMICS OF THE
FAST ALGORITHM
To be precise, we need some notations and definitions
which we shall, however, give only for open subsets of R
rather that the more general case of topological spaces. Let
U C R™ be an open subset and consider a continuous map

f:U->U (3.1)
defining a discrete-time dynamical system via
x,0=f(x,) xoeU. (3.1

The forward trajectory
O(xy) ={x;t=1,2,3,---}

is called the orbit of x,. Thus ©(x,) is finite if and only if
X, lies on a periodic orbit in which case we say that x, is a
periodic point of period n, where n is the smallest nonnega-
tive integer such that f"(x,) = x,. The dynamical system
(3.1) is said to be sensitive to initial data provided that for
any x,€ U, and, for all § > 0 and all neighborhoods V of
X, there exists xj € V and n such that
/7 (x5) = £ (x0)|| > 6. (3.2)
Remark 3.1: The existence of periodic points of arbitrar-
ily high period and sensitivity to initial data are two of the
principal manifestations of chaotic dynamics. Many authors
(see, e.g., [7]) also require some kind of transitivity or
irreducibility, in either a topological or a measure-theoretic
sense. For example, the dynamical system (3.1 is said to be
topologically transitive if for any two open subsets V,, V,
C U there exists an n = 0 such that f*(V,)NV, # &.
Thus, if (3.1) has a dense orbit, then (3.1") is topologically
transitive. As it turns out, the fast algorithms for Kalman
filtering, as well as the discrete-time Riccati equation, do
exhibit periodic behavior of every period p, p = 3or p = 2,
respectively, and sensitivity to initial conditions. As we shall
see, the dynamical system (2.25) is not, however, topologi-
cally transitive, and for this reason, we have refrained from
claiming that the filtering algorithm exhibits chaos, although
there is still no uniform agreement on what actually consti-
tutes chaotic dynamics.
The fast algorithms for Kalman filtering fail to be topologi-
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cally transitive because they possess symmetries and have
conserved quantities, i.e., integrals of motion. For example,
the dynamical system (2.25) is invariant under the transfor-
mation

(¢2.9%) ~ (a,-q%). (3.3)

Moreover, comparing coefficients of (z° + z~°) in (2.28) we
obtain n + 1 equations in 2n variables, which after dividing
by the equation corresponding to i = 0 yields » invariant
rational quantities

h:(q, g*) = constant.

(3.4)

Theorem 3.2: The common level sets of the functions
hiq, g%, i=1,2,--, n, are invariant under the dynamical
system (2.25); (2.25) is also invariant under the transforma-
tion (3.3). In particular, the dynamical system (2.25) is not
topologically transitive.

Proof: Consider the vector function A: R” — R” with
h;,, i=1,2,---, n, as components. Choose any two open
subsets U,, V, intersecting image(h) disjointly. Then, U =
h=Y(U,), V = h~ (V) are two disjoint open subsets of R2”,
sothat f/(UYN V = ¢ forall tel. O

The invariants (3.4) can also be interpreted in terms of
spectral factorization. In fact, defining the polynomials

L1oda) - 01(2)]

r

~e2) + 0i(2)]

a,(z) =

(3.5)
bt(z) =

(2.28) may be written
ra2)b(z7") + a(z7")b,(2)] =2D(z,2z7") (3.6)

or equivalently

b,(z) b,(z™") _ d(z,z7") (3.7)

2a,(z) 2a,(z7") B a,(z)a,(z“)
where d/(z,z7") = r;'D(z,z7"). Now, if the pseudo-
polynomial D(z, z~') is sign definite, i.e., D(z, 2z ') is

either nonnegative or nonpositive for all z on the unit circle,
then so is

d(z,z7") =a (2)b(z7") + a(z7")b,(z) (3.8)

for all # along the trajectory of the dynamical system (2.25).
Then, modulo sign, (3.7) is a spectral density. In particular,
the rational function

b,(z)
2a,(z)

is positive real if and only if d, is positive, and a,(z) is
stable, i.e., a Schur polynomial. Then, of course, b,(z) is
also stable [6], {8].

Theorem 3.3:

1) The equilibrium set of the dynamical system (2.25)
consists of all points having the form (q,,0). A necessary
condition for convergence of (g,, g¥) to an equilibrium is

®.(2) =

(3.9)
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sign definiteness of the pseudopolynomial D(z, z7!) defined
in (3.28) and computed, for example, from (g,, gg). In this
case, Q.(z) is a spectral factor of r_D(z, z™ ).

2) The domain of attraction of the stable equilibria (q,,, 0)
contains the ‘‘positive real systems,’’ i.e., those initial data
(4o, g3) for which D(z, z7!) is positive and the polynomial
ay(z) is a Schur polynomial. In this case, Q,(z) is a Schur
polynomial for all t =0,1,2,--, and Q,(z) is a stable
spectral factor of 7, D(z, 27 ').

3) The sign indefinite region consisting of those (g,, g¢)
for which D(z, z7') is not sign definite contains invariant
submanifolds on which there are infinitely many periodic
points of any period p, p = 3, and on which the restricted
dynamics is sensitive to initial data.

Remark 3.5: This theorem, which we shall prove in
Section V, gives a partial answer, in the case studied above,
to the question posed in [11]. The natural conjecture extend-
ing 2), that the dimension of the stable manifold of an
equilibrium (g, 0) is equal to the number (counted with
multiplicity) of roots of Q,(z) inside the unit disk, has just
been proven in [5]. Finally, simulations indicate that the
invariant submanifold referred to in 3) is in fact an invariant
open subset, and we expect to have more to say about this for
n > 1 in a future paper. A procedure for spectral factoriza-
tion based on principles akin to those in [15], [16], and hence
to those used here, can be found in [9]. O

We now illustrate the use of the integral invariants derived
in Theorem 3.2 by giving a complete description of the phase
portrait of (3.25) in the case n = 1. Then, as already pointed
out in Section II, g} = v, and, with a,:= ¢, (3.25) takes the
form

@
Appy = 2
1 —x;
.y (3.10)
Ye+1 = 1_—73

Moreover, (2.28) becomes
’t[(z + O‘t)(z-l + at) - 712] = D(z, zhl) (3'11)

from which the sign definite region can be determined. In
fact

D(e?, e ™) =1+ a2~ v3 + 2a5c0s8 (3.12)

which is nonnegative in regions I, III, and IV in Fig. 2,
nonpositive in region II, and sign indefinite in the ‘‘white
corridors’’ which we shall refer to as the sign indefinite
corridors. Each of the sign definite regions has been divided
into two, one marked in Fig. 2 with index +, the other with
—. We shall see that Theorem 3.2 implies that an orbit
which starts in a plus (minus) region must remain in the
union of plus (minus) regions.
If ay # 0, the invariant (3.11) yields two equations which
after elimination of r, yield
1+af -9 =—q
K

(3.13)

where « is a constant. According to Theorem 3.2, an initial
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Fig. 2.

Fig. 3.

condition (ay, v,) lying on the hyperbola (3.13) gives rise to
an orbit lying on (3.13). Fig. 3 depicts these hyperbolas for
k = 1/2and « = 2. In general, hyperbolas for which «? < 1
lie in the sign definite regions, those for which k2 > 1 lie in
the sign indefinite corridors, and when 2 = 1, they degener-
ate to form the boundary between the sign definite and sign
indefinite regions. Theorem 3.2 also states that the system
(3.10) is invariant under the transformation («, y) = («a, —
¥). If @y =0 and |vy,| # 1, corresponding to the case
k = 0, (3.10) converges to (0, 0) in just one iteration. This
corresponds to the occurrence of invariant directions in the
related Riccati equation, as explained in [16] and further
developed in [23]. If |y,| = 1, there is finite escape.

Theorem 3.2,1) asserts that sign definiteness is a necessary
condition for convergence. In Section V, we shall show that
it is sufficient. Among the results we prove are the following.

Theorem 3.5:

a) Suppose 0 < k2 < 1. The hyperbola (3.13) contains
two equilibria (@, ,0), where o, =1 F V1 —«?)/«.
Here («,,0) is a stable equilibrium, («_, 0) is an unstable
equilibrium and all other initial data (g, y,) on this hyper-
bola give rise to an orbit which either converge to (a ., 0) or
escape to infinity after finitely many iterations.

1) In the first case, initial data lying in regions IV (IV _)
give rise to trajectories for which | e, | increases monotoni-
cally until (o, ,,4,) jumps to region Il (IIL_). For any

point (g, v,) in region I, (III_), (&, v,) jumps to region
II, (I_), and in turn, any point (o, v,) in region II, (II_)
jumps to I, (I_) with | ;| > | a|. For any initial condi-
tion (o, yg) in region I (I_), («,, 7,) converges to (o, 0)
with | &, | monotonically increasing to | o |.

2) («,, 7,) escapes after finitely many iterations only if
(ag, o) lies in regions IV or IV_. There is a unique pair
of points (af”, + v§”?) which escape after / iterations [given
explicitly in (5.13)] and the sequences (af’, = vy{”) con-
verge, monotone decreasing in | af’| to (a_, 0).

b) When «2 = 1, the invariant manifold (3.13) degener-
ates to the two boundary lines, passing through («, 0), be-
tween the sign definite and sign indefinite regions. There is
one equilibrium (a, 0):= («, 0) and it is stable. Other initial
conditions (a,v,) give rise to an orbit which either con-
verges to (a , 0) in the manner described in point 1) above,
or escapes in finite time. In the latter case the statement of
point 2) holds except that «_= «,.

Remark 3.6: As we have just seen, each point (o, v) in
the diamond of Fig. 1 corresponds to a positive real function

1z+b
v(z)

2z+a

with @ = ag — vy, and b = ay + 7,, and vice versa. We
have shown that each such point with «, # O lies on a
hyperbola containing two equilibria, («,,0) and («_, 0) for
the dynamical system (3.10). With initial condition (g, v),
(o, v,) tends to (., 0) in forward time (Theorem 3.5) and
to (a_, 0) in backward time (Section V). Since, 7, = «, /e,
an immediate consequence of (3.10) and (2.8), it follows
therefore from (3.11) that

2 (a7 +ay)

D(z,z7")

i

and consequently (3.7) implies that

a (z+a)(z7' +ay)
a, (z+a)(z " +a)

v(z) + v(1/2) (3.14a)

L%

ap (z+a)(z7' +a)
i P (3.14b)

yielding the two stable minimal spectral factors, W, and
W _, respectively, of the spectral density (3.14). When o, =
0, («,,7,) tends in one step (in forward time) to (0, 0) but
escapes in backward time, so that only one spectral factor is
produced. This is in agreement with the fact that D(z, 2~ D
=1 — v is degree zero in this case.

What is then the systems-theoretic meaning of the conver-
gence from points in the other shaded regions in Fig. 2 or
Fig. 3? The points (g, o) in regions III and IV [region II]
correspond precisely to the functions for which v(1/z) is
positive real [negative real]. In fact, the positive real function
3(z):= v(1/z) is represented by the point (&,¥) in the
diamond where &:= «/ab and y:= y/ab, located on the
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same hyperbola. (Note that @b = af — v = 1). Again v(2)
satisfies (3.14), but now the spectral factors, W + and w_,
are antistable, corresponding to backward stochastic realiza-
tions [18], [19]. In particular, w , is the transfer function of
a backward steady-state Kalman filter, just as W, is that of a
forward one. The negative regions II are just transitional for
the dynamical system, being visited only once when «,
jumps over infinity. 0O

In Section V, we give explicit expressions for the points
which escape in finite time, both for the cases of Theorem
3.5 and wheh 1 < «? < oo. In continuous-time filtering (cf.
Remark 3.11 and Section V) it is of course the case that
whenever the ‘‘positive real’”’ condition is violated, finite
escape time occurs. We recall from Section II that the Popov
criterion implies that only initial data in the diamond-shaped
region I_, I, correspond to positive real systems, yet Theo-
rem 3.5 implies that the initial data in the shaded region
which do not escape in finite time have trajectories which
actually converge. This is in sharp contrast to the con-
tinuous-time case, a contrast which persists for the Riccati
equation (see Section IV). Moreover, while convergence is
unexpectedly admirable, nonpathological behavior in a non-
classical setting, the ‘‘the white corridors’’ of Fig. 2 support
much more exotic dynamic behavior.

Theorem 3.7: Let « be such that | < x? < oo. Then one
of two alternatives hold:

1) arctan Vk? — 1 € @ in which case every initial condi-
tion on (3.13) either escapes in finite timeg or is a periodic
point of period p, where

1

— arctan V2 — 1 =27r, (g.p) =1
2 p
if Kk < —1and
1 q
E{W—arctan\/:cz—l}=-7r, (¢.p)=1

if x > 1. Moreover, if p is odd, there are precisely 2(p — 1)
points which escape, and these escape two each at times
1,-++, p— 1, and, if p is even, there are (p — 2) points
escaping two each at times 1,2, -+, p /2 — 1. (This includes
the case k> = oo when all points have period four excepting
two initial conditions which escape in one step.)

2) arctan V& — 1 and 7 are rationally independent, in
which case any initial condition on (3.13) has a dense orbit or
escapes in finite time. The set of points which escape is a
countable dense subset of the hyperbola, having a dense
complement.

There are several interesting corollaries to Theorem 3.5
and 3.7. The first asserts that in the sign indefinite corridor,
the dynamics (3.10) can be highly regular.

Corollary 3.8: In the sign indefinite corridors the dynami-
cal system (3.10) has a dense set of periodic points. More-
over (3.10) has infinitely many periodic points of any period
p, p = 3. More explicitly, for arctan V2 — 1 €@ there
are two cases. If k < —1, then periodic orbits exist of every
period p = 4. For « > 1, periodic orbits exist of every
period p = 3, except p = 6.
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Corollary 3.9: In the sign indefinite corridors the dynami-
cal system (3.10) has an uncountable dense set of points
which escape in finite time and an uncountable dense set of
points which generate an unbounded orbit.

Corollaries 3.8 and 3.9 taken together assert that (3.10)
exhibits highly unpredictable behavior in the sign indefinite
corridors.

Corollary 3.10: In the sign indefinite corridors the dy-
namical system (3.10) exhibits sensitive dependence on initial
data.

Proof: For any initial condition (agy,). either (g, v,)
escapes in finite time, generates a dense set of first coordi-
nates «,, or is periodic. In the first two cases, any neighbor-
hood V of (g, v,) contains a periodic point {eoy, o) so that
for all & there exists an 7 such that

£ (etos ¥0) — S (g, v6) || > 8.

If the third alternative holds, then in any neighborhood V' of
(@g, 7o) there is a (ap, yo) generating dense set of first
coordinates o, so that for all 6 > O there exists an n such
that the inequality above holds. O

Remark 3.11: In continuous time the fast algorithms for
Kalman filtering in one dimension take the form

li

which admits the integral invariant H(a, y) = o — v2. Fig.
4 depicts the integral curves of this system and the set I of
initial data corresponding to a positive real system. It is an
elementary (and well known) calculation that finite escape
time occurs for any initial data lying outside of region I, in
sharp contrast to the phase portrait in discrete time described
by Theorems 3.5-3.7. In the next section, we illustrate these
distinctions in terms of Kalman filtering and Riccati equa-
tions. |

Remark 3.12: Our analysis of the fast filtering algorithm
evolving on the hyperbola (3.13) is essentially equivalent to
an analysis of a parameterized nonlinear system

o =fk, a,)

(3.15)
v

(3.16)
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in one dimension. The somewhat exotic variation of the
behavior of (3.16) with the parameter « is perhaps reminis-
cent of the chaos exhibited by the dynamical system

a,,, =Kka,—ka?, 0O0=k=<4

(3.17)

modeled by a quadratic map on the interval [0, 1] into itself,
especially after period doubling has subsided, i.e., for k >
3.45 - -+, and before the onset of chaos. In this range, there
are stable periodic points of arbitrarily high-order periods,
and for certain parameter values there also exist dynamics
with dense orbits as well as dynamics having a Cantor-like
set as an attractor. The differences between the dynamical
behavior of the parameter dependent systems (3.16) and
(3.17) are reflected in two features. First, for those values of
x for which (3.16) has periodic points, a finite number of
points escape in finite time, and the rest are all periodic.
Arbitrarily close to such a « there exists x’ such that for
(3.16) every orbit is dense (or escape in finite time). In
contrast, there are values of « for which (3.17) has periodic
orbits, which are stable and so persist under small perturba-
tions of «. In this sense (3.16) is always more sensitive to
initial data. On the other hand, only two possibilities exist for
(3.16), viz. either critically stable periodic points or all orbits
dense, and it is not possible to have a more elaborate
attractor. However, for k = 4 the system (3.17) is known [7]
to exhibit all three kinds of behavior simultaneously, thereby
being chaotic in the sense of [7] (see also Remark 3.1).

IV. A DiscussioN oF CONSEQUENCES FOR
DiscreTe-TIME RiccaTi EQUATIONS
AND KALMAN FILTERING

Periodic, quasiperiodic, as well as more classical conver-
gent behavior for the ‘‘power method”” models of quite
general discrete-time Riccati equations, and consequently, for
such Riccati equations themselves, has been known at an
abstract geometric level for some time (see [2], [22]). One of
the new consequences of our analysis of the fast algorithms
for Kalman filtering is that on the one hand some fairly exotic
behavior exists not only for general mathematical anomalies
but even for Riccati equations arising in Kalman filtering. As
we shall see, whereas in continuous time it is well known that
Riccati equations always have finite escape time in the ab-
sence of the appropriate positive real conditions, this is not
the case in discrete time. Moreover, not only will there exist
(for arbitrary dimensions) both periodic behavior and sensi-
tivity to initial data when the positive real conditions are
violated, but convergence to a classical limit may also occur.
The system-theoretic interpretation of this unanticipated
event, which does not have a continuous-time analog, is
provided by an analysis of the corresponding fast filtering
algorithms. In fact, writing the Riccati equation (1.4) in the
form

m,,-1,= A(H,)
where A: R"*" » R"*" is defined as
A(P) = FPF' — P

+(g - FPh)(1 ~ W Ph)™'(g — FPh) (4.2)

@4.1)

the structure of the fast filtering algorithms is reflected in the
fact that the initial condition I, = O renders A(Ily) = gg’
nonnegative definite and low rank, a property which, as
explained in Section II, is preserved along the trajectory so
that

A(,) =r.qfq (4.3)
(cf. [15], [16]). Therefore, to study the fast algorithms for
Kalman filtering is to study a particular part of the phase
portrait of the Riccati equation. Nevertheless, as we shall see
in this paper for the case n = 1, the phase portraits of the
fast algorithms provide a conceptual framework for under-
standing the complete picture, not only the part related to
filtering. Here, we will confine our discussion to the one-di-
mensional case, where a good deal of interesting phenomena
already occurs and where we have a complete phase portrait.

Consider the one-dimensional stochastic system

{xr+1= —ax, + v, (4.4)

Y. =x,+tw

where {v,, w,} is white noise, and the system is in steady
state so that {x,, y,} are jointly stationary processes. As
before, we assume that E{y?} = 1. Then the linear least

squares estimate X, of x, given the observations
{¥0, 1, *** Y,_,} is determined, for £ =0,1,2,---, by
the Kalman filter
R = —ak + k(v - %); £=0. (4.5
Here, the gain sequence {k,} is given by
Yo + ar
k= — (4.6)
1—-m,

where v4:= E{y,y,} and {=,} is the solution of the discrete
Riccati equation

(vo + a”t)z .

=4 =
M1 =@ T, + H my = 0.

(4.7)
1 -

Clearly, the Kalman filter depends only on the two parame-
ters (4, v,), but if they are to come from a stochastic system,
only certain pairs (a,vy,) are allowed, namely, precisely
those for which the point (g, v¢), with

(4.8)

belongs to the open diamond-shaped region in Fig. 1 derived
from the Popov criterion. It follows from well-known results
in Kalman filtering theory that, for (o, 7,) in this region,
the solution of the Riccati equation converges to a limit =,
which is identical to p,, the minimum solution of the
algebraic Riccati equation A(p) = 0.

In terms of the fast filtering algorithm (3.10), the solution
of the Riccati equation (4.7) is

ag:=a+ vy

a -«
T, = -+ 0 (4.9)

Qy
and the Kalman filter

X1 = —o % + (o, — g + vo) ¥ (4.10)
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can be readily computed from (3.10). The Kalman filter can
clearly be defined for any pair (e, v,), and understanding
the dynamic behavior of the filtering algorithms for (e, v,)
not generated by an underlying stochastic system is important
for understanding problems created by inaccurate parameter
estimates.

It follows from Theorem 3.5 that the convergent region of
the («ay, 7¢)-plane is much larger than the subset (depicted in
Fig. 1) for which the stochastic system interpretation holds.
In fact, the subset {(ay, vo): |« | < 1} is the shaded region
in Fig. 2 and consequently (excluding a subset of the (a, v)-
plane of measure zero for which there is finite escape time)
the Kalman filter makes sense as long as its initial conditions
lie in the shaded region, and it will converge to a steady-state
Kalman filter which has a proper stochastic interpretation. In
fact, in finite time, in a manner described in Theorem 3.5,
(a,,7,) will lie in diamond of Fig. 1 and will stay there.
Hence, even if the original, ‘‘misaligned’’ parameters did not
correspond to a stochastic system, in a finite number of steps
the system will remarkably evolve to a system which has
such an interpretation provided the initial data lies in the
shaded region. However, if (e, v,) lies in the white corri-
dors of Fig. 2, the Kalman filter will behave erratically and
there will be no convergence to a steady-state Kalman filter.

These interesting properties of the fast filtering algorithm
carries over to the Riccati equation (4.7) via (4.9). This is
immediate if 7, = O (as in Kalman filtering), but the follow-
ing theorem is stated for an arbitrary initial condition .
First, however, we note that the Riccati equation (4.7) may
be written

o(7,)

o1 M= 7 - (4.11)
t
where ¢ is the polynomial
o
V’(P)=P2—2(1— T°)p+73, (4.12)
and « is the constant
2a
K= s (4.13)
1+ a5 — v

appearing in the integral relation (3.13).

Theorem 4.1: Consider the Riccati equation correspond-
ing to (g, v¢), and let « be defined by (4.13). Then, there is
finite escape only if ¢(m,) = 0, and then only for =, in a
subset of the real line of measure zero. For all other =

1) {=,} converges if and only if |« | < 1. The zeros
P,,p_ of ¢ are equilibrium points, and 7, ~> p,<p_
except when 7, = p_.

2) {w,} is periodic if and only if 1 < | x| < oo and

n
arctan V2 — 1 = i

for some n, deZ (Here we take arctan (o) = 7/2). If n
and d are coprime, the period is d.
3) {x,} is dense on the real line if and only if || > 1
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and

arctan Vk2 — 1 ¢ Q.

Moreover, for each fixed =, the subset of points (a,, v,)
for which there is finite escape is of measure zero. Also, for
each d =2,3,4,--- there are infinitely many parameter
pairs (o, 7o) such that all trajectories of the Riccati equation
are periodic of period d.

Corollary 4.2: If, in the dynamical system (3.10), (g, 7o)
is periodic with period p then the trajectories of the corre-
sponding Riccati equation have period p if p is odd and
period p/2 if p is even.

Corollary 4.3: If ¢(wy) = 0, the orbit {(a,, v,)} of (&,
Yo)» where &y:= ay/(1 — ) and ¥oi= V| e(7,)| /

(1 — m,), under the dynamical system

o = al
+1 = 1= ’Ytz
o ~a,‘y; (4.14)
1 -
belongs to the integral curve (3.13), i.e.,
14+ a?—92=2a,/« (4.15)
and {=,} is given by
m=1-a,/a,. (4.16)

If o(my) <0, the orbit {(&,,%,)} of (&,,7,) under the
dynamical system

o,

Qg1 = )

1+,
oy, (4.17)

Y41 = 1+ ’Yz

t

belongs to the integral curve

L+ o] + v/ =2a,/« (4.18)

and {w,} is given by (4.16). The second case only occurs if
|«| = L.

This corollary can be understood from the fact that if
¢(my) = 0 then o(7,) = 0 for all positive ¢ so that (4.11)
may be written

4.19)

where r,;:= 1 — =, for some sequence {v,} which turns out
to be identical to the one in the corollary. We can retain these
formulas in the case when ¢(7,) < 0 by merely exchanging
{v,} formally by the sequence {iv,} on the imaginary axis.
The integral curves of the Corollary 4.2 are illustrated in Fig.
5 for | k| < 1. In this case, there are two sets of curves,
corresponding to (4.15) and (4.18), respectively, whereas
when |« | > 1 only the white corridor hyperbolas occur.
Remark 4.4: The dynamical system (4.17) has an impor-
tant interpretation in stochastic realization theory, specifi-
cally, in terms of the procedure described in [18, p. 383]. In
fact, the class of stochastic systems (4.4) having a fixed
prescribed pair (o, v,) of parameters in the diamond of Fig.

a2
M1 — T =T
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1, and hence the same Kalman filter, can be parameterized by
their covariances wy:= E{x,xg}: they are precisely all =,
on the closed interval [ p,, p_]. There is a two-dimensional
normalized white noise {u,, with (E{u,u’} = I6,,) such that

w, b b b, b
[v,] = [d]u, where [d} = [ré/z 0 ] (4.20)

and where ry:= 1 ~ m,. Now, defining (&, ¥,) by
Fo=(1-m) b, +a

(4.21)
_ —12
Yo = (1 —m) ! b,

the realization with covariance 7, has white noise intensity

MR
dlx oy 1 0

where we have used index k to remind ourselves that this is
not time. In particular b, = O corresponds precisely to the
equilibrium points p, and p_. d

Remark 4.5: Since the Riccati equation (4.7) can be
expressed in terms of iterating a simple Mdbius transforma-
tion

(4.22)

(=)t s (.7)
Tie1 = 1-— T, .

there are of course some very direct methods for verifying
Theorem 4.1, which are especially simple in the one-dimen-
sional case. By the fundamental theorem of projective geome-
try (see e.g., [3]) any Mdbius transformation has a realiza-
tion in two dimensions as a linear transformation acting on
lines through 0, very much the same as Riccati’s derivation
of the Riccati differential equation. In discrete-time filtering
and control, this state—costate representation of the Riccati
differential equation was discovered by Vaughan [26] and we
want to thank one of the referees for deriving Theorem 4.1,
1) and 2) via Vaughan’s method, which is also known in
numerical analysis as a ‘‘power method’’ (see, e.g., [2],
[22]). Since our proofs of Theorem 3.5 and 3.7 also use this
method and since it is in the methodology, rather than in the
corollaries of the analysis, that the discrete-time and the
continuous-time cases are similar, we derive those methods
in a form already appreciated in the 19th Century, but using
the more modern matrix notation. Suppose A is a2 X 2 real

matrix with entries a; o i, j = 1,2, and consider the differ-
ential or difference equations

2I1-403]
5]...=4[3].

Riccati noted that if the initial data [;g] and [;"] for
0

(4.23a) were collinear, then the solutions [;'] and [x']

Ye

(4.23a)

(4.23b)

remain collinear for all ¢, i.e., that linear differential equa-
tions propagate lines as lines. Therefore, there must be a
differential equation for the slope, m, = x,/y, which is
computed as a ‘‘Riccati equation’’:

. 2
m, = ay + (ay — a;,)m — am*.

And Riccati noted that any such equation could be solved as
the ratio of the components y, and x, of a state evolving
according to a linear differential equation. On the other hand,
if A is invertible, then (4.23b) propagates lines to lines, so
there must be a difference equation for the slope m,. Indeed

_ Gt dapm,
m, =

) (4.24)
a, +a,m,
Conversely, any Mobius transformation corresponds to a
matrix A and therefore Mobius iterations correspond to
matrix iterations A", acting on lines. Moreover, A and A,
define the same Mobius transformation over R or (®) if and
only if A, = pA for some nonzero p € R (or u € ). Note
that while (4.24) is undefined for some m

I~ Al (4.25)

is always defined. In other words, the linear model (4.25)
also contains the line with infinite slope, viz. / = span { (Z;) }

with v, = 0. This fact, coupled with linearity, makes this
‘“‘state—costate’’ representation of a Mobius transformation as
powerful as the state-costate representation of a Riccati
equation. One can now quite easily prove Theorem 4.1, 1)
and 2) by deriving a corresponding A, diagonalized either
over R or © and then computing the iterates of a ‘‘conjugate’”
Mobius transform (although some care needs to be taken to
see that (4.24) in the resulting division does not change the
period or cause finite escape to infinity). As we shall see in
Section V, Theorem 4.1, 3) and the more detailed discussion
in Corollary 3.8 involve some rather important results from
number theory. O

Remark 4.6: In Remark 4.5, we stressed the analogy
between the analysis of continuous-time and discrete-time
systems by state—costate methods. As Theorems 3.5, 3.7,
and 4.1 show, however, it is here that the analogy stops. In
Remark 3.11, we illustrated the well-known fact that for
initial data where the positive real condition is volated, the
solutions of the continuous-time Riccati equation always have
finite escape time. In discrete-time, under the same condi-
tions, some solutions (see Section V for an explicit parame-
terization) can escape in finite time. However, for parameters
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not satisfying the positive real conditions, solutions can also

1) evolve in unbounded, complicated excursions; or

2) exhibit periodic behavior; or

3) converge to a classical limit.

Why, then, is the discrete-time case different from the
continuous-time case? One possible answer would be the
conventional wisdom that discrete-time m-dimensional sys-
tems behave more like continuous-time (7 + 1)-dimensional
systems. However, in continuous time, the finite escape
behavior persists in higher dimensions. It is rather true for a
different, but somewhat simple reason involving the analo-
gous, but different, state-costate representations of continu-
ous-time and discrete-time Riccati equations discussed in
Remark 4.4. In discrete time, it is possible for the iterates
A"l of a line / to jump over the ‘‘infinite’’ line, or vertical
axis, say from right to left, without becoming infinite for
some 7, but for continuous time e’/ cannot cross the
infinite line without being infinite for some finite time, corre-
sponding of course to finite escape time for the continuous-
time Riccati equation. It is this difference that accounts for
the rich dynamical behavior of discrete-time filtering algo-
rithms, including the Riccati equation, for nonclassical initial
data. |

Let us conclude with another important point. We have
expressed the Kalman filter in terms of the invariant Riccati
equation (4.7), whereas it is more common to start from a
specific stochastic system (4.4) and use the Riccati equation

(ap, - bd')2
=a*p, — ———— + bb’ 4.26
pH—l a pl P; + dd/ ( )
in terms of the state error covariance
p, = E{(x, - %,)*}. (4.27)

At the price of somewhat more complicated formulas, we
could have carried out our analysis in this framework instead,
to obtain equivalent results to those of Theorem 4.1. Indeed,
the Riccati equations (4.7) and (4.26) are related through

P, =Do — 7r,=:1,b(7r,) (4'28)

so that, if the dynamical systems (4.7) and (4.26) are denoted
S and g, respectively, we have

YO f = g0y,

i.e., the dynamical systems are topologically conjugate [7].
In the state-costate formulation of Remark 4.5 this conjugacy
is reflected in the fact that the corresponding A-matrices are
similar modulo normalization.

Finally, we should stress that one of the reasons why we
prefer to work with the fast filtering algorithm and to analyze
the dynamics of the Riccati equation in terms of it is that all
the parameters enter only in the initial conditions and not in
the recursions themselves, thereby directly exhibiting the
underlying invariance.

V. ANALYSIS OF DYNAMICS

In this section, we give proofs of Theorems 3.3, 3.5, 3.7,
4.1, and their corollaries.
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Proof of Theorem 3.3:

1) If g and hence Q7(2), tends to zero as ¢ — o, then,
by (2.28)

Qx(2)Qu(27") = 7uD(2, 27"

and therefore D(z, z7') is sign definite, and Q_(z) is a
spectral factor as stated.

2) It was shown in [14] that if the initial data (g, g5)
satisfy the positive real condition, i.e., they correspond to an
underlying stochastic system so that the usual conditions for
Kalman filtering are satisfied, then ¢ tends to zero as
t = oo. Moreover, it is also shown in [16] that Q,(z) is
stable for all £ =0,1,2,..., and that the same is true for
Q(2).

3) It remains to show that the sign indefinite region con-
tains infinitely many periodic points of any period p, p = 3.
To this end, note that if only the first components of g, and
gg are nonzero, the system (2.25) reduces to the system
(3.10), and consequently the statement on this invariant
submanifold follows from Theorem 3.7. O

Recall that Theorem 3.5 is concerned with convergence of
the fast algorithm (3.10) for initial data in the sign definite
region of Fig. 2 (corresponding to hyperbolas (3.13) with
0 < k> < 1) and that Theorem 3.7 is concerned with peri-
odic behavior and unbounded excursions for initial data in the
“‘white corridors” of Fig. 2 (corresponding to hyperbolas
(3.13) with 1 < «? < o). Let us first discard the case k2 =
. Here, the orbit lies on the hyperbola y2 — &> = 1 on
which the first of equations (3.10) takes the form

-1
Qe = (O‘z)
which is periodic with period 2. On the other hand, the
second of equations (3.10) implies

Yew2 = TO V41 T Cp2Q 1Y = TV

so that each point (o, v,) is periodic with period 4.
Therefore, we can now limit our attention to x such that
0 < k% < . Using (3.13) to eliminate v, from the first of
equations (3.10), the dynamical system (3.10) projects under
the map («,y) — a to a dynamical system defined by a
Mobius transformation
K

(5.1)

X1 = 2 - o, .
Invoking either the fundamental theorem of projective geom-
etry or the power method, as reviewed in Section IV, we can
compute iterates of (5.1) via iteration of a linear transforma-
tion unique up to a multiplicative constant, on the space of
lines in R2. We chose the constant so that this transformation
is symplectic, i.e., we consider the dynamical system

] = Sl e

where of course o, = (v, /v,),. The characteristic roots
N, (x), A_(x) of the matrix

A(x) = [2{'( _(1)]

obey the root-locus (or bifurcation) plot as depicted in Fig. 6.
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K=00
A4(X)
A_(K) =1 _A4(%)
A _(K)
Fig. 6.

For 0 < k < 1 there are two roots A, (x), A_(«) satisfy-
ing A («)A_(x) =1 with A, (k) > A_(x). The situation
for 0 < —k <1 is similar with A_(x) and A, (x) inter-
charged. For |« | > 1 the roots A («) lie on the unit circle,
in fact

Ai(k) = e (5.2a)
where
] ={a.rctan\/x2—1 > 1 oo
- x — arctan V2 — 1 ifx < —1.

We are now prepared to prove Theorems 3.5 and 3.7, as well
as Theorem 4.1.

Proof of Theorem 3.5: Suppose 0 < k < 1, in which
case A(x) has eigenvalues M\ (k) with corresponding eigen-

vectors
9] ]

It is easy to check that the slopes
a, (k) =1/n. (k) =N_(x) and
a_(k) = 1/A_(k) = N, (x)

of the lines / :=span{v,} and /_:= span{v_}, respec-
tively, are the equilibria of (5.1). We shall see that o, (k) is
asymptotically stable and «_(«) is unstable.

For any veR?, there are real numbers 8, 3_ such that
v=_B,v,+pB_v_,andso

A(x) v =B Xov,+ B Nov_.
Since

span { A(x)'v} = span {B,v,+ B_(\_/\,)"v_}

we see that the line /,:= span {v} under iteration of A(k)
converges to /., which, in terms of slopes, implies that
a,— a,. Moreover, in v,,v_ coordinates the slope of
A, is

m, = (B_/B,)(A_/\,)

so that m,— 0, as ¢ — o monotonically. Therefore, the
phase portrait of (5.1) is as in Fig. 7.

For any initial condition to the right of o _, o, increases
monotonically until it jumps across infinity to the left of o,

$
o, o
Fig. 7.

corresponding to a line /, such that A(x)**'l, jumps across
the v, axis; then for i = 1, «,, ,; tends monotonically increas-
ing to «,. Those initial data o'” which jump to infinity at
step i are determined uniquely by the expression o =

v$? /v{? where
W 4l (5.3)
v$? 1| ’

In particular, any o lies to the right of «_ and an analysis
similar to the one given above in forward time shows that

al® = o as | = oo
monotonically decreasing.

Finally, we note that points «, lying to the right of o _
correspond to a pair of points (o, ¥o), (g, — vo) lying on
(3.13), and the evolution of (3.10) for such initial data on
(3.13) is determined by analyzing (5.1). The same remark
applies to those points lying to the left of « . Points lying
between o«_ and o, while initial data for monotonically
convergent trajectories of (5.1) do not correspond to points
(o, o) on hyperbolas (3.13) with 0 < ¥ < 1. (These points
correspond to the second case in Corollary 4.3. Also see
Remark 4.4.) The case —1 < x < O follows, mutatis mu-
tandis.

In view of (2.8), d/(z, z27"):=r;'D(z, z7") and
d,, (z, z7') have different signs if and only if |y,| > 1.
Therefore a point in region III must jump to the negative
region II in the next step and a point in region II to a positive
region, which, by monotonicity, must be I. (Visiting region
II corresponds to the only time at which (4.9) becomes
negative when =, , just has jumped over o temporarily
becoming smaller than ,). Also, a jump from IV to I in one
step is impossible since this would imply that |v,| < 1 for
all ¢ which, by Schur’s condition (2.9), is equivalent to
positive realness, i.e., to the initial condition being in I. By
the same condition, once it arrives in I, the sequence {(«,,
v,)} will stay there.

In the case k2 = 1, the hyperbola degenerates to a pair of
boundary lines (between the sign definite and sign indefinite
regions) through the unique equilibrium point (1,0) or |
(~1,0) depending on whether xk = 1 or k = —1. The ma-
trix A(1) has an eigenvalue N = 1 of (algebraic) multiplicity
2 but only one eigenvector v, = :] Then any veR? can
be represented v = B,v, + B,v, where v, is the principal
vector (generalized eigenvector) such that (A — A)v, = v,,
i.e., Av, = v, +v,. Then

A'v = (B, + Byt)vy + Byv,
and consequently
B,

l:= g A'v =sanu+——v}—>spanu ,
pan { } P! {1 31+32f2 {vi}
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i.e., @, = 1, monotonically as ¢ — co. In the same way, if
k = —1, a,— — 1 monotonically, when ¢ = oo,

Proof of Theorem 4.1: Consider the Riccati equation
(4.7) corresponding to an arbitrary pair («,, v,) of parame-
ters. Let {x,} be the orbit of =,. It is then straightforward to
show that

Qg

a, =

fort=1,2,3,--+  (5.4)

1 -,

is the orbit of &, = ay /(1 — m,) under the dynamical sys-
tem (5.1) where « is defined by (4.13) in terms of (o, v,)-
In fact, the dynamical systems (4.7) and (5.1) are topologi-
cally conjugate. This is manifested by the relation

1/aj
'Yg/c‘o

.

~1/aq ]
("‘(2) - 'Yg)/ao

1 -1 "2/« -1
o o] [1 o} } (5-5)

which says that the linear map A for the Méobius transforma-
tion (4.7'), the left member, is similar to the linear map A4 of
(5.1). Correspondingly, the dynamics of (4.7) is identical to
that of (5.1) described above. For |« | < 1 the equilibrium
points p, and p_ correspond to o, and «_, and now the
interval between o, and «_ in Fig. 7 is part of the phase
diagram. Initial points in this interval correspond to 7, such
that ¢(my) < 0, and such point cannot escape. Outside of
this interval, corresponding to ¢(m,) = 0 there is finite
escape for a set of points of measure zero.

If 1 < x < oo, the eigenvalues A, (x) are complex with
complex eigenvectors v_(x). If v is a real nonzero vector
then v can be expressed as

v =B, () (x) +B_(x)v_(x)

where 8, (k)= B_(x). As before
A(x)'v = B ()X, (k). (k) + B_(k)N_(x)v_(x)
=B, (x)ev (k) + B_(x)e "v_(k).

Since A(k)'v is real, the motion of the first component
determines the evolution of /,:= span {v} in R2.
According to Kronecker (see [13]), the subset

Sy = {e":te} c S

1 -1

o 0

is either finite, if 8, is rationally dependent on =, or dense if
0, is rationally independent from #. We are, of course,
taking a forward orbit, so that only terms such as e’’’
t=0,1,2, -+ occur in the v, (k) coefficient of A(x)'v.
On the other hand, /, intersects the unit circle in e (and
also in the antipodal point e®:*™) so that A(x)"/, intersects
the unit circle S! in

Sy, - ety = {ei+id: re 7).
In particular, the orbit of the slope o, of A(«x)‘ly is either

periodic or dense, according as to whether 6§, as defined in
(5.3) is a rational multiple of 7 or not. Furthermore, if
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6, = (n/d)w, then recalling that ” and e“®*™ are antipo-
dal points lying on the same line, we see that

A(x)r=1

for all /, and d is the smallest natural number with this
property provided (n,d) = 1, i.e., n and d are coprime.
Moreover, any d = 2 can occur.

We note that when |« | > 1, we always have ¢(7y) = 0
and cases 2) and 3) occur except for the measure zero set of
finite escape points, which we now describe. In the case

arctan Vk? — 1 ¢@m, the point which escapes at time i is
defined by o = v{" where

v |0 .
=A"" s i=
N 1

In particular, such points form a dense countable subset of
the hyperbola. In case arctan Vk? — 1 = nw/d, where
(n,d) =1, then a point escapes at time i if and only if
i=1,+,d-1. g

Proof of Theorem 3.7: We remark that in the case
k2> 1, the hyperbola (3.13) is a 2-1 “‘covering”” of the
a-axis, the trajectory «, of (5.1) initialized at a, correspond-
ing to two trajectories (a,, + v,) of (3.10) initialized at
(ctg, £ 7¥p) in accordance with Theorem 3.2. Thus, it con-
ceivably could occur that on the hyperbola containing (e, +
Yo) the pair of trajectories («,, + 7,) is dense while neither
trajectory is dense. However, this does not happen, as we see
by the change of coordinates

(5.6)

a=a-vy, b=a+y.

In the new coordinates, the hyperbola takes the form depicted
in Fig. 8 while a, itself evolves according to the Mdbius
iteration

a, -1
a,—-2A+1

(5.7)

Ay =

where A = 1/k. As before, this Mobius transformation cor-
responds to a linear transformation A, with matrix represen-

tation
CJr-2x 1
A“[ -1 1]

and characteristic polynomial

(5.8)

2 -25+2+ NM2s-2)

yielding the root-locus plot, as shown in Fig. 9, the right-half
corresponding to positive N and the left to negative A. In
particular, (5.5) has complex eigenvalues if and onmly if
| A <1, i.e., if and only if |« | > 1. Therefore, for |« |
> 1, the system (5.7) has either all periodic points or all
dense trajectories. Moreover, since each point on such a
hyperbola is in one-one correspondence to a point on the
a-axis, to say all trajectories of (5.7) are dense on the real
line is to say that all trajectories of (a,, v,) are dense on the
hyperbola containing the initial data, which is what we
wished to prove.

Another consequence of the 2-1 correspondence with the
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1/x

Fig. 8.

Fig. 9.

O O By

Fig. 10.

hyperbola to the «-axis is that, while o, might be periodic
with period d, (a,, 7,) could have period d or 2d. Since a,
has the same period as («,,7,), it therefore remains to
investigate the relationship between the periods of @, and «,.
To this end, first note that

A =1-4,

i.e., the root locus of (5.7) is obtained from that of (5.1) by
mirroring in the imaginary axis and then translating one step
to the right.

Fig. 10 depicts the parts of the root loci for which |« | >
1, and points A and B have the same «. Elementary
geometry shows that the corresponding angles 6, and w, are
related through the equation

o, = (x-6,)/2

where 6, is given by (5.2b). Now, if the period of (a,, v,),
and hence of a,, is p, i.e., w, = (g/p)7 with (g, p) = 1,
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then
6, = P 2q1r
p

and (p — 24, p) equals either 1 if p is odd, or 2 if p is
even. Consequently, the period d of «, is p if p is odd, and
p/2if p is even. From Fig. 10, we see that w, can take any
value on the interval (0, w/2), and therefore all periods
D = 3 are possible. However, it is not hard to see that, for
example, p = 3 can be achieved only for a positive « and
P = 6 only for a negative . Recalling that when «? > 1, the
hyperbola (3.13) is a 2-1 covering of the «-axis, the d — 1
points defined by (5.6) correspond to 2(d — 1) points lying
on the hyperbola and escaping to infinity, two each at times
t=1,-+-,d— 1. Since d = p when p isodd and p = 2k
when p is even, the corresponding statement of the theorem
follows. d

Proof of Corollary 3.8: In general, the possible peri-
ods which can be realized by a trajectory initialized on (3.13)
with x > 1 correspond to those natural numbers p for which
there exists a relatively prime natural number ¢, 1 < g < p,
satisfying

1 q 1
- < —7< —-T.

I557<3 (5.9)

For k¥ < —1 the possible periods p are characterized by the
existence of such a natural number satisfying in lieu of (5.9)
1

Oszws—w.

: (5.10)

It is clear that the second inequality is satisfied, by taking
g =1 for all p = 4. Conversely, for p = 1,2,3 no such ¢q
exists. Our analysis of the case x > 1 reposes on the follow-
ing number-theoretic lemma.

Lemma 5.1: For every integer p, p=3, and p # 6,
there exists an integer g, 1 < g < p such that (5.6) holds
and (p, g) = 1. Moreover, no such integer exists if p = 1,
2, or 6.

Proof: That no such integer exists for p = 1, 2, or 6 is
obvious. For 3<=p =<5 and 7 <p <9 the assertion is
clear. For p = 10, consider the inequality

[p/a) <g<2[p/4]

where for a rational number Xx,[x] denotes the greatest
integer less than or equal to x. Setting p = 4r +s5,0<s=<
3, we see that if g satisfies (5.11), then g satisfies (5.9).
According to Bertrand’s postulate [13], there exists a prime
number p’ for which ¢ = p’ satisfies (5.11). First, suppose
p =4r. Since p’ > r =2, p’ cannot be a prime factor of
P, so that setting g = p’ yields (p, @) = 1. Similarly, if
p = 4r + 2, then to say p’ divides p is to say p’ divides
2r + 1 which is impossible since p’ = r + 1. Therefore, if
q = p’, then (p, @) = 1. Next, consider the case p = 4r +
1. If p’ divides p, we must have p = dp’ with d =2 or
d = 3. Since p is odd, we must have p = 3p’. It is also
clear that p’ + 1 must satisfy (5.11), and, since p > 9, and
hence r > 2, p’ — 1 > r. Therefore, both p’ + 1 and p’ —

(5.11)
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1 satisfy (5.11). Since not both p’+ 1 and p’ — 1 are
divisible by 3 and neither are divisible by p’, (p, q) = 1 for
at least one choice, g = p’ *+ 1. Finally, suppose p = 4r +
3. Then, as above, to say (p, p) +# listosay p = 3p’isa
prime factorization. Again p’ + 1 satisfies (5.11) and p’ — 1
= r only if 7 = 0 and therefore p = 3. Since p = 10, we
see from (5.11) that at least in our case, ¢ = p’ + 1, satisfies
the conditions of the lemma. O

Proof of Corollary 4.2: If ¢(x,) = 0, there is a se-
quence {v,}, so far defined only upto sign, so that (4.19)
holds. Then inserting (4.16), which is obtained from (5.7),
into (4.19) we obtain the first of equations (4.14), where, for
simplicity, we drop the bar over «. Now eliminating «,, ,
between this equation and (5.1) yields the integral curve
(4.15). Finally, inserting 2a,,, /k = 1 + a,,,0,, obtained
from (5.1), into (4.15) at ¢ + 1 yields

o

2 _ 2 _ _ 2 .2
Yiv1 = °‘t+1(1 ) = QY

Qry
where, in the last equality, the first of equations (4.14) has
been used. Then fixing the sign of {y,} so that v,,, =
— o, 17, the second of equations (4.14) is established. The
analysis for the case ¢(7,) < O is analogous only exchang-
ing v, for iy,. Clearly, ¢( p) will take negative values if and
only if there are real roots, which occurs precisely when
|| < 1. O

V. CONCLUSION

In this paper, we initiated an analysis of the discrete-time
Kalman filter as a nonlinear dynamical system, stressing the
existence of both highly regular and unpredictable dynamical
behavior. Our analysis is motivated by a desire to understand
the asymptotic dependence of the Kalman filter on the param-
eters determining it, since in many situations of interest,
these parameters have to be estimated. For example, even in
Kalman filtering of systems in statistical steady state, the
filtering equations often rely on estimates of either covariance
data or noise intensities. And since such estimates may or
may not correspond to statistics generated by an underlying
stochastic system, it is important to understand the conver-
gence properties and the sensitivity to variation in parameters
of the Kalman filter, for arbitrary parameters. As is well
known, parameters corresponding to a stochastic system sat-
isfy various positivity constraints reflecting either positive
definiteness of the infinite covariance matrix or positive
realness of the corresponding modeling filter. On the other
hand, it has been known for some time that such positivity
conditions are not necessary for convergence of the Kalman
filter. In this paper, we identified a general necessary condi-
tion for convergence of the Kalman filter with given initial
data. In the case of a one-dimensional system, this is also
sufficient but we have shown that, much more surprisingly,
in the complement of this region of attraction, the Kalman
filter is extremely sensitive to initial data. Indeed, there exists
an uncountably infinite dense set of periodic points of each
period p, p =2, or 3 (depending on the algorithm), an
uncountable dense set of points having unbounded trajectories

and an uncountable dense set of initial data having finite
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escape time. In the one-dimensional case we are able, using
an analysis of Mobius transforms via ‘‘power methods,’’ to
give a complete phase portrait which is seemingly in sharp
contrast to phase portraits of the continuous-time Riccati
equation [20], [25], [27], suggesting that the discrete-time
case, in any dimension, is far more complicated than the
continuous-time case, even after the typical dimension reduc-
tion. In fact, using an imbedding technique we show that
these and several other dynamical properties persist for
Kalman filtering in arbitrary dimensions.
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