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Abstract— Partial stochastic realization of periodic processes
from finite covariance data leads to the circulant rational
covariance extension problem and bilateral ARMA models. In
this paper we present a convex optimization-based theory for
this problem that extends and modifies previous results by
Carli, Ferrante, Pavon and Picci on the AR solution, which
have been successfully applied to image processing of textures.
We expect that our present results will provide an enhancement
of these procedures.

I. INTRODUCTION

The rational covariance extension problem is an important
problem in systems and control with an extensive literature;
see, e.g., [2]-[7], [15], [17], [18], [21], [30] and references
therein. Among other things, it is the basic problem in
partial stochastic realization theory [3] and Toeplitz ma-
trix completion problems. Covariance extension for periodic
stochastic processes, on the other hand, leads to matrix
completion of Toeplitz matrices with circulant structure and
to partial stochastic realizations in the form of bilateral
ARMA models. This connects up to a rich realization theory
for reciprocal processes [22]-[25].

In [12] Carli, Ferrante, Pavon and Picci presented a
maximum-entropy approach to this circulant covariance ex-
tension problem, thereby providing a procedure for deter-
mining the unique bilateral AR model matching the covari-
ance sequence. However, recently it was discovered that the
circulant covariance extension can be recast in the context
of the optimization-based theory of moment problems with
rational measures developed in [1], [4], [5], [7]-[9], [11],
[19], [20] allowing for a complete parameterization of all
bilateral ARMA realizations, and a complete theory for the
scalar case was presented in [26]. The present paper provides
a first step in generalizing this theory to the multivariable
case.

The AR theory of [12] has been successfully applied to
image processing of textures [14], [31], and we anticipate
an enhancement of such methods by allowing for more
general ARMA realizations. As pointed out in [26] the
circulant rational convariance extension theory provides a
fast approximation procedure for solving the regular rational
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covariance extension problem, as it is based on fast Fourier
transforms (FFT), and in the present paper we shall provide
numerical evidence that this also holds in the multivariable
case.

The outline of the paper goes as follows. In Section II we
review the regular multivariable rational covariance extension
problem and harmonic analysis on the discrete unit circle.
Then in Section III we present our main result on the mul-
tivariable circulant rational covariance extension problem,
parametrizing the family of solutions, and in Section IV we
show how logarithmic moments can be used to determine the
best particular solution. Finally, in Section V we provide two
numerical examples demonstrating the power of circulant
covariance extension as a tool for approximation.

II. PRELIMINARIES
A. The multivariable rational covariance extension problem

We begin by reviewing basic results from [1] in the
formalism of [11]. Given a sequence Cpy,C1,...,C, in
C™>*™ (with Cy Hermitian symmetric) such that the block
Toeplitz matrix

c ¢ ¢ - C
¢ G CF o oy
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T,=|% @ @ (1)
C;n Cn.fl Cn‘72 C;o
is positive definite, find an infinite extension

Cn+1,Crnys,Chys, ... such that, the series expansion

()= Y Cre ™, C i =C, 2)
k=—oc0

converges for all § € [—m, 7] to a positive m x m spectral
density that takes the rational form

®(2) = P(2)Q(2)"". 3)

This is a moment problem since it follows from (2) that the
spectral density ® satisfies the moment conditions
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We stress that this paper is a first step in establishing a
complete theory for the multivariable case. For technical
reasons, we confine our ARMA models to those whose
transfer function has a matrix representation with a scalar
numerator polynomial. Thus, P is a symmetric trigonometric
polynomial of the form

/eikoq,(eio)dﬁ:% k=0,1,...,n. (4

Pe?)y = > pe™™ p_x=pr, )

k=—n



of degree at most n, whereas () is a symmetric trigonometric
m X m matrix polynomial

=" Qe ™, Qr=Q;. (6)

k=—n

Let &B(m ™) be the set of matrix polynomials (6) which are
positive definite for all § € [—m,«]. This is a convex cone,

the closure of which we shall denote ‘Bg_m’"). Now, defining
the trigonometric matrix polynomial

Y=Y Cre ™, Ch=Cf, (7)
k=—n
we have
(€, Q) = /” i {C(e")Q(e?)} 2~ Z w{CrQL}.
’ . 2w —

®)

IfQ e ‘B&m’"), then there is a stable spectral factor
A(z) = Ag2" + A2 M4 1 A, )

such that Q(z) = A(2)A(2)*

, and consequently

(C,Q) = / A A 9 _ AT, A,

o 2T

(10)
where A := (Ao, A1,..., Ay). Let @1’”7") be the interior of
the dual cone of all (7) such that

(C,Q) >0 forall Qe 9[3(’" ), (11)

This is an open convex cone. It follows from (10) that C' €
QS:n,n) if and only if T,, is positive definite.
Next, consider the optimization problem to maximize the

generalized entropy

Ip(®) = / P(e'?)log det @(eie)g

—T

(12)

over all ® that are positive definite on the unit circle subject
to the moment conditions (4).

Theorem 1 (Blomgqvist-Lindquist-Nagamune [1]): For
each (P,C) € ‘B(j’n) X Qim’n), the problem to maximize
(12) subject to the moment conditions (4) has a unique
solution <i) and it has the form

13)

where ) € &B(m " is the unique solution to the dual problem
to minimize

1p(Q) = il

i P(e") log det Q(e?) —

<C> Q> - o

(14)

over all Q € ‘13(7" ",
Consequently, a large subclass of all multivariable rational

covariance extensions, namely those for which ® takes the
form (3), are completely parameterized by the P € ‘433:’”).

B. Harmonic analysis in Zon and stationary periodic vector
processes

The discrete Fourier transform (DFT) F maps a finite
sequence g = {gk; k = —N +1,..., N} in C™, into a
sequence of complex m-vectors

N

G(¢) = Z gk({k> j=-N+1,-N+2,... N,
k=—N-+1

(15)

where (; := ¢/™/N . Here we have defined the discrete vari-

able ¢ taking the 2V values (;, j = —-N +1,...,0,...,N
and running counterclockwise on the discrete unit circle
Tax. In particular, we have ¢; = (¢1)7 and (_j = (. The
inverse DFT F~! is given by

k _
gr = 2N Z FG(¢), k=-N+1,-N+2,...,N,

—N+1
(16)

which can also be written as a Stieltjes integral
k=-N+1,-N+2,...,N,

gL = /
- (17)

where v is a step function with steps 75z at each (i; i.e.,

"G () dv(h),

_ Y e e ()
j=—N+1
With H being the DFT of {hy},
N 1 N
| > &b = IN > GGH(C )
J=—N+1 k=—N+1 (19)
= [ G()H(e") dv,

—T

which is Plancherel’s Theorem for DFT. From this we see
that

- ' _ N
(G, H) ::/ tr {G(e")H(e")*} dv = Z tr{g;h}}
o j=—N+1

(20)
is computed exactly as in (8) despite the change of measure
in the integral. Hence results such as (10) hold also with the
Stieltjes measure dv.

Occasionally we shall write the discrete Fourier transform
(15) in the matrix form

s = Fg, 21

where g = (G(<7N+1)T7 G(C*N+2)T7 R G(CN)T)Ts g =
(g_N_HT, g_N+2T, ey gNT)T and F is the nonsingular
2mN x 2mN block Vandermonde matrix

ANidm CRIm Crgalm
F=| "' Pl o G NIm (22)
N (NP N Im



Likewise, it follows from (16) that

1 . &
&=yt e
i.e., 77! corresponds to 3 F* Consequently, FF* =2N1,
and hence F~! = LF~ “and (F*)~! = ;LF.

Next consider be a zero-mean stationary m-dimensional
process {y(t)} defined on Zsgy; ie., a stationary process
defined on a finite interval [-N + 1, N]| of the integer line
Z and extended to all of Z as a periodic stationary process
with period 2N. Let C_n41,C_Ny2,...,Cn be the m X
m covariance lags Cj, := E{y(t + k)y(t)*}, and define its
discrete Fourier transformation

N
)= Y. Ok,
k

=—N+1

(23)

j=-N+1,....N, (24

which is a positive, Hermitian matrix-valued function of (.
Then, as seen from (16) and (17),

N

1
Cr = N 4 Z Cjkq)(CJ)

=—N+1

(25)
= / eMo(edy, k=-N+1,...,N.

The m X m matrix function ® is the spectral density of the

vector process y. In fact, let

N

9 = )

=—N+1

(26)

yt) ¢t k=—-N+1,...,N,

be the discrete Fourier transformation of the process y. Since
ﬁ ZiV:_NH(CkQ‘)t = 0j¢, the random variables (26) are
uncorrelated, and

S ELIG)IC)") = @Gk

This yields a spectral representation of y analogous to the

usual one, namely
0= [ i),

y(t QNZC

—N+1
where djj := (') dv.

27

(28)

C. Block-circulant matrices

Circulant block matrices are block Toeplitz matrices with
a special circulant structure

Ao Ay A1 - A

Aq Ao Ay oo Ao
Circ{Ag, Ay,... A} = A2 A Ao sy

/\.V Al/.—l Au‘—2 e A.0

where the block columns (or, equivalently, block rows)
are shifted cyclically, and where Ay, Ay,..., A, here are
taken to be complex matrices. In the multivariable circulant
rational covariance extension problem we consider Hermitian
circulant matrices

M = CiI‘C{Mo,M]_,M27 N 7MN7M;\}71; .. .,Ml*}, (29)

which can be represented in the form

N
M = Z Sk @ M, M_,=M;
k=—N+1

(30)

where ® is the Kronecker product and S is the nonsingular
2N x 2N cyclic shift matrix

0 1 0 0

0 0 1 0
Si= | o (31)

0o 0 0 O 1

1 0 0 0 O

The m x m pseudo-polynomial
N
M) = Y MJF M=M; (32
k=—N+1

is called the symbol of M. Let S be the 2mN x 2mN cyclic
shift matrix

0 Im 0 0
0 0 Im 0
S=5®I, : 33)
0 0 0 0 Im
Im 0 0 0 0
Clearly 82N =80 =1:=I,,,n, and
Sk+2N — S}’c7 SQN k — S~ k (Sk) (34)
Moreover,
SMS* =M (35)

is both necessary and sufficient for M to be circulant. With

g:= (g8-N41,8-n+2%-..,8N")", we have

[Sglk = k1, k€ Zan. (36)

Then, in view of (15), (F(g)(¢) = F(Sg)(¢), from which
we have

F(Mg)(C) = M(O)F(8)(C),

where the m x m matrix fuction M (¢) is the symbol (32) of
the circulant matrix M. An important property of circulant
block matrices is that they can be block-diagonalized by the
discrete Fourier transform. More precisely, it follows from
(37) that

(37

M = SoFtdiag(M(Cnan). o MC)F, G8)

where ’diag’ denotes block diagonal. Hence the inverse is

1 . _ _
M= ﬁF*dlag(M(g,NH) L M((N)TF,
(39
and, since
1
S = ﬁF d1ag(( Na1s- ..,(N)F
* * 1 —1 —1
S* = ﬁF d1ag(§7N+1,...,CN )F,
we have

SM™1S* =M.



Hence M~! is also a circulant block matrix with sym-
bol M(¢)~!. In general, in view of the circulant property
(30) and (34), quotients of symbols are themselves pseudo-
polynomials of degree at most N and hence symbols. More
generally, if A and B are circulant block matrices of the
same dimension with symbols A({) and B(() respectively,
then AB and A + B are circulant matrices with symbols
A(¢)B(¢) and A(C) + B((), respectively. In fact, the cir-
culant matrices of a fixed dimension form an algebra, and
the DFT is an algebra homomorphism of the set of circulant
matrices onto the pseudo-polynomials of degree at most [V
in the variable ¢ € Toy.

III. THE MULTIVARIABLE CIRCULANT RATIONAL
COVARIANCE EXTENSION PROBLEM

Given C := (Cy,C1,...,Cy) € Cim’") for some n < N,
find an m x m spectral density ® of the form (3) such that

/ eike(b(em)dl/zcka k=0,1,2,...,n. (40)

—T

It turns out that this yields an extension
C = / e edy, k=n+1,n+2,...,N (41)

—T

such that the banded Hermitian block-circulant matrix

C = Circ{Cy,C1,...,Cn,0,...,0,C%,....C;}  (42)

with symbol (7) is extended to a Hermitian block-circulant
matrix

3 = Circ{Cy, C1,Cs, ...,Cn,Cly_1,...,C3,CFY (43)

that is positive definite with symbol ®.

We now proceed to solve the multivariable circulant ratio-
nal covariance extension problem in terms of the symbols,
and then interpret the results in terms of matrices.

A. Circulant rational covariance extension in terms of sym-
bols
(m,n)

Define the cone B, (N) D ‘Bim’”) of m x m matrix-
valued trigonometric polynomials (6) such that

Q) >0 k=-N+1,-N+2,....N. (44)

Then "™ (N) > U™ (@2N) > I AN) > .- D

an’n), and the corresponding dual cones satisfy
™M (N) c e eN) c el UN) - c e
+ + + +
45
Theorem 2: Let C € lerm’n)(N). Then, for each P €
%g’”)(N), there is a unique Q € mim’”)(N) such that

o =pPQ! (46)

satisfies the moment conditions (40).
Theorem 2 follows from the following theorem, which also
provides an algorithm for computing the solution.

Theorem 3: For each (P,C) € ‘BS}’TL)(N) X @S_m’") (N),
the problem to maximize the functional

Ip(®) = i P(e") log det ®(e')dv (47)

—T
subject to the moment conditions (40) has a unique solution
®, and it has the form

b(2) = P(2)Q(2) ",

where Q € ‘Bim’") (N) is the unique solution to the dual
problem to minimize

(48)

Jp(Q) = (C,Q) — [ P(e)logdet Q(e")dv
over all Q € ‘Bsrm’n) (N).

The proofs of Theorems 2 and 3 follow the lines of [26]
and will be given in [27]. It can also be shown that the
moment map sending Q) € ‘Bg_m’n)(N) to C € Qfg_m’n) (N) is
a diffeomorphism.

(49)

B. Circulant rational covariance extension in terms of ma-
trices

Next we reformulate the optimization problems in terms
of circulant matrices. To this end, we define the circulant
matrix

1
X= ﬁF*diag(‘I’(C—NH)w-~»‘I’(CN))F (50)

with symbol (46) and the banded numerator matrix
1 .
P= ﬁF*dlag(Im(@P(C—NH)a---,Im®P(CN))F (1)

of degree at most n with symbol P({)I,,, where the scalar
pseudo-polynomial P is given by (5). It can also be shown
that

logX = %F*diag( log ®({—n+1)s---,log ®(¢n))F.
(52)
Therefore, since logdet ® = trlog @, the primal functional
(47) may be written

/ P(e'?)1log det ®(e*)dv

—T

N
1
=5y O w{P)lge(()}  ©3
j=—N+1
1
= —tr{PlogX
oy T{Plog X}
and the moment conditions (40) as
1
ﬁtr{SkE} =Cy, k=0,1,...,n, (54)
or, equivalently, as
E,'SE, =T,, whereE, = {ITS"} . (55)

Consequently, the primal problem amounts to maximizing
tr{Plog X} over all Hermitian, positive definite 2mN x
2mN block matrices subject to (54) or (55). This reduces



to the primal problem presented in [12] in the special case
P =1, except that in [12] there is an extra condition insuring
that X is circulant. However, in [13] it was shown that this
condition is automatically satisfied and is hence not needed.
Similarly the dual functional (49) can be written

/Tf C(e)Q(e) dv — /7T P(e') log det Q(e')dv “
- -7 ( )

1 1
= ﬁtf{CQ} - ﬁtr{PlOg Q},

where

Q= %F*diag(Q(C—Nﬂ)» ...,Q(N))F

and C is the banded circulant block matrix (42) formed from
Cy,C4,...,C,. Therefore, given C € €, (N), it follows
from Theorem 2 that, for each Hermitian, positive-definite
circulant block matrix P with symbol of the form P(()L,,,
where P is a pseudo-polynomial of degree at most n, there
is a unique X given by

(57)

>=Q 'P, (58)

where Q is the unique solution of the problem to minimize

1 1
Jr(Q) = ﬁtf{CQ} - ﬁtr{Plog Q} (59)
over all Hermitian, circulant block-banded matrices
Q = CirC{QO7Q17' . '7Qn50,' .- aoaQ:,aQ:l—lw . 7Q>]'f}

that are positive definite. For the maximum-entropy solution
corresponding to P = I this reduces to an optimization
problem that is different from the one presented in [12].

As observed in [12] the condition T',, > 0 is necessary, but
not a sufficient, for feasibility of the circulant block-banded
covariance extension problem. In the present setting we see
that the Toeplitz condition T,, > 0 is equivalent to C' €
Qim’n), whereas, by Theorem 2, C' € Cim’")(N ) is required
for feasibility. Since €™ (V) ¢ €™ it follows that the
Toeplitz condition cannot be sufficient in general. However,
as proved in [12], feasibility is achieved for a sufficiently
large N. This can also be seen by noting that the set {¢;; j =
—N +1,...,N} becomes dense on the unit circle as N —
00, and therefore P (N) — P,. Consequently, € (N) —
¢4, and the convergence is monotone in the sense of (45).
Therefore, since € is an open set, there is an Ny such that
any C' € €, will sooner or later end up in €, (NN) and
remain there as N > Nj increases.

IV. DETERMINING P FROM LOGARITHMIC MOMENTS

We have parameterized a large class of solutions to the
multivariable circulant rational covariance extension prob-
lem in a smooth manner by the numerator trigonometric
polynomials P € ‘)3(:’")(N ), or, equivalently, by their
corresponding banded circulant matrices P. Next, we show
how P can be determined from the logarithmic moments

Vi = / e log det @(eie)du, k=1,2,....,n. (60)

Such moments are known as cepstral coefficients in speech
processing. Let I'({) be the pseudo-polynomial

n

> ¢,

k=—n

L) = (61)
where v_r =%, k = 1,2,...,n and 7 is real.

Consider the problem of finding the spectral density &, or,
equivalently, the circulant block matrix 32, that maximizes
the entropy gain

U . 1
I(®) = / log det ®(e*)dv = Ty rlog (62)
subject to the two sets of moment conditions (40) and (60).
Such a problem was apparently first considered in the usual
trigonometric moment setting in an unpublished technical
report [29] and then, independently and in a more elaborate
form, in [6], [7], [15].

Setting up the Lagrangian a straightforward calculation

yields the dual problem to minimize

IPQ)=1(C.Q) - W P(e") log det Q(e”)dv
T 63)
—(I, P) +/ P(e%)1og P(e)dv,

over (P,Q) € ‘i?(j") (N) x ‘J’SSFm’n)(N), where q§$") (N) is
the bounded subset

BL(N) = {P e B (N) [ po =1}

of the cone ‘]33_1’") (N).

The following theorem is a multivariable version of The-
orem 8 in [26] and the proof is analogous.

Theorem 4: Suppose that C' € Qi_m’n)(N) and that
Y1,...,7n are complex numbers. Then there exists a so-
lution (P,Q) that minimizes J(P,Q) over all (P,Q) €

‘i?ﬁrl’")(N) X ‘Bim’")(N), and, for any such solution

(64)

o =PQ! (65)
satisfies the covariance moment conditions (40). If, in ad-
dition, P € ‘Bg’n)(N ), (65) also satisfies the logarithmic
moment conditions (60) and is an optimal solution of the
primal problem to maximize the entropy gain (62) given (40)
and (60). Then Q € ‘Bgf"’")(N ), and the solution is unique.
In fact, J is strictly convex on ‘:BS:’”)(N) X ‘BS:'L’”)(N).

Providled C € €, (N), minimizing J(P,Q) over all
(P,Q) € ‘ﬁg}n)(N) X ‘,Bs_m’") (N) will always pro-
duce a spectral density with the prescribed covariance
lags Cy,C1,...,Cy. If the moments Cy,Cq,...,C, and
Y1, ---,7n come from the same theoretical spectral density,
the optimal solution (65) will also match the cepstral coef-
ficients. In practice, however, they will be estimated from
different data sets, so there is no guarantee that P does
not end up on the boundary of ‘135:’”) (N) without satisfying
the logarithmic moment conditions. Then the problem needs
to be regularized, leading to adjusted values of ~y,...,7,
consistent with the covariances Cy, C4,...,C,.
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Fig. 1. Autoregressive 2 X 2 model, with order n = 8.

Such a regularization was proposed by P. Enqvist [15] in
the context of the usual rational covariance extension prob-
lem. The regularized dual problem to find a pair (P, Q) €

5 (N) x ™™ (N) minimizing

log P(e")dv

J,\(P,Q)zJ(P,Q)—)\/ (66)

for some A > 0 will always lead to a solution where P €
() (N). Indeed, (66) will take an infinite value for P €

8%$’")(N), since then P((;) = 0 for some k, and hence
the minimum will be in the interior. In circulant form (66)
becomes

I\NP,Q) = %tr{CQ} — %tr{I‘P}

1 1 A 67
+ ﬁtr{P logPQ™ '} — ﬁtr{log P},

where

T = = Fdiag(Ln ©T(C_y1), - In @ T(Cx))F. (68)

2N
Then both sets (40) and (60) of moments are matched
provided one adjusts the logarithmic moments 1, v2, ..., Vn

to 1 +€1,%2 + €2, .., Yn + €n, Where

_ " k6 A _ A al Ck
oo [ Mt ey 3w

o j=—N+1 (69)
A
= __tr{S*P~1}.
ol }
V. NUMERICAL EXAMPLES
Given a P € ‘Bg’n) and a sequence Cy,Cq,...,C,

of m x m covariance lags with a positive definite block
Toeplitz matrix (1), Theorem 1 states that there is a unique
Q < ‘Bi;m’”) such that ® := PQ~! satisfies the moment
conditions (4). As pointed out above, for a sufficiently large
N the sequence C' will also belong to the somewhat smaller

cone (’:im’n) (N), and then, by Theorem 2, there will be a

unique Qn € ‘Iiﬁrm’”)(N) such that &y := PQy" satisfies
(40). Next we shall give some numerical results illustrating
how & can be approximated by & for various values of N.

In our first example ¢ is a 2 x 2 spectral density cor-
responding to an AR process of order n = 8 with poles as
depicted in Fig. 1. Given the theoretical covariance sequence
Co,C1,...,C, from this ®, we solve the corresponding
circulant moment problem (40) for various values of N to

Fig. 2. Norm of the spectral estimation error for bilateral AR models with
N =16, 32,64.

05 o

-055

Fig. 3. ARMA 2 x 2 model, with order n = 6.

obtain a bilateral AR representation of order n = 8 with
spectral density ® 5. Fig. 2 illustrates the approximation error
[ ®(ei) — &(ei?)||5 for N = 16,32 and 64. It turns out that
there is no need to go for high values of N.

In the second example we start from a two-dimensional
ARMA process with a spectral density ® := PQ~!, where P
is a scalar pseudo-polynomial of degree three and () is a 2x 2
matrix-valued pseudo-polynomial of degree n = 6. Its zero
poles map is illustrated in Fig. 3. Given its covariance se-
quence Cy, C4, ..., C, and cepstral sequence v1, Y2, - - -, Vn,
we apply the combined covariance and cepstral procedure
described in Section IV to determine a pair (Py,Qy) for
n = 6 and a correponding bilateral ARMA model. For
comparison we also compute an bilateral AR approximation
with n = 12 fixing P = 1. As illustrated in Fig. 4 and
Fig. 5, the bilateral ARMA model of order n = 6 computed
for N = 32 outperforms the bilateral AR model with n = 12
which is obtained by fixing N = 64.

VI. CONCLUSIONS

In this paper we have taken a first step in generalizing the
scalar theory of rational circulant covariance extension given

Fig. 4. Comparison between a bilateral AR of order 12 for N = 64 and a
bilateral ARMA of order 6 for N = 32: norm of the approximation error.
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in [26] to the multivariable case. Proofs of the theorems will
be given in [27].
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