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Abstract. The notion of ak-convexA-support function for a toric variety
X (A)isintroduced. A criterion for a line bundleto generaté-jets onX is
giveninterms of thé-convexity of theA-support function);,. Equivalently

L is proved to be:-jet ample if and only if the restriction to each invariant
curve has degree at ledst
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Introduction

Let X be a non singular algebraic variety. The notionkgiet ampleness
has been introduced by Demailly to describe line bundleghose global
sections can have arbitrarily prescriblegets at every single point € X,
see [Dem]. Beltrametti and Sommese generalized it by considéfjats
supported on a finite number of points.

A line bundleL is said to bek-jet ample onX if for any collection ofr
points,(z1, - - - , z,), and anyr-tuple of positive integers, - - - , k;-), with
> ki =k + 1, the natural map

HYX,L)x X > L/(Leml @ .@mk)

is surjective wherem,,, denotes the maximal ideal & .
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Notice that0-jet ampleness is equivalent to being spanned by global
sections and-jet ampleness is equivalent to being very ample.

During the last years many resultsiofet ample line bundles on surfaces
have been established, [BeSok, EiLa,BaSz,BaDRSz]. Up to our knowledge
the study of-jets is still quite open for higher dimensional varieties, besides
few cases liké®” and Fano varieties [BeSok,BeDRS0].

In [Cox1] D. Cox has introduced “homogeneous coordinates” on a toric
variety X (A). For the points invariant under the torus action the situation
looks similar to the projective space case. We use this system of local co-
ordinates to give a description of the fibers of thth jet bundleJi (L) on
fixed points, see Sect. 2.

According to Oda and Demazure a line bundéllen X (A) is generated
by global sections (respectively very ample) if thesupport function)y,
is convex (respectively strictly conveXhis suggests to use a “higher con-
vexity” property foriyy, in the caseg > 2.

In Sect. 3 we introduce the notion okaconvexA-support functionwhich

for k£ = 0, 1 agrees with being convex and strongly convex.

The A-support function);, beingk-convex means that the polyhedréy,
associated td,, is big enough to choose points in it corresponding to sec-
tions with arbitrary prescribektjets. This translates to the property that the
intersection ofL with the invariant curves, associated to every edgg, is

This property can be thought as a generalization of the toric Nakai criterion
for ample line bundles.

A key step in the proof is the reduction to the case where the considered
points are invariant under the torus action. We are grateful to T. Ekedahl for
suggesting to use the Borel's fixed point theorem, and for pointing out the
sufficiency of the reduction argument.

Ourresult states that in order to check khet ampleness of aline bundle
L itis enough to have a bound on the intersectiorC, for all the invariant
curvesC'. This can be applied to the study of “local positivity”. In Sect. 6 we
report a series of results on blow-ups and higher adjoint bundles, which in
the toric case can be shown by means of a direct checking on intersections.
We also state an equivalent criterion fejet ampleness in terms of a bound
of the Seshadri consta#(tZ, ). This can be thought as a toric version of the
Seshadri criterion for ample line bundles, generalizefHjet ampleness.

In this paper we prove:

Let L be a line bundle on a non singular toric variefy(A), then the
following statements are equivalent:

— Lis k-jet ample;

— L-C > k, for anyT-invariant curveC', [Proposition 3.5];

— 1, is k-convex, [Theorem 4.2];

— the Seshadri constantL, z) > k for eachz € X, [Proposition 6.5].
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Notation

We will use standard notation in Algebraic Geometry. The groundfield will
always be the field of complex numbers.

When not state will always denote a smoothdimensional toric variety
andL a line bundle on it.

Cartier divisors, their associated line bundles and the invertible sheaves of
their holomorphic sections will be used with no distinction, as well as the
multiplicative and additive notation.

For basic notions on toric varieties we refer to [Fu, Oda, Ew] and for a nice
survey on the resent progress on toric geometry we refer to [Cox2].

1. Toric varieties

Let V be amn-dimensional lattice and\ = Ug; be a complete and regular
fan, meaning:

— supp(A) = Ng = N @ R and
— for every r-dimensional coner € A, there exists &-basis of Vg,
{p1,--+ ,pn}, such that the subsé¢p,,--- , p,} spanss.

We will denote byX = X (A) the associated non singulardimensional
toric variety and byA(t) the set oft-dimensional cones in.

Let M = Homgz(N,Z) be the dual lattice so tha is obtained by gluing
together the affine toric varieties, = Spec(C[g N M]), wheres = {v €
Mpg : (v,0) > 0}, ando € A.

Eachm € M canbe viewed as arational functigft : 7' = NC* — C*.
There is al — 1 correspondence betweerdimensional cones € A(r)
andT-invariant codimension subvarieties ofX, which will be denoted by
V(7).

Let D; = V(p;) be theT-invariant divisors corresponding to the one di-
mensional coneg; € A(1). The set{D;},,c (1) form a set of generators
for the Picard group oK and thus every line bundle can be written as:

L= Z CLZ'DZ'

pi€A(1)
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We will denote byP;, the associated convex polyhedron:
P; = {m € Mg : <m,pi> > *ai}

This gives a nice way of expressing the global sections:of

H'(Xx,L)= @ cam

mePrNM

Recently David Cox [Cox1], has introduced the notion of homogeneous
coordinates on a toric variety. There i$ & 1 correspondence between the
T-invariant divisorsD; and linear monomial&’; on X. The polynomial ring
associated to the toric variety is then defined as:

S = C[X; : pi € A(1)]

andthe grading is given by the group of divisors modulo rational equivalence,
Pic(X), i.e. two rationally equivalent divisor® and E are associated to
monomials¥p and X’z of the same degree.

Considering the exact sequence:

0= M — Dpecan)Z- Di — Pic(X) — 0

we associate to each € M adivisor)_(m, p;) D; = div(x™).
The global sections aof are generated by the monomials of the form

L A WY,

The notion of A-support function will be used constantly throughout this
paper:

Definition 1.1. [Oda, 2.1] A real valued functiorf : U,0; — R is a A-
linear support function if it isZ-valued onN N (U;o;) and it is linear on
eacho;.

This means that for eachthere existsn, € M such thatf(n) = (mq,n)
for n € ¢ and(m,,n) = (m,,n) whenr is a face ofs. To each divisoiL
we associate thé-support function);, defined by:

Yr(pi) == —a;
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2. k-jet bundles

Let D be the diagonal inX x X andp : X x X — X the projection
onto the first factor. Thé-th jet-bundle associated fois the vector bundle
associated to the sheaf:

p"L/p L ® I5

whereZp, is the ideal sheaf db. It is a vector bundle of rank"}™) whose
fiber is
Jp(L)y = Ly/ Ly ® mI;H

wherem” is thek-th tensor power of the maximal ideal,. For details on jet
bundles we refer the reader to [KuSp, Ch.I]. There are natural maps (defined
on the sheaf level):
i) L— Jk(L)
sending the germ of a sectionat a pointx € X to its k-th jet. For
k+n
s € HY(X,L) ix(s(x)) € @5 ) C s the (*+™)-tuple determined by

the coefficients of the terms of degree upktan the Taylor expansion of
aroundz.

So if (1, ,zp) are local coordinates aroung) = (0,0,---,0) and
s=3"c¢i i, [[z7 then
o otr

ik(s(xo)) = ( .. ’87551 R oz (5)7 e )|x:x0 = ( .. 7(Constan).0t17m7tﬂ . )

wheret; + - - - + ¢, < k. For example; (s(z)) consists in the constant and
linear terms. The following definition formalizes the property for a linear
series|L| on X to generaté:-jets on one or more points df. When more
points are considered is said to generate “simultaneous jets” at those
points.

Definition 2.1. Let Z = {z1,---,z,} be a finite collection of distinct
points onX. L is said to bek-jet ample onZ (or equivalently the linear
series|L| is said to generate alk-jets onZ) if for any r-tuple of positive
integers(k1, - - - , ky), such thaty"| k; = k + 1 the map:

H(X,L) - HY(L® (Ox/mk! @ - @mhr)) = @ H'(L ® Ox /mk)
=1

is surjective L is k-jet ample onX ifitis k-jet ample on each suck in X.
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Clearly from the definition:

— We can rewrite the map above as:

T

bR X L) = @k (L)
1

defined byzp?"”’k’“(s) = (g —1(8(x1)), -+ ig,—1(s(21))). We say
then thatl. is k-jet ample onX if the mapys* is surjective for any
Zandany(ky,--- ,ky) € Z7,suchthad_ k; = k + 1.

— L is0-jet ample if and only ifL is generated by its global sections;

— L is 1-jet ample if and only if using the sections ##°(X, L) we can

define an embedding: X — P and thusL is very ample.

Using the homogeneous coordinates introduced in the previous section the
k-jets at theT-invariant pointsz(c) = V(o) can be better described in
terms of the polyhedron associated/to

Leto = (p1, -, pn), Whereoc € A(n) andp; € A(1) are the one dimen-
sional cones generating The pointz (o), lies on the intersection of the
T-invariant divisorsD;, i = 1,--- ,n, i.e.,z(o) € NP (X; = 0). Then the
maximal ideal is generated by the linear monomial&’jn

My(o) = <X17 T 7Xn>

and thus
m];chl) = (HpcoXifti+ - +tn =k+1)

i.e. the generators are the monomials of “degrée+ 1” in the variables

Xy, -+, &, (here by degree we mean the sum of the powers of the variables,
i.e. the usual one).

EachX™, generator ofHO(X, L), can be written in the local coordinates
(X1, ,&,) asfollows. Fix{pi,- -, p,} as basis ofV and let{m, - - -,

my, } be the dual basis. In this coordinate systers= > " (m, p;)m; and the
germ of ™ atxz(o) is:

Xm‘x(a) = H Xi<m7pi>+ai
=1
Taking itsk-th jet means “killing” all the monomials of degreek + 1 in
the variablesty, - - - X,:

t1 128
WA (@(0))) = (5 S, e

wheret; 4+ --- 4+t < k.
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Example 2.2. Let N = Z? and A be the2-dimensional fan composed by
the following6 cones, and their edges:

=((0,1),(1,1)), o <(1 1),(1,0)), o3 = ((1,0), (0, -1))
04 <(0 _1)7( 17_1 >, = <(_17_ )7( )>7
06 = <( )7( ’ )>

X (A) is the equivariant blow up d#* in the3 fixed points, i.e. a Del Pezzo
surface of degree.

LetL=D1+ Dys+ D3+ Dys+ D5+ Dg = _KX(A)’ where thED;8 are
associated to the edges in the order given abover let/(0, 1), (1, 1)) and
let {m1,m2} be the basis dual t§(0,1), (1,1)}.

In this basisPy, is the convex hull of the points

{(07 1)7 (1’ 1)7 (17 O)v (_17 0)7 (_17 _1)7 (07 _1)}
and thus the generators B°(X, L) are

{1, X1, Xo, Xy X, Xf Xp, Xy X5, X AT}
Moreoverm? ) = (X1xp, A7, X3) and then
J1 (L)m(g) =CapCx; ¢ Cx;

Example 2.3. Let X = P", then A is the fan composed bfn + 1) n-
dimensional cones spanned by the+ 1) edges

—pi=(0,---,0, 1 ,0,--- ,0)fori=1,-,n

~~
i—th
— 1= (-1, =1)=—p1——py
LetDy,---, D, be the associateéb-invariant divisors and let. = D, +
o+ Dk - Opn(k').

Recall that the Picard group is generated by &ripvariant divisorD; and
thatD; = D, fori # j. So we can think of. as

L:tlDl+"'+tnDn; t1+"'+tn:k

Leto = (p1,- - pn), and fix the basigpi, - - - , p,} with dual {m,-- -,
my, }. Inthis basis the polyhedraf;, is the convex hall of thén + 1) points

{(_17 7_1)7(k7_17"' 7_]-)7"' 7(_17"'7_17k7_1)"' 7_]-)7
: 7(_17"' 7_17k)}

Then foranyn-tuplety, - - - , ¢, of positive integers such that | (¢t,4+1) < k
the lattice pointn = >} ¢t;m; € Pr, and any lattice point» € Py, can be
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written in this form. The situation stays the same if we consider another
o € A. It follows that

Jk(L)CE(U) = HO(X’ L)= @ (C(H Xiti)

t14-+t-<k 1

In particular if L = O(1) thenJ; (L) is trivial. This is in fact a characteri-
zation of the projective space, cf.[S0].

3. k-convex functions

In order to study positivity properties of line bundles Demazure and Oda
introduced the definition of convex and strictly conuésupport function.

Theorem 3.1. [Oda, Th. 2.13] A line bundld. on X is globally generated
(i.e.0-jet ample) if and only if);, is convex and it is very ample (i.&jet
ample) if and only ify, is strictly convex.

A natural way of generalizing such a criterion to higher jets is to introduce
a definition of “higher convexity”.

Definition 3.2. Lety be aA-linear support function with)(v) = (m, v)
for eachv C o € A. We will say that) is k-convexif for any o € A and

vg o
(me,v) > (v)+k

Confronting the notion of convex and strictly convex function, see [Oda], it
is clear that

— 1) is 0-convex if and only if it is convex;
— 1) is 1-convex if and only if it is strongly convex.

Remark 3.3.1t is clear from the definition that:

— If ¢ is k convex then it ig-convex for anyt < k;
— If ¢y ist1-convex and), isto-convex, therjyy +12) is (t1 +t2)-convex.

The meaning of convexity and strong convexity ofAasupport function
11, associated to a line bundlg is quite clear at least at the fixed points
xz(0) € X. If ¢ is convex then:

n

XM (w(o) = [ a0 #0

=1

If o= <p17 to apn> ando’ = <p0a P2, 7pn> then
n
e (u(o)) = L a0 0T < 0
=2
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in the cas€m,, p1) + a1 > 0, i.e.1)y, strictly convex. In other words i,
is convex then for each invariant point there is a non vanishing section, and
1, strictly convex implies that different invariant points can be separated.
The notion ofk-convexity generalizes the above property to more points
with possible multiplicities.

More geometrically a\-support function) is k-convex if for eaclr € A
the graph of the defining linear functigm,, ) is “very” high compared to
the graph ofy.
Recall that ify;, is convex then the polyhedrd®, is the convex hull of the
pointsm, in Mg. If ¢ is strictly convex then there is a correspondence
between the faces il and the set of non empty faces Bf (cf. [Oda,
2.12]). Any facel’ C Py, corresponds to

F* ={n € Ngr| <m,n >=¢r(n), foranym € F} € A
and any cone € A corresponds to
o" ={m e Mg| <m,n >=1r(n), foranyn € o} C Py,

Remark 3.4.By abuse of terminology for each= o;No; € A(n—1) we
will call the “length” of the associated edgé the integer

Z(T*) = ‘mUi - m0j|

Assumeyy, k-convex and letr; = (p1,- -, pn) andoj = (p2,- -+, pn+1)-
Then, using the basigm,,--- ,m,} dual to{p,---, p,}, we have that
Mg, = (—a1,- -+ ,—ap) andm,; = (—a1+1l;j, -, —ap), wherel; ; > k.

Then, being k-convex means that the “length” of the edges of the
polyhedron, corresponding to = o; N o3, is bigger or equal td. The
following Proposition formulates an equivalent criterion iof to be k-
convex in terms of the intersections of the dividomwith the T-invariant
rational curves associated to eack A(n — 1).

In fact the polyhedroi®;, having edges of “length” at leaktranslates to the
restriction of L to each curve, corresponding to such edges, having degree
at leastk.

This is in a way a generalization of the “toric Nakai criterion”, cfr. [Oda,
Th. 2.18].

Proposition 3.5. Let L be a line bundle on a smootirdimensional toric
variety X. Thenv, is k-convex if and only if the restrictiol |y, has
degree> k, for everyr € A(n — 1), i.e. Ly () = Opi(a) witha > k for
everyr € A(n —1).

Proof. LetT = opNo; and assume; = (7, n;) fori = 0, 1. Then, since we
are assumind( to be non singular, there exist&Zabasis(n;, na, - - - , ny,)
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and(n — 1) integers(ss, - - - , s,,) such that:

n—2

no—l—nl—ZSini:O
2

Write L = — )", ¢, (n;) D; whereDy, D, are theT-invariant divisors as-
sociated to the edges, n; andD; is the one associatedt,i = 2,--- , n.
then

- Dy-V(r)=Dy-V(r)=1
- Di~V(T>=—Sif0r’i=2,~~- ,n
— D; - V(1) = 0 otherwise

L-V(r)=>(=¢r(n))D; - V(1) =
= —r(no) — Yr(n) + 325 Yr(ni)si

= <m017n0> - "/}L(no)

It follows that L - V(7) > k for all 7 € A(n — 1) if and only if for any
o € Aand(p;,oc No') = ¢’ the inequality

(Mo, pj) —Yr(p;) > k

holds. In other word€. - V(1) > k if and only if the support functiomy, is
k-convex. O

Remark 3.6.If L is ak-jet ample line bundle then the restrictidny, () to
everyT € A(n — 1) is k-jet ample, i.e.Ly ;) = Opi(a) with a > k for
everyr € A(n — 1). Proposition 3.5 then implies that, is k-convex.

4. The main result

The main purpose of this paper is to prove the equivalence betiveen
jet ampleness of, and k-convexity of;,. In this section we show the
implication left to prove after 3.6, i.e., that; k-convex impliesL k-jet
ample. The following Lemma implies thatjf;, is k-convex, the polyhedron
Py, is “big enough” to choose points in it, corresponding to sections with an
arbitrary prescribed-jet.

Lemma 4.1. Let P, be the polyhedron associated foand assume)y, is

k-convex. Leb, - - - , o, be then-dimensional cones in\. Then for each
integer partition ' '
(t%a"'at}wt%f"vt%a"'vt;) Wheret;’ > 0, Z?:lt} = ki — 1 and

Y1 ki = k+ 1, and for anys; we can findn € Pr, such that

— (m,p) = —a; + t; forall p, C o;
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— (m, pj) > —a; +t} for all p; ¢ o; with equality only ift’ = 0

Proof. Fix o; = (p1,---,pn) for simplicity of notation and letr; =
{(p1s-++ P+~ pny 1) b€ then-cone so that; N oy = 7, = (p1,--- , g1,

-, pn). By 3.41(1]) > k. Choose the;-th lattice point next tan,, trav-
eling on7;" towardsm,,, i.e

. t
T = (=) = g, () (o, =)

in the basis dual tdp1, - -- , p,}, Wwhere(mgy,, p1) = —a; + 1, > —a; + k
by hypothesis. Traveling on theedges next ton,,, we get

n .
t
m = mUi + Z(i)(mm - moi)
=1

Rewriting it in the form
m=(1- Z(Z))mm + Z(E)mal
I=1 =1

it is clear thatm is a convex combination dfm,,, ms,, - - - , ms, }, SINCE

0< Z?(%) < + >t < 1 and thereforen € P, = Conv(me) e A(n)-
Moreover

- <m,pl>:<ﬁl,pl>:—al+t§ forl=1,---,n
— if Pj ¢ o; then

Notice thatl — Z%< 1if Z% >1,ie,1—k; = th > k, since
li > k. This impliest; = 0 and(m, p;) = —aj;.

d

Theorem 4.2. A line bundleL generatesk-jets on X if and only if the
A-support function)y, is k-convex.
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We need the following reduction step:
Claim. If L is k-jetample on any-tuple of fixed point§x(o1), - - - ,z(o,)},
o; # oj, then itisk-jet ample onX.

Proof of the claim.To every (x1,--- ,zx41) € X! we can associate
Z = (x1,---,z,), a collection ofr < k + 1 distinct points ofX, and
(k1,- -+, kr), anr-tuple of positive integers such that k; = £+ 1, simply
counting the multiplicities of each;:

(33'1,“',1'1,1'2,"',ZEQ,"‘,ZET»,“',ZL'T)
k1 ko ky
:[Z:(ﬂ?l, 7x7“)7('1€17”' )k’l’)]

Then to eaclhr € X**! we can associate the map:

y = V5 HOX L) = @ (e, (L))a,
=1

LetC = {x € X**+! such thatoker(y,) # 0}. Sincey, is an equivariant
map,C' inherits the torus action fronX, i.e. it is an invariant closed sub-
variety of X**1 and hence proper. If is notk-jet ample onX, then,

is not surjective for some = [Z, (k1,- - , k)], which meang” # (). But

this impliesC” # (), whereC” is the set of the fixed points i@. To see
this one can apply Borel's fixed point theorem ( see [Hum, 21.1]) or more
directly observe thaf’ is a lower dimensional toric variety and thus it must
contain fixed points. It follows that there existss X**1, fixed by the torus
action, for whichy,, is not surjective. Such must have all the components
fixed soitis of the form(xz(o1), - - - ,z(0})), which is a contradiction. O

Proof of the theoremif L is ak-jet ample line bundle thett;, is k-convex
by 3.6.
Assume now that;, is k-convex. By the reduction step it suffices to prove

that the mamgl"”’k” is surjective foreacl® = {x(o1),--- ,x(0,)}, with

ki+--+k =k+1. This follows immediately from Lemma 4.1. For each
k; and for each partition}, + - -- + !, = k; — 1 we can choosen € P,
such that

te
—xm = HijO'i Xjﬂl arloundg:(ai) and
- X" =1l,.co X;jﬂj aroundz(a;) # x(0y), with ¢; > 0 for some;
and for any partitior) ¢! < k;

This means that

(i, (X" (2(01)), - -+ 5 ik, (X" (2(0y))) = (0,---,0,1,0,---,0)
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the non zeroterm corresponding%g e g; (X™)|z=x(c,)- Thisis enough

to prove the surjectivity. O

Remark 4.3.From 3.3 it follows immediately that:

— if Lis k-jet ample then it ig-jet ample for any < k;
— if L is k-jet ample andE is t-jet ample then the line bundlE ® L is
(k +t)-jetample. In fact)pgr, = ¥ + VE.

It is worth observing that in the toric case the notiorkegkt ampleness is
equivalent to the notion of-very ampleness (which is weaker in general).
For basic properties df-very ample line bundles we refer to [BeSoB].

Definition 4.4. Lis saidto bek-very ample if for every zeroschelf®, Oz)
of lengthh®(Z,0z) = k + 1 the mapH®(X,L) — H°(Z,L ® Oz) is
surjective.

Proposition 4.5. A line bundleL on a smooth toric varietyX is k-very
ample if and only if it isk-jet ample.

Proof. If L is k-jet ample then it ig-very ample ( see [BeSok, Prop. 2.2]).
If L is k-very ample then the degree birestricted to any irreducible curve
must be> k, i.e. L -V (r) > kforall 7 € A(n — 1) and thus it isk-jet
ample by 3.5. O

5. Examples

In this section we work out few examples, for which thgt ampleness has
been studied without the use of toric geometry. In each case our criterion
is of course equivalent to the already known one. This should convince the
reader that our criteria provide the “natural” and “global” way to look at
k-jets on those varieties.

Example 5.1. The projective spac®™. Notationasin2.3.Lel = ¢ D1+
oot tpy1Dpyr = (t1+- - +tny1)D1. By 3.5Lisk-jetample if and only if
V(7;)-L > kwherer; isthe(n—1)-dimensional conéos, - - - gi, -+ , Prt1)
andD; is the divisor associated to the edgeSinCEpn+1+pi+Z#i p;j =0

V(r) L=t 4 - +tnp >k

In other wordOpn (a) is k-jet ample if and only if it isk-very ample if and
only if a > k, as proven in [BeSoK].

Example 5.2. The Hirzebruch surfacelF,,. Let {e1,e2} be the standard
basis forR2. The Hirzebruch surfack,, is the toric surface associated to
the fanA spanned by the following-cones:

o1 = (e1, ez), 02 = (€2, —e1),

03 = (—ea, —e1 + neg), 04 = (—e1 + nea, e3)
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LetDq,---, D4 bethedivisors associated respectivelytae, —es, —eq+
nes. Then we have the following intersection matrix:
D% Dl'Dng'Dng'D4 —n101
Dy-Dy D3 Dg-D3Dy-Dy| | 1010
D3-D1D2-D3 D% Dg-D4 o 0 1n1
Dy Dy Dy-Dy Dy- D3 D3 1010

RecallthatD; = D +nDyandDy = Dy. LetL = a1 D1+ -+ ayDy =
(a1 +a3) D1+ (ag + az + nas)Dy. Then by 3.50 is k-jet ample if and only
ifitis k-very ample if and only if

—L-Di=a4—nay+ax >k
—L-Dy=a1+4+a3>k
— L-Ds=ax+nas3+aqg >k
—L-Dy=a1+as>k

Let Ey be the section of minimal selfintersectiom (i.e. D) andF be the
general fiber of the projection onk3 (i.e. Dy). Then, from the inequalities
above, we have thdt = aEy + bF is k-jet ample if and only if

—a=a+az>k
— —an+b= —na; —nas + a4 +nas+az =aq4 —nay +as >k

This conditions have been given by Beltrametti-Sommese in [BeSok], using
a decomposition argument.

Example 5.3. Del Pezzo surface$he toric Del Pezzo surfaces d@té, I,
and the equivariant blow up & in 2 or 3 points. The most interesting one
is the last one. Lef be the equivariant blow up df? in the 3 invariant
points as described in 2.2. ThHeinvariant divisorsD;, - - - , Dg are the6
(—1)-curves on the surface, i.e., the three exceptional divisors and the pull
back of the three lines passing through two of sh@ints blown up.
Proposition 3.5 says thdtis k-jet ample if and only if it isk-very ample if
and only if the intersection to all the-1)-curves on the surface is k.

This criterion has been given férvery ampleness in [DR] using a gener-
alization of Reider’s theorem.

Note that the equivalence betweeifet ampleness andvery ampleness is
not always true for Del Pezzo surfaces. In fact it is not hard to see tRat if
is the blow up ofP? in 7 points in general position ( so it is not toric), then
the line bundlel. = —2K g is 2-very ample but it is no-jet ample.

6. Local positivity applications

In this section we report some nice applications:gét ampleness to the
study of “local positivity” of line bundles. Most of it is a survey on well
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known results. We think it is interesting to show how these results can be
established rather easily in the case of toric varieties.

Blow ups. A k-jet ample line bundle carries its positivity along blow ups
at a finite number of points. The following property has been proved by
Beltrametti and Sommese in [BeS096] and it has a very “visible” proof in
the toric case. We refer to [Oda] for notation and the definition of equivariant
blow ups.

Proposition 6.1. Letp : X(4A’) — X(A) be the equivariant blow up of
X(A) atr points,zy,--- ,x,, and letL be ak-jet ample line bundle on
X(A). Thenp*(L) — > & E; is min(k — > €, €1, ,€-)-jet ample on

X (4"), where theFE;’s are the exceptional divisors.

Proof. Use induction on. Assume the number of edgesdhis e.

If r =1, letx = x(0), 0 = (p1,---,pn) and E; = E be the divisor
associated to the edge= p1 + - - - + py,. In the new fanA\’ there arex new
n-coneso; = (p, p1,--- ,Pi, -+ , pn). Moreover letD; be theT-invariant
divisors in Pic(X (4A’)) corresponding to the edges then

- D;=p*(D;)—Efori=1,...,n;

—D;=D;fori=n+1,..,e.

If L = Z a;D; then
H=p"(L)—€eE = Zaip*(Di) —eF = Zaiﬁi— (e + Z%’)E
1 1 i

Letr € A'(n—1).1f 7 € A(n—1)thenclearly® - V(r) =L-V(r) > k.
If - € A" — Athenitis one of the following:

(a) O'im(fj = <p7p17"' 7ﬁi7ﬁj,"' 7Pn>
(b) O'iﬂ<pn+17pla"' 7/5i7"' 7Pn>

Following the lines of 3.5:
In case (@), sincg; +p; —p+ 14 0 =0

n
H-V(T):—ai—ajJreJrZal—Zal:e
1 I,

Incase (b), assume, 1 +p; —>_,2; 5jp; = 0, thenp, 1 +p—> ", (s —
1)p; =0and

H‘V(T):—an+1—E—Zaj—FZSj-l-Zai:L-V(T/)—G
1 j#i i
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wherer’ = (p1, -, iy Py Prt1) No € An — 1)

If » > 1, iterating this processtimes,H = p(L') — ¢, E. Here

pr: X(4') — X(A,_;) is ther-th blow up map andj,_; is the fan
associated to the toric surface gotten after 1) equivariant blow-ups of
X (A4). By induction I is min(k — 37 e1, €, , €,_1)-jet ample on
X (A,_1). Clearly from our previous arguments

H-V(r)>min(L - V(') — €r,6) > min(k — Zei, €1, €p)
1
foranyr € A’'(n —1). O

Toric Seshadri criterion. An ample line bundle on a smooth projective
variety, X, is characterized by the positive value of its Seshadri constant at
each point.

Let L be anefline bundle oX . For every irreducible curv€ c X, m,(C)
denotes the multiplicity of”" at the pointz € C' and

m(C) = sup{m.(C)}.

zeC
Theorem 6.2. (Seshadri [Ha, 7.1]) A line bundlé on X is ample if and
only if there exists a positive real number- 0 such thatZ - C > € - m(C)
for every irreducible curveé’ C X.

As for the Nakai criterion we can generalize the Seshadri criteriégnjéd
ampleness on toric varieties.

Let us first reformulate the Seshadri’s theorem in the “modern language” of
Seshadri constants.

For a nef line bundld. the Seshadri constant éfat a pointx € X is the

real number

e(L,x) = ;Iel(f,‘ ni(g) = sup{e € R|p*(L) — eL is nef}
where the inf is taken over all the irreducible curves containiradp is
the blow-up map ofX atz. Then one can immediately see that the Seshadri
criterion says that is ample if and only ife(L, z) > 0 for everyz € X.
Demailly showed that the Seshadri constant is a measure of the highest
degree jets that can be generated by the global sectiabs of

Proposition 6.3. [Dem] Let s(L, z) be the largest integer such thak|
generates-jets atx. Then
L
€(L,z) = lim sup s(nL,z)

n—oo
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Geometrical arguments yeld immediately th@gt, «) > 1 for every ample

and spanned line bundle. Since every ample line bundle on a toric variety is
very ample then we can think of a “toric Seshadri criterion” as saying that
L is ample ifand only it(L, z) > 1 for everyz € X(A). More generally:

Proposition 6.4. A line bundleL on a non singular toric varietyX (A) is
k-jet ample if and only if

L-V(r)>k-m(V(r))
for every invariant curvé/ (7).

Proof. AssumelL is k-jet ample, wherek is the biggest integer such that
the property is true. Then by 668L, z) = k, sincenL is (nk)-jet ample
by 4.3. It follows that% > k for everyr € A.

Assume now thal - V(1) > k-m(V (7)) foranyr € A. LetT = 0; Noj.
We have to prove thak - V(r) > k. Consider the invariant point =
V(o;) € V(1), clearlym,(V (7)) = 1. ThenL - V(1) > k- m(V (7)) >
k-my(V(1)) > k. O

Corollary 6.5. Aline bundleL on a non singular toric variety is-jetample
if and only ife(L, z) > k for everyz € X.

Proof. If L is k-jet ample ther(L, z) = k by 6.3.
If e(L,x) > k for everyz € X then in particulat - V(1) > k- m(V (7))
for every invariant curvé’ () and thusL is k-jet ample by 6.4. O

Higher adjoint series. By use of bounds on the Seshadri constart af a
sufficiently general point Ein and Lazarsfeld showed that:

Proposition 6.6. [Laz, 5.14] LetL be an ample line bundle on a smooth
surfaceS. Then the adjoint seried<s + (k + 3)L| generatesi-jets at a
sufficiently general point € S.

The fact that for a line bundle on a toric variety being ample is equivalent
to being very ample implies a simple generalization.

Proposition 6.7. Let S be a non singular toric surface and It be an
ample line bundle on it such th@f > 1. Then

(@) |Ks + (k+ 2)L| generates:-jets at every point: € S
(b) |Ks + (2k + 2)| generates:-jets onS.

Proof. (a) By the Nakai toric criteriorl. is in fact very ample and by 4.3
(k+2)Lis (k + 2)-jet ample. Letr € S, using the long exact sequence:
— HY(Ks + (k+2)L) — H((Ks + (k +2)L)/m; "))
— H'((Ks + (k+2)L) @ mt!) —
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the vanishing ofH!((Ks + (k + 2)L) ® m&*!) would imply the result.
Letp : S — S be the blow up ofS atz with E = p~!(x), then by Leray
spectral sequence and Serre duality

H'((Ks + (k+2)L) @ mF™) = HY (Kg + [p*((k +2)L) — (k + 2)E])

Kawamata vanishing theorem applies siptk +2)L) — (k + 2) E is nef
and big and thu¥(s + (k + 2) L is k-jet ample at any point € S.

(b) Consider now simoultaneus jets supported{en,---z,} € S and
(ki,-- k) € Z"_such thaty_ky = k + 1. Letp : S — S the blow up

of S atwx,---,z, with E; = p~!(z;). Using the same exact sequence as
above it suffices to prove that:

HY((Ks+ (2k+2)L) ® (m} @ - @mkr))
= H'(Kg+ [p*((2k +2)L) = ) (ki + 1)Ei]) =0

Since(2k + 2) L is (2k + 2)-jetample and_(k; + 1) < 2k + 2, p*((2k +
2)L) — > (k; + 1) E; is spanned by 6.1. Moreover

(P*((2k+2)L) = > (ki + DE)?* > 2k +2-) (k1 +1))
x(2k+2+ ) (k1 +1)) >0

Then Kawamata vanishing theorem applies to give the needed vanishing.

The k-reduction. In the case of surfaces we can make some further remarks
about the %k-reduction” process (see [BeSo]). Lete a non singular toric
surface and. a k-very ample line bundle on it. Sindejet very ampleness
andk-very ampleness are equivalent we will use freely the property of being
k-very ample according to the criterion given in 4.2. Assume the adjoint
bundle is notk-very ample i.e., the surface contaifis1)-curves whose
intersection withl is exactlyk. If the k-adjoint bundlek K¢ + L is nef we

can contract down those curves and getitireduction(S’, L').

Notice thatif L = —kKg then— K is ample and hencg is a toric Del
Pezzo surface. We can then compute directly the nefness é#ukoint
bundle obtaining the same result as in [BeSo]. Using the same notation as
in 5.1,5.2 we have that:

Proposition 6.8. Let L # —kK g be ak-very ample line bundle of.. Then
kKgs + L is nef unless:

— S=P?andL = aD; witha < 3k ;
— S=F,andL = aD; + bDs with a < 2k.
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Proof. Let L = 3" a;D; andD? = —s;, then
(k?Ks—i-L)'Di:L'Di-i-k(Si—Q)ZOifSiZ 1

Recall thatS is isomorphic toP?, FF,, or their equivariant blow up in a
finite number of points. IS is minimal then intersecting with the basic
generators oPic(,S) and imposing at least one intersection to be lessthen
gives the casesin the statement. Assume sioat minimal. IfS = BI,.(P?)
(i.e. the equivariant blow up @? in r points) letD;, D;, D, be the divisors
associated to the edgés, 1), (1,0), (—1,—1) respectively. Ifr > 2, for
eachD; generator ofPic(S), the corresponding weighd? = —s; < —1
unless possibly only one amorig, s;, s;), says; = —1. But in this case
D = Dy+) | D;,theD;’s being the exceptional divisors; D1 > (r+1)k
and

(kKs+L)Dy > (r+1)k—3k>0

If r =1thenS = [Fy.

If S = BIl.(F,), let D;, D;, D3, Dy, be the divisors corresponding to the
edgeq0, 1),

(1,0),(0,—-1),(—1,n) respectively. We can assume the weights> 1,
unless possiblys = —n+s < 1, sinceBl; Fy = Bly(P?) andD; = —Dy,.
ButinthiscaseDs = D; +nD; + 3.1 °D;,L-D3 > (n+ 141 —s)k
and

(kKs+ L)Ds > (n+r+1—s)k—(n—s+2k=(r—-1)k>0
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