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Abstract. The impetus to this work is the need to characterize when the
system {¢]', ¢5} where m,n =0, 1,2, ..., is complete in the weak-star topology
of H* on the unit disk (or the half-plane). Here, ¢; and ¢, are two atomic inner
functions, of the form

p@=exp(1°71) and g =exp (7)),
z—1 z+1

where 11, A, are positive reals. Our main result asserts that the system of non-
negative integral powers {@#]', ¢,} is weak-star dense in H®® of the unit disk if
and only if 2;4> < #2. In earlier work in the L setting on the unit circle all
the integer powers were considered, and the corresponding result was obtained
(Hedenmalm and Montes-Rodriguez, 2011). The approach was to first transfer
the completeness problem to the real line via the Cayley transform, and to then
connect with the dynamics of Gauss-type transformations on the interval [—1, 1].
Indeed, the nonexistence of nontrivial finite absolutely continuous invariant mea-
sures for the Gauss-type map was the key ingredient of the analysis. Moreover, it
was shown that the answer to the completeness problem has striking consequences
for the Klein—Gordon equation. Here, the analysis is much more subtle as a result
of the required finer topology. To appreciate the difference, we observe that the
standard quotient space L!/H! used as the predual of H* is not appropriate for
our purposes. Instead we model the predual in the real way, as L! plus the Hilbert
transform of L!, in analogy with the decomposition of BMO. The next step is to
analyze carefully the iterates of the transfer operator applied to the Hilbert kernel.
The approach involves a splitting of the Hilbert kernel which is induced by the
transfer operator. The careful analysis of this splitting involves detours to the
Hurwitz zeta function as well as to the theory of totally positive matrices.
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1 Introduction

1.1 Heisenberg uniqueness pairs. Let x4 be a finite complex-valued
Borel measure in the plane R2, and associate with it the Fourier transform

A = / e7E0d (),
R2
where x = (x1, x») and & = (£, &), with inner product

(x, &) =x1& + 0.

The Fourier transform /i is a continuous and bounded function on R?. In [13], the
concept of a Heisenberg uniqueness pair (HUP) was introduced. It is similar to
the notion of weakly mutually annihilating pairs of Borel measurable sets having
positive area measure, which appears, e.g., in the book by Havin and Joricke [12].
For I' ¢ R? which is a finite disjoint union of smooth curves in R?, let M(I)
denote the Banach space of complex-valued finite Borel measures in R?, supported
on I'. Moreover, let AC(I") denote the closed subspace of M(I") consisting of the
measures that are absolutely continuous with respect to arc length measure on I'.

Definition 1.1.1. Let I be a finite disjoint union of smooth curves in R?. For
aset A C R?, we say that (I', A) is a Heisenberg uniqueness pair provided
that

Vu e AC(): fla=0 = u=0.

Heisenberg uniquess pairs in which I' is a straight line or the union of two
parallel lines were described in [13]. Later, Blasi [3] solved particular cases of
the union of three parallel lines. The ellipse case was considered independently
by Lev and Sjo6lin in [18] and [24]; Sjolin also considered the parabola in [25].
More recently, Jaming and Kellay in [16] devoloped new powerful tools to study
Heisenberg uniqueness pairs for a variety of curves I', while Giri and Srivastava
studied four parallel lines among other interesting curves [10]. As for higher
dimensional analogues, in [11] Grochenig and Jaming connected the topic with
the Cramér—Wold theorem on quadratic surfaces. Recently, it was discovered that
the method of Viazovska [30] for the sphere packing problem to construct new
functions with interpolating properties (based on automorphic forms and Eichler
cohomology) allows modification to the interpolation problem associated with the
lattice-cross of critical density for the Klein—Gordon equation which in turn leads
to an affirmative solution of the Goursat problem. This is the topic of forthcoming
work [2].
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1.2 The Zariski closure. We turn to the notion of the Zariski closure.
Note that the Zariski topology (or hull-kernel topology) is a standard concept in,
e.g., Algebraic Geometry, in the setting of spaces of polynomials. As for notation,
we let AC(I'; A) be the subspace of AC(I") consisting of those measures ¢ whose
Fourier transform vanishes on A.

Definition 1.2.1. Let I be a finite disjoint union of smooth curves in R?, and
let A C R? be arbitrary. With respect to AC(I"), the Zariski closure of A is the
set

zclosp(A) :={¢ e R? : [Vu e AC(T; A) = a(€) =0]}.

Less formally, the Zariski closure (or hull) is the set where the Fourier transform
of a measure 4 € AC(I") must vanish given that it already vanishes on A. Now,
as the Fourier image of AC(I") does not form an algebra with respect to pointwise
multiplication of functions, we cannot expect the Zariski closure to correspond
to a topology. This means that the union of two Zariski closures need not be a
closure itself. However, it is easy to see that the closure operation is idempotent,
that is: zclos} = zclosr. The Zariski closure allows us the following convenient
description: (I', A) is a Heisenberg uniqueness pair if and only if

zclosp(A) = R2.

1.3 The Klein—Gordon equation. In natural units, the Klein—-Gordon
equation in one spatial dimension reads

O?u — u+Mu=0,
where M > 0 corresponds to the mass. In terms of the (preferred) coordinates
Sli=t+x, & =t—ux,

the Klein—Gordon equation becomes
M2

(1.3.1) 0z Oz, U + 4 u=0.

Remark 1.3.1. Since > — x> = & &, the time-like vectors (those vectors
(¢, x) € R? with 1> —x?> > 0) correspond to the union of the first quadrant &, & > 0
and the third quadrant £}, & < 0 in the (&, &)-plane. Likewise, the space-like
vectors correspond to the union of the second quadrant & > 0, & < 0 and the
fourth quadrant &, < 0,& > O.
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1.4 Fourier analytic treatment of the Klein—Gordon equation. In
the sequel, we will not need to talk about the time and space coordinates (z, x) as
such. So, e.g., we are free to use the notation x = (xj, x,) for the Fourier dual
coordinate to & = (&, &).

Let M(IR?) denote the Banach space of all finite complex-valued Borel measures
in R?. We suppose that u is the Fourier transform of a u € M(R?):

(1.4.1) u(@) = 4@ = / e du(r), & e R2.

2

As for the measure y, the assumption that u solves the Klein—Gordon equation

(1.3.1) asks that
2

(xlxz — frz)du(x) =0

as a measure on R, which we see is the same as a requirement on the support set
of the measure

MZ
4m? }

The set 'y, is a hyperbola. We may use the x;-axis to supply a global coordinate

(1.4.2) suppu C Iy = {x eR?: xjxp =

for I'ys, and define a complex-valued finite Borel measure 7; 4 on R by setting

(1.4.3) Tiu(E) = /Edn,u(xl) =u(E xR)= : Rd,u()c).

We shall at times refer to ;1 as the compression of u to the x;-axis. It is easy to
see that ¢ may be recovered from 7 u; indeed,

(144) I/l(f) — /:Z(Cf) — /R eiﬂ[§11+sz2/(4nzl)]d7rllu(t)’ é c RZ.

Here, we use the standard notational convention R* := R \ {0}. We note that u is
absolutely continuous with respect to arc length measure on I'y, if and only if 7 1
is absolutely continuous with respect to Lebesgue length measure on R*.

1.5 The lattice-cross as a uniqueness set for solutions to the Klein—
Gordon equation. For positive reals a, S, let A, g denote the lattice-cross

(1.5.1) Aap = (aZ x {0}) U ({0} x BZ),

so that the spacing along the & -axis is a, and along the &-axis it is f. In the work
[13], Hedenmalm and Montes-Rodriguez found the following.

Theorem 1.5.1 (Hedenmalm, Montes). If we fix positive reals M, a, 3, then
(s, A, p) is a Heisenberg uniqueness pair if and only if apM? < 4x>.
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In terms of the Zariski closure, the theorem says that
zclosr,,(Ag p) = R?

holds if and only if afM? < 4z°. By taking the relation (1.4.4) into account,
and by reducing the redundancy of the constants (we may without loss of gener-
ality consider M = 2z and a = 1), Theorem 1.5.1 is equivalent to the following
statement: the linear span of the functions

einmt’ e—in’/)’n/t’ m,n e Z,
is weak-star dense in L*°(R) if and only if # < 1. Here, we supply new and
unexpected insight into the theory of Heisenberg uniqueness pairs, such as a
new connection with the standard Gauss map (motivated by Theorem 1.6.1), and,
more importantly, we uncover, in the framework of Fourier Analysis, profound
connections between the Hilbert transform and the dynamics of transfer operators
intimately related to Gauss-type maps leading up to Theorem 1.9.2.

1.6 Dynamic unique continuation from a branch of the hyperbola.
Just looking at Theorem 1.5.1, we are immediately led to ask what happens if we
replace the hyperbola I'y; by one of its two branches, say

M2
(L6.1)  Th=TyN® xR)={reR:xn= , andx >0},

There is also a uniqueness theorem for the branch I'j; of the hyperbola I'y;, which
turns out to be closely related to the famous Gauss—Kuzmin—Wirsing operator and
the Gauss map x — 1/x mod Z.

Theorem 1.6.1. Fix positive reals a., f, M. Then (I'y;, Ay p) is a Heisenberg
uniqueness pair if and only if afM? < 16m>. Moreover, in the critical case
apM? = 16x2, the space AC(I'3;, A, p) is the one-dimensional space spanned by
the measure uo € AC(I'y;, Ay, p) whose xi-compression is given by

L,2/a0(® 11270, 400[(D)
d = ’ - ’ dr.
71 p0(0) { 22+at)  at2+at)

The proof of Theorem 1.6.1 is presented in [14], where it is also shown that
in the critical parameter regime af = 16z2, (I';, A}, p) is indeed a Heisenberg
uniqueness pair, where A;,ﬁ = AgpU{<}, and & € ({0} x R) U (R x {0}) is
any point off the lattice-cross A, p. The analysis of the proof of the latter result
involves a geometric object known as the Nielsen spiral.
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Again, by taking the relation (1.4.4) into account, and by reducing the redun-
dancy of the constants (again we may without loss of generality consider M = 2z
and a = 1), it is easy to see that Theorem 1.6.1 entails the following assertion: the
restriction to R, of the linear span of the functions

iTmt —izfn/t
b e /)) / b

e m,n € 7,

is weak-star dense in L>°(R,) if and only if § < 4. Moreover, if § = 4 the weak-star
closure of this linear span has codimension one in L*(R,).

Theorem 1.6.1 has the following consequence in terms of unique continuation
from the branch I'}; (or, alternatively, the complementary branch I'y; := 'y, \ T'})),
to the entire hyperbola I'y,.

Corollary 1.6.2. Fix positive reals a, B, M. Then p € AC(I'y, Ay p) is
uniquely determined by its restriction to the hyperbola branch '3, if and only if
apM? < 167> The same holds with T3, replaced by Ty, as well.

1.7 The Zariski closure of the axes and half-axes. We first consider
the Zariski closure of the two axes R x {0} and {0} x R with respect to the space
AC(Tyy) of absolutely continuous measures, with respect to arc length, on the
hyperbola I'y,.

Proposition 1.7.1. Fix a positive real M. If u € AC(I'y) is such that i
vanishes on one of the axes, R x {0} or {0} x R, then u = 0 identically. In terms
of Zariski closures, this means that

zclosr,, (R x {0}) = zclosr,, ({0} x R) = RZ.

The next proposition will show the difference between time-like and space-like
quarterplanes. First, we need some notation. Let R, := {#f € R : ¢ > 0} and
R_:={reR:r <0} be the positive and negative half-lines, respectively. We write

R,:={reR:t>0} and R_:={reR:zr<0}
for the corresponding closed half-lines.

Proposition 1.7.2. Fix a positive real M. Then the Zariski closures of each
of the four semi-axes R, x {0}, R_ x {0}, {0} x R,, and {0} x R_ are as follows:

zclosr,,(Ry x {0}) = zclosr,, ({0} x R_) = R, x R_

and
zclosr,, (R_ x {0}) = zclosr,, ({0} x R;) = R_ x R,.
Remark 1.7.3. In each of the instances in Proposition 1.7.2, we note that
the Zariski closure of a semi-axis equals the topological closure of the adjacent
quadrant of space-like vectors.
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1.8 The Gauss-type maps on the symmetric unit interval. The
Gauss-type map 7y acting on the symmetric interval I} :=] — 1, 1[ is defined
in the following fashion. First, we let { x}, denote the even-fractional part of x,
by which we mean the unique number in the half-open interval I; :=] — 1, 1] with
x — {x}, € 2Z. The Gauss-type map zp : I} — I is given by the expression

(%) = { - '3}2.

X

Here and in the sequel, £ is assumed real with 0 < £ < 1. The basic properties
of 74 are well-known; see, e.g., [14]. We outline the basic aspects below. For
0 < p < 1,thesetl; \ 7 4 acts as an attractor for the iterates under 7, and inside the
attractor I, \ I, the orbits form 2-cycles. Here, Iz denotes the symmetric interval
Iy :==[—p, Bl. For B = i, we show the graph of 74 in Figure 1.8.1. For =1, on
the other hand, we have the invariant measure (1 — x>)~'dx. The reason is that the
endpoints £1 are only weakly repelling.

0.5

p

Figure 1.8.1. Illustration of the Gauss-type map 7 for f = i. The vertical lines
indicate where the graph has jumps.

The transfer operator 7T linked with the map 74 is the operator which can
be understood as taking the unit point mass J, at a point x € /; to the unit point
mass dr(y) at the point 74(x). To be more definitive, for a function f* € L'(I)), we
write f as an integral of point masses,

(1.8.1) Fo) = /, F) 8.ty di = /, P8, dr,
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understood in the sense of distribution theory, and say that

(1.8.2) Taf (x) = /If(t) T o (x) dt = /If(t) Oy dt,  x el
1 1
which is seen to be the same as the more explicit formula
B B
(1.8.3) T of ) = { 2<% e Tz X e D,
0, xe R\ L,

which has the added advantage that the values off the interval /; are declared to
vanish. The behavior of 7y is rather uninteresting on the attractor I, \ I, and for
this reason, we introduce the subtransfer operator T; which discards the point
masses from the attractor. In other words, we set

(1.8.4) Tpf(x) :=T(1iﬂf)(x)=/I_f(t)‘J'ﬁét(x)dt=/I_f(t)érﬂ(,)(x)dt, xel.
[ b

In more direct terms, this is the same as
B B
1.8.5 T = E —
( ) ) 2+ x)zf( 2j+x

JjezZx

)a XEIla

which we see from (1.8.3). Here, Z* = Z \ {0}, as before. For 0 < § < 1, the
t4-orbit of a point x € I; falls into the attractor /; \ Iz almost surely. In terms of
the subtransfer operator T, this means that

(1.8.6) VieL'(lh): Tif -0 inL'(y), if0<p<I.

For = 1, things are a little more subtle. Nevertheless, it can be shown (see [19],
for instance) that

(1.8.7) VfeL'(): 1,Tif -0 inL'(),

for every fixed real # with 0 < # < 1. Here, as expected, [, is the symmetric
interval I, :==]—#, y[. In particular, there is no nontrivial function f* € L'(I)) with
Tyf = Af forany A € C with [A] > 1 and any f with0 < f < 1.

Let H stand for the Hilbert transform, given by the principal value integral

1 dr .1 dr
Ho = pv [ g0 ¥ = lim s ¥

I 0" T JR\[x—e,x+€]

and L) (R) is the codimension 1 subspace

Li(R) := {g e L'(R): /Rg(t)dt = 0}.
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In [14], the subtransfer operator T was shown to extend to a bounded operator
on the space £(/;), whose elements are distributions on /;. The space £(/;) consists
of the restrictions to the open interval /| of the distributions in the space

(R) = L'(R) + HLy(R),

supplied with the induced quotient norm, as we mod out with respect to all the
distributions whose support is contained in R \ /;. The quotient norm comes from
the norm on the space £(R), which is given by

(1.8.8) llullem = inf{ Iflln@ + lglo@ : u=f+Hg, feLR), g € Ly(R)},

and we should mention that the £(R) is in the natural sense the predual of the
real H>-space on the line, denoted by Hgj(R), which consists of all the functions
in L*°(R) whose modified Hilbert transform also is in L (R).

By a theorem of Kolmogorov, the Hilbert transform of an L'(R) function is
well-defined pointwise almost everywhere as a function in the quasi-Banach space
L'"*°(R) of weak-L' functions. More generally, if E C R is Lebesgue measur-
able with positive length, the weak-L' space L!"*(E) consists of all measurable
functions f : E — C with finite quasinorm

(1.8.9) 1l L1ook) i= sup{ AINp(A)| : A > 0O},
where Ny(4) denotes the set
Ny(2) = {t € E: [f(1)] > A},

and the absolute value sign in (1.8.9) assigns the linear length to a given set.
Kolmogorov’s theorem allows us to think of the distributions (or pseudomeasures)
in £(R) as elements of L!**°(R), so that in particular, £(;) can be identified with a
subspace of L'**°(1), the corresponding weak-L' space on the interval I;. For the
pointwise interpretation, the formula (1.8.5) for the operator T4 remains valid. We
will work mainly in the setting of distribution theory. When we need to speak of
the pointwise function rather than the distribution u, we write vap(u) in place of u,
and call it the valeur au point. So “vap” maps from distributions to functions.
Note that there is no canonical interpretation of functions in L'"*° as distributions,
so going back from the function to the distribution is nontrivial.

On the space L'(I}), the subtransfer operators Ty all act contractively. This is
not the case with the extension to £(/;).

Theorem 1.8.1. Fix 0 < f < 1. Then the operator Ty : £(;) — £) is
bounded but not contractive.

The proof of Theorem 1.8.1 is supplied in Subsection 9.7.
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A decomposition analogous to (1.8.1) holds for distributions u € £(1;) as well,
only we would need two integrals, one with d;(x) and the other with Hd;(x) (and the
latter integral should be taken over a bigger interval, e.g. I, =] — 2, 2[ to allow for
tails). Thinking physically, we allow for tw,o kinds of “phases of matter”, focused
particles J; as well as spread-out phases Ho,. Then £(/;) is a space of “extended”
observables, and Ty acts on this space. It is then natural to ask whether there is a
nontrivial invariant extended observable under Ty. More generally, we would ask
whether there exists a u € £(/;) with Tgu = Au for any scalar 4 € C with [A] > 1.
To appreciate the subtlety of this question, we note that in the slightly larger space
L'°(I}), there are plenty of invariant states u € L"*°(I,) with Tpu = u; see the
example provided in Remark 11.2.1. That example is constructed as the Hilbert
transform of the difference of two Dirac point masses, with one point inside /; and
the other point outside /;. The example in fact suggests that within the space of
Hilbert transforms of finite Borel measures, the invariant states might possess an
intricate and interesting structure. In the space £(R), which contains the Hilbert
transforms of the absolutely continuous measures, this is however not the case.

Theorem 1.8.2. Fix 0 < f < 1. For uy € £(,), we have the asymptotic
decay Vap(T%’uo) — 0in L) as N = +o0.

So, although Tg has norm that exceeds 1 on £(/;), the orbit of a given u € £(I)
converges to 0 in the weaker sense of the quasinorm in L'*°(/;). In other words,
the L'">°-quasinorm serves as a Lyapunov energy for the asymptotic stability of the
Ts-orbits. In the setting of the smaller space L!(1}), this convergence amounts to
the statement that the basin of attraction of the attractor I; \ Iz contains almost every
point of the interval ;. Apparently, this property extends to the larger space £(1;),
but not to, e.g., L""*°(I;) (see Remark 11.2.1). The proof of Theorem 1.8.2 is
supplied in Subsection 11.2.

Corollary 1.8.3. Fix0 < g < 1. If Tgu = Au for some u € £(Iy) and some
scalar .. € C with |A| > 1, then u = 0.

In other words, for 0 < f < 1, the point spectrum of the operator
T/; . £(11) — 2(11)

is contained in the open unit disk . It is clear that Corollary 1.8.3 follows from
Theorem 1.8.2.

For = 1 we will separate the analysis according to symmetry. We recall that
a distribution, defined on a symmetric interval about O, is odd if its action on the
even test functions equals 0.
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Theorem 1.8.4 (f = 1). For odd uy € £(I1), we have the asymptotic decay
lluvap(Tllvuo) — 0in L)) as N = +oco for each n with0 < 5 < 1.

The proof, which is supplied in Subsection 14.2, is much more sophisticated
than that of Theorem 1.8.2. It uses the full strength of the machinery developed
around a subtle dynamical decomposition of the odd part of the Hilbert kernel.
A similar dynamical decomposition is available for the even part of the Hilbert
kernel as well, but the estimates take a different form (compare with the remarks
following the formulation of Theorem 1.8.6 below).

At the critical point § = 1, the proof is based on analyzing the iterates of the
transfer operator on the sum space consisting of L'(/) plus its Hilbert transform
with a suitable topology. For the details see, e.g., Theorem 12.4.1 below. After
finding the commutant of the Hilbert transform and the transfer operator, we are
led to analyze very precisely a series which involves the iterates of the transfer
operator acting on the odd Hilbert kernel. Here, we refer to the odd Hilbert kernel
in the context of splitting the Hilbert transform H = H/ + H”, where the even
Hilbert kernel H/ maps to even functions and the odd Hilbert transform H// maps
to odd functions. To perform this analysis, it is necessary to consider a family
of infinite matrices expressed in terms of the polygamma function. Each such
matrix is a Hankel matrix which is strictly totally positive. Via the Variation
Diminishing Property Theorem, this positivity permits us to study in great detail
the sign changes of the Taylor coefficients of a system of kernels that are derived
from the odd Hilbert kernel. A key step to control things is to estimate the Hurwitz
zeta function. Put together, these ingredients allow us to control the series of the
transfer operator acting on the odd Hilbert kernel.

In the setting of the smaller space L!(I}), the corresponding statement is based
on the fact that the dynamics of 7; has £1 as a weakly repelling fixed point, so that
the ergodic invariant measure for L'(I;) gets infinite mass and cannot be in L'(I).
It follows immediately from Theorem 1.8.4 that the point spectrum of the operator

Ty @ Loaal1) = Loaa(l1)

is contained in the open unit disk D. In particular, there is no T;-invariant element
of £044(11), the subspace of the odd distributions in £(/;). It turns out that the
oddness assumption is actually superfluous (see Corollary 1.8.7 below).

Corollary 1.8.5 (= 1). If T\u = Au for some odd u € £(1,) and some scalar
A e Cwith |A] = 1, thenu = 0.

As already mentioned, this corollary is an immediate consequence of Theorem
1.8.4.
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From a dynamical perspective, it is quite natural to introduce the odd-even
symmetry, as the transformation 7y itself is odd: zg(—x) = —7p(x) (except pos-
sibly at the endpoints #=1). For example, in connection with the partial fraction
expansions with even partial quotients, it is standard to keep track of only the
orbit of the absolute values on the interval /7. Note that clearly, the subtransfer
operators Ty preserve odd-even symmetry. As for the remaining even symmetry
case, we observe that H(6_; — d;) = 2(1 —x?)~!
constant multiple of) the density of the ergodic invariant measure. In other words,

which is even and equals (a

the infinite ergodic invariant measure is the Hilbert transform of a finite measure
consisting of two point masses. In the appropriate weak sense, such point masses
are well approximated by functions in L'(/;), and hence the invariant density is
well approximated by elements of £(/;). Since the invariant measure is an even
function, the even analogue of Theorem 1.8.4 could possibly be even more chal-
lenging. Pleasantly, we can also control the orbits of the even distributions in £(/;)
in terms of another Lyapunov energy, but the energy functional is very weak. To
formulate properly the assertion, we need the Volterra operator

Vi(x) = /0 “fdn, xel.

If the function f is even, then the Volterra operator can be expressed in the form

Viw=, [ fod, xer,

and the resulting function Vf is then odd. The latter formulation is suitable
for even distributions u € £(I;}) (we write Leven(l)) for the subspace of such
even distributions in £(/,)), and it is possible to show, e.g., that Vu € L*(I;) for
u € Leyen(lh).

Theorem 1.8.6 (f = 1). For even ug € £(I1), we have the asymptotic decay
lanlevuo — 0in L*(I)) as N — +oo for each n with 0 < n < 1.

While the proof of Theorem 1.8.6 is to some extent analogous to that of Theorem
1.8.4, it deviates in that we analyze the Volterra operator applied to the even
summands in the “dynamical decomposition lemma” (cf. Proposition 12.3.1), and
that a weaker control of the corresponding terms is obtained in the “uniform control
of summands” (cf. Theorem 12.4.1). We defer the details of the proof of Theorem
1.8.6 to a separate publication [15].

A combination of Theorems 1.8.4 and 1.8.6 allows us to remove the oddness
assumption in Corollary 1.8.5.
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Corollary 1.8.7 (f = 1). If Tiu = Au for some u € £(I,) and some scalar
A e Cwith || = 1, then u=0.

Remark 1.8.8. Corollaries 1.8.3 and 1.8.7 go beyond the standard notion of
ergodicity. The main point is that we insert distribution theory in place of measure
theory, although the distributions we work with can be thought of as functions (but
as such not locally integrable, so it is not obvious how to get the distribution from

the function).

1.9 The Zariski closure of the lattice-cross restricted to a time-like
or space-like quadrant and the completeness of a system of unimodular
functions. Denote by

Z,={1,2,3,...}, Z_:={—-1,-2,-3,...},
Zyvo:=1{0,1,2,...}, Z_p:=1{0,—1,-2,...}
the sets of positive, negative, nonnegative, and nonpositive integers, respectively.
We consider the following four portions of the lattice-cross A, 4 given by (1.5.1):
Ayl = (0Zap x (0D U0} x BZ4y),  Ajp = (aZso x {0) U {0} x BZ-),
and
Ayl = @Zog x {0D U0} x BZ), A5 i=(aZ-p x {0)U({0} x SZ-).

We first calculate the Zariski closure of the sets lying in the first and third quadrants,
which are both time-like.

Theorem 1.9.1 (time-like). Fix positive reals a, p, M. Then for each point
& e R\ ALYy, there exists a measure u € AC(Ty) such that fi =0 on A}y, while
at the same time ji(E*) # 0. Moreover, the same assertion holds provided that A:'ﬂ
is replaced by A;,E. In terms of Zariski closures, this means that

zcloer(A:'ﬂ) = Z'ﬂ,

zcloer(A;j) =N, 3.

The proof of this theorem, which is presented in [14], requires careful handling
of the H'-BMO duality and the explicit calculation of the Fourier transform of the
unimodular function ¢ — e/’ as a tempered distribution.

We turn to the Zariski closures of the remaining two portions of the lattice-
cross. We first write down the statement in terms of the weak-star closure of the
linear span of a sequence of unimodular functions, and then explain what it means
for the Zariski closure in the form of a corollary.
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As for notation, let H°(R) denote the weak-star closed subspace of L™(R)
that consists of those functions whose Poisson extension to the upper half-plane is
holomorphic. It is perhaps not obvious that Theorems 1.8.2 and 1.8.6 entail the
following result on the completeness of a system of inner functions.

Theorem 1.9.2. Fix positive reals o, 5. Then the functions

iramt —izpn/t
€ B

e , mn=0,1,2,...,

which are elements of H°(R), span together a weak-star dense subspace of H2°(R)
ifand only if o < 1.

Note that the “only if” part of Theorem 1.9.2 is quite simple, as for instance the
work in [4] shows that in case aff > 1, the weak-star closure of the linear span in
question has infinite codimension in H{°(R). Hence the main thrust of the theorem
is the “if” part. The proof of Theorem 1.9.2 is supplied in two instalments: for
of < 1in Subsection 11.1, and for af = 1 in Subsection 14.1.

The Cayley transform brings the upper half-plane to the unit disk D), and
identifies the space H°(R) with H>*°(DD), the space of all bounded holomorphic
functions on ID. For this reason, Theorem 1.9.2 is equivalent to the following
assertion, which we state as a corollary.

Corollary 1.9.3. Fix two positive reals Ay, A>. Then the linear span of the
functions

m z+1 . z—1 B
¢1(Z) _exp (mﬂ‘lz_ ) and ¢2(Z) _exp (”MZZ_’_ 1 )5 man_oa 1925 sy

1
is weak-star dense in H*(D) if and only if A1» < 7.
We omit the trivial proof of the corollary.

Remark 1.9.4. Clearly, Corollary 1.9.3 supplies a complete and affirmative
answer to Problems 1 and 2 in [20]. We recall the question from [20]: the issue
was raised whether the algebra generated by the two inner functions

R AT

for 0 < A1, Ay < +00, is weak-star dense in H>®(ID) if and only if 1;A, < 7%. The
“only if”” was understood already in [20]. As pointed outin [20], itis a consequence
of Corollary 1.9.3 that for 4,4, < 72, the lattice of the closed subspaces invariant
with respect to multiplication by the two inner functions ¢;, ¢, coincides with the
usual shift invariant subspaces in the Hardy space H”(ID), where 1 < p < +oo. It
is remarkable that we do not need the whole algebra generated by the two inner
functions to span the space H*(D).
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We should stress that it is not possible to derive the assertion of Theorem
1.9.2 from Theorem 1.5.1. This is connected with the fact that there are elements
of L*°(R) with unbounded Hilbert transform. What is however possible to obtain
based on Theorem 1.5.1 is the weak-star completeness in BMO,(R) (analytic
BMO on the line) of the system appearing in Theorem 1.9.2 for aff < 1. The
two weak-star topologies are genuinely different, as it is not difficult to exhibit
a sequence of functions in H°(R) which is weak-star complete in BMO,(R) but
not in H°(R). As already mentioned, we develop several new methods to handle
the much finer weak-star topology of H{°(R), such as calculating the commutator
of the Hilbert transform and iterates of the transfer operator, a dynamical Hilbert
kernel decomposition, monotonicity methods, totally positive matrices, as well as
an estimate of the Hurwitz zeta function.

Theorem 1.9.2 can be restated in terms of uniqueness properties of solu-
tions to the Klein—Gordon equation. Note that in the statement below, the pair
(AZ’_ﬁ, R, x R_) can be replaced by (A;’;, R_ x R,) without perturbing the valid-
ity of the result.

Corollary 1.9.5. Fix positive reals o, f, M with afpM?> < 4x>. Suppose
that u = fi solves the Klein—-Gordon equation (1.3.1), where u is finite complex
Borel measure on R?, which is assumed absolutely continuous with respect to one-
dimensional Hausdorff measure. Then the values of u on the space-like quarter-
plane R, x R_ are determined by the values of u on the set AZ’_ﬁ, which is the
portion of the lattice-cross in the given quarter-plane. This property does not hold
for apM? > 42,

This formulation is actually a consequence of the Zariski closure result of
Corollary iii below, so we refer to the explanatory remarks that follow right after it.

Corollary 1.9.6 (space-like). Fix positive reals a., 5, M. The following as-
sertions are equivalent:
@) zcloer(A;j;) = H:%.J, X H§_,
(i) zcloer(A;j;) =R_ xR,,
(iii) apM? < 4x>.

Here, the main part of the equivalence (i)<(iii) is the implication (iii))=@"),
where (i) is as follows:

(i") zclosr, (A} ) DR, x R_.
The latter implication can be understood in the following terms. Under the density
condition (iii), any measure u € AC(I'j;) whose Fourier transform f vanishes
on Aj 7, has the property that 2 actually vanishes on the entire space-like adjacent
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quarter-plane R, x R_. This assertion is seen to be equipotent with Theorem
1.9.2, after a scaling argument which permits us to assume that M := 2z. Finally,
to obtain the equality (i) from the inclusion (i’) which results from Theorem
1.9.2, we need the fact that the Zariski closure operation is idempotent, in the
sense that choslz- = zclosr, plus the fact that the indicated quarter-planes are
themselves Zariski closures, which we have from Proposition 1.7.2. The remaining
equivalence (ii)<(iii) is, by a symmetry argument, the same as the the equivalence
() (ii).

Remark 1.9.7. Let us now check how Theorem 1.5.1 is an immediate con-
sequence of the much deeper result of Corollary iii. First, an elementary argument
(see [13], [4]) shows that zclosr, (A, p) # R? for afM?* > 4x2, so that we just
need to obtain the implication

afM? < 4x* = zclosr, (Ay p) = R?.
In view of Theorem 1.9.2,
afM? < 4n?
= zclosr,, (A4, pg)=zclosr,,( Z_ﬂ U A;}) SRy xROHUMR_xR,)DOR x {0},

and Theorem 1.5.1 becomes a consequence of Proposition 1.7.1 together with the
above-mentioned idempotent property zcloslz- = zclosr.

2 Basic properties of the dynamics of Gauss-type maps
on intervals

2.1 Notation for intervals. For a positive real y, let I, :=] — y, y[ denote
the corresponding symmetric open interval, and let /7 :=]0, y[ be the positive side
of the interval I,,. At times, we will need the half-open intervals /, :=] — y, y] and
i;f := [0, y[, as well as the closed intervals I_y :=[—y,y]and I_;f = [0, y].

2.2 Dual action notation. For a Lebesgue measurable subset E of the real
line R, we write

. g) = /E Fgdt,

wheneverfg € L'(E). This will be of interest mainly when E is an open interval, and
in this case, we use the same notation to describe the dual action of a distribution
on a test function. For a set E C R, 1g stands for the characteristic function of E,
which equals 1 on E and vanishes elsewhere. So, in particular, we see that

(f. &) e = (1&f, g)r = (1£f, 1eg)R.
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2.3 Gauss-type maps on intervals. For background material in Ergodic
Theory, we refer to the book [5].
For N =2,3,4, ..., the N-step wandering subset is given by

(2.3.1) Epn={xelp:th(x)elgforn=1,...,N -1},

where T% =180 -0 174 (n-fold composition). We also agree that £z ; := I_ﬁ. The
sets Ep v get smaller as N increases, and we form their intersections

+00
(2.3.2) €00 = () Epn-
N=1

On a given interval, the cone of positive functions consists of all integrable
functions f with f > 0 a.e. on the respective interval. Similarly, we say that f is
positive if f > 0 a.e. on the given interval, allowing for nonintegrable functions.

Proposition 2.3.1. Fix 0 < f < 1. Then we have the following assertions:

(i) The operators Tg : L'(I)) —» L'(I)) and Tp: L'(I)) — L'(I)) are both norm
contractions, which preserve the respective cones of positive functions.

(ii) On the positive functions, Ty acts isometrically with respect to the LY(I)
norm.

(iii) If Epn denotes the N-step wandering subset given by (2.3.1) above, then
T%’f = ‘J']ﬁv(lgﬂ_Nf)forf eL'(I})and N=1,2,3, ...

(iv) For0 < f < 1, and f € L'(I,), we have that ||T%f||L1(11) — 0as N - +oo.
In particular, |Ep n| — 0 as N = +oo.

(v) For B=1 and f € L'(I\) with mean {f, 1)}, =0, we have that |TfIl.1;,— 0
as N = +oo.

(vi) For f=1andf € L'(I), we have that |1, TYfll114,, — 0 as N — +oo for
eachreal n with0 < 5 < 1.

This is a conglomerate of ingredients from Propositions 3.4.1, 3.10.1, 3.11.3,
3.13.1,3.13.2, and 3.13.3 in [14].

2.4 An elementary observation extending the domain of definition
for Ty. We begin with the following elementary observation.

Observation. The subtransfer and transfer operators Ty and Tp, initially
defined on L' functions, make sense for wider classes of functions. Indeed,
if f > 0, then the formulae (1.8.3) and (1.8.5) make sense pointwise, with values
in the extended nonnegative reals [0, +o0]. More generally, if f is complex-valued,
we may use the triangle inequality to dominate the convergence of Tyf by that
of Tp|f|. This entails that Tyf is well-defined a.e. if Ty|f| < +oo holds a.e. The
same goes for T4 of course.
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This means that Tzf will be well-defined for many functions f, not necessarily
in L'(I)).

2.5 Symmetry preservation of the subtransfer operator Tsz. The
property that Ty preserves symmetry on L'(I) holds much more generally.

Proposition 2.5.1. Fix 0 < g < 1. To the extent that Tgf is well-defined
pointwise, we have the following:
(1) Iff is odd, then Tgf is odd as well.
(i1) Iff is even, then Tyf is even as well.

This follows from Proposition 3.6.1 in [14].

Along with the symmetry, we can add constraints like monotonicity and con-
vexity. Under such constraints on f, the pointwise values of Tyf are guaranteed to
exist, and the constraint is preserved under Tp.

Proposition 2.5.2. Fix 0 < f < 1. We have the following:
@) Iff : I — Ris odd and (strictly) increasing, then so is Tgf.
(1) Iff : Iy — Ris even and convex, and if f > 0, then so is Tgf.

This follows from Propositions 3.7.1 and 3.7.2 in [14].

2.6 Preservation of point values of continuous functions under Ty.
For y with 0 < y < +00, let C(I,) denote the space of continuous functions on the
compact symmetric interval I, = [—7, y].

Proposition 2.6.1. Fix0 < g < 1. Iff € C(Ip), then Tgf € C(I;). Moreover,
if in addition, f is odd, then Tgf (1) = Bf(f).

This result combines Propositions 3.8.1 and 3.8.2 in [14].

2.7 Subinvariance of certain key functions. Next, we consider the
T s-iterates of the function

2.7.1) Ko (x) := xel,

a2 —x2’
where a is assumed confined to the interval 0 <« < 1. This function is notin L'(1}),
although it is in L'°°(I;). However, by the observation made in Subsection 2.4,
we may still calculate the expression Tgk, pointwise wherever Tglx,|(x) < +oo.
Note that x(x)dx is the invariant measure for the transformation z;(x) = { —1/x},,
which in terms of the transfer operator T| means that T x| = x;.
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Proposition 2.7.1. Fix 0 < B < 1. For the function ks(x) = B/(f* — x*), we
have that

1
Tprp(x) = Tglepl(x) = K1 (x) = | Gexe I.

As for the function x(x) = (1 — x*)™!, we have the estimate

n

OST;’;KI(x)S/)’"KI(x)=1é) xel,n=1,2,3,...,

x2’

which for 0 < < 1 may be replaced by the uniform estimate

ﬁ’

Remark 2.7.2. As noted earlier, for f = 1, we have the equality T x| = ;.

2
Tﬁxl(x)glﬁ xel,n=1,2,3,....

3 Background material: The Hilbert transform on the
line and related spaces.

3.1 The Szegé projections and the Hardy H'-space. For a reference
on the basic facts of Hardy spaces and BMO (bounded mean oscillation), we refer
to, e.g., the monographs of Duren and Garnett [6], [9], as well as those of Stein
[26], [27], and Stein and Weiss [28].

Let Hi(R) and H' (R) be the subspaces of L' (R) consisting of those functions
whose Poisson extensions to the upper half plane

C, ={zeC:Imz> 0}

are holomorphic and conjugate-holomorphic, respectively. Here, we use the term
conjugate-holomorphic (or anti-holomorphic) to mean that the complex conjugate
of the function in question is holomorphic.

It is well-known that any function f € H!(R) has vanishing integral,

3.1.1) f, hr = /f(t)dt =0, feH!®).
R

In other words, H!(R) c L{(R), where

(3.1.2) LyR) := {f € L'R) : {f, 1)g = 0}.

By a version of Liouville’s theorem,

H!(R)NH.(R) = {0},
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which allows us to think of the space
HL(R) = H{(R)® H.(R)

as a linear subspace of Lj(R). We will call H} (R) the real H'-space of the line R,
although it is C-linear and the elements are generally complex-valued. It is not
difficult to show that Hé (R) is norm dense as a subspace of L(l)(R). The elements
of f e Hé (R) are just the functions f € L}(R) which may be written in the form

(3.1.3) f=fi+f, wherefi € H\(R), fr € H' (R).

As already mentioned, the decomposition (3.1.3) is unique. As for notation, we
let P, and P_ denote the projections P.f := f; and P_f := f> in the decomposi-
tion (3.1.3). These Szego projections P., P_ can of course be extended beyond
this H(}@ (R) setting; more about this in the following subsection.

3.2 The Hilbert and the modified Hilbert transform. With respect
to the dual action

(f. g)x = /R Fg(odr,

we may identify the dual space of Hg,a(R) with BMO(R)/C. Here, BMO(R) is
the space of functions of bounded mean oscillation; this is the celebrated
Fefferman duality theorem [7], [8]. As for notation, we write “-/C” to express that
we mod out with respect to the constant functions. One of the main results in the
theory is the theorem of Fefferman and Stein [8] which tells us that

(3.2.1) BMO(R) = L*(R) + HL>®(R),

or, in words, a function g is in BMO(R) if and only if it may be written in the form
g = g1 + Hg,, where g1, g» € L°(R). Here, H denotes the modified Hilbert
transform, defined for f € L°°(R) by the formula

I RIS
lim f(t){xl

t
+ N }dt.
e—0* R\ [x—e,x+€] —t 1+71

The decomposition (3.2.1) is clearly not unique. The non-uniqueness of the

Hf (x) :

(3.2.2)

decomposition is equal to the intersection space
(3.2.3) HZ(R) :== L*(R) N HL™(R),

which we refer to as the real H>-space.
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We should compare the modified Hilbert transform H with the standard Hilbert
transform H, which acts boundedly on I”(R) for 1 < p < +o0, and maps L' (R)
into L""*°(R) for p = 1. Here, L'"*°(R) denotes the weak-L! space; see, e.g., (1.8.9).
The Hilbert transform of a function f, assumed integrable on the line R with respect
to the measure (1 + tz)_l/ 2dt, is defined as the principal value integral

d
(3.2.4) Hf (x) == pV / f(t) - lim | f(t)x_t

=0 T JR\[x—e,x+€]

If f € [’(R), where 1 < p < +oo, then both Hf and Hf are well-defined a.e., and
it is easy to see that the difference Hf — Hf is equal to a constant. It is often useful
to think of the natural harmonic extensions of the Hilbert transforms Hf and Hf to
the upper half-plane C, given by

R
Hf(2) = l“ t|2f(t)dt

_ a Rez—1t
W=, /R{ |z — 1]? t2+ 1 }f(t)dt

So, as a matter of normalization, we have that Hf(i) = 0. This tells us the value of
the constant mentioned above: Hf — Hf = —Hf(i).
Returning to the real H!-space, we note the following characterization of the

(3.2.5)

space in terms of the Hilbert transform: for f € L'(R),
(3.2.6) feH,[R) < feL)®R) and Hf e LiR).

The Szeg6 projections P, and P_ which were mentioned in Subsection 3.1 are
more generally defined in terms of the Hilbert transform:

1 1
(3.2.7) Pif = (f+iHf), Pf:=,(f—iH).

In a similar manner, for f € L>(R), based on the modified Hilbert transform H we
may define the corresponding projections (which are actually projections modulo
the constant functions)

(3.2.8) P.f = ;(f+iI:If), P_f:= ;(f— ify),
so that, by definition, f = P,f + P_f.
4 Operators on a space of distributions on the line.

4.1 The Hilbert transform on L'. For background material on the
Hilbert transform and related topics; see, e.g., the monographs [6], [9], [26],
[27] and [28].
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It is well-known that the Hilbert transform as given by (3.2.4) maps
H: L'(R) - L»*®(R). Since functions in L'"**(R) have no obvious interpre-
tation as distributions, it is better to define Hf right away as a distribution for

f e L'(R).
The distributional interpretation is as follows:
(411) <¢: Hf>R = _<H(oaf>]Ra

where ¢ is a test function with compact support, and f € L'(R). Note that Hop,
the Hilbert transform of the test function, may be defined without the need of the
principal value integral:

Ho(x) =

1/go(x—t)—go(x+t)dt;
27 Jr t

it is a C* function on R with decay Hop(x) = O(|x|™!) as |x] — +oo. As a
consequence, it is clear from (4.1.1) how to extend the notion Hf to functions f
with x = (1+x?)~"2f(x) in L' (R). Note that as a result of the work of Kolmogorov,
the equivalence (3.2.6) holds equally well when Hf is interpreted as a distribution
and as a weak-L! function.

4.2 The real H* space. The real H* space, denoted by Hg (R), was
introduced in (3.2.3). An alternative definition is to say that it consists of all
functions f € L*°(R) of the form

(4.2.1) f=hi+fn fi e H'R), f2 € H*R).

Here, H°(R) consists of all functions in L°°(R) whose Poisson extension to the
upper half-plane is holomorphic, while H*(R) consists of all functions in L>*(IR)
whose Poisson extension to the upper half-plane is conjugate-holomorphic (al-
ternatively, the Poisson extension to the lower half-plane is holomorphic). The
decomposition (4.2.1) is unique up to additive constants.

4.3 The predual of the real H> space. We shall be concerned with the
following space of distributions on the line R:

£(R) := L'(R) + HL)(R),
which we supply with the appropriate norm (1.8.8), that is,
lull ey == inf(lf ) + gl - u=f +Hg, feL'(R), g€ LR},

which makes £(R) a Banach space.
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We recall that L(l)(R) is the codimension-one subspace of L' (R) which consists
of the functions whose integral over R vanishes. Given f € L!(R) and g € L(l)(R),
the action of u := f + Hg on a test function ¢ is (compare with (4.1.1))

(4.3.1) (p.f +Hg)r = (p.f)r — (Hp, g)r = (0, f)r — (Hop, g)r;

we observe that the last identity uses that (1, g)gr = 0 and the fact that the func-
tions Hyp and Hg differ by a constant.
It remains to identify the dual space of £(R) with HZ(R).

Proposition 4.3.1. Each continuous linear functional £(R) — C corre-
sponds to a function ¢ € HZ(R) in accordance with (4.3.1). In short, the dual
space of £(R) equals HZ(R).

This is Proposition 7.3.1 in [14]. We will refer to £(R) as the predual of the
real H* space, although there are alternative preduals.

Remark 4.3.2. Since an L!-function f gives rise to an absolutely contin-
uous measure f()dz, it is natural to think of £(R) as embedded into the space
MR) := M(R) + HMp(R), where M(R) denotes the space of complex-valued
finite Borel measures on R, and My(R) is the subspace of measures 4 € M(R)
with ¢ (R) = 0. The Hilbert transforms of singular measures noticeably differ from
those of absolutely continuous measures; see [23].

4.4 The ‘“valeur au point” function associated with an element
of £(R). We recall that £(R) consists of distributions on the real line. How-
ever, the definition

£R) = L'(R) + HL)(R)
would allow us to also think of this space as a subspace of L*>*(R), the weak L'-
space. It is a natural question to ask for the relationship between the distribution
and the L>* function. We stick with the distribution theory definition of £(R), and
associate with a given u € £(R) the “valeur au point” function vap[«] at almost all
points of the line. The precise definition of vap[u] is as follows.

Definition 4.4.1. For a fixed x € R, let y = y, be a compactly supported
C*°-smooth function on R with y(#) = 1 for all ¢ in an open neighborhood of the

point x. Also, let ¢

e+ (x—1)?
be the Poisson kernel. The valeur au point function associated with the

Pryie(0) == x!

distribution u on R is the function vap[u] = vap[uy] given by
4.4.1) vap[u](x) := lir{)l (xPrsic, R, x€R,
e—0*

wherever the limit exists.



24 H. HEDENMALM AND A. MONTES-RODRIGUEZ

In principle, vap[u](x) might depend on the choice of the cut-off function y.
Lemma7.4.2 in [14] guarantees that this is not the case, and that almost everywhere,
it gives the same result as the weak-L' interpretation of the Hilbert transform
on L'(R). A basic result is the following.

Proposition 4.4.2 (Kolmogorov). The mapping
vap : &R) — LV°(R), u+—> vaplu],
is injective and continuous.

This is a combination of Propositions 7.4.3 and 7.4.4 in [14].

4.5 The restriction of £(R) to an interval. If u is a distribution on an
open interval J, then the restriction of u to an open subinterval 7, denoted u|;, is
the distribution defined by

(@, uln)r = (@, u),
where ¢ is a C*°-smooth test function whose support is compact and contained

inl.

Definition 4.5.1. Let / be an open interval of the real line. Then u € £(1)
means by definition that « is a distribution on / such that there exists a distribution
v € LR)withu=0o |;.

Kolmogorov’s theorem (Proposition 4.4.2) has a local version as well.

Proposition 4.5.2. (Kolmogorov) Let I be a nonempty open interval of the
line R. Then the “valeur au point” mapping is injective and continuous

vap : £(I) — LY.

This is a combination of Corollaries 7.6.3 and 7.6.6 in [14].

5 Background material: Function spaces on the circle

5.1 The Hardy space H' on the circle. Let L!'(R/27Z) denote the space
of (equivalence classes of) 2-periodic Borel measurable functions f : R — C
subject to the integrability condition

W1l 2z ::/1 [f()|dr < +o0,
1

where I} =]—1, 1] as before. Via the exponential mapping ¢t — '™, which is

2-periodic and maps the real line R onto the unit circle T, we may identify the
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space L' (R/27Z) with the standard Lebesgue space L' (T) of the unit circle. This will
allow us to develop the elements of Hardy space theory in the setting of 2-periodic
functions. We shall need the subspace L}(R/27Z) consisting of all f € L'(R/27Z)
with

(f, 1)y, = i f(ndr =0;

it has codimension 1 in L'(R/27Z). The Hardy space H!(R/2Z) is defined as the
subspace of L!(R/27Z) consisting of functions g € L' (R/27Z) whose Poisson exten-
sion to the unit disk ID is holomorphic and vanishes at the origin, and analogously,
H! (R/27Z) consists of the functions g in L!(R/2Z) whose complex conjugate g is
in H!(R/27Z). In terms of the Poisson extensions to the upper half-plane instead,
f € HL(R/27Z) if the extension is holomorphic and vanishes at +ioco, whereas
f € H . (R/27Z) if the extension is conjugate-holomorphic and vanishes at +ico. We
then introduce the real H'-space

HL(R/27) := HX(R/27) ® H.(R/27),

where we think of the elements of the sum space as 2-periodic functions on R. As
before the symbol & means direct sum, which is possible since

H!(R/27) N H' (R/27Z) = {0}.

We note that, for instance, Hi (R/27Z) C Ly(R/2Z).

5.2 The Hilbert transform on 2-periodic functions and distribu-
tions. Forf € L'(R/27Z), we define H, be the convolution operator by
1 —t
(5.2.1) Hof (x) = - pv / Fyeot ™ Dy
2 I 2
where again pv stands for principal value, which means we take the limit as e — 0*
of the integral where the set

{x}+2Z + [—¢€, €]

is removed from the interval /; =] — 1, 1[. It is obvious from the periodicity of the
cotangent function that H,f, if it exists as a limit, is 2-periodic. Alternatively, by
a change of variables, we have that

1
(5.2.2) Hof(r) = . lim / Fx—1ycot s,
2 e—0* I\, 2

where I, =] —¢, €[. Itis well-known that the operator Hj is just the natural extension
of the Hilbert transform H to the 2-periodic functions. We observe the peculiarity
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that Hy1 = 0, which follows from the fact that the cotangent function is odd. Like
the situation for the real line R, the periodic Hilbert transform H, maps L!(R/27Z)
into the weak L'-space L"*°(R/27Z). However, to work within the framework of
distribution theory, we proceed as follows.

Let C*°(R/2Z) denote the space of C*°-smooth 2-periodic functions on R. It
is easy to see that

9 € C°(R/2Z) => Hop € C°(R/27).

To emphasize the importance of the circle T = R/27Z, we write

1
(5.2.3) s )iz = /_ g0

for the dual action when f and g are 2-periodic.

Definition 5.2.1. For a test function ¢ € C*(R/27Z) and a distribution u on
the circle R/27Z, we set

(0, Hou)r 2z := —(Hao, u)r/27.

This defines the Hilbert transform H,u for any distribution u on the circle R /27Z.

5.3 The real H*°-space of the circle. The real H*>-space on the
circle R/2Z is denoted by HZ(R/27Z), and consists of all the functions in Hg(R)
that are 2-periodic. It has the characterization

(5.3.1) fe HX(R/2Z) < f,Haf € L°(R/27).

5.4 A predual of 2-periodic real H>*. We set
L(R/27Z) := L'(R/27Z) + HyL\(R/27),

which should be understood as a space of 2-periodic distributions on the line R.
More precisely, if u = f + Hog, where f € L'(R/27Z) and g € L{(R/2Z), then the
action on a test function ¢ € C*°(R/27Z) is given by

(5.4.1) (@, u)r2z = (@, f)r2z — (H200, 8)R )22

But a 2-periodic distribution should be possible to think of as a distribution on the
line, which means that we need to understand the action on standard test functions
in C°(R). If y € C°(R), we simply put

(5.4.2) (w, uyry2z = (I, u)r 2z,
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where [,y € C*°(R/2Z) is given by

(5.4.3) TLhy(x) =Y w(x+2)).
JEL

We will refer to I1, as the periodization operator.
As in the case of the line R, we may identify £(R/2Z) with the predual of the
real H*-space Hg (R /27):

L(R/2Z)* = HX(R/27Z)

with respect to the standard dual action (-, -)r 7.

The definition of the “valeur au point function” vap[u] makes sense for
u € L(R/27Z) and as in the case of the line, it does not depend on the choice
of the particular cut-off function. The following assertion is the analogue of
Proposition 4.4.2; the proof is omitted.

Proposition 5.4.1 (Kolmogorov). The “valeur au point” mapping
vap : £(R/27Z) — LI’OO(R/ZZ), u — vaplu],

is injective and continuous.

6 A sum of two preduals and its localization to intervals

6.1 The sum space £(R) & £(R/2Z). Suppose u is a distribution on the
line R of the form

(6.1.1) u=v +w, whereov € £(R), we L(R/27Z).

The natural question appears as to whether the distributions v, w on the right-hand
side are unique for a given u. This is indeed so (Proposition 9.1.1 in [14]):

(6.1.2) LR) N LR/2Z) = {0}.

In view of (6.1.2), it makes sense to write £(R) P L(R /27Z) for the space of tempered
distributions u of the form (6.1.1). We endow £(R) & £(R/27Z) with the induced
Banach space norm

lull emoew2z) = o lew + lwll ew/2z),

provided u, v, w are related via (6.1.1).
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6.2 Thelocalization of £(R)DL(R/27Z) to abounded open interval. In
the sense of Subsection 4.5, we may restrict a given distribution u € L(R)PL(R /27Z)

to a given open interval /. Itis natural to wonder what the space of such restrictions
looks like.

Proposition 6.2.1. The restriction of the space £(R) ® L(R/27Z) to a bounded
open interval I equals the space £(I).

This is Proposition 9.2.1 in [14].

7 An involution, its adjoint, and the periodization op-
erator.

7.1 An involution. For each positive real number f, let Jz denote the
involution given by

Jaf(x) = fzf(—ﬁ’/x), x e R*.

We use the standard notation R* := R\ {0}. If f € L'(R) and ¢ € L®(R), the
change-of-variables formula yields that

pdr

t2

a1 e = [ s’ = [ o=pinsardi= T ps.

where J; is the involution
() == p(—=p/n), teR™.

It is a consequence of the change-of-variables formula that Jz is an isometric
isomorphism L'(R) — L'(R).

Next, we extend Jz to a bounded operator £(R) — £(R). The arguments
in Subsection 10.1 of [14] show that the correct extension of Jg to an operator
L(R) - £(R) reads as follows.

Definition 7.1.1. For u € £(R) of the form u = f + Hg € £(R), where
f e L'(R) and g € L{(R), we define J4u to be the distribution on R given by the
formula

(0. Jpu)r = (0, Jp(f + HR)r = (9, Jaf )= + (0, HIpg)r = (9, Jpf )r — (Hp, Jpg)r,
for test functions ¢ € HZ (R).

The involutive properties of Jg and its adjoint are then naturally preserved
(Proposition 10.1.4 in [14]).
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7.2 The periodization operator. We recall the definition of the peri-
odization operator I1;:

TLf(x) = > fx+2)).
JEL

In (5.4.3), we defined the II, on test functions. It is however clear that it
remains well-defined with much less smoothness required of f. The terminol-
ogy comes from the property that whenever it is well-defined, the function I1,f is
2-periodic automatically. Itis obvious from the definition that IT, acts contractively
L'(R) —» L' (R/27Z).

The basic property of the periodization operator is the following, for f € L!(R)
and F € L*(R/2Z), see, e.g., (10.2.2) in [14]:

(721) <F, H2f>R/ZZ = <F,f>R, ne Z

We need to extend II, in a natural fashion to the space £(R). If p € C*(R/27Z) is
a test function on the circle, we glance at (7.2.1), and for u € £(R) withu = f+Hg,
where f € L'(R) and g L(l)(R), we set

(7.2.2) (@, o)z oz = (9, w)r = (9, )& — (Hp, &)r.
This defines IT,u as a distribution on the circle (compare with (4.3.1)).

Proposition 7.2.1. For u € £(R) of the form u = f + Hg, where f € L'(R)
and g € L(l)(R), we have that Tlou = Tl f + HyIlzg.  In particular, 11, maps
L(R) —» L£(R/27Z) continuously.

This is Proposition 10.2.2 in [14].

8 Reformulation of the spanning problem of Theorem
1.9.2

8.1 An equivalence. Letuswrite Z,o:={0,1,2,...}.

Lemma 8.1.1. Fix0 < f <+o00. Then the following statements are equivalent:
(a) The linear span of the functions

en(t) =™ (1) :=e P min e Zyy,

is weak-star dense in H°(R).
(b) Forf € L\(R), the following implication holds:

If, TLJsf € HU(R/2Z) = f € H.(R).
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Observe that the functions ™ and e~ "#"/! for m, n € Z, belong to H°(R),
since they have bounded holomorphic extensions to C,. Thus that part (a) makes
sense.

Proof of Lemma 8.1.1. With respect to the dual action (-, -)g on the line,
the predual of H°(R) is the quotient space L'(R)/HL(R). With this in mind, the
assertion of part (a) is seen to be equivalent to the following: For any f € L'(R),
the implication

(8.1.1) (Ym,n € Zpg : (en, f)r = (P, flr =0} = f € H(R)

holds. By testing with, e.g., n = 0, we note that we might as well assume that
fe L(l) (R)in (8.1.1). By the basic property (7.2.1) of the periodization operator I,
we have that

(8.1.2) (en, [)r = (en, IIof )r )22,
from which we conclude that
(Vn e Zio: {en,fr =0} = IIof € H.(R/27).

Since JZem = e,%; >, where J; is the involution studied in Subsection 7.1, a repetition
of the above gives that for f € L(I)(R), we have the equivalence

(Vm e Zio: (&P, f)r =0} & LY € HA(R/2Z).

By splitting the annihilation conditions in (8.1.1), we see that they are equivalent
to having both II,f and II,J4f in H!(R/2Z). In other words, the statement in (a)
and (b) are equivalent. ]

Remark 8.1.2. By the argument involving point separation in C,. from [13], it
is necessary that f < 1 for part (a) of Lemma 8.1.1 to hold. Actually, as mentioned
in the introduction, the methods of [4] supply infinitely many linearly independent
counterexamples for § > 1.

Remark 8.1.3. If we think of Il,f and II,J4f as 2-periodic “shadows” of f
and J4f, the issue at hand in part (b) of Lemma 8.1.1 is whether knowing that the
two “shadows” are in the right space we may conclude the function comes from
the space H}r(R). ‘We note here that the main result of [13] may be understood as
the assertion that f' is determined uniquely by the two “shadows” I1,f and I1,Jzf
ifand only if § < 1.
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8.2 An alternative statement in terms of the space £(R). Let £y(R)

denote the space
£o(R) == Li(R) + HL)(R) C £(R),

which has codimension 1 in £(R).

Lemma 8.2.1. Fix 0 < f < 1. Then (a) = (b), where (a) and (b) are the
following assertions:
(a) Foru € £9(R), the following implication holds:

Mou =TlJpu=0= u=0.
(b) Forf € L\(R), the following implication holds:
ILf, Thlsf € Hi(R/2Z) = f € H.(R).

Proof. We connect u € £y(R) with f € L{(R) via the conjugate-holomorphic
Szegd projection u :=P_f = é(f — iHf). If II,f € HL(R/2Z), then by a Liouville-
type argument, Il,u = O holds. Analogously, if II,Jzf € HL(R/2Z), then we
obtain that II,Jgu = 0. So, from the implication of part (a), we obtain from
the assumptions in (b) that u = 0, that is, that f € H,(R). This means that the
implication of (a) implies that of (b), as claimed. ]

Remark 8.2.2. Condition (b) of Lemma 8.2.1 has acquired the same general
appearance as in the analysis of the L>°(R) problem, but at the cost of considering
the larger space £o(R) in place of Li(R). This is unavoidable, as the weak-star
topology of the real Hardy space Hg (R) is finer than that of L>°(R). Our proof of
Theorem 1.9.2 passes through Lemmas 8.1.1 and 8.2.1, and we ultimately show
that the implication (a) of Lemma 8.2.1 is valid for 0 < g < 1. It then follows
from Lemmas 8.1.1 and 8.2.1 that assertion (a) of Lemma 8.1.1 is valid in the range
0 < B < 1. Inits turn, the proof that the implication (a) of Lemma 8.2.1 holds
for 0 < f# < 1 is based on an extension of ergodic theory for Gauss-type maps,
developed in Sections 9-14.

9 A subtransfer operator on a space of distributions.

9.1 Restrictions of £(R) to a symmetric interval and to its com-
plement. In Subsection 4.5, we dealt with the restriction of £(R) to an open
interval. Here we deal with the restriction to the complement of a closed interval
as well. For a positive real parameter y, we consider the symmetric interval /,, and
its closure I_y as in Subsection 2.1,

L=1—vy IL=I[-y 7l
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We recall that by Definition 4.5.1, the space £(/,) is defined as
£(I,) ={u € D'(I,) : U € £R) with U|;, = u}
and analogously we may define £(R \ ) for the complementary interval R \ I,
LR\ ) ={ueDR\I): U € &R) with Ulgyz, = u}.

Here, D’ has the standard interpretation of the space of Schwartzian distributions
on the given interval. Of course, in the sense of distribution theory, taking the
restriction to an open subset has the interpretation of considering the linear func-
tional restricted to test functions supported on that given open subset. The norm
on each of the spaces £(/,) and £(R \ I_y) is the associated quotient norm, where
we mod out with respect to the distributions in £(R) whose support is contained in
the complementary closed set; cf. Subsection 4.5.

We will need to work with restrictions to 7, and R \ 7, repeatedly, so it is a good
idea to introduce appropriate notation.

Definition 9.1.1. We let R, denote the operation of restricting a distribution
to the interval I,. Analogously, we let RI, denote the operation of restricting a
distribution to the open set R \ I_,,.

9.2 The involution on the local spaces. We need to understand the
action of the involution J4 defined in Subsection 7.1 on the local spaces £(/,) and
LR\ T).

Proposition 9.2.1. Fix0 < g, y < +o0o. The involution J g defines continuous
maps
Jp: &) > SR\ Iz,) and Jg: LR\ L) — £Ug),).

Proof. The assertion is rather immediate from the mapping properties of Jg,
see Subsection 7.1, and the localization procedure. O

9.3 Splitting of the periodization operator. We split the periodization
operator I1; in two parts: II, = I+%,, where I is the identity and X is the operator
defined by

Zou(x) = Z u(x + 2j),
JeZ*
whenever the right-hand side is meaningful in the sense of distributions. Here,
we use the notation Z* := Z \ {0}. By using Proposition 7.2.1, the proof of the
following proposition is immediate.
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Proposition 9.3.1. The operator X, maps L(R) —» L£(R) & L(R/2Z) contin-
uously.

Definition 9.3.2. Let
29 SR\ ) > 1))

be defined as follows. Given a distribution u € £(R \ I}), we find a U € £(R)
whose restriction is R;U = u. Then, using Proposition 6.2.1, we set

Z;DM =R ZU € Ri(LR) & LR/27Z)) = £y).

We will call =5 the compression of X,. However, we still need to verify that
this definition is consistent, that is, that the right-hand side R; X, U is independent
of the choice of the extension U.

Proposition 9.3.3. The operator £ : LR\ 1)) = £(1I,) is well-defined and
bounded. Moreover, we have that R1 Z,U = Z?RJ{ U holds for U € £(R).

Proof. To see that Z? is well-defined, we need to check that if U € £(R) and
its restriction to R \ /; vanishes (this means that supp U C I}), then R; Z,U = 0.
From the definition of the operator X,, we know that

supp U C suppU +27Z* Cc I} +2Z* =R\ I,.

In particular, the restriction to /; of £, U vanishes, as required. Similarly, we argue
that Z%D is bounded, based on Proposition 6.2.1 and Definition 9.3.2. Finally, the
asserted identity

R, Z,U = ¢RIU

just expresses how the operator X is defined. (]

9.4 Further analysis of the uniqueness problem. The complementary
restriction operators have the following properties:

(9.4.1) RiJou=JRpu, ue (R),
and, for0 < f <y < +00,
(9.4.2) RiJou=JRou, uefd,).

They will help us analyze further the tentative implication (a) of Lemma 8.2.1.
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Proposition 9.4.1. Fix 0 < f<1. Suppose that for ue £(R) we have Il,u =0
and 1, Jgu = 0. Then the restrictions uy := Riju € £(I) and u; = RJ{u e &R\ 1)
each solve the equations

uo = TYIREETIReug,  u; = RIJ;EIRIT 5w,
and are given in terms of each other by
up = —Z;DI/[], uy = —R];JﬂZCZDJﬁRﬂMQ.
Proof. To begin with, we write the given conditions IT,u = 0 and I, Jsu = 0

in the form

u=—2ou, Jpu=—2rJpu;

then, we restrict to the interval /;:
Riu=—35Rlu, RJpu=JRhu=—SIRJpu=—53 JsRpu.
Now we simplify the second condition a little by applying J4 to both sides:
(9.4.3) Riu=—33Rlu, Rlu=—J;=3 J;Rpu.
By combining these two identities in two separate ways, we find that
(9.4.4) Riu=33JsR 3T Rsu,  Rlu=JsZIR1J,59 Riu.
The assertions now follow, if we use (9.4.1) and (9.4.2). ]

9.5 Two subtransfer operators on spaces of distributions. Asusual,
we assume that 0 < £ < 1, and consider the operators

(9.5.1) Ty = Z5J4Rs : &) — &),
and
(9.5.2) Wy = R[J5=5: SR\ T)) = SR\ D).

These operators are extensions to the respective space of distributions of standard
subtransfer operators. We already encountered Ty back in Subsection 1.8. Indeed,
ifuel'()andv e L'(R\ 1)), then

(9.5.3) Tou) = > b ( b ), xen,

“y U\ — .
ford (x +2j)? X+2j
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and

(9.5.4) W (x)=)§20(—f+2j), xeR\T,.
Jjez*

In terms of these two subtransfer operators, the formulation of Proposition 9.4.1
simplifies considerably.

Proposition 9.5.1. Fix 0 < <1. Suppose that for u e £(R) we have Ilou =0
and I, Jgu = 0. Then the restrictions uy == Riu € £() and u; = Rzu e &R\ )
satisfy

Upg = T%u(), up = W%ul, Up = —Z?ul, uy = —R];J/;T/;u().

Proof. The proof is immediate from the definitions of Ty and Wp. (]

Proposition 9.5.2. Suppose that for u € £(R) we have that the two restric-
tions vanish, i.e., Riu = 0 and RJ{u = 0 as elements of £(I,) and LR \ I),
respectively. Then u = 0.

Proof. The assumption implies that the valeur au point function vap[u] van-
ishes on R* = R\ {0}. But then vap[u] vanishes a.e., so that by Kolmogorov’s
Proposition 4.4.2, the claim u = O follows. O

Remark 9.5.3. Fix 0 < f < 1. Suppose that we are given a distribution
ug € £(1;) which is a fixed point for the subtransfer operator: T%uo = ug. Then the
formula

ur = —RIJ5Tpuo

defines a distribution #; € £(R \ ;). We can quickly show that u; = W%ul and
Uy = — 2?u1, so that all the conditions of Proposition 9.5.1 are indeed accounted
for. This means that all the solutions pairs (g, #;) can be parametrized by the
distribution u( alone, which is one of the key points in what follows.

9.6 Thesubtransfer operator T; acting on valeur au point functions.
The subtransfer operators Tz and Wy are defined on distributions, but the formulas
(9.5.3) and (9.5.4) often make sense pointwise in the almost everywhere sense for
functions which are not summable on the respective interval. In the sequel, we
focus on Tp; the case of Wy is analogous. The question appears whether for a given
distribution u € £(I;), with valeur au point function vap[u] € L'*°(I,), the action
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of Ty on vap[u] by formula (9.5.3) when it converges a.e. has the same result as
taking vap[Tsu]. To analyze this, we need the finite sum operators (N =2, 3,4, ...)

1]
(9.6.1) T™Vuw =4 Y 1_Nzu(— 5 ). xen.
T TI<N (x+2)) X+ 2j

This finite sum operator naturally acts both on the distribution « and on its valeur au
point function vap[u]. As for the distributional interpretation, it is more properly
understood as

(9.6.2) T = 5\ JsRy,
where
9 LR\ D) — &)
is defined in the same fashion as X3 based on the operator
oV = Y (1 - U') Vix +2)),

. , N

JELZ*:|jI<N
which maps £(R) — £(R). Whether we apply the operator valeur au point before

or after T[ﬁN I does not affect the result:

Proposition 9.6.1. For u € £(I,), we have that
vap[T{Mul(x) = T vap[u](x)
almost everywhere on the interval I,.

Proof. Since the sum defining TE;N ly is finite, it suffices to handle a single
term. This amounts to showing that
B B . P B
Vap[(x+2j)2 u x+2jﬂ T (k422 vapll( x+2j)
holds almost everywhere on 7, which is elementary. (]

We can now show that T[ﬂN lu approximates Tpu as N = +oo in terms of the
valeur au point.

Proposition 9.6.2. For u € £(Iy), we have that T[ﬁN ](Vap[u]) — vap[Tgu] as
N — +00 in the quasinorm of L"*°(I}).

Proof. We use the factorization (9.6.2), which says that T[ﬁN 1= 29y sRp. For
v € &(R\ 1), we have the convergence Z%NU - 2(290 in £(1;) as N — +oo (cf. the
proof of Proposition 6.2.1), which leads to T[ﬁN]u — Tpu in £(I1) as N — +oo,
for fixed u € £(I;). The asserted convergence now follows from a combination of
Proposition 9.6.2 with the weak-type estimate (Proposition 4.4.2). (]
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The Hilbert transform H maps L(l)(R) - HL(I)(R) C £(R), and the restriction R;
maps £(R) — £(I;), so that RjH maps L(l)(R) — £(I}). By considering also
the function P;(¢) = 7' (1 + #*)~!, which is in L'(R) but not in L{(R), we realize
that R;H maps L!(R) into £(/;). We formalize this as a lemma.

Lemma 9.6.3. The operator R{H maps L' (R) into £(I).

9.7 Norm expansiveness of the transfer operator on £(/;). We now
supply the proof of Theorem 1.8.1.

Proof of Theorem 1.8.1. Since Ty = Z;DJ sRp, and Rg maps £(/1) into £(1p)
boundedly, it follows from Propositions 9.2.1 and 9.3.3 that Ty is also bounded.

We turn to the assertion that the norm of T exceeds 1 as an operator on £(/;).
We recall that the norm on the space £(/;) is induced as a quotient norm based on
(1.8.8). Itis straightforward to identify the dual space of £(R) with Hg(R), where
the norm on Hg'(R) that is dual to (1.8.8) is given by

lgle = max (llgl=g, inf | Hg +cll= ).
In the same fashion, the dual space of £(/) is identified with
HZ (1) ={g € Hy(R) : suppg C I},
and the corresponding norm on Hg' (1) is || - [|g. Now, we know that
Tyl = ITT I,
where the adjoint
T} = RJH(E5)" - Hy () — HF ()

and the space Hg (/1) is endowed with the norm || - || . Itis clear that involution J;
takes HZ (R \ 1) onto Hg (Ip) isometrically. In addition, RZ is just the canonical
injection H(Ig) — Hg (1), which is isometric as well. In conclusion, we see that
1T = I(ED)* I, where (£9)* maps HX(I;) — HZ(R \ I;) and both spaces are
endowed with the norm || - ||g. Here, Hg (R \ I1) denotes the subspace

HE®R\ 1) ={g e HXR) : suppg C R\ 1,}.

We proceed to show that ||( ZED)* | > 1. It should be mentioned that the space Hg (1)
may be identified with H3°(C \ I;), the space of bounded holomorphic functions
in the slit plane C \ /; which also vanish at infinity. The identification is via the
Cauchy transform, it is an isomorphism but it is not isometric; actually, arguably,
the supremum norm on C \ /; might be more natural than the norm on Hg (/)
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coming from the chosen norm (1.8.8) on £(/;). For 0 < y < 1, let us consider the
function 5
=y Y
G,(2) = —22 +z(z+ +
y(@) = —2" +z2(z y)\/“y )
where the square root is given by the principal branch of the argument in C \ R_.
Then G, € HP(C\ I1), and the corresponding element of Hg (1) is

8,00 = xy/? — 221, (x),

which is odd, with Hilbert transform

2

Hgy(x) =x’ — ’

5~ Iryz, () |x[4/x% — y2,

which is even. Both g, and Hg, are Holder continuous, with || g, ||z~@®) = éyz and
~ yz

inf H + o = lnf H + o = H 0 =
nf IHg, + cll =) Jnf IHg, + collzo®) = [IHgy llLow) 5>
which we see from a calculation of the range of the function Hg,, which equals
the interval [—} 2, 1y?]. This gives that | g,|l¢ = 7> We proceed to estimate the
norm ||(E<ZD)*gy |l from below. From the definition of the operator =9, we see that

(Z3)'g,() = g(x+2), xeR\T,
JeZ*

and the corresponding Hilbert transform is

H(Z9)"g,(x0) = > Hg,(x+2j) = Y (Hg,(x+2)) +Hg,(x —2)), xeR.
JeZ* Jj=1

In the sums in the last display, it is important to consider symmetric partial sums.
As the sum defining (E(ZD)* g(x) has at most one nonzero term for each givenx € R,
we see that ||(2(2D)*gy||Loc(R\]l) = éyz. In order to obtain the norm ||(E<2D)*gy||®, we
proceed to evaluate

. Dy *

L%Iéafc IH(Z;)"gy(x) — collzem)-

Since the functions involved are Holder continuous and real-valued, we realize that
if we may find two points x;, x, € R with

9.7.1) H(Z9) g, (x1) — H(Z9) g,(x2) > 7,

then it would follow that

2

. . 7
inf IH(E5)* g, (x) — cllz=@) > 5
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and as a consequence, || ZCZDH = ||(Z<29)*|| > 1, as claimed. We will restrict our
attention to values of y that are close to 0. Taylor’s formula applied to the square

root function shows that . .

_ 4
Hg, =g, +o(x4)
uniformly for [x] > 1. Since Hg is even, the value at the point x, := 2 of the
function H(E?)* g, then equals

+00

H(Z5)"g,(x2) = H(25)"g,(2) = Hg,(0) + Hg(2) + 2> Hg,(2))
j=2
_ y>  mr =3 4 6
- 2 + 96 y + O(V ):

while the value at x; := y + 2N tends to the following value as N — +oo through
the integers:

+00
Jim H(Z5)*g,(y +2N) = Hg,(y) + z;(Hgy(y +2j)+Hg,(2j — )
j:
2 +00 2 2.4
Y : 6 _ Y Ty 6
=" +2j2=1:Hgy(2J)+O(y )= 5+ og +0(y%).

Finally, since

a 6 2
o

3, TOU) >y

for small values of y, we obtain (9.7.1) for x; = y + 2N and x, = 2, provided y is

Jim H(E3)"g,(y +2N) — H(23)"g,(2) = y* +

small and the positive integer N is large. (]

9.8 An operator identity of commutator type. We recall that by
Lemma 9.6.3, the operator R{H maps L'(R) — £(I)).

Proposition 9.8.1. Fix0 < g < 1. For f € L'(I,), extended to vanish off I,
we have the identity

TsRHf = RiHT4f + TR HJ T 5 — RiH4f,
as elements of the space £(Iy).

Proof. In line with the presentation in the introduction, in particular, (1.8.2),
we show that the claimed equality holds for f = &, i.e.,

(9.8.1) TﬁRlH(ég - J/;‘Iﬁ&g) = R]H(‘Iﬁé{j - J[i&g)
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holds, for almost every & € I;. The equality then holds for all f € L'(I}) by
“averaging”, as in (1.8.2). The canonical extension of the involution J4 and the
transfer operator J4 to such point masses J; reads:

(9.8.2) Jpoe =0_p1e,  Tpoe = O(—pey,»

where, as in Subsection 2.1, the expression {}, stands for the real number in the
interval ]—1, 1] with the property that t — {t}, € 27Z. It follows that

(9.8.3) Tpde = Jpoz = 0(—pjey, — O—pjes  IpT pdz = 0_pj(—p/eps
so that for & € 11\ I_/;,
55 - J/g‘Iﬁ(Sg =0 and ‘.T/géi - Jﬁéi =0.

It follows that for & € I7 \ 1, 5, both the left-hand and the right-hand sides of the
claimed equality (9.8.1) vanish, and the equality is trivially true. It remains to
consider & € Iy. For 7 € R, the canonical extension of the Hilbert transform to a

Dirac point mass at 7 is
1 1
Ho,= pv ,
T x—n
and we calculate that for two points 7, " € R*,

1 1 1
TsRH(, — ) = v — on Ii;
s ! ! ﬂpjezzjx(x+2j+{; x+2j+f,) :

here, we may observe that the principal value interpretation is only needed with
respect to at most two terms of the series. A particular instance is when

p_B_

] 2k, forsomek € Z,
non

in which case we get telescopic cancellation:

1 1 1
TsRH[0, —d,y]1= pv -
pEERE ”piezzjx(x+2j+g x+2(;'—k)+{j)
1 1 1
= \Y —
7Tp {x—2k+[; x+{;}
on the interval ;. We apply this to the case # :=¢ € I1 and ' := —f/{—f/&}», in

which case k € Z is given by

2k =

§-+{—ﬂ/éb,
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and obtain that
(9.84) TR H(O: — o y= ! { ! !
.8. c— O_p/(— = \% -
pRiH (0 =P = PV g, o+ !
The natural requirements that £ # 0 and that { —f/&}, # 0 exclude a countable
collection of & € I, which has Lebesgue measure 0. By (9.8.3), this is the left-hand

side expression of (9.8.1), and another application (9.8.3) gives that the right-hand

} on ;.

side expression of (9.8.1) equals

1 1 1
(9.8.5) R{H(J; —O_pie) = N4 — onl.
HO(—prep, = 0-pre) =P {x_{_ﬁ/égb x+§} 1
From equations (9.8.4) and (9.8.5), together with (9.8.3), we find that the claimed
identity (9.8.1) is correct for almost every & € 1. U

Proposition 9.8.2. Fix0 < p < 1. For f € L'(I,), extended to vanish off I,
we have the identity

n—1
WRiHf = RIHTGf + Y (T, 7RI T, — T, R{HY;T)f),
j=0

as elements of the space £(I1), forn=2,3,4, ...

Proof. We argue by induction. First, the identity actually holds for n = 1, by
Proposition 9.8.1; here, the sum from j = 0 to j = —1 should be understood as 0.

Next, we assume that the identity is true for a positive integer n, thus we have

T;"'RHf = T;T;R,Hf
(986) n i n—j+1 j+1 n—j j
= TyRHTf + Z{Tﬂ RIHJﬁ‘J'ﬂ f—=Ty RIHJ/;‘J'Bf}.
J=0
By Proposition 9.8.1 again, we have
TR HT}f = RIS f + TyRHI T f — RiHI T},

and applied to (9.8.6), we obtain that

T;"'RiHf = RRHTS f + TR HI T3 f — R{HITf
n—1
+ > (T 7R HY T f — TR HITf)
j=0
= R{HTSf + > (TR HYT) f — TR HITf).
j=0

The induction is complete. O
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10 Tg-iterates of Hilbert transforms

10.1 Smooth Hilbert transforms. We fix 0 < f < 1. Recall that for a
function g € Ll(]R), its Hilbert transform is

g() ar,
t

1
(10.1.1) Hg(x) = pv/ xeR.
T RX—

In here, we are interested in the specific case when the function g vanishes on the
interval /5. Then the Hilbert transform Hg is smooth on /4, and there is no need
to consider principal values when we restrict our attention to /. In terms of the
involution
(10.1.2) Jse(0) = [ig(—ﬂ),
X X

we see that Jgg € L'(/)) and that

1 t
(10.1.3) Hg(x) = / 8(0)

1 t
dr = ndt, € ly;
T JR\ X — 1 n/llﬁ’+txJﬂg() Y Ep

the advantage is that we now integrate over the symmetric unit interval /,. In terms
of the kernel
Qp(t, x) =

and the associated integral operator

1 1
(10.1.4) Quf ) = _ /1 Op(r. x)f (ndr = /[ p f_ fodr, xely,

b+ tx

equation (10.1.3) simply asserts that

(10.1.5) Quf(x) = HlIsf(x), x € lp,

for f € L'(I,), extended to vanish off /;. It is elementary to estimate that
|| 2p =

(10.1.6) |Qp(2, x)| = Btx < . =2Kp(x), xelp, tel,

where xg is as in (2.7.1), which yields that
1 2
10.17)  IQfWI =< /, 04t Df O <~ Il yip(x), x € Iy,
1

In general, Qgf is not in LI(IB). But at least (10.1.7) guarantees that Qgf is well-
defined pointwise with an effective bound. We will want to consider the Tg-iterates
of the function Qgf. Since, as a matter of fact, the subtransfer operator Ty only
cares about the values of the function in question on the interval /3, we may use
the above estimate (10.1.7) together with the observation made in Subsection 2.4
to see that the Tg-iterates of Qgf are well-defined pointwise. We can also provide
an effective estimate of those iterates, which we firstdo for 0 < g < 1.
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Proposition 10.1.1. Fix0 < 8 < 1. Suppose f € L'(I}). Then we have the
estimate

4ﬂn—1
(1l —p)

so that T;;Qﬁf — 0 geometrically as n — +00, uniformly on the interval I,.

ITEQuf ()] < Wflleay, xe€h, n=2,3,4,...,

Proof. As observed above, by definition, Tgg is only concerned with the
behavior of g on the interval I. It follows from the positivity of the operator Ty
that

2 2
(10.1.8) ITpQuf 0l = WllwanTpep) = lligye @), x € h,

where in the last step, we used Proposition 2.7.1. Now, the same kind of argument
of Proposition 2.7.1 yields

4ﬂn—1
(1 —p)

as claimed. O

2 _
IT;Qpf (X)] < . Wy T ki(x) < Wy, x€h,

For f = 1, the situation is much more involved.

Proposition 10.1.2. Fix f = 1. Suppose f € L'(I}). We then have the
estimate

2 _
ITIQUWI < (A=) Wflway, x€h, n=1,23,...,
and in addition, T1Qf(x) = 0 as n = +oo, uniformly on compact subsets of I.
Proof. The derivation of (10.1.8) applies also in the case f = 1, so that

2 2
(10.1.9) ITQfWI = IfllpayTri@) = Wfllugya®),  x€h,

which is the claimed estimate for n = 1. For n > 1, we use the positivity of T,
again, to obtain from (10.1.9) that

2 _ 2
(10.110)  [TIQUWI <~ Wllway T k@ =~ Iflpaym),  x ek,

which establishes the claimed estimate.
We proceed to obtain the uniform convergence to 0 locally on compact subsets
of 1. To this end, we use the representation (10.1.4) to see that

1
(10.1.11) TIQ/W = /1 ;01 (1, HOf (1)dr.
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We verify that for0 <a < 1,

a
101, 0] < Qi(a, 0) = | , t€[0,a], xel,

+ax

and that

a
1015, ) < =Qi(=a,0) =, , t€[=a,0], xel.

—ax

As a consequence, using the positivity of T, we may derive that

IT{O1(2, )| < T{Q1(a, )(x) < 2xk1(x), 1€]0,al, xeli,
and that
IT{O1(2, )| < T{(=Qi(—a, )x) < 2x1(x), te[—a,0], xel.

Next, we apply the triangle inequality to the integral (10.1.11):

ITYQ1f (V)]

IA

1 1
/ 20,1, Y (Ddt + / 0.1, Y (Dde
T JI, T Jn

\Iﬂ

IA

1
T [ il
(10.1.12) ) [0,a]
+TH=01(=a, D) / olde
T [—a,0]
2
+
T

K1(x) [F(»ldr.
I\l

Note that in the last term, we used the estimate (10.1.6) with § = 1. By Proposition
2.3.1(vi), T1QOi1(a, ) = 0 and T[Qi(—a,:) — 0 as n — +00 in the L' sense on
compact subintervals of /;. It is a consequence of the regularity of the functions
Qi(a, -) and Q|(—a, -) that the convergence is actually uniform on compact subin-
tervals. By fixing a so close to 1 that the rightmost integral of (10.1.12) is as small
as we like, we see that T/Q;f — 0 as n — +oo, uniformly on compact subsets
of I;. This completes the proof. (]

11 Asymptotic decay of the Ts-orbit of a distribution in
L) for 0 < p < 1.

11.1 An application of asymptotic decay for 0 < f < 1. We now
supply the argument which shows how, in the subcritical parameter regime a.ff < 1,
Theorem 1.9.2 follows from the asymptotic decay result Theorem 1.8.2, which is
of extended ergodicity type.
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Proof of Theorem 1.9.2 for aff < 1. As observed right after the formula-
tion of Theorem 1.9.2, a scaling argument allows us to reduce the redundancy and
fix o = 1, in which case the condition 0 < aff < 1 reads 0 < f < 1. In view of
Subsections 8.1 and 8.2, it will be sufficient to show that for u € £(R),

(11.1.1) Mou=T1Jpu=0= u=0.

So, we assume that ¥ € £(R) has IT,u = II,Jgu = 0. Let up := Rju € £(/;) and
Uy = Rﬁu e £(R\ 1) denote the restrictions of the distribution u to the symmetric
interval I; and to the complement R \ /;, respectively. We will be done once we are
able to show that uy = 0, because then u; vanishes as well, as a result of Proposition
9.5.1:

ur = —RIJ5Tpup = 0.
Indeed, we have Proposition 9.5.2, which tells us that

up=Ru=0 and u;=Rlu=0

together imply that u = 0.

Finally, to obtain that #y = 0, we observe that in addition, Proposition 9.5.1 says
that uo has the important property ug = Tf;uo. By iterating we find that g = T%” uo
forn=1,2,3,..., and by letting n — +o0o, Theorem 1.8.2 tells us that uy = 0 is
the only solution in £(/;), which completes the proof. (]

11.2 The proof of the asymptotic decay result for 0 < f < 1. We
now proceed with the proof of Theorem 1.8.2. Note that we have to be particularly
careful because the operator Ty : £(I1) — £(/1) has norm > 1, by Theorem 1.8.1.
However, it clear that it acts contractively on the subspace L!(I}).

Proof of Theorem 1.8.2. We decompose ug = f + R{Hg, where f € L'(I)
and g € L(l)(R), and observe that by Proposition 2.3.1(iv),

(11.2.1) IT}f gy — 0 as N — +oo.

So the iterates T]ﬁvf tend to O in L'(Z;) and hence in L'"*°(1;) as well. We turn to the
T%—iterates of RiHg. First, we split

g=g1+8g, whereg €L'(p), g2 € L'(R\ Ip);

here, it is tacitly assumed that the functions g, g are extended to vanish on the rest
of the real line R. As the operator J; maps L'R\ I 8 — L'(I}) isometrically, and
Hg> = QpJpg> holds on I} by (10.1.5), Proposition 10.1.1 gives us the pointwise
estimate (we write “vap” although it is not needed at all)

1122 TR, H A I
(11.2.2) [vap[T;R1Hg2](x)| < (1 _ﬁ)””gZHLI(R): xel.
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In particular, the Tg-iterates of R{Hg, tend to 0 geometrically in L>°(/1). We still
need to analyze the T%—iterates of RiHg,. We apply T’; to the two sides of the
identity of Proposition 9.8.2, with g; in place of f and with k = 2,3,4,..., to
obtain that

T;*R Hg, = TyRHT g

(11.2.3) il . i .
+ > (T REY T g — TN R YT ).

J=0

For [ =0,1,2, ..., the function ‘.Tlﬁgl is in L'(I}), so that again by Proposition
10.1.1, since R{HJ s = Qp, we have

4ﬂr—1
z(1 _ﬁ)”gl”Ll(lﬂ),

xel, r=2,3,4,...,

T,R,HJ ;T <
(11.2.4) Ivap[ TR HJ 5T pg11(x)] <

where we use that the transfer operator T4 acts contractively on L'(I,), by Propo-
sition 2.3.1(i). An application of the valeur au point estimate (11.2.4) to each term
of the sum on the right-hand side of the identity (11.2.3) gives that

Sﬁk_l

n+k k
[vap[T;"RiHg; — T;R HT}g1]1(x)| < 2(1 — p)? g1l

(11.2.5)

a.e.x el.

Next, we split the function g; as follows:

g1=hon+hin  hon€L'YEpnr1), hip € L'Up\ Epnr),

where the set £g ., is as in (2.3.1), and with the understanding that h ,, k1 , both
vanish elsewhere on the real line. Next, we observe that ‘.T%hl,n e L'\ ] ). This
can be seen from the defining property of the set €4,.1 and the relation between
the map 74 and the corresponding transfer operator J; see (1.8.2). We then apply
Proposition 10.1.1 to arrive at

4ﬂk_1
(1 —p)

4 k—1
< n(lﬂ— ﬁ)”hl,n”Ll(lﬂ)

4ﬂk_1
(1 —p)

[vap[T;RHT }hy ] (x)| < 151 mll 21y

(11.2.6)

g1l x €1
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By combining (11.2.5) with the estimate (11.2.6), we obtain that

IZﬁk_l

n+k k
[vap[T;"RiHg; — T;RHT 3o ,1(x)| < (1 — B)? g1l

(11.2.7)

ae.x el.

The norm of Ay, € Ll(Sﬁ’nH) is equal to

/{S o (D)dt = / g 0ldr = [11e, 81l
p.n+l

Epntt

and it approaches 0 as n — +o00, by Proposition 2.3.1(iv). Since the transfer
operator J4 is a norm contraction on L'(I)), we know that

||72>h0,n||L'(11) < lhonlleray = ey 0 &t lliay
and, consequently, for fixed k we have that
TyRHT jho,, — 0 in £()), as n — +oo.

As convergence in £(/;) entails convergence in L1:°°(I;) for the corresponding
“valueur au point” function, we obtain from (11.2.7), by application of the L->°(1})
quasinorm triangle inequality, that

2441
(1-p7
Note that the limit on the left-hand side does not depend on the parameter k. This

(11.2.8) limsup ||Vap[T§+kR1Hg1]||L1400(,1) < . lgillLiay, ae.xel.

n—+oo

allows us to let kK — +00 in a second step, and we obtain that

(11.2.9) im Ivap[ Ty R Hg1 ]| 1.,y = O.

Finally, gathering the terms, we obtain from (11.2.1), (11.2.2) and (11.2.9) that
vap[TYuo] = vap[ T (f + RiHg)]

(11.2.10) = vap[T)f] + vap[T}/R;Hg,] + vap[Ty R Hg,] — 0

as N - +oo,
in the quasinorm of L"*°(I}), as claimed. O

Remark 11.2.1. One may wonder if Theorem 1.8.2 (and hence Corol-
lary 1.8.3) would remain true if the space £(R) were to be replaced by the larger
space L'"*°(I;). To look into this issue, we keep 0 < £ < 1, and consider the
function

1 1
fx) = — ,  where x; :=1+\/l—ﬁ,xz:=—1+\/1—/)’.
X

— X1 X — X2
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Then x;x, = —f, so that fl = —xp and ﬁ = —Xx1, and, in addition,
b - b =x; —x2 =2,
X1 X2

which leads to

_ B B
CEDY (2j+x)2f(_ 2j+x)

JeZ*

1 1
_Z(2J+X)2( ]+x—x1_—ﬁ —X2)

2j+x
B B
- Z ((2] + 0B+ Q2j+0x)  Q2j+x0)(B+ (21+x>x1>)

X2
Z (,b’+(2]+x)x1 ﬁ+(2j+x)x2)

JjezZx
_ ( 1 _ 1 )
ez 2j+x+fl 2j+x+£
1 1 1 1
= —~ = — = f(x),

x+l x4+l x-—x x-x

by telescoping sums. The function f is a nontrivial element of L!"*°(/) and it is
Tp-invariant: Tygf = f. Many other choices of the points x;, x, would work as well.
For g = 1, the indicated points x|, x, coincide, so that f = 0, but it is enough to
choose instead x; := 2 + v/3 and x, = —2 + V/3 to obtain a nontrivial function fin
L'-°°(I}) which is T;-invariant. This illustrates how Theorem 1.8.2 and Corollary
1.8.3 would utterly fail to hold if the space £(R) were to be replaced by L1°°(I}).

12 The Hilbert kernel and its dynamical decomposition

12.1 Odd and even parts of the Hilbert kernel. Asin Subsection 10.1,
we write

011, x) =

1+’

which is a variant of the Hilbert kernel. Indeed, it arises in connection with the
Hilbert transform; see, e.g., (10.1.5). We split the function Q; according to odd
and even parts:

t x

Ql(ta X) = Qll(t: X) - lll(ta X), Qll(ta X) = 1— xztza lll(t: X) = 1— t2x2 .
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For fixed r € I} =] — 1, 1[, we may calculate the action of the transfer operator T
on the function Q, (¢, -) using standard trigonometric identities:

1 t
T,0(, )(x) = :
101(2, -)(x) .]‘EZZ:X 2 +x)% 1+1(—,,)
1 1
(12.1.1) :jgp{zj+x_z_2j+x}
T T T X t
:Zcot(z(x_t))_QCOt(Z)_x(x—l)‘

12.2 The dynamically reduced Hilbert kernel. Next, let g; be the
associated function

q1(t, x) == X =T)O1(z, -)(x),
so that by (12.1.1),

I3 t T X T T
12.2.1 t = + + t — t —1).
( ) et T et 2 (2) 2 ° (z(x ))

The function x — ¢g,(#, x) has removable singularities at x = 0 and x = #, and poles
atx = —2 +t and x = 2 +t. Therefore, the function x — ¢, (¢, x) has a Taylor series
representation at the origin with radius of convergence equal to 2 — [t|, for ¢ € I;.
For fixed ¢ € I, we know that q;(z, -) € L}(I,), where

Ly(h) :={f e L") : (1, )1, =0},
the reason being that

<l: QI(E ')>[1 = <l: Ql(t: ')>[1 - <l: TlQl(ta ')>11
= <l: Ql(t: ')>[1 - <L] 1: Ql(ta ')>11 = 0:
since L;1 = 1. We will refer to ¢(z, x) as the dynamically reduced Hilbert

kernel.
For the endpoint parameter value ¢ = 1, the expression for the kernel ¢, is

1 2x T X T T
(12.2.2) @=— = "+ cot(T)+ ] wan(Jx).
The function x — ¢g;(1, x) has removable singularities at x =0, x =1, and x = —1,

and the radius of convergence for its Taylor series at the origin equals 2. So, in
particular, the function x — ¢;(1, x) extends to a smooth function on the closed
interval [; =[—1, 1].
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12.3 Odd and even parts of the dynamically reduced Hilbert kernel.
We split the dynamically reduced Hilbert kernel g, (¢, x) according to odd and even
parts with respect to x:

q1(t, x) = ¢ (t, x) — ¢! (¢, x),

where
1 1
(12.3.1) qi(t,x) = 5 (@150 +q1(t, =), g\, x) = 5 (@1t =) = q1 (1, ).

Obviously, Q/(z, x) and ¢! (t, x) are even functions of x, while Q/(z, x) and ¢!/ (z, x)
are odd. By Proposition 2.5.1, the operator T preserves even and odd symmetry,
and it follows that

(12.3.2) q1(t, ) = A=TNO\ (1, )X,  q7 (1, x) = A=TNQY (1, )(x).

By inspection, the function ¢, (1, -) is odd, so that ¢ (1,-)=0and ¢/ (1, )=—q:(1, -).
This of course corresponds to the observation that Q4(1,x) = (1 — x*)~! is the
density of the invariant measure. Based on (12.3.2), the standard Neumann series
cancellation shows the following: for fixed ¢ € I}, we have the decompositions

S T g (2, () = 048, x) — T (1, (),

(12.3.3) o
o Tigi (1, ) = 0 (7, x) — TIQ (2, )(x).

Note that on the right-hand side of (12.3.3), the first term will tend to dominate as
n — +00, by Proposition 2.3.1(vi). We proceed to analyze the odd part.

Proposition 12.3.1 (Dynamic decomposition). For fixed t € 1|, we have the
decomposition

+00
Tx) =) Tigl@, ), xel,
J=0
with uniform convergence on compact subsets of 1, as well as norm convergence
in L'(I). (See Figure 12.3.1)

Proof. For fixed t € I;, we have that Q¥(1,-) € L(I}), so an application of
Proposition 2.3.1(v) shows that T/Q¥(#,-) — 0 in norm in L'(/;) as n — +oo.
Combined with (12.3.3), this shows that the Neumann series converges in the L' (/)
norm, as required. Next, the uniform convergence on compact subsets follows from
the L'(1,) convergence, combined with a comparison with the invariant measure
density and a normal families argument. We omit the easy details. (]
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Figure 12.3.1. Illustration of the dynamic decomposition (Proposition 12.3.1). The

top curve is QY/(z, -), while the curves below are the partial sums Eﬁio T ¢(t, ),
with N =0, 1, 2, 3,4,5. We use the parameter value t = 0.5.

reduced Hilbert kernel.

12.4 The fundamental estimate of the odd part of the dynamically

We will focus our attention on the odd part, which

involves Q¥ and ¢!/. Note that from the work in the previous subsection, especially
formula (12.1.1), the function g/’ may be expanded in the series

t2
(124.1) gft,0 = *

— 252

We need effective control from above and below of the summands in Proposition
12.3.1. Our result reads as follows.

+00

+Z{4 2x X

x
2 _ 2
=TT

Q2j—02—x2  (2j+1)? —x2}'

Theorem 12.4.1 (Uniform control of summands). We have the following
estimate, for fixedt € Iy andj=0,1,2,3, ...

0 < Tq(t, )x) < T,q!

The proof is delivered in pieces.

141 (1, (),

xelj.

The first instalment is the estimate from

above, which is obtained in Proposition 12.5.3 below. The estimate from below

is considerably more involved, and is presented in Subsection 13.3, based on

51
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estimates of the Hurwitz zeta function and notions from the theory of totally
positive matrices. We should mention that by the odd symmetry with respect to x,
there is a corresponding estimate which holds on the left-side interval /7 :=] —1, O[
as well.

12.5 Estimate from above of the odd part of the dynamically re-
duced Hilbert kernel. The estimate from above in Theorem 12.4.1 will be
obtained as a consequence of the following property.

Proposition 12.5.1. For fixed t € Iy, the function x — q''(1, x) — ¢'l(t, x) is
odd and strictly increasing on I,.

Remark 12.5.2. In view of Proposition 2.6.1, ¢!/ (z, 1) = ¢!l(z, —1) = 0 holds
for each fixed ¢ € I;. The function x — q{’ (¢, x) is odd, and it will be shown later
that it is increasing on some interval I, with 0 < 5 < 1, and decreasing on the
remainder set /1 \ I, (where the parameter 5 = #(¢) depends on ¢). However, the
issue is more delicate for # = 1. In particular, the endpoint value at x = +£1 is
different, as ¢{'(1, 1) = J and ¢{/(1, —=1) = —].

Proof of Proposition 12.5.1. It is obvious that the function

x> g (1,0 =g (1,0)

is odd. In view of the identity (12.4.1),

q1(1,x) = qi1(t, x) = A=TP[O (1, -) — Q1 (7, )](x)
1 t 1 1
Tlex l4nm +j€zZ:X {2j+x—t - 2j+x—1}’
and by forming the odd part with respect to the variable x, we obtain that
qi(1.%) = ¢ (2, )

x
1 — 2x2

aA-TIf (1, ) - ol Nw =,

1 1 1 1 1

+ Z{ . -, - . + . }
2}_er 2j—x—t 2j—x—1 2j+x—t 2j+x—1
x £x

1—x2 11—

X X X X
+z=:{(2j—t)2—x2 Tojrr =T Qi—12 =22 (2j+1)2—x2}'
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In terms of the function

1+ 122
o Vi — 42
F(l’, X) = ale (ta X) =T (l _ t2x2)2’
we compute

au(qi (1, x) — ¢l (2, %))
=F(1,x)— F(t, x)

+00

+ Z(F(Vj(f), x) + F(rj(=0), x) — F(r;(1), x) = F(rj(=1), x)),

J=1

(12.5.1)

where we use the notation r;(¢) := 1/(2j — 1) (then ¢ — r;(¢) is a positive and
increasing function for j = 1,2,3,...). Since the right-hand side of (12.5.1)
expresses an even function of #, we may restrict our attention to r € I{. The
derivative with respect to ¢ of the function F(¢, x) is

1+ 3722

— _ i _
G(ta X) L 6IF(I: X) - ata)CQl (t’ X) - 2t(1 _ t2x2)4a

and by representing differences as definite integrals of the derivative, we obtain
that

au(qi (1, %) = q{ (1, %))
(12.5.2) ! =2 (=10 7D
= / G(z,x)dz+ Y ( / G(z, x)dr — Gz, x)dr).
t Jj=1 ri(—=1) ri(®)
Here, we used the trivial observation that rj. (1) = rj(—1). Moreover, as the
function t — G(¢, x) is monotonically strictly increasing, we have that
ri(=1)

(rj(=1) = rj(=1)) G(ri(=1), x) < / G(z, x)dz,

ri(=1)

H(=1
/‘ G(r, x)dr < (ri(=1) = 11 (1) G(ri(=1), x),

j+l(t)
and since a trivial calculation shows that

2(t—1)?

ri(—=t) = 2rj(=1) + rj (1) = Qi+DR2j+2—-02j+1) =0

forj=1,2,3,...and ¢t € I{, we obtain that

ri(—10) ri(—=1)
/ G(z, x)dt — / G(zr,x)dt > 0.

(—=1) Tjs1(2)
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Then, by (12.5.2), and the observation that
1/2-n
/ G(r,x)dt >0, rtelf, xel,
t

it follows that the function x+— g (1, x)— ¢!l (¢, x) is strictly increasing, as claimed.(]

We may now derive the upper bound in Theorem 12.4.1.

Proposition 12.5.3. For j = 0, 1,2, ... and for fixed t € I,, the function
T) (¢, ) — ¢ll(t, )] is odd and increasing. In particular, we have that for
j=0,1,2,...andt e I,

T gl (1, )x) < Tgl'(1, )x), xelf.

Proof. This follows from a combination of Proposition 12.5.1 and Proposition
2.5.2(1). g

Remark 12.5.4. In general, the positivity of all the powers ¢/(z,-) on I =]0, 1]
cannot be deduced from the simple observation that Q’l’ (t,),0 <r<1,isodd, in-
creasing, and positive on /. For instance, the function f(x) = x° is odd, increasing,
and positive on I{. However, it can be seen that the function I —T))f = f — T\f
changes signs on /7.

13 Power series, Hurwitz zeta function, and total posi-
tivity

13.1 A class of power series with at most one positive zero. The
lower bound in Theorem 12.4.1 requires a more sophisticated analysis. To this
end, we introduce a class of Taylor series.

Let B(y) denote the class of convergent Taylor series

+00
f@ =Y _fo0, xel,=1-yyl
j=0
in short, we write f € B(y). Moreover, we write f € Pr(y) to express that the
Taylor coefficients are real, that is, F() e Rholds forall j=0, 1,2, ....

Definition 13.1.1. Fix 0 < y < +o0. If f € Pr(y), we write f € ‘Bﬂi(y) to
express that either
(a) f(j) > 0forallj=0,1,2,..., or
(b) f(j) < O0forallj=0,1,2,...,0r
(c) there exists an index jo = jo(f) € Z, o such that f(]’) > 0 for j < jo while
fG) < 0forj > jo.
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Under (c), assuming we have excluded the cases (a) and (b), we let jy(f) be the
maximal index with the property (among all the possibilities). Then jo(f) € Z, .

Proposition 13.1.2. Supposef € ‘Bﬂﬁ(y), wherey > 0, is not the null function.
Then there exists at most one zero of f on the interval 10, y[. If such a point
xo €]0, y[ with f(xo) = 0 exists, then f(x) > 0 holds for 0 < x < x¢, while f(x) <0
forxg <x <.

Proof. Note thatin cases (a) or (b) of Definition 13.1.1, i.e., when Vj :f(j) >0
or Vj : f(]’) < 0, then, on the interval [0, y[, f is either strictly increasing with
f0) = f (0) > 0, or strictly decreasing with f(0) < 0, and in each case f has no zero
in the interval 0, y[.

It remains to deal with the case (c) of Definition 13.1.1, assuming that neither (a)
nor (b) is fulfilled.

We proceed by induction on the index jy(f). First assume that jo(f) = 0. In this
case, f(x) is decreasing on [0, y[, and it is strictly decreasing unless it is constant.
If f(x) is constant, then the constant cannot be 0, and then f(x) would have no
zeros at all. If f(x) is strictly decreasing instead, then it obviously can have at most
one zero in the given interval, and if such a zero exists, then the values of f(x) are
positive to the left of xo and negative to the right.

Assume now that jo(f) = » > 1 and that the assertion of the statement has been
already proved for all f € Gﬂﬁ(y) with jo(f) = r — 1. Then the derivative f'(x) is
also in the class iﬁﬂﬁ(y), and jo(f") = r — 1. By the induction hypothesis, there are
two possibilities:

Case (i) There is no point xg on ]0, y[ such that f’(x¢) = 0, and

Case (ii) There is x; such that f'(x;) = 0.

In case (i), f/ must have constant sign on the interval ]0, y[. If the sign is
positive, then f(x) is increasing there, and since f(0) > 0 the function f(x) cannot
have any zeros in ]0, y[. If instead the sign of f” is negative, then f(x) is decreasing.
If £(0) = O the function f(x) has no zeros at all on ]0, y[. If f(0) > 0, then either
f(x) is positive on ]O, y[, or it has precisely one zero xy €]0, y[, in which case f(x)
is positive to the left and negative to the right of xg.

In case (ii), then by the induction hypothesis, we also know that f'(x) > 0 for
0 < x < x1 and that f’(x) < O for x; < x < y. This means that f(x) is strictly
increasing on ]0, x;] and as f(0) > 0, it follows that f(x) > 0 for 0 < x < x;.
In the remaining interval x; < x < y, f(x) is decreasing, and it is either positive
throughout or has exactly one zero xy €]x;, y[, in which case f(x) is positive to the
left on xy and negative to the right. The proof is complete. (]



56 H. HEDENMALM AND A. MONTES-RODRIGUEZ

13.2 The Taylor coefficients of the odd part of the dynamically re-
duced Hilbert kernel. We now analyze the symmetrized dynamically reduced
Hilbert kernel q I(t, x).

Proposition 13.2.1. For a fixed 0 < t < 1, the function x — q'(t, x) is odd
and belongs to the class (‘5]1%()/) with y =2 — t. Indeed, ¢'!(t, -) meets condition (c)
of Definition 13.1.1.

Before we supply the full proof of the proposition, we need to do some prepara-
tory work. The kernel ¢f/(z, x) is given by (12.4.1). It is an odd function of x, and
has the Taylor expansion

+00
(13.2.1) gl x) =Y o, xel,
j=0

with radius of convergence 2 — ¢, where the coefficients can be readily calculated:

P {2 @D (1) — @D (] — f)_ (2j+1>(1 ’) 2442
50 = oy {20 =y (1-7)-v + )
Here,

I''(x) d™ I''(x)
13.2.2 = ) (x) =
( ) w(x) rey’ Y (x) v T(x)

is the poly-Gamma function, and I'(x) is the standard Gamma function. A more
convenient expression is obtained by direct Taylor expansion of the terms in
(12.4.1):

+ 1 !
(1) = 177+ Z {(2k)2f+2 2k — 22 (2k + P2 }

In terms of the Hurwitz zeta function

+00

Cs, 0= (x+h)7,

k=0

the expression for ;(x) equals
() = 242 4 H=2j=2 : _ . AN . t
s(1) = (92 42 {25(2J+2, 1 5(2J+2,1 2) 5(2J+2,1+2)}.
Moreover, since (s, x) = x~° + (s, 1 +x), we may rewrite this as
%j(t)
(1323) =P -@Q-n7¥7
. t t
—2j—2 . _ . _ _ .
+2 {25(2]+2, ) 5(2]+2,2 2) 5(2]+2,1+2)}.

We need the following result.
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Lemma 13.2.2. For fixed t with 0 < t < 1, the function

Ad(s) =1 =200, D = (5,2 — ) = {(s, 1 + D)}
is positive and strictly decreasing on the interval [3, +ool, with limit

lim A.(s)=0.

§—>+00

Proof. We will keep the variables 7 and s confined to the indicated intervals
0<t<jand3 < s <+o0.

By comparing term by term in the Hurwitz zeta sum, we see that the func-
tion A.(s) is positive. Moreover, as s — +00, the first term x~° becomes dominant
in the Hurwitz zeta series ¢(s, x), and we obtain that A,(s) has the indicated limit.

Next, we split the function in the following way:

(13.2.4) Ai(s) = Ae() + Re(s),  Aols) :=2(1 —7)" — (11 :,T)

where R,(s) is given by
R.(s) =1 —)°{2¢(s,2) — (5,2 — 1) — (5,2 + 7)}.

In the identity (13.2.4), we should think of 4.(s) as the main term and of R.(s) as
the remainder. Clearly, we see that 1.(s) > 0, and that 1,(s) is decreasing in s:

1—17
g1+r

= (1 — T)S{ log(1 — ) — [1 — (1 + )] log ;ii} <0.

1 —17\s
A(s)=2(1 —2)’log(1 — 1) — lo
(13.2.5) (1+ T)

Moreover, by direct calculation

+7

A 1
Oy «(5) ==+ {log(l + 1)} log 1 <0,
-7

(1—=1
so that by (13.2.5), we have that

A:(3)
I—17

—(1— T)S{ log(1 — ) — [1 — (1 + ) *]log 11 ii}

V() <1 —=0)°

(13.2.6) 13+ 37+ 7) 1+r}

=(1=17)?1 1_2_

( T){Og( T ey B,
272 2

6+67+27 }S— 33_[2(1__[)5’

2 s
<=2 -0 {1+ (1+0)* 81
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by an elementary estimate of the logarithm function, and by using our constraints
on s and .

We proceed to estimate the remainder term. Since for positive 7 and a C?-
smooth function f, we have that

S@+f(—7) —2f(0) = 3 (z — 10Df"(0)do,
and, in particular,

(52— D405, 2+ =205, 2 = [ (1= 10133 (s, 2 + 0)do

-7

=s(s+1) | (z—10Dc(s+2,2+6)do,
and consequently

R.(s)=—s(s+ 1)(1 — 1)’ ‘ (= 18D¢(s + 2,2+ 6)do.

-7
By direct inspection, then, we see that R,(s) < 0. Moreover, by differentiating the
above formula with respect to s, we obtain

R.(s)=—Q2s+ (1 —1)° ‘ (t— |0Dc(s +2, 2 +6)do

—s(s+1) ‘ (z —10D)os[(1 — o)°c (s + 2,2+ 6)]do

2s+1
(13.2.7) = s+ 1)Rf(s)

—s(s+1) ' (z = 10Dos[(1 — 7)°¢(s + 2,2+ 6)]do

< —=s(s+1) T(T — 16Dos[(1 — o)’¢(s + 2,2 +6)]d6.

-7

We proceed to compute the derivative which appears in (13.2.7):

(132.8) —al(1 - 0+2.2+01 = (1 -y (2 o N 0g 2T o+k
k=0

1—1 1—7

To analyze this derivative, we need the following computation
or{T™2log T} = =T 3((s +2)logT — 1)

(13.2.9) 3
< —T735logT — 1) <0, 5 = T < +00.

In other words, T — T~°"?log T is decreasing on the interval [%, +00[. As a first
application of the property (13.2.9), we apply it to the identity (13.2.8) and obtain
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that
0<—o[(0—0)cs+2,2+0)] < —5[(1 — )¢ (s+2,2—7)], —1<6<r7

which we may implement into (13.2.7):

R(s) < —s(s+1) ‘ (z —10D)os[(1 — 2)°c (s + 2,2+ 6)]do

-7

(13.2.10)

IA

—s(s+1) T(r —10Dos[(1 — 7)°¢(s + 2,2 — 7)]do

-7

= —s(s+ D7T?3[(1 — 7)°c(s +2,2 — 7).

Next, we implement the property (13.2.9) again, in the context of (13.2.8) with
0=—1

—o[(1 —)’c(s+2,2 —1)]

+00 e _
=(1_T)_2Z(2_T+k) s 210g2 T+k
k=0

1—1 1—1
(13.2.11)
2 _
<(1-Q-0"log . *
1—17
O 2 —THx\T2 2 —T+X
-2 1 dx.
+( 2 /0 ( l—r) 8 1—1
Here, we kept the first term, with k = 0, and replaced each later term indexed
by k by a corresponding integral over the adjacent interval [k — 1, k]. The integral
expression in (13.2.11) may be computed explicitly
+00 2 _ —s=2 2 —
/ ( 1 r+x> Jog 1 r+xdx
(13.2.12) 0 - - 5
= (s+ D21 — 22 — o) [1 +(s+Dlog | T]
-7

Finally, putting (13.2.10), (13.2.11), and (13.2.12) together, and obtain that
R.(s) < —s(s + DT?8,[(1 — 0)*¢(s + 2,2 — 7)]
e 2—1
(13.2.13) < 21— s+ D2 -0 log | _ "

+HS_1(2—r)_s_1[1+(5+1)10g?:ﬂ}'

The expression within brackets is optimized at the right endpoint 7 = %:

2 2
s+ D2 =0 2log T T4 ° (2—1)_S_1[1+(s+1)10g T}
-7 s+1 1—
(13.2.14) X

s /3yl 27
10g3+s+1<2) [L+(s+Dlog3] < |

SS(S+1)(§) 0’
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where the rightmost inequality is elementary given that 3 < s < +o00. It follows
from (13.2.13) and (13.2.14) that

2
(13.2.15) R.(s) < 1312(1 — 7).

Finally, a combination of (13.2.6) and (13.2.15) gives the desired result

, , , 27 233
Al(s) = A.(s) + R.(s) < (10 - a1

143 , 5
_SIOT (1—-17)7 <0.

)12(1 — 7

The proof is complete. (]

Proposition 13.2.3. For fixedt, 0 <t < 1, the function
J 2 =070
is strictly decreasing on Z, = {1, 2, ...}, with limit

lim (2 — )¥*5g(0) = —1.
Jj—+00

Proof. In view of (13.2.3), we know that
Q2 = D%t = [12 — D17 — 1+ Aya(2j +2).

Since 0 < #(2—1) < 1 holds for ¢ € I{, the function j — [#(2—1)]¥*? is decreasing,
and the statement of the proposition immediately follows from Lemma 13.2.2. [

Proof of Proposition 13.2.1. It is clear from the known radius of conver-
gence for ¢!l(z, -) that ¢l(z, ) € P2 — 1). Moreover, ¢!/ (z, ) is odd, and all the
Taylor coefficients (see (13.2.1)) are clearly real-valued, while the coefficient of
the linear term is explicit and positive:

1 /4,
t) = + - +1°> 0.
%()( ) 12 tz sinz(’zft)

Now, the proof of the proposition is an immediate consequence of Proposition
13.2.3. =

13.3 Positivity of the odd part of the dynamically reduced Hilbert
kernel and totally positive matrices. The transfer operator T can be applied
to polynomials, or, more generally, convergent power series. Forj =0,1,2,...,
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let u; denote the monomial u;(x) := x%*1_ The action of T; on odd power series can

be analyzed in terms of the infinite matrix B = {b;};¢, with entries b; ;. given by

+00
(13.3.1) Tiui(x) =Y b, x €1,

k=0
since the transfer operator T preserves oddness.

We recall the notion of a totally positive matrix [21]. An infinite matrix

A = {aj,k};,fjo is said to be totally positive if all its minors are nonnegative,
and strictly totally positive if all its minors are strictly positive. Here, a
minor is the determinant of a square submatrix {a; x}; -, wherej; < --- <, and

k1 < --- < k,. This is a much stronger property than the usual positive definiteness
of a matrix, which would correspond to considering only symmetric squares.

Proposition 13.3.1. The matrix B = {b;; ;”,‘320 with coefficients given by
(13.3.1) is strictly totally positive.

Proof. We read off from the definition of T; that
Tiu(x) = — Y (x+2n)~%72,
nez*
and observe that the right-hand side may be written in the form
1 . X . X
(x) = (2j+2) — YD (1 _
T11(0) 22j+2(2j+2)!{w (1+2) v (1 2)}

where y"™(x) is the poly-Gamma function (see (13.2.2)). From this, we immedi-

ately obtain ‘
W(Z]+2k+3) ( 1 )

T 22142643(2j 4+ 2)1(2k + 1)!
Since strict total positivity remains unchanged as we multiply a column or a row by

b«

a positive number, the strict total positivity of the matrix B is equivalent to the strict
total positivity of the infinite matrix with entries {cjx}i25, where ¢; := y@(1).
This is a Hankel matrix, and in view of Theorem 4.4 [21], its total positivity is
equivalent to the strict positive definiteness of all the finite square matrices { ¢j.; };'v,z=o
and { ¢jure1 }_;Yl;(}, forevery N =1, 2,3, .... Following the digression in Section 4.6
of [21], we know that this is equivalent to having the c¢; be the moments of a positive
measure (the Stieltjes moment problem). However, it is known that

) +00 et +00  pa—VI
¢j =y @) = / 3 dr = / % dr,
0 1 —e™! 0 1 — e_\/t
which means that the ¢; are indeed the moments of a positive measure. This
completes the proof. (]
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We need to have a precise definition of the notion of counting sign changes;
see [21].

Definition 13.3.2. Leta = {qg;};, j = 0, ..., N, be a finite sequence of real
numbers.
(a) The number S™(a) counts the number of sign changes in the sequence with
zero terms discarded. This is the number of strong sign changes.
(b) The number S*(a) counts the maximal number of sign changes in the se-
quence, where zero terms are arbitrarily replaced by +1 or —1. This is the
number of weak sign changes.

Obviously, the number of weak sign changes exceeds the number of strong sign
changes, i.e., S~ (a) < S*(a).

Corollary 13.3.3. Fix 1 <y < +oo. Iff € Pi(y) is odd, then T.f is odd as
well, and T\f € P2 — ).

Proof. Based on the explicit expression (1.8.5) for Tf, it is a straightfor-
ward exercise in the analysis of power series to check that if f € &(y), then
T.f € PR — ;). Moreover, it is clear that the property of having real Taylor coef-
ficients is preserved under T;. To finish the proof, we pick an odd f € ‘Bﬂﬁ(y), and
expand it in a Taylor series:

[ =Y fQj+ Dux), —y<x<y,

j=0

where as before u;(x) = x¥*!. Then, in view of (13.3.1),

Tif () =Y fQ2j+ DTiu(x)

(13.3.2) e
=y { > bufj+ 1)}uk(x), —1<x<1,
k=0 Jj

and, as noted before, the right-hand side Taylor series converges in the interval
1—2+ ;, 2 — ;[. The assertion of the corollary is trivial if f(x) = 0, so we may
assume that f does not vanish identically. From the definition of the class ‘Bﬁ(y),
we read off that for N =1, 2, 3, .. ., the finite sequence {f(2j + 1)};&0 has at most
one strong sign change. Next, by Proposition 13.3.1, we may apply the Variation
Diminishing Theorem for strictly totally positive matrices (see Theorem 3.3 in
[21]), which asserts that the sequence { F k’N}]kV:O, where

N
(13.3.3) Fin =) bif@Q2j+1),
=0
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has at most one weak sign change in the index interval {0, ..., N}. Moreover, if
there is a weak sign change in the sequence { Fy y}i,, then it is from > O on the
left to < O on the right. More precisely, we have the following three possibilities:

(i) Fyxny >O0forallk=0,...,N,or

(i) Fyxy <Oforallk=0,...,N,or
(iii) there exists anindex ko € {0, ..., N—1}suchthat Fi y > Ofork=0, ..., ko

while F y <Ofork=ko+1,...,N.
As we let N — +00, the coefficients Fy y converge to

+00
Fi=Y bifQj+1),

j=0

where the right-hand side is absolutely convergent because all the coefficients,
except possibly a finite number of them, have the same sign. From the properties
(1)—(iii), we see that the sequence { F}; has one of the following three properties:
@) Fp >0forallk=0,1,2,..., 0or
(i1’) Fr <Oforallk=0,1,2,...,or
(iii”) there exists an index ky € Z, o such that Fy > 0 for k = 0, ..., ko while
Fk,N <Ofork=ky+1,kg+2,....

We remark that while it is clear that property (i) converges to (i), and that (ii)
converges to (ii’), the case (iii) is less stable and might degenerate into (i’) or (ii’),
as N — +oo. No matter which of these cases (i’)—(iii’) we are in, the corresponding
Taylor series

+00
Tif(x) =) Fu?®', —1<x<l,
k=0
is odd and belongs to V,BH%(Z — ;). The proof is complete. (]

We now turn to the proof of Theorem 12.4.1.

Proof of Theorem 12.4.1. As the required estimate from above was
obtained back in Proposition 12.5.3, we may concentrate on the estimate from
below.

The function 7 — ¢¥(z, x) is clearly even, and then the iterates T’ ¢¥'(z, -) are
also even with respect to the parameter . By symmetry, it will be enough to treat
the case 0 < ¢t < 1. So, we assume 0 < ¢ < 1, and observe that Proposition
13.2.1 asserts that ¢//(, -) is odd and belongs to the class P(2 — 7). Next, by
applying Corollary 13.3.3 once, we have that T1¢//(z, -) is odd as well and belongs
to ‘Bﬂﬁ(Z — 21_t). Wenotethat | <2 —¢ <2whilel <2 - 21_t < ; By applying
Corollary 13.3.3 iteratively, we find more generally that T, ¢/ (1, -) € ‘Bﬂt(yj(t)), for
some y;(#) with y;(¥) > 1. Moreover, since the function q'(t, ) is odd, we may
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apply repeatedly Proposition 2.6.1, to see that
(13.34)  Tig] @)D =T ¢i@, )1 =--- = Tigt, (D) = ¢ ¢, (1) = 0.
Next, by (13.3.4) and Proposition 13.1.2, we find that

T, )x) >0, 0<x<l1,j=1,23,...,

unless the function le q{’ (t,7) € ‘Bﬂﬁ(yj(t)) vanishes identically. To rule out the
latter possibility, we argue as follows. If T ¢! (z, -) = 0, then we would have that

0="Tq!t)=T,Ad-THQ! ) = A-T)T,Q!, ),

that is, T/ Q¥'(¢, ) € L'(I;) would be an eigenfunction for the operator T; corre-
sponding to the eigenvalue 1, which by Proposition 10.1.2 is only possible when
T, Q(z,-) = 0. This is absurd, as T preserves the class of odd strictly increasing
functions; see Proposition 2.5.2(i). The proof is complete. (]

14 Asymptotic decay of the T, -orbit of an odd distribu-
tion in £(/))

14.1 An application of asymptotic decay for f = 1. We now show how
to obtain, in the critical parameter regime o = 1, Theorem 1.9.2 as a consequence
of Theorem 1.8.4. The argument would be considerably simpler if we were to
appeal to Theorem 1.8.6, but then our presentation would not be self-contained.

Proof of Theorem 1.9.2for af = 1. Asobservedrightafter the formulation
of Theorem 1.9.2, a scaling argument allows us to reduce the redundancy and fix
o = 1, in which case the condition 0 < af = 1 reads # = 1. From the work in
Subsections 8.1 and 8.2, it will be sufficient to show that for u € £¢(R),

(14.1.1) Ihu=1LJiu=0=— u=0.
Here, we recall the notation
£o(R) == L)(R) + HL)(R) c £(R).

So, we assume that u € £y3(R) has IT,u = II,J;u = 0. The distribution u« has a
decomposition u = f + Hg, where f, g € L{(R). We write

1 1
(14.1.2) HOE , F@O +1(=1), o= L, (=0 =1 (),

and

1 1
(14.1.3) g = 5 (8()+ g(=0), g = 5 (8(=0) = g(0),
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so that the functions f7, g’ € L{(R) are even while f7, g’ € L{(R) are odd. We
then put
W = —Hg", =" _Hg,
so that u/ € £y(R) is an even distribution, while «/ is odd. This is so because the
Hilbert transform is symmetry reversing, odd is mapped to even, and even to odd.
Step 1. We first prove that the implication (14.1.1) holds for odd u, that is,

when u = —u'":

(14.1.4) Lu" =ThJiu" =0 = u" =0.
The added arrow to the left is of course a trivial implication. Let
ul =Ry e &) and uf = Riu” e &R\ 1))

denote the restrictions of the distribution u” to the symmetric interval /; and to
the complement R \ 7, respectively. Clearly, uf/ and u! are odd, because u’l is.
We will be done with this step once we are able to show that u(I)’ = 0, because

then u’ll vanishes as well, as a result of Proposition 9.5.1:
Wl = —RIJTyull = 0.
Indeed, we have Proposition 9.5.2, which tells us that
ul =R =0 and ' =Rlu"=0

together imply that «”/ = 0. Finally, to obtain that u] = 0, we observe that
in addition, Proposition 9.5.1 says that the odd distribution ug € £(;) has the
important property ul = Tiull. By iteration, then, we have ull = T}"ull for
n=1,2,3,..., and by letting n — +00, we realize from Theorem 1.8.4 that uy = 0
is the only possible solution in £(/;).

Step II. We now prove, based on Step I, that the implication (14.1.1) holds
for an arbitrary distribution u € £o(R), regardless of symmetry. So, we take a
distribution u € £o(R) for which IT,u = 0 and I, J;u = 0. We split u = u! — u" as
above, and note that since the operators I1, and J; both respect odd-even symmetry,

0=Tlu=1Iu —Thu" and 0=ILJju=TLJu — ILJu"”
correspond to the splitting of the 0 distribution into odd-even parts inside the space
£o(R/27) = LY(R/27Z) + HLL\(R/27Z) c £(R/27).
This means that each part must vanish separately, that is,

(14.1.5) Lu' =0, ILJu' =0, ILu'=0, ILJu =0.
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By Step I, we know that the implication (14.1.5) holds for the odd distribution u/,
so it is an immediate consequence of (14.1.5) that u’/ = 0. We need to understand
the result obtained in Step I better, and write the equivalence (14.1.4) in terms of
the functions f/ and g:

HZf” = H2Hg1:

(14.1.6) fT=Hg =
ILJ i f" = TLH) g'.

Next, since we know that TI,H = H,II, as operators on L(I)(R), we may rewrite
(14.1.6) as

ILf" = HoI1,8,

(14.1.7) fT=Hg' =
L),/ = HoILJ 8"

Since we already know that u// = 0, it remains to show why #/ = 0 must hold as
well. The relation (14.1.5) also contains the conditions IT,u! = I1,J;u = 0, which
in terms of f/ and g’ amount to having

HZfI = HZHZg”a
ILJ " = Ho I J, 87

Let us apply the periodic Hilbert transform Hj to the left-hand and right-hand sides,
which is an invertible transformation on £y(R/27) with H = — I. The result is

H,I1f" = —TI,¢",
HoI1LJ, /" = —11LJ:18".

But this falls inside the setting of (14.1.7), only with —g! in place of f, and f!
in place of g/. So we get from (14.1.7) that —g’/ = Hf!, which after application
of Hreads f/ = Hg"!. This means that u’ = f/ — Hg!' = 0, as desired. Finally, since
both u! and u! vanish, we obtain u = u/ — u!! = 0. This proves that the implication

(14.1.1) holds for every u € £0o(R), which completes the proof. ]

14.2 The proof of asymptotic decay for f = 1. We now proceed with
the proof of Theorem 1.8.4. As in the proof of Theorem 1.8.2, we have to be
particularly careful because the operator T; : £(I;) — £(/;) has norm > 1.
However, it clearly acts contractively on L!(1}).

Proof of Theorem 1.8.4. Since uy € £(I,), we know that there exist
functions f € L'(R) and g € L{(R) such that uy = R (f + Hg).
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Step I. There exists an odd extension of ug to all of R. Let the functions
f1. 1, ¢!, ¢" be given by (14.1.2) and (14.1.3), and put

Wl = —Hg", ' =f" —Hg,

so that u! € £(R) is an even distribution, while u” € £(R) is odd. The way things
are set up, we have that ug = Ryu, where u := u! — u’’. Since it is given that u is
odd, we must have that R;u’ = 0, and that uy = —R;u". The distribution —u” is
odd on all of R, and provides an extension of uy beyond the interval 7. We will
focus our attention on the odd distribution u// = ! — Hg!, which has Ryu!l = —u.

Step II. Without loss of generality, we may require of the even function

g’ € L{(R) that in addition

(14.2.1) (18" = (1, 8")r, =0.

To this end, we consider the even function A/ e L(l)(R) given by
() = 1,(x) —x 21py,(x), xeR,

with Hilbert transform

x+1 2
x—1 zx’

+

1 11
HK (x) = * log ] o ‘ + ,log ‘ xeR,
T x—1 X

and note that HA! e L(l)(R) is odd. Now, if (14.2.1) is not fulfilled to begin with,
then we consider instead the functions

F=f"+ 1<g1, ), HA, G =g — 1(
2 2
Indeed, we see that F, G € L{(R) where F" is odd and G’ is even, that (14.2.1)
holds with G in place of g/, and that u! = f! — g/ = FI' — HG'. This allows us
to assume that f/, g/ € L{(R) are chosen so that (14.2.1) holds, and completes the
proof of Step II.
Step III. Splitting of the functions f/ and g’ according to intervals. We split

f=fi+f2and g = g| + g, where

gL 1), n.

=My, e Ly, £ =My, € LR\ 1)),

and

g1 =gl e L), g :=glpy, € Ly(R\ I)).
Here, we used in fact Step II. Note that the functions £, £ are odd, while g, g5
are even. We write u] := Ryu’, so that ul] = —uy. We note that

(14.2.2) ull =R, (" +Hg") =R, (' + ' + Hg! + Hgb) = f" + R{Hg! + R Hg’.
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By applying the operator TY for N =2, 3,4, ... to the leftmost and rightmost sides
of (14.2.2), we obtain

TVull = TV + TYR Hg! + TYRHg5,

and after application of the valeur au point operation, this identity reads, for
N=2,3,4,..,

vap[ T} ufl 1(x)

(14.2.3)
TN l”(X) + Vap[TIIVRngII](x) + Vap[TllVRngé](X), ae.xel.

Next, by Propositions 2.3.1(v) and 10.1.2, we have for each fixed , 0 < n < 1,
the convergence

(14.2.4) TYf{' - 0 and 1;vap[TYR Hg}] — 0,

the first one in the norm of L!(1;) as N — +oo. That is, two terms on the right-
hand side of (14.2.3) vanish in the limit on compact subintervals, and we are left
to analyze the remaining middle term.

By rearranging the terms in the finite expansion of Proposition 9.8.2 with
n := N, applied to the even function g} € L(l)(I 1) in place of f, we obtain that

TYRHg! = R HTY gl — TV"'R/H] ¢! + T\RH], TV ¢!

(14.2.5) N i
+ (T} = DT 77 'RiHY T gl

j=1
Here, of course, J; = T; as operators, but we keep writing T7'¢! to emphasize that
the function is extended to vanish off the interval /;; this is a relevant issue, since
the Hilbert transform is nonlocal. Since we know that g/ € L(l)(l 1), Proposition
2.3.1(v) implies that T)g! = Tg! — 0 in norm in L'(I;) as N — +00, so that

(14.2.6) vap[R; ‘.T1 gl] — 0 and vap[TiR HJl‘J'1 gl] — 0,

in L*°(I}) as N = +o0o. Moreover, by Proposition 10.1.2, TY~'R;J;g/ — 0 as
n — +00, uniformly on compact subsets of /;, so that in particular,

(14.2.7) 1, vapTY 'Ry J1gf — 0

in L'(I), for each fixed #, 0 < < 1. We know, from (14.2.6) and (14.2.7), that
the first three terms on the right-hand side (14.2.5) tend to zero as N tends to +oo.
Thus we only need to deal with the the summation term in (14.2.5).
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Step IV. Application of kernel techniques. As in Subsection 10.1, we may
write

. 1 .
(14.2.8) vapHJ, T, g (x) = 71r / 1 0:1(t, )T gi(ndt, xel,

where Q;(t, x) = t/(1 + tx). We recall the odd-even decomposition of Q (¢, x):

2x

I3
01(t,x) = Qi (t, x) — Q(t,x), where Q}(t,x) = L2 it x) = 1= 2y

As, by inspection, the kernel # — Q!(z, x) is odd, and since the function ‘J"i gl is
even, we may rewrite (14.2.8) in the form

. 2 rl .
(14.2.9) HI T gl = — /O 0, ) Toghndr, xel.

Using (14.2.9), we may decompose the sum in (14.2.5) in the following way:
N-1 ' '
> (1 = DT 7R HY T gl ()
Jj=1
1 N—1

(14.2.10) --2 | X m @t - nol e st wa
i=1

S N=1 1 _ ' '
=2 /0 (TY 7+ TV gl (¢, )0 T g ().
J=1

All the sums appearing in (14.2.10) are odd functions of x, so we need only estimate
them in the righthand interval I7 = [0, 1[. By appealing to the fundamental estimate
of Theorem 12.4.1, we may obtain a pointwise estimate in (14.2.10), for x € I, as

follows:
vap Y (T} — DT~ 'R{HJ T, g} (x)
j=1
o Nzl 1 o . .
(142.11) <03 [ im T e gl @ T oldr
j=1 70
YT T g
< ”Z( : + T Dgr (1, ) 1T &1 llLiay-

=1
As observed previously, since gf € L{(1;), Proposition 2.3.1(v) tells us that

Tgi =Tigl = 0



70 H. HEDENMALM AND A. MONTES-RODRIGUEZ

in norm in L'(/}) as j — +o0o. It follows that we may, for a given positive real ¢,
find a positive integer ny = ny(€) such that ||‘.T]ig’1 I,y < €forj > no(e). We split
the summation in (14.2.11) accordingly, for N > ng(€), and use that the transfer
operator T = T} is a contraction on L!(/}):

N—1

vap > _(T7 — DT}~ 'R{HJ, T g (x)
j=1
no(€)—1

(14.2.12) <lgillay . D 77+ T g (1, )
J=1

N—1
6 S s
@ T el AL W),
J=no(€)
where again x € I is assumed. The odd part of the dynamically reduced Hilbert
kernel x — ¢(1, x) is odd and smooth on I}, so Proposition 2.3.1(v) tells us that
for fixed e,
SC N—j—1 N—j

ST+ T DG AL g, —> 0 as N — +oo.

j=1
As for the second sum on the right-hand side of (14.2.12), we use finite Neumann
series summation (12.3.3) together with Lemma 2.5.2 to obtain that

N—1
i — 2
> @ Tl 0w < AT W < | T L. el
J=no(e) .
Note that in the last step, we compared QF(1,x) with the invariant density
k1(x) = (1 —x*>)~!. It now follows from the estimate (14.2.12) and symmetry
that for fixed s with 0 < < 1,
N—1 _ '
15, (T} = DT 77'R{HJ T gl ()
Jj=1

4 1
< Elog +7

(14.2.13) limsup .
L\(I) T 1— n

N—+00

As this is true for any € > 0, it follows that for fixed # with 0 < < 1,

N—1
L, > (T = DT 7 'RHL T gf ()
j=1

(14.2.14) lim sup

N—+00

=0.
L1y

This means that also the last term on the right-hand side of (14.2.5) tends to 0
in the mean on all compact subintervals. Putting things together in the context
of the decomposition (14.2.3), we see from the convergences (14.2.4) and the
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further decomposition (14.2.5), together with the associated convergences (14.2.6),
(14.2.7), and (14.2.13), that 1;, vap[T}u(l] — 0 in L-*°(1,), which is the claimed
assertion, because uy = —ull. The proof is complete. O
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