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Motivation: Inhomogeneous spin chain

~L/2 , LJ2

P.M., arXiv:1912.04821, accepted in Ann. Henri Poincaré

Quantum X X Z spin chain: [S]C.“,Sﬁ] = iéj’j/ea/gvS] and

Hxxz=— ZJ(”” T+ 8PS — ]+1> ZhSZ
J=1

with |A| < 1 and h; « J; > 0 varying on scales > a and < L = Na.
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Inhomogeneous 1+1D CFT

Hamiltonian
L2
H= dzv(z) [Ty (z) + T (z)]
L2

with a smooth position-dependent velocity v(z) = v(x + L) > 0.

The operators Ty (x) = T’ (z + L) satisfy

(T4 (2), T (y)] = 7210/ (@ = ) Te(y) £ 0@ — y)Th(y) & 510" (@

[T (2), T5(y)] = 0.

In Fourier space: Two commuting copies of the Virasoro algebra.

Energy-momentum tensor: T4 =T _, T_ =T, and T4 =0=T__.
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Motivation: Floquet systems
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Driven inhomogeneous 1+1D CFT

Floquet setup: 2-step drive

Ho H> Hy

T 1 T 1 T 1 [ —
I I I I I I I
M i A 1
f t t t t t t t t
t1 to t1 to t1 to t1

with Hy, Hs inhomogeneous CFT Hamiltonians with vy (x) # ve(x).

Floquet operator:
UF — e—lHltle—lHQtQ

With teye = [t1] + |ta-
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Inhomogeneous 1+1D CFT

Hamiltonian
L2
H= dzv(z) [Ty (z) + T (z)]
L2

with a smooth position-dependent velocity v(z) = v(x + L) > 0.

The operators Ty (x) = T’ (z + L) satisfy

(T4 (2), T (y)] = 7210/ (@ = ) Te(y) £ 0@ — y)Th(y) & 510" (@

[T (2), T5(y)] = 0.

In Fourier space: Two commuting copies of the Virasoro algebra.

Energy-momentum tensor: T4 =T _, T_ =T, and T4 =0=T__.
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Example: Inhomogeneous Luttinger model

Inhomogeneous CFT with ¢ = 1 given by

L2
H= / daop (@) [0 (2) (<162) . (2): + 0T (&) (+,) ¥ (2)]

L/2

L/2
ow [ dvon@)[ps @)+ p-@)] [o4(0) + p- ()] - Ly
—L/2

with py(x) = :wl(x)wi(x): and fermionic fields zp(”( ) satisfying
{Qﬁr (LL'), 1/11/ (y)} = 5r,r’(5(aj - y)7 {Qﬂr x a’l/}r' (y)} =0.

(Require A > —1/2)
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Example: Inhomogeneous Luttinger model

Inhomogeneous CFT with ¢ = 1 given by

L2
H= / daop (@) [0 (2) (<162) . (2): + 0T (&) (+,) ¥ (2)]

L/2

L/2
ow [ dvon@)[ps @)+ p-@)] [o4(0) + p- ()] - Ly
—L/2

with py(x) = :wl(x)wi(x): and fermionic fields zp(”( ) satisfying
{Q/JT (LL'), Q/JI’ (y)} = (Sr,r’(s(aj - y)7 {Qﬂr x a’l/}r' (y)} =0.

After bosonization:

1+ K 1-K 2 T

=m: Wﬂi() 2\/>P:F() “ T 1212
with v(z) = vp(z)v1+2X and K =1/v/1+2X.  (Require A > —1/2)
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Example: Effective description of inhomogeneous spin chains

~L/2 , L/2

P.M., arXiv:1912.04821, accepted in Ann. Henri Poincaré

Quantum X X Z spin chain: [S?,Sﬁ] = i0; jr€apyS] and

N N
Hyxz=-3 J (5;55;1 +§YSY,, — AS; ;+1) =3 hyS
j=1 J=1

with [A] < 1 and h; o< J; > 0 varying on scales > a and < L = Na.
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Example: Effective description of inhomogeneous spin cha
—L/2 L2
|
v(z)

P.M., arXiv:1912.04821, accepted in Ann. Henri Poincaré

For concreteness, let

vp(z5) + vp(2j41)
2asin(akp)

Jj: >0

with vp(z) a smooth function and akp close to /2. Then as effective
description we obtain an inhomogeneous local Luttinger model with

1
K= .
V/1+4Asin(akp) /7

v(x) = vp(x)y/1 + 4Asin(akp) /T,

Ins
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Diffeomorphism representations

Orientation-preserving diffeomorphisms
z Vg 1 1/L/2 da’

x) = da’ , — ==
f@) /0 v(2') vo LJ_pp v(z’)

— f(z+L)=f(z)+Land f(z) >0 = f € Diff,(S1).

Gawedzki, Langmann, P.M., J. Stat. Phys. (2018)
P.M., arXiv:1912.04821, accepted in Ann. Henri Poincaré

Projective unitary representations given by
L/2
Us(h =17 [ dog@)Ta(e) +ofe)
-L/2
for infinitesimal f(z) = x + e((x). Adjoint action:
Us(NTe @)U (£) ™" = ' @PTe(f(@)) - 5 {F(@). ),

U (H)Tx(2)Us(f) " = T ().

Goodman, Wallach, J. Func. Anal. (1985)
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Virasoro-Bott group

Bott cocycle:

Us(f1)Ux(f2) = e eBURRIPITTL (f1 0 fy),
1 [L/2
Bl f) = [ dellog fy@)) loglf{(fa(a))
—L/2
Virasoro-Bott group: Central extension of IS\i?er(Sl) by B(f1, f2).

Associated Lie algebra: Virasoro algebra. Two commuting copies:

[LE LE] = (n—m)LE c (n

nim T 15 ? = n)8ntm,0, (L5, L] =0,

where
27T s 4 2minz + C
Ty (z) = Iz Z et L (Ln - ﬂ(Sn)o) .

n=—oo

E.g.: Khesin, Wendt, The Geometry of Infinite-Dimensional Groups (2009)
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Time evolution of operators
For local observables

O(z;t) = HO(x)e 1,

Generalized light-cone coordinates x = z (x) given by
i (x) = f71(f(2) F vot)

using our f € [i?er(Sl). Obtained by inserting UL (f) U (f) above.

For Virasoro primary fields and the energy-momentum tensor:

Oy 120 a0 _
o) = |G| |G| e,
dxf 1’ c
Tufwit) = || TaeP) - 5o o).
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Complementary approach

Inhomogeneous Tomonaga-Luttinger liquids

L/2 v(x
=5 [ ao (Sl + o) K001

L/2

with [¢(x), m4(2")] = i6(z — 2’). Corresponds to Lagrangian density
£ = SV=RE (@)h"(9,9)(9,9)

in curved spacetime

ds* = v(x)?dt* — d2?® = h,, dz"dz” (2% = ot, 2! = 2).

Using EUClidean CFT Dubail, Stéphan, Viti, Calabrese, SciPost Phys. (2017)
Dubail, Stéphan, Calabrese, SciPost Phys. (2017)
Ruggiero, Brun, Dubail, SciPost Phys. (2019)

For ’U(.T)/K(ZU) = constant: Gluza, P.M., Sotiriadis, arXiv:2104.07751
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Driven inhomogeneous 1+1D CFT

Floquet setup: 2-step drive

Ho H> Hy

T 1 T 1 T 1 [ —
I I I I I I I
M i A 1
f t t t t t t t t
t1 to t1 to t1 to t1

with Hy, Hs inhomogeneous CFT Hamiltonians with vy (x) # ve(x).

Floquet operator:
UF — e—lHltle—lHQtQ

With teye = [t1] + |ta-
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Special case

Sine-square-deformed (SSD) CFT:

2mv Li+L%, Ly +L7,
Hssp = =~ (L - L —2= gy - L2221,
L\ 2 0 2
Wen, Wu, arXiv:1805.00031
Fan, Gu, Vishwanath, Wen, Phys. Rev. X (2020)
Lapierre, Choo, Tauber, Tiwari, Neupert, Chitra, Phys. Rev. Research (2020)
2mv
. _ + —
Homogeneous CFT:  Hpomog. = T (L + Lg).
Phase diagram: Mébius transformations:

az+b

T
Hssp ~
Hr17Q< Z1 = a=a(Ty, Ty, etc.
. U UL et d (To, Tv),

To

time

> n=n"y2)z+ (0" = 1)ne
" (I =n™)z+n"y — 7

heating

with

TT=" (a7 b,c, d)
Y2 = y2(a,b,c,d) .
n =mn(a,b,c,d)
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General case

Hamiltonians

L/2 .
Hj = /mdxvj T +T )] (=12

with smooth L-periodic functions v1(z) > 0 and ve(z) > 0.

Ho Ho Ho
T 1 T 1 T 1 [ —
Hl I I Hl I I Hl I I H1 I
f t t t t t t t t
t1 to t1 to t1 to t1
—L/2 L/2 va ()
= %’01(@
X

Lapierre, P.M., Phys. Rev. B (2021)

Special case of SSD CFT:

vssp () = 2v cos?(rx/L).
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Geometric approach

Encode Uy into circle diffeomorphisms fi (x) and study those. Yields a
correspondence with classical dynamical systems on the circle.

Lapierre, P.M., Phys. Rev. B (2021)
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2-step Floquet drive

For local observables
O(x;t) =Up"O(x)Up, Up = ¢ Hhtigmilhts t = nteye.

Orientation-preserving diffeomorphisms

f = [far e Lol [0
0 v;(z') vio L) pjvi(x)

= fj € [ilfer(Sl). Insert U (f;)"*Ux(f;) around eTiits,

Consequence: Generalized light-cone coordinates z;7 (x) given by

Uity () = fr(2f (), 2f(2) =z,

fe@) = 5 (7 [Ai(@) Foiet]) F vaote].
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Time evolution of operators

Primary fields

P(x;t) = {&gﬁ} &~ [&Uf(%)

Components of the energy-momentum tensor

Ty (x;t) = [&;f@:)

Here dz;" (z)/0z = H?n;lo fi(a,

mtcyc

(x)) for n > 0.

S e +
S0 o )0t )

2
) LuaF @) - e (0)e)

17/30



Geometric approach to Floquet systems

Fixed points:  Look for solutions z] to

] = f+(zF).

Tangent points:  Critical values & = x that additionally satisfy

1= fi(zd).

Unstable fi(zF) > 1

Stable f (zF) < 1

—0.25 +
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More generally: Periodic points

Periodic points of period p € ZT:

af, = f2f),  fA=fro...ofs.
—_—
p times
Unstable: fi/(xfp) > 1. Stable: fi/(wfp) < 1. Critical: fi/(xfp) =1
7+ L&)/
0.5
Example of L
periodic points ; ; e S X : ; > €
Wlth period 9 —1.5 —1/”, —0.5 3A2 1 /o5 1 L/ 1.5
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Heating and non-heating phases

Suppose that z is a periodic point 7, then

oz (z)
ox

= fp/(a/? )”/p, t = nteye, n/p € Z*.

If fi/(xfp) > (<)1, this diverges (vanishes) exponentially as t — oo.

Energy density

E(wit) = v (@) [T (z5t) + T (2;1)]

grows (decays) exponentially at unstable (stable) fixed points.

Heating rate

vV = max
peZt, r=+,i€{1,...2Np} Plcyc

log[f'(x,y:)]-
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<& Phase diagrams and flow of energy and excitations



Example 1: ¢SSD CFT

Special case:  vi(x) = v;.

gSSD CFT:  wy(x) = vow(x/L) with

w(€) =1+ g[2cos?(r€) — 1], g €[0,1).

Cf.: MacCormack, Liu, Nozaki, Ryu, J. Phys. A: Math. Theor. (2019)

Limiting cases: Homogeneous CFT: g =0 SSD CFT: g — 1~

Dimensionless variables: ¢ =x/L, 71 =wvit1/L, 19 = vate/L.
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Example 1: Phase diagram for gSSD CFT

Phase transition lines:
2arctan(/(1 — g)/(1 + g) tan(xw [l — 71]/2))
m/1— g2 '
1 B 2arctan(+/(1 — g)/(1 + g) tan(771/2)) '

1—g2 WW

T2 =

gSSD CFT for g = 0.6
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Example 1: Phase diagram for gSSD CFT

Phase transition lines:

_ Qarctan( (1-9)/(1+ g)tan(w[l — 7'1}/2))

" Y
S 1 B 2arctan(/(1 — g)/(1 + g) tan(771/2))
1- 92 WW .

Phase diagram:

T2

SSD CFT (g — 17)
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Example 2: Gaussian-deformed CFT

As before but with
w(§) :Aexp(f(f/d)Q), A,deRT.
Explicit formulas with erfi instead of arctan.

Phase diagram:

T1

0 t T
0 0.5 1 1.5 2

Gaussian-deformed CFT for A =2, d = 0.32
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Example 3: CFT deformed by w(¢) = a/[b + sin(2rke) + cos(27€)]
\ 2
0.25 0.25 + \ )
0 ! T1 0 + T 0
Vtcye
o 7 L > 71

Fora=6,b=3, and k = 2.
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Example 3: Fixed points at (71, 72) = (0.10, 0.45)

t/teye
.80
|

t/teye
q

5&

—L/4

z; (x)-trajectories o} (x)-trajectories
t/teye
30 log[(E(x;1)) /(€ (;0))] i

20 1
15 1+
10 +

—15 4

—20 |

—L/2 —L/4 0 L/4 L/2

log (3, [(0|®L (2, 1), (z0,0)|0)[?) Energy density
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Example 3: 2-periodic points at (71, 72) = (0.35,0.08)

t/tcyc t/teye

Ul

—L/2 —L/4 0 L/4 L/2 —L/2 —L/a 0 L/4 L/2

z; (x)-trajectories x (x)-trajectories

t/teye
4 log[(£(: ) /(€ (3 0))] ¢

15

—L/2 —L/4 0 L/4 L/2
log (3, [(0|®L (2, 1), (z0,0)|0)[?) Energy density
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Entanglement entropy: Computation

Entanglement entropy of subsystem on A = [z, y] with the rest:

Sa(t) = lim

1 (T HA(t)™ )

m—11—m 8 I‘[pA(t) ]

with pa(t) = UppaUg", t = ntcye, and pa the reduced density matrix.
Using twist fields @, (z;t):

Sa(t) = lim 1og [{0|®y (5 1) P (5 1) |0) ]

m—=11—m

Conformal weights AL = (c/24)(m — 1/m).

Cardy, Castro-Alvaredo, Doyon, J. Stat. Phys. (2008)
Calabrese, Cardy, J. Stat. Mech. (2016)

Rigorous results for entanglement entropy in quantum field theory.
Longo, Xu, Adv. Math. (2018); Commun. Math. Phys. (2021)
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Entanglement entropy: Results
Letting z;7 = = () and y = 27 (y):
Salt) = 5 [S+(®) +S- (1),

oxF oy +ir 2
Si(t)=—1 ——— :
+(t) Og[&x oy <Lsin(2[:cfyf:|:10+])) 1

Two cases:

-
z ZpA gy

St (t) ~t for large ¢ S4(t) ~ constant for large t

If t =0, then S4(0) = (¢/3)log[(L/m)sin(ml/L)] for { =z —y > 0.
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Pattern of entanglement entropy

In Example 3:
(i) (1,72) = (0.10,0.45) (ii) (11, 72) = (0.35,0.08)
Si—L/2.2)(t)/c Si_Ly2.0(t)/c

-~ = t/teye =0
t/teyc =3
t/teyc = 10
t/toye = 18

Mutual information I4,p(t) = Sa(t) + Sp(t) — Saus(t):
Only neighboring unstable periodic points share entanglement that
grows linearly at late times = entanglement entropy is “bipartite”.1

1If the number of unstable points for each component is even.
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Summary



Exact analytical results for general inhomogeneous conformal field
theory using projective unitary representations of Diff , (S*).

Geometric approach to inhomogeneous Floquet systems.

Construct phase diagrams with heating/non-heating phases
determined by presence/absence of periodic points.

Energy and excitations accumulate exponentially fast at unstable
periodic points.

Kinks in entanglement entropy at unstable periodic points.

Only neighboring unstable periodic points share linearly growing
entanglement entropy at late times.

Geometric approach is straightforward to apply to multi-step,
random, chaotic, and quasi-periodic drives.
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Thank you for your attention!
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