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Abstract

This thesis contains four papers, where the first two are in the area
of geometry of numbers, the third is about class group statistics and
the fourth is about free path lengths. A general theme throughout the
thesis is lattice points and convex bodies.

In Paper A we give an asymptotic expression for the number of
integer matrices with primitive row vectors and a given nonzero deter-
minant, such that the Euclidean matrix norm is less than a given large
number. We also investigate the density of matrices with primitive
rows in the space of matrices with a given determinant, and determine
its asymptotics for large determinants.

In Paper B we prove a sharp bound for the remainder term of the
number of lattice points inside a ball, when averaging over a compact
set of (not necessarily unimodular) lattices, in dimensions two and
three. We also prove that such a bound cannot hold if one averages
over the space of all lattices.

In Paper C, we give a conjectural asymptotic formula for the num-
ber of imaginary quadratic fields with class number h, for any odd
h, and a conjectural asymptotic formula for the number of imaginary
quadratic fields with class group isomorphic to G, for any finite abelian
p-group G where p is an odd prime. In support of our conjectures we
have computed these quantities, assuming the generalized Riemann
hypothesis and with the aid of a supercomputer, for all odd h up to
a million and all abelian p-groups of order up to a million, thus pro-
ducing a large list of “missing class groups.” The numerical evidence
matches quite well with our conjectures.

In Paper D, we consider the distribution of free path lengths, or the
distance between consecutive bounces of random particles in a rectan-
gular box. If each particle travels a distance R, then, as R — oo the
free path lengths coincides with the distribution of the length of the
intersection of a random line with the box (for a natural ensemble of
random lines) and we determine the mean value of the path lengths.
Moreover, we give an explicit formula for the probability density func-
tion in dimension two and three. In dimension two we also consider
a closely related model where each particle is allowed to bounce N
times, as N — oo, and give an explicit formula for its probability
density function.
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Sammanfattning

Denna avhandling innehaller fyra artiklar, varav de forsta tva ar i
dmnet geometrisk talteori, den tredje handlar om klassgruppstatistik,
och den fjarde handlar om fria viglingder. Ett generellt tema genom
avhandlingen &r gitterpunkter och konvexa kroppar.

I Artikel A ger vi ett asymptotiskt uttryck for antalet heltalsma-
triser med primitiva radvektorer och en given determinant, sidana att
den euklidiska matrisnormen ar mindre &n ett givet stort tal. Vi under-
soker ocksa tdtheten av matriser med primitiva radvektorer i rummet
av matriser med en given determinant, och avgor dess asymptotiska
beteende for stora determinanter.

I Artikel B bevisar vi en skarp ovre grans pa feltermen for antalet
gitterpunkter inuti en boll d& vi tar medelvirdet 6ver en kompakt
méngd av (inte nédvéandigtvis unimodulédra) gitter, i dimension tva
och tre. Vi bevisar dven att en sddan 6vre gréans inte kan halla om vi
tar medelvirdet 6ver rummet av alla gitter.

I Artikel C ger vi en formodad asymptotisk formel for antalet ima-
gindra kvadratiska kroppar med klasstal h, for udda h, och en for-
modad asymptotisk formel for antalet imagindra kvadratiska kroppar
med klassgrupp isomorf med G, for dndliga abelska p-grupper G déar
p ar ett udda primtal. For att stodja var formodan sa har vi berdknat
dessa kvantiteter, under antagandet av den generaliserade Riemann-
hypotesen och med hjélp av en superdator, for all udda h upp till en
miljon G och alla abelska p-grupper av ordning upp till en miljon, och
vi har ddrmed producerat en stor lista pa “saknade klassgrupper”. De
numeriska resultaten matchar vara formodanden val.

I Artikel D betraktar vi fordelningen av fria vigldngder, dvs stréc-
kan mellan pa varandra foljande studsar av slumpméssiga partiklar i
en rektangular lada. Om varje partikel firdas en stricka R, sa 6verens-
stammer fordelningen av fria viaglingder da R — oo med fordelningen
av langden av snittet av en slumpméssig linje med ladan (for en na-
turlig ensemble av slumpmissiga linjer), och vi berdknar medelvéirdet
av fria vigldngderna. Vi ger ett explicit uttryck for tathetsfunktionen
i dimension tva och tre. I dimension tva betraktar vi &ven en relaterad
modell dar varje partikel tillats studsa N ganger, och vi ger ett explicit
uttryck for tathetsfunktionen da N — oc.
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1 Introduction

This thesis consists of this introduction and four papers. As indicated by
the title of the thesis, the first two papers are in the area of geometry of
numbers, the third paper is about class group statistics, and the fourth
paper is about free path lengths. Lattices and convex bodies are a general
theme throughout the thesis.

In this introduction we give an informal overview of the results obtained
in the papers contained in this thesis, intended to be accessible to a general
audience. For the sake of exposition, we will deviate from the formulations
used in the papers, and instead present the results with a more geometrical
flavor.

1.1 Overview of Paper A

Consider a parallelogram with integer coordinates which cannot be decom-
posed into smaller parallelograms with integer coordinates. We will call such
an object a primitive parallelogram; see Figure for an illustration.
How many primitive parallelograms are there with an area of 107

There are infinitely many such primitive parallelograms: in fact, starting
with a single primitive parallelogram, we can produce another one with the
same area by for example shifting it an integer distance up or to the right, or
by shearing it (see Figure , and by repeating either of these operations
we can produce arbitrarily many different parallelograms, all of which are
primitive and have the same area.

Thus, in order to make the counting problem interesting we need to im-
pose some restriction not only on the location of the parallelograms but also
on their size. A natural restriction is to consider all primitive parallelograms
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Figure 1.1 — Four parallelograms of area 10. The two blue parallelograms are
primitive, but the two red parallelograms are not, since they can be partitioned
into several smaller parallelograms.

Figure 1.2 — Three primitive parallelograms of area 10, where the green paral-
lelogram is obtained by applying the shear transformation (x,y) — (x + y,y) to
the vertices of the blue parallelogram, and the pink parallelogram is obtained by
applying the same shearing transformation to the green parallelogram.

with the origin of the plane as a vertex, and such that
Va2 + b? (1.1.1)

is bounded by some large number 7', say 100, where a and b are the side-
lengths of the parallelogram.

The first result of Paper A implies that the number of such primitive
parallelograms is approximately

2.4.T2

for large values of T'. Indeed, by a brute force computer calculation one
can find that the correct number for 7' = 100 is 24000, which coincides ex-
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actly with our approximation (typically however, the approximation will be
slightly off). In fact, in Paper A we prove an analogous result for the gener-
alization of the above problem to n dimensions, where we replace primitive
parallelograms of area 10 with n-dimensional primitive parallelepipeds with a
given positive volume k, such that the origin is a vertex of the parallelepiped

and such that \/a? +--- + a2 < T, where a1, as, ..., an are the side-lengths
of the parallelepiped (the n-dimensional generalization of a parallelogram)ﬂ

Next, suppose we choose a parallelogram with integer coordinates and
area 10 at randomﬂ What is the probability that the parallelogram we
choose is primitive? Equivalently, what is the proportion of primitive paral-
lelograms out of the set of all integer parallelograms with area 107 It follows
from the results of Paper A that the probability in this case is

22.222... %.

A brute force computer search reveals that the proportion for T < 100
is 24000/107816 = 0.22260 . . ., which indeed is close to the value above. In
Paper A we determine the probability in the generalized case in n dimensions
and a given positive volume k. Let us denote this probability by D, (k).
We may ask which values can occur for the probability D, (k). We prove
in Paper A that in two dimensions, probabilities arbitrarily close to any
given probability between 0% and 100% occur. Let us now focus on n > 3
dimensions. The probability D, (k) is maximized and equal to 1 for k = 1
only, and we prove that D, (k) is close to 1 precisely if k£ has no small divisors
(for example if k is a large prime, say 31337). Although we have until now
assumed that the volume k is positive, one can make sense of the value
D,,(0), and we prove that the probability D, (k) is minimized and equal to

1
¢(n—1)"
for £k = 0 only, where ( is the Riemann zeta function, and we prove that

D, (k) is close to this minimum value for precisely those values of k which are
divisible by all small numbers (for example factorials, say k = 7! = 5040).

(1.1.2)

In Paper A we actually compute a different number N, (T), which is precisely a
factor n!/2 larger than the number we are talking about in this section.

2To make this rigorous, we may think of the randomization process as selecting uni-
formly at random one parallelogram out of all parallelograms of area 10 with the origin
as a vertex which satisfy the condition for some fixed large T'.
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Finally, we prove that for n > 4 there are “gaps” for the probability D,, (k)
in the sense that not all probabilities between the minimum ((1.1.2]) and the
maximum 1 can be attained; for example, in dimension four the probability
values are never betwen 74% and 81%, even though the minimum value is
about 48%. No statement was madd’|in Paper A about whether there are
any gaps in dimension n = 3.

1.2 Overview of Paper B

Consider the lattice of all points with integer coordinates in the plane and
draw a large circle centered at the origin. How many lattice points are there
inside the circle?

Figure 1.3 — Approximating the number of lattice points inside a circle by the area
of the circle.

It is easy to see that the area of the circle is an approximation of the
number of lattice points inside the circle: namely, if we draw a square of
area 1 around each lattice point inside the circle (see Figure for an
illustration), then the number of lattice points inside the circle is equal
to the area of the union of all these squares, and since this jagged shape
approximates the circle, the conclusion follows. Thus we are lead to the
natural follow-up question of how good this approximation is. Let ¢ be the
radius of the circle and let us write N(¢) for the number of lattice points
inside the circle. Then, as we have shown, N(t) is approximately m¢2. Define

3At the time of this writing, I have proved that there are no gaps in dimension n = 3.
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the discrepancy
E(t) = |N(t) - 7

to be the difference between the actual number of lattice points inside the
circle and our approximation. How large is E(t) for large radii ¢t? This is
known as the Gauss circle problem. We can argue as follows to get an
upper bound on the discrepancy E(t).

Consider the set of squares of area 1 centered at a lattice point such that
the square touches the boundary of the circle, as in Figure If we want
to adjust our approximation 7t? to become the correct value N(t), then we
need to add, for every square containing a blue lattice point in Figure
the missing area in that square (the white part), and we need to subtract,
for every square containing a red lattice point in Figure the area of
the blue part in that square. Thus, in the worst case, we would have to
add (or subtract) no more than the area of all the squares in Figure m
The number of squares in Figure [1.3¢ is, up to a constant, approximately
equal to the circumference 27t of the circle, and therefore E(t) should be of
the order t for large t; since this is much smaller than 7t? for large t, this
justifies our calling the latter an approximation for N (¢).

However, the actual size of the discrepancy E(t) should be much smaller,
by the following heuristic. When we add together all the small “adjust-
ments” described in the previous paragraph, we should intuitively expect
that many of the positive adjustments will be cancelled out by negative ad-
justments. If we cheat and pretend that the adjustments are “random” and
independent of each other, then the situation becomes similar to a one-
dimensional random walk: take a large number of steps of length 1, and
at each step either move forwards or backwards at random. How far from
our starting point should we expect to end up at the end of the random
walk? The answer turns out to be roughly the square root of the number of
steps, and we should therefore expect the discrepancy E(t) to be of the order
t1/2 for large t. How small can we make the exponent in the discrepancy?
Landau has proven that the exponent cannot be 1/2 or smaller, but Hardy
has conjectured that it can be made arbitrarily close to 1/2. The best result
to date is the exponent 131/208 ~ 0.6298. .., due to Huxley.

In Paper B, we consider the generalization of the Gauss circle problem
where we replace the lattice of integer points with a random lattice; see
Figure A lattice in the plane is the set of points that can be reached
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from the origin by taking steps of v, —v,w, and —w where v and w are two
non-parallel vectors; the vectors v and w are called basis vectors for the
lattice. For an illustration, see Figure where the two black arrows are
the basis vectors and the lattice is the set of blue and red dots. (Note that
different basis vectors can yield the same lattice; see Figure |1.4bl) For a
general lattice, the number of lattice points inside a circle is approximately
equal to the area of the circle, divided by the area of the parallelogram
spanned by the two basis vectors. We may again ask what the discrepancy
is between the number of points inside the circle and this approximation.

(a) Lattice points inside a circle (b) Same lattice, different basis vectors

Figure 1.4

A random lattice may be generated by choosing uniformly at random
one basis vector each from two bounded regions in the plane, such that no
choice can yield two vectors that are parallel or arbitrarily close to parallel,
and such that arbitrarily short basis vectors cannot be chosen; see Figure
for an example. In Paper B, we prove that the expected discrepancy for
a random lattice is of the order t'/2 for large t

We also consider the analogous problem in three dimensions. Similar to
the arguments in two dimensions, we can show that the number of points
from a given lattice inside a sphere of large radius ¢ is approximately propor-
tional to the volume %ﬂt3 of the sphere. A naive argument shows, as before,
that the discrepancy can be bounded, up to a constant, by the surface area
of the sphere, which is of the order t?, but a heuristic argument suggests
that the actual size of the discrepancy should be roughly the square root

“In Paper B, we actually use a more natural but less intuitive method of generating
random lattices, but the proof also works for the simpler model that we describe here.
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Figure 1.5 — Generating a random lattice by choosing one blue basis vector and
one green basis vector.

of this. We prove in Paper B that the expected discrepancy for a random
lattice is t, up to a logarithmic factor.

One may ask if the conditions we placed on the two regions in Figure
[I-5] are necessary. In Paper B, we prove that if we relax these conditions,
then one can find pairs of regions such that the expected discrepancy must
be strictly larger (in fact, of order ¢1°) in the three-dimensional case.

1.3 Overview of Paper C

A different way of counting the lattice points inside a circle is to add together,
for each smaller circle centered at the origin, the number of points which lie
exactly on that circle; see Figure |1.6

e 0o 0 0 0 0 0 0 0 o o

e 0o 0 0060 0 0 0 0

@ 06 060600 06 0606 06 06 0 0 0 0 0 o
© e 0 0 0 06 0 0. 02 0 0000 0 0 0
© 606 0606 0606 605 6 0 0 00 0 0 0
© 06 0606006 06 06 06 06 0 06 0 0 0 0 0

Figure 1.6 — FEach lattice point inside the large blue circle is on the boundary of
some concentric blue circle.
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To be explicit, each lattice point (z,y) inside a circle of radius ¢ centered
at the origin satisfies the equation

2 y?=m (1.3.1)

for some integer m < v/t. The number of integer points (z,y) which satisfy
(1.3.1) is commonly denoted r2(m), and thus the number of lattice points
inside the circle of radius ¢ centered at the origin can also be given as

> ra(m),

m<y/t

which corresponds to summing the number of points on each blue circle in
Figure

More generally one could count lattice points inside an ellipse in an
analogous fashion. If a, b, ¢ are integers and m > 0, then the equation

ax® +bry +cy® =m (1.3.2)
describes an ellipse in the plane centered at the origin if and only if
b? — dac < 0.

We call D := b?> — 4ac the discriminant of the quadratic form az? +
bry + cy? (or just form for short). If there exist integers x, y such that the
equation is satisfied, then the quadratic form is said to represent
m.

This motivates (among many other reasons) the study of quadratic forms
and the set of integers which a quadratic form represents. How many
quadratic forms are there with a given negative discriminant D? When
counting quadratic forms, we will dismiss those quadratic forms which are
essentially just another quadratic form in disguise. For example, we will
dismiss the quadratic form

1022 + 5y + 15y, (1.3.3)
as it can be be obtained from the quadratic form

f(z,y) =222 + zy + 3¢/> (1.3.4)
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by multiplying the latter form by 5. We will also dismiss the quadratic form
g(z,y) := 502 — 5ay + 8y7, (1.3.5)

as it can be obtained from f by writing g(z,y) = f(5z—y, 3y). The quadratic
form

h(z,y) = 22° + bxy + 6y°

can be obtained from f by writing h(z,y) = f(x + y,y), but on the other
hand, we can also obtain f from h by writing f(z,y) = h(x—y,y), so we will
dismiss neither, but instead consider f(z,y) and h(z,y) to be equivalent,
and regard both of them to be the same form. The opposite form of f
(note that we only flip the sign of the middle term),

F(z,y) =222 — 2y + 312, (1.3.6)

can be obtained from f by writing F(z,y) = f(z,—y), and conversely we
can obtain f from F' by writing f(z,y) = F(x, —y), but the variable substi-
tution (z,y) — (x,—y) flips the orientation of the plane and as such we do
not necessarily regard F' as equivalent to f (unless a variable substitution
between them which keeps the orientation of the plane also exists). The
set of possible discriminants we are left with after dismissing all quadratic
forms such as ((1.3.3]) and ([1.3.5)) are preciselyﬂ the (negative) fundamental
discriminants. Two quadratic forms with the same negative fundamental
discriminant represent exactly the same set of integers if and only if the
forms are equivalent or opposite.

The class number of a negative fundamental discriminant D is the
number of quadratic forms with discriminant D, where we count equivalent
quadratic forms as the same quadratic form. The Gauss class number
problem is to find all negative fundamental discriminants D with class
number 1; this is a highly nontrivial problem which was not solved until the
1950s or 1960sf]

In Paper C we give, for any odd number h, a formula which we conjecture
approximates the number of negative fundamental discriminants D such
that the class number of D is h. (Our restriction to odd values simplifies

®See Proposition 7.1a in [Bue89).
SA proof was given by Heegner in 1952 which was not initially accepted, and it was
later proved independently by Baker in 1966 and by Stark in 1967.
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certain aspects of the technical arguments in the paper.) In support of our
conjecture, we have computed the correct value (under the assumption of
the generalized Riemann hypothesis) for all odd A up to a million with the
aid of a supercomputer, and we find that our approximation is typically
within 1% of the correct value within this range.

An ancient identity known as Brahmagupta’s identity states that

(22 + ky?) - (22 + kw?) = (22 + kyw)? + k(zw — y2)?

for any value of k, or in other words, if we multiply the two quadratic forms
x? + ky? and 22 + kw? then we can write the result as the quadratic form
X2 + kY? where X = zz + kyw and Y = zw — yz. Gauss managed to
generalize this and prove that one can, for any quadratic forms f and g of
the same negative fundamental discriminant, write

f(xuy> 'g(sz) - Q(X7Y)

for some quadratic form Q(X,Y’), where X and Y are integer linear combi-
nations of xz, zw, yz,yw. The set of quadratic forms with a given negative
fundamental discriminant D together with this multiplication operation,
and where we regard equivalent forms as the same form, is called the class
group of D. For example, the discriminant of the quadratic form
is —23, and it can be shown that the class group of —23 has exactly three
elements (and thus the class number of —23 is 3): the form f which we
defined in , the form F' which we defined in and the form

i(z,y) == 2% + zy + 61°.

The multiplication table of this group is given in Figure The multi-
plication table gives complete information about the structure of the class
group. We note that the multiplication table in Figureis identical (after
a simple name-change) to the addition table of the group of integers {0, 1,2}
modulo 3, and thus the two groups have the same structure.

It is natural to ask what the multiplication tables of the class groups
look like. It is for example well-known that they are always symmetric
about the main diagonal. In Paper C, we make a conjecture about which
multiplication tables can be attained from the class groups of odd negative
fundamental discriminants{’| for technical reasons we restrict ourselves to

"In the paper, this conjecture is of course stated in terms of finite abelian groups
rather than multiplication tables.
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(a) Multiplication table for the quadratic (b) Addition table for the integers 0, 1,2
forms of discriminant —23. modulo 3.

Figure 1.7 — Two groups with the same structure.

the case where the size of the class group has only one prime divisor p, for
odd primes p. We conjecture that a multiplication table is more likely to be
attained (for some odd negative fundamental discriminant) if it has a high
degree of “cyclicity,” and therefore that most tables will not be attained.
In support of our conjecture, we have calculated (under the assumption of
the generalized Riemann hypothesis) with the aid of a supercomputer the
structures of all class groups with an odd class number h up to a million.
The data seems to support our conjecture, and in particular we have found
(again, under the assumption of the generalized Riemann hypothesis) a large
list of explicit examples of “missing class groups.”

Remark 1.3.7. Distinguishing between equivalent and opposite forms makes it
so that the inverse element of a quadratic form in the class group of a discriminant
d becomes the opposite of the quadratic form, but the distinction is perhaps better
motivated by the fact that this definition makes the class group of a negative
Sfundamental discriminant isomorphic to the ideal class group of the quadratic field
Q(V/d); see for instance Chapter 5 in [Cox89)] for an exposition on ideal class groups.

1.4 Overview of Paper D

Consider a rectangular room containing only a point-shaped light bulb. Turn
the light on, so that it sends out light rays in all directions. After a few
minutes, the rays will have travelled a large distance (the same distance
for each ray) and bounced a large number of times against the walls of the
room; see Figure [I.§ for an illustration.

Between each pair of consecutive bounces of a given ray, the ray will
have travelled a certain distance; we will refer to such a distance as a
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Figure 1.8 — Sending out a large number of rays for an equal distance each.

bounce length. In Paper D, we calculate the distribution of bounce lengths
for the system of all rays; see Figure [I.9] for an example. We also calculate
the distribution for the analogous problem in three dimensions. Moreover,
we determine the expected value of the bounce lengths for the analogous
problem in n dimensions for any n > 2, and find that it has the rather
simple geometrical interpretation as the quotient

volume of the room

surface area of the room

multiplied by the constant 27.S,,_1/S,, where S,,_; is the surface area of the
(n — 1)-dimensional sphere in n-dimensional space.

Note that in the problem above, each ray contributes a different num-
ber of bounce lengths (for example, although they have travelled the same
distance, the yellow ray in Figure has bounced twice while the green ray
has only bounced once). This means that the distribution of bounce lengths
favors some directions more than others. It is thus interesting to ask what
the distribution of bounce lengths of a single ray would be, if its starting
direction is chosen uniformly at random (or equivalently, we could use many
rays, but instead impose that they all travel for the same number of bounces
rather than the same distance), so that all directions are treated equally.
This second problem is less mathematically elegant than the first and we
only have a result in two dimensions. We give explicitly the distribution for
this problem in two dimensions in Paper D and find indeed that it differs
from the distribution above. See Figure [I.I0] for an example.
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Figure 1.9 — Distribution of bounce lengths for a rectangle with side-lengths 1 and
2 (normalized to have area 1). The red curve is given by an explicit formula for the
probability density function, and the blue histogram was obtained experimentally
with a computer simulation by sending 100000 rays from the origin in uniformly
random directions for a distance 1000 each. Note that the side-lengths of the
rectangle can be recovered from the locations of the singularities of the curve.

1.2
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Figure 1.10 — Red curve: distribution of bounce lengths for a system of many
particles in a rectangle with side-lengths 1 and 2. Black dashed curve: Distribution
of bounce lengths for a system of a single random particle in the same rectangle.
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1 Introduction

An integer vector v € Z" is primitive if it cannot be written as an integer multiple
m # 1 of some other integer vector w € Z". Let A be an integer n X n-matrix
with nonzero determinant k£ and primitive row vectors. We ask how many such
matrices A there are of Euclidean norm at most 7T, that is, ||A|| < T, where

1A] == ,/>" al.zj = /tr(ATA). Let N, (T be this number (the prime in the notation
denotes the primitivity of the rows), and let N, x(T) be the corresponding count-
ing function for matrices with not necessarily primitive row vectors. We will deter-
mine the asymptotic behavior of N,/l’ «(T) for large T, and investigate the density
D, (k) :=1lim7_ oo N ,’l «(T)/ Ny 1 (T) of matrices with primitive vectors in the space
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210 S. Holmin

of matrices with nonzero determinant k. Since N, / * and N, ; do not depend on the
sign of k, we will without loss of generality assume that k > 0.

Let M, x be the set of integer n x n-matrices with determinant k. Then N, x(T') =
|Br N My, k|, where Br is the (closed) ball of radius T centered at the origin in the
space M, (R) of real n x n-matrices equipped with the Euclidean norm. Throughout,
we will assume that n > 2 and & > 0O unless stated otherwise.

Duke et al. [2] found that the asymptotic behavior of N, x is given by

Nu(T) = cag T 70 4 O (Tr0 = D7V 0D,

as T — oo, for a certain constant ¢, x and all ¢ > 0, where the error term can be
improved to O(T*/3) for n = 2. The corresponding case for singular matrices was
later investigated by Katznelson, who proved in [4] that

Nuo(T) = Cn,OTn(nil) log T + O(T"(”*l)).

See the next page for the constants ¢, x and ¢, 0.

LetM r’l « be the set of matrices in M), x with primitive row vectors. Then N, ,’l (1) =
|BrNM, |- Wigman [8] determined the asymptotic behavior of the counting function
|GrNM, ols where G 7 is a ball of radius 7 in M,,(R), under a slightly different norm
than ours. The results can be transferred to our setting, whereby we have

N; o(T) = ¢, o T"" Vog T + 01"V, n =>4,
N o(T) = ¢ o T* D log T + 0133 Vloglog T),
NS o(T) = c2,0T2(2 D o).
The case n = 2 above is equivalent to the primitive circle problem, which asks
how many primitive vectors there are of length at most 7' in Z? given any (large) T

The main result in our paper is the following asymptotic expression for the number
of nonsingular matrices with primitive row vectors and fixed determinant.

Theorem 1 Let k # 0. Then
N/ k(T) — C/ an(nfl) + Oe(Tn(nfl)fl/(Zn)Jrs)
n, n, ’

as T — oo for a certain constant c|, , and all & > 0.

Section 3 is dedicated to the proof of this theorem.
The constant in Theorem 1 can be written as

ok = |k|,,1 Z HZM(E{)( ) 1,

dp=|k| i=1 g|d;

for k # 0, which may be compared to the constants obtained from [2], [4] and [8],
namely
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Counting nonsingular matrices with primitive row vectors 211

Ci n -
Cnk = T > 4
d

1dp=lk| i=1

n—1

Cno =
,0 0 r(n)
C n—1 (n>3)
— (n

v e =rem
n0 = ) xT? 5

@ (n=2)

where ¢ is the Riemann zeta function, wu is the Mobius function, and Cy and C;
are constants defined as follows (these depend on 7, but we will always regard n as
fixed). Let v be the normalized Haar measure on SL, (R). The measure w below is
obtained by averaging the n(n — 1)-dimensional volume of £ N A, over all classes
Ay ={A € M,,(R) : Au = 0} for nonzero u € R". In Appendix C we give a precise
definition of w and calculate w(B).

Write V,, for the volume of the unit ball in R” and S, _; for the surface area of the
(n — 1)-dimensional unit sphere in R". Then

Voo S n?/2
Co = w(By) = n(n=1)on—1 _ > ’
2 F(E)F n(n—l)_i_1
2 2
) v(Br N SL,(R)) Vitn—1)Sn—1 Co
Cy:= lim = = :
T—00 Tnn=1) 20(2)---¢(n) ¢@2)---¢(m)
1.1 Density

It will be interesting to compare the growth of N, , to that of N, ;. We define the
density of matrices with primitive rows in the space M, i to be

N (T c
D, (k) := lim ni nk
T—o00 Ny i (T) Cnk

The asymptotics of N, o and N,/l’0 are known from [4] and [8], and taking their
ratio, we see that

D,y(0) = ———
© ¢{(n— 1"

for n > 3. We will be interested in the value of D, (k) for large n and large k. The
limit of D, (k) as k — oo does not exist, but it does exist for particular sequences of
k.

We say that a sequence of integers is totally divisible if its terms are eventually
divisible by all positive integers smaller than m, for any m. We say that a sequence
of integers is rough if its terms eventually have no divisors smaller than m (except
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212 S. Holmin

for 1), for any m. An equivalent formulation is that a sequence (ky, k2, . ..) is totally
divisible if and only if |k;|, — O asi — oo for all primes p, and (k1, k2, .. .) is rough
if and only if |k;|, — 1 asi — oo for all primes p, where |m|, denotes the p-adic
norm of m.

We state our main results about the density D,,. We prove these in sect. 4.

Theorem 2 Let n > 3 be fixed. Then D, is a multiplicative function, and D,(p™) is
strictly decreasing as a function of m for any prime p. We have

1

=1y = D,(0) < D,(k) < D,(1) =1

forallk #0, 1. Now let ki, ky, ... be a sequence of integers. Then
D, (ki) > 1

if and only if (k1, ko, . ..) is a rough sequence, and
Dy (k;) :

Ny

e

if and only if (k1, ka, ...) is a totally divisible sequence. Moreover, D, (k) — 1 uni-
formly as n — oo.

Remark 3 Given an integer sequence ki, kp, ..., writek; = =[] » me(i) for the prime
decomposition of k; for nonzero k;, and otherwise formally define m , (i) = oo forall p
if k; is zero. For n > 3, it follows from Theorem 2 that the limit lim; _, oo D, (k;) exists
and is equal to [ | » 1im; s 00 Dy (p™2®) where the product extends over all primes p,
whenever every sequence of prime exponents (m (1), m,(2), .. .) is either eventually
constant or tends to 0o.

We prove Theorem 2 for nonzero k;, but it is interesting that this formulation holds
for k = 0 also. The case of k = 0 was proved by Wigman [8], where he found that
D, (0) equals 1/¢(n — 1)". We remark that Theorem 2 implies that

Dy (ki) — Dn(0)

if and only if (k1, k2, .. .) is totally divisible, for any fixed n > 3.
For completeness, let us state what happens in the rather different case n = 2.

Proposition 4 Letn = 2. Then D, is a multiplicative function, and D, (p™) is strictly
decreasing as a function of m for any prime p. We have

Dy (ki) — 0
if and only if lim;_ Zplkz 1/p — o0o. Moreover,

Dr (ki) — 1
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Counting nonsingular matrices with primitive row vectors 213

if and only if lim;_, zplki 1/p — 0. The sums are taken over all primes p which
divide k;.
In light of Remark 3, one may ask which values in the interval [D,,(0), 1] can be

obtained as partial limits of the function D,,. In this direction, we have the following
result.

Proposition 5 For n > 4, the set of values of D, (k) as k ranges over Z is not dense
in in the interval [ D, (0), 1]. For n = 2, the set of values of D, (k) as k ranges over 7
is dense in the interval [0, 1].

Section 4 is dedicated to the proofs of Theorem 2, Propositions 4 and 5.

1.2 Proof outline of Theorem 1

Our proof of Theorem 1 uses essentially the same approach as [2]. The set M ,’l 18
partitioned into a finite number of orbits A SL,,(Z), where A € M, ; are matrices in
Hermite normal form with primitive row vectors. We count the matrices in each orbit
separately. The number of matrices in each orbit scales as a fraction 1/k"~! of the
number of matrices in SL,, (Z). We can view SL,,(Z) as a lattice in the space SL, (R),
and the problem is reduced to a lattice point counting problem. The lattice points inside
the ball Br are counted by evaluating the normalized Haar measure of Br N SL,,(R).

2 Preliminaries

The Riemann zeta function ¢ is given by

— 1 1
¢(s) —;;—gl_—w

for Re s > 1, where we use the convention that when an index p is used in a sum or
product, it ranges over the set of primes.

The Mobius function u is defined by (k) := (—1)" if k is a product of m distinct
prime factors (that is, k is square-free), and (k) := 0 otherwise. We note that p
is a multiplicative function, that is, a function f : N* — C defined on the positive
integers such that f(ab) = f(a) f (b) for all coprime a, b.

We will use the fact that SL,,(R) = M,, | has a normalized Haar measure v which
is bi-invariant (see [6]).

2.1 Lattice point counting
Let G be a topological group with a normalized Haar measure vg and a lattice I C G,
and let G7 be an increasing family of bounded subsets of G for all 7 > 1. Under

certain conditions (see for instance [3]), we have

IGr NI ~vg(GrNG),
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214 S. Holmin

where we by f(T) ~ g(T) mean that f(T)/g(T) — 1 as T — oo. In this paper,
we are interested in the lattice SL,, (Z) inside SL, (R), and the following result will be
crucial.

Theorem 6 ([2, Theorem 1.10]). Let Bt be the ball of radius T in the space M, (R)
of real n x n-matrices under the Euclidean norm ||A| = /tr(A’A). Let v be the
normalized Haar measure of SL,, (R). Then

|Br N SL,(Z)] = v(Br N SL,(R)) 4 O (177"~ D71/ iD+e)
for all ¢ > 0, and the main term is given by

1 nn2/2

c2)---¢(n) F(g)r (n(nz— 1) +1)'

|Br NSL,(Z)| ~ C; TV, ¢

In fact, a slightly more general statement is true. We can replace the balls Br in
Theorem 6 with balls under any norm on M, (R), and the asymptotics will still hold,
save for a slighty worse exponent in the error term.

Theorem 7 ([3, Corollary 2.3]). Let || - ||” be any norm on the vector space M, (R),
and let Gt be the ball of radius T in M, (R) under this norm. Let v be the normalized
Haar measure of SL,(R). Then

|G7 N SLy(Z)| = v(Gr N SL,(R)) 4 O (7"~ D=1/CmFey

forall e > 0.

We will be interested in the following particular case of Theorem 7. Let A € M, .
Then || X |’ := |A~' X || defines a norm on M, (R), and the ball of radius 7' in M,,(R)
under the norm || - || is A - Br.

Corollary 8 Let A € M, i. Then
|ABr NSL,(Z)| = v(ABr N SL,(R)) 4+ O, (T~ D~1/Cm+e)

forall € > 0, using the notation from Theorem 6.

3 The number of matrices with primitive rows

In the present section, we will prove Theorem 1. We begin by noting that the common
divisors of the entries of each row in an integer n X n-matrix A are preserved under
multiplication on the right by any matrix X € SL,(Z). In particular, if each row of A
is primitive, then each row of AX is primitive, for any X € SL, (Z). So we get:

Lemma 9 IfA € M, then AX € M), forall X € SL,(Z). Thus A-SL,(Z) € M.
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Counting nonsingular matrices with primitive row vectors 215

Consequently M, , may be written as a disjoint union of orbits of SL,,(Z):

M, = | ASL.(Z),
AcA

for properly chosen subsets A of M) , . In fact, as we will show in the following, the
number of orbits is finite, and so we may take A to be finite.
A lower triangular integer matrix

i1 0 . 0
co— | 2 0
0

Cnl - Cn(n—=1) Cnn

is said to be in (lower) Hermite normal form if 0 < ¢y and 0 < ¢;; < ¢;; for all
J < i.The following result is well-known.

Lemma 10 ([1, Theorem2.4.3]). Assume k > 0. Given an arbitrary matrix A € My, k,
the orbit A SL, (Z) contains a unique matrix C in Hermite normal form.

We may thus write
m
M, = Ai SL.(Z),
i=1
where A1, ..., A, are the unique matrices in Hermite normal form with primitive

row vectors and determinant k, and m := |M), &/ SLn(Z)|. By counting the number
of matrices in Hermite normal form with determinant k > 0, we get

My i/ SLa(Z) = > dYdy---di ",
dy-dy=k

where the sum ranges over all positive integer tuples (di, ..., d,) such that d; - - -
d, =k.

Proposition 11 Let k > 0. Then

M,/ SLy(Z)| = Z HZu(g)( )_1

—dp=k i=1 g|d;

where the first sum ranges over all positive integer tuples (di, ...,d,) such that
dy---dy, =k.
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216 S. Holmin

Proof We want to count those matrices in Hermite normal form which are in M . k, that
is, n x n-matrices in Hermite normal form with determinant k£ and all rows primitive.
The number of such matrices is

M),/ SLu(D)| = D vad)
dy---dy=ki=1

where v;(d) is the number of primitive vectors (xi,...,x;j—1,d) such that 0 <
X1, ...,Xxi—1 < d. There is a bijective correspondence between the primitive vectors
(x1,...,xi—1,d) and the vectors y = (y1, ... . y, p)suchthatl < yq,...,yi—1 <d
and ged(y) is coprime to d. Let d = pf‘ p ’ be the prime factorization of d. The
number of vectors y which are divisible by some set of primes P C {py,..., pj}is

d i—1
(HpEP p) '

so by the principle of inclusion/exclusion (see [7]), we have

i—1
d
vi(d) = (—PI (—)
Pg; pj} Hpepp

.....

= > .u(g)(g)i Zu(g)( ) o O

gld

We are now ready to derive the asymptotics of N,’Z’ (D).

Proof of Theorem 1 Let us write Ay, ..., Ay, for all the n x n-matrices in Hermite
normal form with determinant k&, where m = |M, ! & /SL,(Z)|, and let 1 < i < m.
Then

|Br N A; SL,,(Z)| = Ai(A;lBT N SLn(Z))‘ _ ‘A;IBT ASL, (7).
which by Corollary 8 is equal to
V(A7 By N SLy(R)) + 0, (T"=D=1/Gnte)

for any & > 0. Since A;/k'/" € SL,(R), we get by the invariance of the measure v
that

v(A;'Br NSL,(R)) = v ( Ai

i (A Br NSL, (R)))

= (k k ) v (Brgin N SLy(R)) .
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Counting nonsingular matrices with primitive row vectors 217

By Theorem 6, the last expression is equal to
C (T/kl/n)n(nfl) + OS(Tn(nfl)fl/(zn)Jrg)’
and thus

Ci
|BTﬂA SL (Z)l _ Tn(n 1) + 0 (Tn(n 1)— 1/(2n)+€) (1)

Now,

m
= D" |Br N A SLy(Z)],
i=1

m
Br N U A; SL,,(Z)
i=1

Ny i (T) = |Br N M, ;| =

so applying (1) we get

m

C
N;l’k(T) — Z kn ITI’L(}’! 1) + 0 (Tn(l’l 1H)— 1/(2n)+s)
i=1

|M k/SLn(Z)| Tl’l(n l)+0 (Tn(n 1)— 1/(2}’!)+8)

and we need only apply Proposition 11 to get an explicit constant for the main term.
This concludes the proof. O

4 Density of matrices with primitive rows

Set
an(k) == My i/ SLy (D) = D> df---d)", )
dy---d,=k
-1
ay (k) := |My, 1/ SLu(Z)] = Z HZM(@’)( ) : 3)
—dp=k i=1 g|d;

We would like to calculate the density of matrices with primitive rows in M, ; for
k # 0, that is, the quantity

Doy — 1 Nk @) _ i _ M/ @I _ gy
T—o0 Nn k(T) Cn.k |Mn,k/ SLn(Z)| ay (k)

We will prove in Sect. 4.1 that a,,, a, and D,, are multiplicative functions, and therefore
we need only understand their behavior for prime powers k = p”. We will now prove
a sequence of lemmas which we will finally use in Sect. 4.2 to prove Theorem 2.
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218 S. Holmin

Lemma 12 The functions a,, and a, are connected via the identity

a,(p") =D (=1 (’;)an(p’"h
i=0

for primes p and m > Q.

Proof a,(p™) counts the number of n x n-matrices in Hermite normal form with
determinant p™, whereas a,,(p™) counts the number of such with primitive rows. If
A 1s a matrix in Mn’k\M,;’k, then some set of rows, indexed by S C [n] := {1, ...,n}
(where |S| < m), are divisible by p. The number of such matrices is a, (p™~5!), and
thus by the inclusion/exclusion principle,

ap(p") = 2, (=D ay(p" ) = Z(—l)"('7)an<pm—">. .
S =

Lemma 13 For any prime p and m > 1, the following recursion holds:

an(p™) = p" lay (PN + an_1 (p™),

or equivalently,

an(p™) — a1 (p™)

an(pm_]) = pn71

Proof We split the sum

an(p™y= > di--di!
dy--dyp=p™

into two parts, one part where d,, is divisible by p, and another part where it is not
(so that d, = 1). The terms corresponding to d, = 1 sum to a,—(p™). Where d,

is divisible by p, we can write d, =: pe, for some e¢,. Let ¢; := d; for alli < n.
Thus,
Sod)-dit = DT (pen) = p" (P,
d ...dn:pm ep= m—1
1 pldn e)---¢ P

Adding the two parts gives us a, (p"™) = p"La,(p"~ ") +a,_1 (p"™), from which the
second claim in the lemma follows by rearrangement. O

Lemma 14 Let n and p be fixed, where n > 3 and p is a prime. Then
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Counting nonsingular matrices with primitive row vectors 219
1 n
Dy(p™) — (1 - )
pn 1

Proof We apply the simple upper bound

asm — OQ.

a1 (p™ = D dldyPs D (T =+ D) (")

di-dp—1=p™ di-dp—1=p™

to the expression for aj, ( pm’l) in Lemma 13:

an(p" ") = ——(an(p™) — an1(p™)

1 _ _
= ST+ 0" 2m+1)"h.
Repeated application (at most n times) of this formula yields the asymptotics

an(p™) + O((p"™)" " 2(m + ")

m—i 1
an(p )_( n— l)l

forl <i <n.
Now let m — o0, so that we may assume m to be larger than n. The sum in Lemma
12 then extends up to i = n (because the factors ( ) vanish for larger i), so

a (p’")-Z( b’ ( )an(p Y
—Z< 1)’( )( iy an (P £ O™ 2(m+ 1",

We divide by a, (p™) on both sides and use the fact that a,, (p™) > (p’")”_l, so that

1 (pm)n—Z(m+1)n—l)
D,(p™) = 1) 0
=2 /(i o (o

i=0

-2() () o (")
(=) e (M)

As m — 00, the second term on the right vanishes. O
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4.1 Multiplicativity and monotonicity of the density function

In this section we will prove the following proposition.

Proposition 15 The function D, is multiplicative, and D, (p™) is strictly decreasing
as a function of m for any fixed prime p and dimension n > 2.

We may rewrite (2) as
an ="k ox ()

where (-)! is the function x — x’ and % denotes the Dirichlet convolution. Similarly,
we may rewrite (3) as

= (kO D (w09, @)
so by the commutativity and associativity of the Dirichlet convolution we have
a]//l = /"l’*n * dn,

where 1*" denotes the convolution of 1 with itself n times (so that u*' = ). Since
the Dirichlet inverse of u is the constant function 1, we have also the relation

*n !/
1™ xa,.

ap =
As p and (-)! are multiplicative functions, it follows that a,,, a;, and D,, are multiplica-
tive as well.

Now, we want to show that D, (p™) = a;,(p™)/a,(p™) is strictly decreasing as a
function of m, for fixed n > 2 and primes p, or equivalently that

@ (") a,(p" )
Cln(Pm) Cln(PmH)

®)
for all m > 0. The inequality (5) is equivalent to

a, (p™) a,(p"th
>
(1 s al)(pm™) — (1" xa))(pmth)

for all m > 0, which is equivalent to

a,(p™) a, (p"th
Z{" ]*n( i)a’( m—i) = m+1 1sn iyl (ymEl—iy
i=0 pa,(p Do 1*(pHay,(p )

or, after taking the reciprocal of both sides,

/ m—i m+1 (=i

i=0 ( m) i=0 a’g(pm-i-l)
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Since the last term (i = m + 1) on the right hand side is positive, this inequality
holds if

a,(p") _a(p
ay(p™) = ap(pmth

for all i < m. We can rearrange this inequality as

a’;(pm-‘rl) - a;l(pm—i-l—i)
a,(p™)y T ap(pmTi)

which states that a;, ( anY a, (p™) is a non-increasing function of m, for fixedn > 2
and p prime. We will therefore be done if we can prove that

al (p"Hal (p" T = al (p™a, (p" ) (©6)

for all m > 0, or equivalently, that the function m +— a,,(p™) is logarithmically
concave:
We say that a sequence u : Ny — R is logarithmically concave if

2
uy —ur—1tr41 =0

for all » > 1. We note that a sequence u of positive real numbers is logarithmi-
cally concave if and only if uy/ug > uz/u; > uz/ur > ---, that is, if and only if
(uy/uo, ua/uy, uz/us, ...) is a non-increasing sequence. Also note that if u is posi-
tive and logarithmically concave, then the inequality u; 1 /u; > uj11/u; implies the
inequality u;yu; — ujyiu; > 0 for all indices i < j.

Let % denote the discrete convolution, so that (1 xv), = Z;ZO u,—jvjforallr >0
given any sequences u#, v : Ng — R. We will need the following fact, which follows
from the proof of Theorem 1 in [5].

Theorem 16 ([5, Theorem 1]). Let u, v : No — R be sequences such that ug = vo =
1, and let w = u x v. Then we may write w% — Wy Wyg1 = [+ 1T+ 11, where

I= Z (Vjvig1 — V1 V) Uy —jUp—j—] — Up—1—jUr—i),
O<i<j<r—1
r—1
= Z vj(ur—jur - Mr—l—j”r—i—l)v
j=0
r—1
I = veu, + zuj(vrvrfj = U1 Vr—1—j),
Jj=0

forallr > 1. In particular, if u, v are positive and logarithmically concave sequences,
then so is w, since all factors in the sums in 1, 11, Il are non-negative for such u, v.
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Fix n and p. Then since (1 * ())(p™) = Dl ou(p™ Hp' = (M *
P,-)(m) Where 'M is the sequence (1, —1,0,0,0,...) and where P; is the sequence
(1, pt, p*, p3,..)), Eq. (4) implies that the function m a,(p™) can be written as

(M x Py_1) %% (M % Py).

Lemma 17 Let0 <i < j. Then (M x P;) » (M x P;) is positive and logarithmically
concave if and only if i > 0.

Proof Write u :== M % P; and v := M » P; where i < j. We have ugp = 1 and
ur = p'" — p'"=Yforall r > 1. Thus uju, — uou,41 = (p' — D(p!" — p'=0) —
(p'r+D) — piry = pit=D _ pir — _y forallr > 1, and usu, —us_1ur+1 = 0 when
s>2,r>1ors =1,r =0. Likewise vsv, — V5_1Vy41 1S —v, if s = 1,7 > 1, and
0 otherwise.

Letw := uxv = (M*P;)x(MxP;).By Theorem 16 we can write wf—wr_lwrﬂ =
I+ I+ III, where

I'=(—v—1)(—ur—1),
II = ve—i(—uy),
0T = veuy + up—1(—vy),

for all » > 1, and therefore

2
W, — Wr—{Wp4] = Up—Vp—] + UpVp — UpVp—] — Up_1Vy

= (ur —ur—1)(r — vr—1).

Thus, since (ug, ug,...) is a non-decreasing sequence for i > 0, and likewise
(vo, v1, . ..) is a non-decreasing sequence for j > 0, we get wf — wr_1wr41 > 0 for
allr > 1fori > 0. Also, the sequence w is positive fori, j > 0 sinceitis then the con-
volution of two positive sequences. If i = 0, then the inequality w,2 — Wy Wr41 =0
fails for » = 1 since then u; —ug = (p® — 1) =1 < Oand vy — vy = (p/ — 1) —
1>0. O

We will prove Proposition 15 by induction on n. The base case is the following
proposition, which we will prove in Appendix B.

Proposition 18 For n = 4,5 and any fixed prime p, the function m — a,,(p™) is
logarithmically concave.

It happens that a),(p™), as a function of m, is not logarithmically concave for n = 2
or n = 3 for all p [it fails the inequality (6) for r = 1 when p = 2], so we will also
need the following proposition, which we prove in Appendix A.

Proposition 19 For n = 2, 3 and any fixed prime p, the function m — D, (p™) is
strictly decreasing.

The proofs of Propositions 19 and 18 consist of explicitly evaluating a, (p™) and
a, (p™) for the values of n in question, both of which are polynomials in p with
exponents in m, and verifying Eqgs. (5) and (6), respectively.
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Proof of Proposition 15 By Propositions 18 and 19, it suffices to consider n > 5. By
Proposition 18 and Theorem 16, it follows that A, (m) := a,,(p™) is logarithmically
concave for all > 5 and any p, since for any even n > 5, we can write

Al = Al x [(M % Py) (M % Ps)] %% [(M % Py_z) % (M % Py_p)],
and for any odd n > 5, we can write
Al = A5 % [(M % Ps) x (M % Pe)] % -+ - % [(M x Py—2) x (M % Py_1)],
and in both cases we have written A}, as the convolution of positive and logarithmically

concave sequences, by Lemma 17. We have thus proven the inequality (6), and this
concludes the proof of Proposition 15. O

4.2 Asymptotics of the density function

In this section we prove Theorem 2 and thus derive the asymptotics of D, (k). Fix
n > 3. For any nonzero integer k;, write k; = [] » p"r as a product of prime
powers, where all but finitely many of the exponents m (i) are zero. Then since D,
is multiplicative, we have

Dy(ki) = [ Da(p™®).
P

Now, by Lemma 14 and Proposition 15, we get

. 1\ 1
mp(l) _ —
121;[0,,@ )>1;[(1 pn_l) el

so it follows by dominated convergence that

: mp(i)y _ ; mp (i)
Jlim [Tou(p"r®) =T tim Dy(p™e®), )
p p

whenever (ki,kp,...) is a sequence of nonzero integers such that the limit
1im; s 0 Dy (p™r®) exists for each prime p.

Let (k1, k3, .. .) be a sequence of nonzero integers. It now follows from (7), Propo-
sition 15 and the fact that D, (1) = 1, that

D, (ki) -1

if and only if m (i) — 0 asi — oo for all p, that is, if and only if (kq, k2, ...)isa
rough sequence. Likewise it follows, using Lemma 14, that

1
Dnl) = e =
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if and only if m,(i) — oo for all p, that is, if and only if (ki, k2, ...) is a totally
divisible sequence. Since D,(0) = 1/¢(n — 1)", we may allow the elements of the
sequence (kq, k2, . ..) to also assume the value 0.

Finally, it follows that D, (k) — 1 as n — oo uniformly with respect to k since

1

asn — oo because {(n — 1) = 1 + O(27") for n > 3. We have thus proved all parts
of Theorem 2. O

We conclude this section by proving Proposition 4, which tells us the asymptotics
of Dy (k) forn = 2.

Proof of Proposition 4 If m = 0, we have D>(p™) = 1. Assume m > 0. The 2 x 2-
matrices in Hermite normal form with determinant p” and primitive rows are of the

form ()lc 13") where 0 < x < p™, p {x. Thus a5 (p™) = p™(1 — 1/p). Moreover,

m+1 1 l—l/pm+1
wp= > dh= > p —Zp ——=Pmm’

didy=p™ i+j=m

SO

(1—1/p)?

Dy (p™) = 11 it

@®)

for all m > 1. We see immediately that D, (p™) is strictly decreasing as a function of
m, for any fixed p. Therefore

1\? 1
I1——) =Dy(p™) <1——.
p p

Since D; is multiplicative, we get

2

16-)] =mo=110-3)

plk plk

The left and right sides both tend to 0 if and only if lim;_ o0 ik, 1/p — 00, and
they both converge to 1 if and only if lim; o0 2,4, 1/p — 0. ]

4.3 The image of the density function
Proof of Proposition 5 for n > 4. By Proposition 15, the function D,, is multiplicative,

and D, (p™) is strictly decreasing as a function of m for any fixed p, n. Thus we get
D, (k) < D,(2) whenever £ is divisible by 2. When £ is not divisible by 2, we get
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D, = [T tim Du(p™ =[] (1=1/7"")"

p=3 p>3

1 n 1 1
= I\ (1_1/17"71) = N\ .
(1—1/2n71) 1;[ (1—1/2n=1"¢(n — D"
by Lemma 14. We will show that this value is larger than D, (2), which will prove
that the image of D,, : Z — Ris not dense in [ D, (0), 1]. By Eq. (2) we have a,,(2) =
> 2071 =2"—1andby Lemma 12 wehave a),(2) = a,(2)—na,(1) = 2"—1)—n,
so D,2)=1—n/2" —1).
Thus it suffices to prove

1 1 1 n
> 1= .
(1—1/22"1)" ¢(n — 1) 2n—1

€))

This inequality can be verified numerically for n = 4, 5. Let us now assume n > 6.
The inequality (9) is is equivalent to

“log(1 —n/2" — 1)) — nlog (1 — 1/2"*1) > nlog¢(n —1).

By Taylor expansion, the first term on the left hand side is > n/(2" — 1) > n/2",
and the second term on the left hand side is > n/2"~!. Thus the inequality above
follows from 1/2" 4+ 1/2"~! > log¢(n — 1), or equivalently 3/%" > ¢(n — 1). We
bound the left hand side from below by 1 + 3/2", and we bound the right hand side
from above by 1 + 1/2"~1 + fzoo x”nlfl . Thus the inequality follows from 1 4 3/2" >
1+ 172"+ 1/((n — 2)2"2) or equivalently 3 > 2 +4/(n — 2), which is true for
alln > 6. O

Proof of Proposition 5 for n = 2. It suffices to show that the set of values of
—log(Dy(k)) as k ranges over positive square-free integers is dense in [0, 00). By
the identity (8) we have

_a-yp? _1-1p _p-1_ 2

D —_ — =1 — ——F.
2P =T Ty prd e

Let k > 0 be squarefree, and let Py be the set of primes dividing k. Then

2
—log Da(k) = ~log [ ] Da(p) = > (_log(l_ p+1))'

pePy pePy

The terms d), := —log(1— ﬁ) are positive, decreasing, and tend to zero as p — 00.
By Taylor expansion, the sum » d, over all primes is larger than > » #, which
diverges since > » 1/p diverges.

Now, given any x € [0, c0) and any ¢ > 0, we can find a k such that — log D5 (k)
is within a distance ¢ from x as follows. Let pp be the smallest prime such that
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dp, < €, and let Py be the smallest set of consecutive primes, starting with pg, such
that 3° ,cp dp > x. Then the sum X, p d, = —log D (k) is at a distance at most
dpy <€ from x since d, is decreasing, Where k =11 pepy P> and we are done. O

Acknowledgments The author was partially supported by the Swedish Research Council. I would like to
thank my advisor Pir Kurlberg for suggesting this problem to me and for all his help and encouragement.

Appendix A: Proof of Proposition 19

We prove Proposition 19. Recall from Eq. (8) that D> (p™) = (1— 1/p)2/(1 —1/p"th
ifm > 0, and otherwise D> (p?) = 1. Thus we see immediately that D, (p™) is strictly
decreasing as a function of m.

The case n = 3 remains. By Eq. (2) we get

m—j3 m 1— m ja+l
a(p™) = Z Jz+213 z p2n Z ph= Z p213
Ji+ ot jsm A=0 =0 j3=0 —P
2js _ pmetisHly L (1=ptD _ m+11_—pm+1
Z(p Tl B e s s
Jz =0
1= p*"+D) — (14 p)p™t + (1 4 p)p*"+D
(1—=p)a-p?
B 1— pm-H _ pm+2 + p(m+l)+(m+2) B (pm-H _ 1)(pm+2 _ 1)
1-pd—-p?» (p—D(P2-1

forallm > 1.
Let us write I (P) := 1 if the condition P is true, and I (P) := 0 if the condition
P is false. By Eq. (3) we get for all m > 1 that

3
D 1 D D10 0102

JisJ2,j3=0: i=1 r>=0:
pIt pla piz =pm P’ Ipli
— Z (pJZ _ pj2—11(j2 = 0)) (p2j3 _ p2(j3—])1(j3 - 0)) ) (10)

J2:73=0:
J2tj3=m

az(p™)

We expand the product in the summand and split the sum into several geometric series
which we sum individually. We get

m

> (PR T (= 0= pP 2 s )4 p T30 < o <)
Jj2=0

1— —(m+1) 1— —(m+1) 1—p—m 1—p—m

2m P -1 P —21=pP -3 P

= _— _ 1) + ——1
P ( it 7 1—p~! Pttt (l—p“ )
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2m

P [ S By A T | S |
=1 (1-p p(1-p 1-p7h)
21— p ™) +p 3 (l—p_’"—(l - p_l)))
p2m p2}’n(1_p—2)2_pm—1(1_p—])2

= ((l—p_z)z—p_m_l(l—p_l)z)=

1—- 1

1—p—

p—1
=<p2'”(p+1)2—p’"+‘>7.

Since D3(1) = 1 and D3(p™) < 1 for all m > 0 (the diagonal matrix with diagonal
entries 1, 1, p™ is in Hermite normal form, but its last row is not primitive), it suffices
to show that D3(p™) > D3(p™*") for all m > 1. To see this, we note that

prp+ 1P —pmt p R )2 - p
(prtl = D(pmt2 —1) = (pmt2 =D (pmt3 —1)
= p"(p+DP"P -1 - prep" = D= p" " -1
—p(p"t = D1>0
= PP+ D@ -D-p" ' P"P+D(p-1>0
= p™(p+ 1’ -p"PP+p'T >0,

where the last inequality is true since (p +1)° > p> +1> p3 + p! = forallm > 1
and all p > 2. This concludes the proof of Proposition 19. O

Appendix B: Proof of Proposition 18
Bl: Thecasen =4

We prove Proposition 18 for n = 4. By Eq. (3), we can write

4
> T 20 vt

ay(p™) =
J15J2:J3,J4=0:  i=1 r>0:
pil pi2 pi3 pia=pm P’ pli
= > (pP-p 1G> 0) (PP = pIVIG > 0)
J2+j3+ja=m

(P = P00 1Gs > 0),

where I (P) is defined as in (10). We evaluate this sum in the same way that we
evaluated a;(p™) in Appendix A: We expand the product in the summand and eliminate
the symbols 7 (P) by splitting the sum into several geometric series over different
ranges, corresponding to the conditions j,» > 0, and so on, and compute each geometric
series individually. We assume m > 1 to guarantee that Z'};Zl , for instance, is never

an empty sum. Thus, by a tedious but straightforward calculation, we get
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-1 m—6
GA(Pm) _ (p pj_pl (pZm _pm+] _4pm+2 _6pm+3 _4pm+4_pm+5 +3p2m+l
+6p2m+2+7p2m+3 +6p2m+4+3p2m+5 +p2m+6+p3)_ (11)

Using this, one may show that

ay(p" 2 —a,(p™a,(p™ )

3 3
=(p-D*p7 ((erl)2 (p2+p+1) p"— (p2+p+1) p’”+(p+1)2p)

3
=(p-1*p™"7 (((p+1)2p’”—1) (P+p+1) p'”+(p+1>2p) : (12)

which we see is positive for all p > 2 and all m > 1. Moreover, using aé/‘ ( po) =1,
we get

a(p' = ()i (pD) = (p = D(p+2) (p* = 3).

which is positive for all p > 2. Thus we have proved the inequality (6) for all m > 0,
which completes the proof of Proposition 18 for the case n = 4. O

Equations (11) and (12) may be verified with a computer algebra system, for
instance with the Mathematica code provided at http://www.math.kth.se/~holmin/
files/x/adprime_is_logconcave.

B2: The case n = 5

We prove Proposition 18 for n = 5. We repeat the procedure above. We evaluate

ap = > (pP=pP 1G> 0) (070 = pPPVIG > 0)
Jatj3tjatjs=m

x (P = PGy > 0) (05 = P0G > 0)).

As before, we expand the product in the summand, and split the sum into several

geometric series. This yields a%(p™) = WM([)“’” — p"O 4 p2mE3 g

5p2m+4 + 11p2m+5 + 14p2m+6 +1 1p2m+7 +5p2m+8 +p2m+9 _ p3m+1 _ 5p3m+2 _
15p3m+3 _ 30p3m+4 _ 45p3m+5 _ 51p3m+6 _ 45p3m+7 _ 30p3m+8 _ 15p3m+9 _
5p3m+10 _ p3m+11 + 4p4m+1 + 10p4m+2 + 20p4m+3 + 31p4m+4 + 40p4m+5 +
44 pAmHe L 40 pAmHT 4 31 pAmS 0 pdmt9 4 0 ptm+l0 g g pdmtll p4m+12)’
valid for m > 1.

We get al(p)—as(Dai(p?) = (p—1 ((p—Dp (p*+p+3) (p(p+2)+2)—10),
which we see is positive, and thus we have proved the inequality (6) for m = 0.
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4 3m—13
Form > 1,Wegetag(pmH)z—ag(pm)as(perz) — M(_p3m+p4m_

2
pm+2_4pm+3_10pm+4_16pm+5_19pm+6_16pm+7_116;;171;_4pm+9_pm+10+
2p2m+1+10p2m+2+34p2m+3+80p2m+4+143p2m+5 +201p2m+6+224p2m+7+
201p2m+8+143p2m+9+80p2m+10+34p2m+ll+10p2m+12+2p2m+l3_8p3m+l _
32p3m+2_88p3m+3_188p3m+4_328p3m+5_480p3m+6_600p3m+7_646p3m+8_
600p3m+9 _ 480p3m+10 _ 328p3m+11 _ 188p3m+12 _ 88p3m+13 _ 32p3m+14 _
8p3m+15 _ p3m+16 4 6p4m+l 4 23p4m+2 4 64p4m+3 4 143p4m+4 +266p4m+5 4
423p4rn+6 4 584p4m+7 + 706p4m+8 + 752p4m+9 + 706p4m+10 + 584p4m+11 +
423p4m+12+266p4m+13+143p4m+14+64p4m+15+23p4m+16+6p4m+17+p4m+18+

po+2p° + p4). The first factor is obviously positive for p > 2, and the second fac-

tor may be rearranged as (752p*" 9 — 646 p>"+8) 4 (706 p*"+10 — 600p3" ) 4+
(706P4m+8 _ 600p3m+7) + (584p4m+11 _ 480p3m+10) + (584p4m+7 _ 480p3m+6) +
(423p4m+12 _ 328p3m+11)+ (423p4m+6 _ 328p3m+5) + (266p4m+13 _ 188p3m+12) +
(266p4m+5 _ 188p3m+4) + (143p4m+14 _ 88p3m+13) + (143p4m+4 _ 88p3m+3) 4
(64p4m+15 _ 32p3m+l4) 4 (64p4m+3 _ 32p3m+2) 4 (23p4m+16 _ 8p3m+15) +
(23p4m+2 _ 8p3m+1) 4 (6p4m+17 _ p3m+l6) + (6p4m+1 _ p3m) + (224p2m+7 _
19Pm+6)+(201p2m+8_ 16pm+7)+(201p2m+6_ 16pm+5)+(143p2m+9_ lopm+8)+
(143p2m+5 _ 10pm+4) 4 (80p2m+10 _4pm+9) 4 (80p2m+4 _4pm+3) 4 (34p2m+11 o
pm+10) + (34p2m+3 _ pm+2) + 10p2m+12 4 10p2m+2 + 2p2m+13 +2p2m+l +2P5 +
ptmEI8 opdm 6 4 p* where every term is positive for all p > 2, and we have
thus proved the inequality (6) for m > 1. This concludes the proof of Proposition 18
forn =5. O

The computations of a%(p™) and al(p"™*1)? — al(p™)al(p™+?) may be veri-
fied with the Mathematica code provided at http://www.math.kth.se/~holmin/files/x/
aSprime_is_logconcave.

Appendix C: Calculation of a measure
In [4] the asymptotics

—1
Nuo(T) = ng_(—)w(B)T”(”“) log T + O(T""~D)
n

are given, where B is the unit ball in M,, (R). The measure w on M, (R) is defined in [4]
asfollows.Let A, := {A € M, (R) : Au = 0} be the space of matrices annihilating the
nonzero vector u € R™\ {0}. We define for (Lebesgue measurable) subsets £ € M, (R)
the measure w, (E) := vol(E N A,) where vol is the standard n(n — 1)-dimensional
volume on A,, and define the measure w(E) := (1/2) fsn—] wy (E) dv(u), where v is
the standard Euclidean surface measure on the (n — 1)-dimensional sphere sn1

We shall now calculate w(B). The set B N A, is the unit ball in the n(n — 1)-
dimensional vector space A,. Its volume does not depend on u # 0, and if u =
(0,...,0,1), then B N A, is the unit ball in R*"~D when identifying M, (R) with
R". Denote by Vi (n—1) the volume of the unit ball in R**=D Thus w,(B) = Vam—1)»
independently of u # 0, and

@ Springer



230 S. Holmin

Vam—1)Sn—1

1
w(B) = Van 1) / dv(u) = 0D

Sn—l

where S,,_ is the surface area of the sphere S”~!. The volume and surface area of the
unit ball is well known, and we may explicitly calculate

2
T /2

r()r (_"<"2— b, 1)'

Recalling from Theorem 6 the expression for C;, we get the following relation.

Co:=w(B) =

1 /2 1

= = C
(@) F(%)F("(nz_ D, 1) RN

Ci 0-
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The number of points from a random
lattice that lie inside a ball

Samuel Holmin *

January 18, 2015

We prove a sharp bound for the remainder term of the number of lattice
points inside a ball, when averaging over a compact set of (not necessarily
unimodular) lattices, in dimensions two and three. We also prove that such a
bound cannot hold if one averages over the space of all lattices.

1 Introduction

Let © be the (closed) standard unit ball in R™. A lattice in R” is a set of the form
X -Z™ C R™ for some X € GL,(R). The set of all lattices may be identified with the
space GLy,(R)/ GLy(Z), and we equip it with a measure p induced by the Haar measure
on GL,(R). Let Nx(¢) be the number of points from the lattice XZ" inside the ball
tQ of radius t. We have Ny (t) = #(XZ" NtQ) = #(Z" NtQx), where Qx := X 1Q.
Let Ex(t) := Nx(t) — vol(t§2x). Consider the set of unit cubes centered at the set of
integer points u € Z™. Since Nx(t) equals the number of cubes whose center is inside
tQ)x, which coincides with the volume of the union of these cubes, we can write

Nx(t) = vol(tQx) + > Yr,
cubes T intersecting (t£2)

where Y7 equals vol(T'\ ¢Qy) if the center of T is inside €, and Y7 equals — vol(T'NtQ2x)
otherwise. There are approximately vol(d(tQx)) = t" 1 vol(9(Q2x)) correction terms Y7,
each bounded, so it follows that Nx(t) is asymptotic to t" vol(2x). Heuristically, if the
correction terms Yr were i.i.d. random variables, the central limit theorem would imply
that the standard deviation of the remainder term Ex(t) = > Yr is approximately
proportional to y/vol(0(tQx)) for large ¢t. This suggests that |Ex ()| should be of the
order ¢("~1/2 for fixed X.

Let 6 > 0 be a small arbitrary constant. For the integer lattice Z2, Hardy conjectured
that |Ey2(t)] = O(/Vol(9(Q)) - t°) = O(t1/21%) as t — oo [Harl7]. It is known that

*The author was partially supported by the Swedish Research Council.



|Ex (t)| # O(t'/?) for every lattice in R?, due to Nowak [Now85a], and the best known
upper bound is | Ex ()| = O(t!31/208+%) 'where 131/208 ~ 0.62981, due to Huxley [Hux03].

Hardy’s conjecture holds on average in the sense that (/% j(f |Ex (7)2dr = ©(t/2), due
to Bleher [Ble92].

In three dimensions, it is known that |Ex(t)| # O(t), due to Nowak [Now85b], and
the best known upper bound for arbitrary lattices in R? is |Ex ()] = O(t93/43+9) where
63/43 ~ 1.465, due to Miiller [Miil99], with the improvement |Ezs(t)| = O(tY/16+9) for
the integer lattice Z3, where 21/16 = 1.3125, due to Heath-Brown [HB99]. On average,

we have /1 ft |Ex (7)|2dr = O(t'*9), see [ISS02]. (Note: Several of the cited results

above were given in a more precise form; for instance, the latter bound was given as
O(tlogt).)

In higher dimensions, the following is known. For every lattice X in n > 3 dimensions,
we have |Ex (t)| # o(t™1/2) (this result is due to Landau [Lan24]). It is not known
for any n > 2 if there exists for each § > 0 some X such that |Ex (t)| = O(t(—1/2+9),
but Schmidt proved in [Sch60] that |Ex(t)| = O(t"/>9) for almost every lattice, when
n > 2. The best general bound for n > 5 is |Ex(t)| = O(t"~2), due to Gétze [Got04],
and this bound is attained by the integer lattices (to be specific, |Ezx (t)| # o(t"~?) for
every n > 4, see Kritzel [Kra00]). See IKKNO6] for an excellent survey on results about
lattice points in convex domains.

The main result of this paper is that the bound O(t("~1/2+9) holds on average in
dimensions two and three, when averaging over any compact set of lattices:

Theorem 1. Fiz a compact subset Ly of GL,(R)/ GL,,(Z) and denote by Eo[f(X)] :=
Jr, F(X) du(X) the mean of a function f over the set Lo. Then there exists some o> 0
such that

Eo[|Ex()I°] = O(t(tog 1))

as t — oo for dimension n = 3, and
Eo||Ex(t)]’] = O(#/?) 2)

as t — oo for dimension n = 2.

The majority of this paper will focus on the three-dimensional case, as it is the more
difficult case. Our bound (2) in two dimensions is an improvement of Theorem 1.1(ii)
in [PT02], which had an additional factor #°. The corresponding statement of Theorem 1
for orthogonal lattices (that is, lattices XZ™ where X is a diagonal matrix), but with an
additional factor 0, was proved by Hofmann, Iosevich, Weidinger in [HIW04], and our
proof of Theorem 1 is inspired by theirs.

The assumption in Theorem 1 that Ly is compact cannot be removed when n = 3: as
Corollary 4 below shows, if we average over the set L, = {X € GL3(R)/GL3(Z) : 0 <
a < |det X| < b < oo}, which is not compact, then we get both a lower and an upper
bound with an exponent strictly larger than what Theorem 1 guarantees. The failure of



the heuristic in this case may be explained by the fact that L, contains lattices with
arbitrarily short lattice vectors.

Proposition 3. For any fized n > 3, we have

[|EX ] O(y/vol(tQ)) = O(t"/?)

as t — oo, where Ba[f(X)] := [ )/ s.(z) [(X) du1(X) is the mean of f over the
set of all lattices in SL,(R)/SL,(Z), and where py is the normalized Haar measure on

SL,(R).

Corollary 4. Fiz 0 < a < b. For any fized n > 3, we have

Eas[|Ex (8)’] = ©(¢"/2)

as t — oo, where Eqp[f(X)] := [; , f(X)du(X) is the mean of f over Lo, = {X €
Ln(R)/ GLn(Z) : a < |det X| < b}.*

This paper is organized as follows. Sections 3 through section 6 are dedicated to the
proof of Theorem 1 for n = 3. We sketch in section 7 how the given proof may be
modified for the slightly easier case n = 2. Proposition 3 is an easy consequence of the
mean value formulas of Siegel and Rogers; we prove Proposition 3 and Corollary 4 in
section 8.

Remark 5. The actual measure used in Theorem 1 is not important; the proof holds for
any measure of the form f(X)dX and any compact set Ly of GL,,(R), where dX is the
Euclidean measure on the entries of the matrix X and f : GL,(R) — R* is a function
which is bounded above and below in Rt = {z € R : z > 0} throughout Ly.

For instance, one may use the following natural measure for generating random lattices
close to a given lattice. Fix a matrix Xy € GL,(R). We generate random vectors
Z1,...,Tn, where each vector z; is generated by a uniform probability measure on vectors
sufficiently close to the ith column of Xy, and then we let x4, ..., x, be the basis vectors
of our random lattice. This corresponds to taking f(X) = 1 for all X and taking
Lo :={Xo+tE : |t| < e}, where E is the n x n-matrix of all ones, and € > 0 is sufficiently
small such that Ly does not contain any singular matrices.

2 Notation

Throughout this paper, we will assume that the parameter ¢ > 1 is large. We will
write f(t) < g(t) if there exists a constant ¢ > 0 and an integer m > 0 such that
|f(t)] < cg(t)(logt)™| for all sufficiently large t. We see that  is a transitive relation. As
customary, we will write f(¢) < g(t) if there exists a constant ¢ such that |f(¢)| < |cg(t)]
for all sufficiently large ¢.

*Note that averaging over the whole set GL,(R)/ GL,(Z) does not make sense, since GL,(R)/ GL,(Z)
has infinite covolume and consequently the expected value of any constant would be infinite.



Given a function f : R¥ — R for some k, we write f(£) = Jgr f(x)e 2™ dx for its
Fourier transform.

We will write Z"(a) for the set of all nonzero integer vectors k = (ki,...,ky) such
that |k;| < a for each 1 < ¢ < m. For a vector k and a matrix X, we will write
Ikl = H(X_l)TkH. Finally, we will frequently use the notation k := (N~1)Tk where N
is a given upper triangular matrix which will be clear from context.

3 Decomposition of the Haar measure

Let u be the Haar measure on GL3(R). The measure p induces a measure on the quotient
space GL3(R)/ GL3(Z), and we will abuse notation by denoting both of these measures
by the symbol p. Let F C GL3(R) be a fundamental domain relative to GLg(Z). If
f: GL3(R)/ GL3(Z) — R is an integrable function, we shall write f(X) := f(X - GL3(Z))
for X € GL3(R), and then

Lo VB = [0 ),

where in the right-hand side we are integrating with respect to the measure on GL3(R).

We will use the Iwasawa decomposition GL3(R) = K - A - N where K = O3(R) is the
group of orthogonal matrices, A is the group of diagonal matrices with positive diagonal
entries, and N is the group of upper triangular matrices with ones on the diagonal. If
X € GL3(R), then there is a unique (K, A, N) € K x A x N such that X = KAN. Let
N7 be the set of all matrices N € A such that all entries of N above the diagonal belong
to the interval [1,2). (We will later use the fact that the entries of N € At are not close
to zero.) By performing Euclid’s algorithm on the columns of N using elementary column
operations, one can show that there exists for any X = K AN some matrix U € GL3(Z)
such that XU € K- A - N, which shows that the set K - A-NT C GL3(R) contains a
fundamental domain FV relative to GL3(Z).

The Haar measure p on GL3(R) can be expressed in terms of the left-invariant
Haar measures on K, A and N as follows. Let R:=.A-N be the group of upper
triangular matrices with positive diagonal elements. The Haar measure on A is dA =
dby dby dbs /(b1b2b3) where by, be, bg are the diagonal elements of A € A, and the Haar
measure on N is dN = dn; dno dns where 11,12, 13 are the entries of N € N above the
diagonal. Write px for the (appropriately normalized) Haar measure on K. Theorem
8.32 from [Kna02] implies that for any integrable function f, we have

Ar(AN) An(N)
/GLS(]R) (X) du(X / //f KAN)AGLS(R)(AN) Ar(N) dux(K)dAdN

where X = KR = KAN, and Ag : G — R is the modular function associated with a
topological group G. Let us write A(A, N) := % ﬁ;‘é E N; The modular functions
3

can be computed (in fact, one may show that Agp,w) = Ay = 1, and Ag(R) = b%bg
where by, be, bg are the diagonal elements of R), but all we will need is that A is bounded



when restricted to a compact set, which follows from the fact that the modular functions
are continuous and positive (see [Kna02]).
For our purposes, the parametrization

I m m
N=|[0 1 n|enNt, n € [1,2), (6)
0 0 1
1/yai 0 0
A= 0 1/\/az 0 €A, a; € (0,00),
0 0 1/ya3

will be useful. (The forthcoming expression (16) will take on a simpler form.) We get
B(b1baba) | 273(aaza3) 2. Writing A(a,n) := A(A, N), and letting f be

d(a1,a2,a3)
a non-negative integrable function on GL3(R)/ GL3(Z), we obtain

the Jacobian

P du(x) = [ 10 du(x) <

GL3(R)/ GL3(Z)

X) du(X /// (KAN) =2 o g
S A0 () = [[[ AN gy O da i dyc().
Kek

a€(0,00)3

ne(1,2)®
where da = daj das das and dn = dny dny dns are the standard Lebesgue measures.

Integrating over the compact set Lo € GL3(R)/ GL3(Z) with respect to the measure u

corresponds to integrating over the compact set

Ly = Ly - GL3(Z) N F* C GL3(R) (7

with respect to the measure da dn dux(K). For each i = 1,2, 3, let ¢; be the characteristic
function of the smallest closed interval contained in (0, 00) which contains all values that
a; assumes when X = K AN ranges over the compact set Lj). Since g(X) := |Ex(t)|* is
rotation invariant (that is, (K X) = g(X) for all K € K, X € GL3(R)) and non-negative,
we have

LEs@Paa < [ ] maoP 2O (0 g (an)ipa (as) dadiy.

23(a1a2a3)
The support of 111P21p3 is contained in (0, 00)3, so for simplicity of notation, we will allow
the inner integral to range over all of R?. Since A(a,7)/(23(a1a2a3)?) and 4x|det A|* are
bounded above and below throughout the support of 111213, a bound of the right-hand
side above will be equivalent, up to constants, to a bound of

A 23 2

= /[1.2)3 /]R 3|EAN(t)‘2¢(a) da dn, ®




where we have defined
W (a) := 4dr|det A[*1 (a1)v2(az) s (as).

(It is convenient to introduce the factor 4m|det A|2 as it will later be cancelled by a factor
appearing from |Ean(t)|?.) Thus, in order to bound fLO|EX(t)|2 dp(X), it suffices to
bound (8).

4 Setup

We define a smoothed version of

Nx(t) =Y xeay (k)

keZ3

by

N5 (1) = Y~ xiay * pe(k) (9)
kez?

where p : R® — R is a mollifier and p.(z) := e 3p(z/¢) for a parameter ¢ = £(t) > 0.
(Recall that a mollifier is a smooth, non-negative function with compact support and
unit mass.) We define p(z) := po(z1)po(z2)po(x3) where pp : R — R is an even mollifier
such that |po(y)| < e~V¥ for large y; see [Ing33] for the construction of such a function
po- We obtain the asymptotics

5(2)] < e~ VIml-Vieal=Veal  o=VTiall (10)

as ||z|| = oo, by the inequality (v/[z1] + v/[22] + V/[z3])* > 23 + 23 + 23. Note that the
Fourier transform p is real-valued since p is an even function.

Since the convolution X0, * pe is smooth, we may apply the Poisson summation
formula to the sum (9), and since both of the functions y;n, and p. have compact
support, the convolution theorem X0, * p: = Xy - pe holds. Moreover, a0y (0,0,0) =
Jiay 1= t3vol Qx and p2(0,0,0) = [ p. = 1, so we get

Ni(@t) =tvolQx + Y Xeax (k)p:(k) =: t3vol Qx + E5(t).
k#(0,0,0)

We first show that the function N§ approximates Nx well:
Lemma 11. There exists a constant R > 0 such that
N5%(t — Re) < Nx(t) < N (t + Re),

where R only depends on the mollifier p.



Proof. Let R be the radius of a ball centered at the origin which contains the support of
p, so that the support of p. is contained in a ball of radius e R. Consider

Xtay * pe(k) = / pe(x)xeay (k — ) dx.

The integral ranges over all 2 € supp pe, so we may assume that ||z|| < eR inside the
integral. If k is inside ¢Qx and at a distance at least eR from the boundary 9(tQx),
then X, (k —2) = 1, so the integral becomes [ p.(z)dz = 1, which agrees with
Xtax (k) = 1. If on the other hand k is outside tQx and at a distance at least eR from
the boundary 9(t€2x), then xa, (kK — z) = 0, so the integral vanishes and again agrees
with x:q, (k) = 0. Finally, if k is at a distance at most eR from the boundary 9(t€2x),
then since 0 < xi0,, <1 and p. is nonnegative, the integral is bounded below by 0 and
above by [ p. = 1. We have thus proved that x:q, * p- equals x;n, at all points at a
distance at least e R from the boundary of {0y, and at all other points it assumes a value
in [0,1]. This proves the lemma, since Nx () counts the number of lattice points inside
tQx, while N% (¢t — Re) counts each of these with a weight at most 1, and N% (¢ + Re)
counts all the same lattice points, plus a few more with various weights in [0, 1]. O

Using the lemma, we arrive at:

Claim 12. To prove Theorem 1 for n = 3 it suffices to prove that
[ [P @ dady 5 ¢ (13)
J,2)3 Jr3

for all e = e(t) such that ¢ > 1/t for all sufficiently large ¢.

Proof. Lemma 11 implies that

Ex(t) < B(t + Req) + vol(Qx)((t + Reo)® — %),
—Ex(t) < —FBQ(t — Reg) + vol(Qx) (t* — (t — Reg)?),

for any €9 > 0. Choosing ¢ := 2/t we get

|Ex (t)] < max(|[EY (t + Reo) + O(t)], | EX (t — Reo) + O(t)])
< |ER(t + Reo)| + |[ER (t — Reo)| + ¢
The asymptotic constant depends on the determinant of X, but if we restrict X to the

compact set Lj (see (7)), then the determinant of X is bounded by a constant which
only depends on the fixed set L. By (8) we have

[ ExOR a0 < [ [ Ewo Py
Lo [1,2)% JR3

€0 2 5 £0 o 2 ; 2
< /[) B¢+ Reo)Poa) dady + /H B¢~ Reo) Pot@) dadn+£2,



and noting that g9 > 1/(t + Reg) and g9 > 1/(t — Rep) for all sufficiently large t + Rey,
the hypothesis (13) implies that the right-hand side above is

S (t+ Reg)® + (t — Reg)® + 12 < 12,

and thus fL0|EX(t)|2 du(X) 5t follows. O

For the remainder of the section we will assume that € > 1/t for all sufficiently large
t. We will now estimate the behavior of E5. Consider the Fourier transform of the
characteristic function xq of the standard unit ball Q in R3. Taking advantage of the
fact that yq is a radial function and hence that its Fourier transform is radial as well, an
easy calculation shows that (see equation 10 in chapter 6.4 in [SS03])

— 2t
xa(k) = W/O sin(2n|| k||r)r dr,

which can be integrated by parts to get

_cos(2x|[k[]) | sin(2n]|k])

Yao(k) = .
k) = =R T 2l kP

Since Qx = X1 - Q we get

= [

627Tiz~k da :/ eQﬂ'iX*ly-k)detX—l‘ dy
X-1LQ Q

_cos(2r|[k[|x) sin(27r||kx))
k% 2e?|k1% )

= \detX*l‘X?z((X*l)Tk) = |detX|1<

recalling the definition

Ikllx = (XD Tk].
Recall that E5(t) = X x£(0,0,0) Xt (k)pa(k). Tt is straightforward to show that Yoy (k) =
3%y (tk) and pz(k) = p(ek). Hence we can write

Eg((t) =51+ 85 :=

cos(2m||tk| x)
m|1k[I%

sin (27| tk]|x)
22| k%

—|det X[t >

££(0,0,0)

p(ek) + |det X| Z
k£(0,0,0)

plek),

where both sums Sy, S are real since p is real-valued. For X = AN, A€ A,N €¢ N, we
have |det X |7 < 1, so for such X we get

|p(ek)|
|SQ| < Z 3
k000 IE

We use the fact that |p(ck)| decreases as 1/||ek||N < tV/||k||Y for any N > 0, provided
that £ > 1/t. Then we get |Sa| < Yo tV/[[EIPTY =t 340 1/11K[*T < tV, where



the final sum converges to a constant by integral comparison for any N > 0. Choosing
N =1/2 gives us |Sy| < t'/2,
Consequently we have

|E% (D)7 = (S1 + S2)? < 8% + 52 < 87 4,

and thus, to prove Theorem 1 for n = 3, by Claim 12 it will suffice to prove that
Ji2ys Jrs S2ip(a) dadn S t2, where

cos(2m||tk cos(2m||¢l N N
Crl 2H;;)2 l(2 ” ||X)P(5k)/)(€l)
2|kl 1%

St =det X|7H2 Y
k,1£(0,0,0)
and X = AN, using the parametrization (6). Write the product cos(27||tk||x) cos(27||tl]| x)
as (e“+e ) (e’ +eP) /4= 1(e2tF 4 e2F + 70 4 e77F) where o := 2rit||k|| x and
B := 2mit||l|| x. We split the integral into a sum of four integrals and treat each case
separately, that is, we will prove

o2mit® 1 (AN)

2 / / et A2 Gek)p(el)y(a) dady S £
D D T Y T .

where @5, ;(X) = £||k||x % ||I||x, for all four different combinations of sign choices.

We cancel the factor t2 on both sides and exchange the order of integration and
summation (noting that the sum is uniformly convergent by the rapid decay of p). Thus,
recalling that ¢(a) = 4r|det A% (a1)ba(ag)bs(as), we arrive at:

Claim 14. To prove Theorem 1 for n = 3 it suffices to prove that
p(ek)p(el
> el s 1. (15)
k. 1(0,0,0)

for all € = e(t) such that e > 1/t for all sufficiently large ¢, where
Ta@i= [ [ Ny, (AN) dady,
Ji,2)3 JR3
P4 1 (AN) = |kl an £ (1] an

Y1 (AN) 3=< Ll >2< il )2%(@1)1/)2(@2)1/13('13),

&llan/ \Nillan

for all four choices of signs in the definition of ® ;.

Consider ®;(AN) for A € AN € N*. Write k :== (N")Tk and [ := (N"1)TL.

Then |[kllay = [(A"HT(N")Tk| = [[A~&|. Similarly [[[|4 = ||[A~!]. Using the
parametrization (6), we get
Ja 0 0 1 0 0
A=l 0 a 0 |, (N"HT = —m 1 0
0 0 a3 mn3—mn2 —n3 1



and therefore

q)kyl(AN) = :t\/(llE% + GQE% + a;:,%% + \/all? + aglg + agz%. (16)

where E? denotes the square of the ith component of the vector k = (N"YHYTk, and
similarly for l? Note that our choice of parametrization (6) of the entries of A turned
the expressions inside the square roots in the exponent ®;;(AN) into linear forms of
ai, a,as.

Since HX71H0p|‘k'|| < [|[XE| < I X||opllkll where || X|,, is the operator norm of the
matrix X for any X, it follows that |||, < [|k]| < ||k|| 4y and likewise for [, when
AN € A-N*. Hence 9y, ;(AN) can be bounded above and below by constants uniform
in k and I (but depending on Ly), and thus |Ix ()| < [|¢g] < 1.

We now show that we may neglect the terms in the sum (15) for which either ||k|| or
|| is large, where the notion of “large” is given by the following definition.

Definition 17. We set U(t) := 32t(logt)? for all t > 1. Note that U(t) < t and
log(U(1)) 5 1.

Lemma 18. Assuming that ¢ > 1/t for all sufficiently large t, we have

p(ek)p

> e <

E,1#£(0,0,0)
Ikl (t) or [|2]|>L4(t)

where the analogous bound holds if we interchange k and .

Proof. It suffices to bound the sum

DD DI S (19
k1#£(0,0,0)  k,I£(0,0,0) k,l(0,0,0)
lel=u@) kL= UE) k> U@) >

Using the bounds |, ()| < 1, |p(el)| < 1, and finally |p(ck)| < e~ VIl from (10), and
assuming that € > 1/¢, the second sum on the right above can be written as

|p(ek)p(ED)] ~V/TF
2 e MOl < 3 |u|| O ERN G
k,1%(0,0,0) 1£(0,0,0) k+#(0,0,0)
[[El|>u(t)> || WHSU@) [kl >t (t)

The first sum on the right-hand side of (20) is

L 2
<</ ar dr < U(t) < t(logt)”.
1

The second sum on the right-hand side of (20) is

<</ eVitdr < <—2tefm(\/r/t+1>> <
u(t)/2 r=U(t)/2
te~V/16(og?)? \/16(log )2 < te18t(log t)? = t 3 (log t)2. (21)

10



Thus the right-hand side of (20) is
<t 2(logt)! <« 1.
The first sum on the right-hand side of (19) can be written as

5(ek)5(e e~ VIk/ e~ VIl
> P < Y

2|72 2 7
B 1l B = P D
(1l 121 =24 () lIkll>2e(t) llU1=u(0)
which by our previous calculation is < (t~3(log?)?)? < 1. O

Remark 22. If one only wants to prove a weaker version of Theorem 1 with a bound of
the form O(t(*~1/2+9) for some § > 0, with no log factors, it suffices to take U(t) = t'+9’
for some sufficiently small &’ > 0, and to use the elementary estimate p(x) < 1/||z|* for
the Fourier transform of p in the proof of Lemma 18.

The lemma above shows that we may restrict ourselves to summing only over the
integer vectors k,l # (0,0,0) bounded in norm by U(t), and thus it is enough to sum
over k,1 # (0,0,0) such that |k;|, |I;| <U(t) for all ¢, j € {1,2,3}. Thus we have:

Claim 23. To prove Theorem 1 for n = 3 it suffices to prove that

1
> Wm,l@)‘ s1 (24)

k1eZ3(U(t))

where the sum extends over all nonzero integer vectors k, ! € Z3 with entries bounded by
U(t).

5 Neglecting integer vectors with vanishing coordinates

In order to bound the sum on the left-hand side of (24), we will need to take advantage
of nontrivial bounds of the oscillating integral Ij;(¢). We will derive such a bound in
Section 6, but for technical reasons, in order to use that bound, we need the first two
coordinates of k£ and [ to be nonzero. In the present section, we will prove that we can
neglect the part of the sum where some of kq, ks, 11, l2 are zero.

We begin by showing that the terms for which both some coordinate of £ and some
coordinate of [ is zero can be neglected:

Lemma 25. We have

1
> W'Ik’l(t)‘ S L

kIEZ3(U(t))
k1=11=0

The same bound holds if we exchange k1 for any other component of k, and l; for any
other component of 1.

11



Proof. We use the trivial bound |Ij;(t)| < 1 and split the sum into one over k and one
over [. The sum over k satisfies

1 1 Ui) 1
2 T 2 TR < e < o) .1
kEZ3U(t)) [kal [ksl<ta(e) 1172073 !
k1=0 <k27k3)7ﬁ(070)

where in the second sum we are only summing over integer vectors in Z2. The same
bound holds for the sum over [, so the statement of the lemma follows. O

We now need a lemma on oscillating integrals; see the corollary of Proposition 2 in
chapter VIII in [Ste93].

Lemma 26 (van der Corput lemma). Let ¢,y : [a,b] — R be smooth functions defined
on some interval [a,b], and suppose that ¢ is monotonic and that there exists a constant
co > 0 such that ¢'(x) > ¢o for all x. Then

b
< cft(wb) +f |wa<a:>|dz>

for allt > 0, where C is an absolute constant.

b
/ @)oo () da

We prove in the following two lemmas that we can also neglect the terms for which
precisely one of k and [ has a zero in the first two coordinates.

Lemma 27. We have

> S

k1EZ3(U(t))
k1=0
l1,l2,l37#0

The same bound holds if we exchange the roles of k and .

Proof. Assume that k; =0,k # (0,0,0) and [y,12,13 # 0. Consider ®;;(AN), given by
equation (16). The partial derivative with respect to ay is

K i

0
— P (AN ) =t —~— + —————.
e(AN) = o £ 2w

8@1
Now, since 751 =k =0 and 71 =11 # 0, we get

O g (AN) = + i L ISIL1
Pk, = T
day 2|l an HlH 1z

fThis does not imply an analogous statement for the third coordinate because the proof depends on a
bound of the integral I, (t), and our choice of decomposition AN of our integration domain is
not symmetric in the coordinates.

12



Moreover, the second derivative with respect to a; is

2 \?2 13
72— | Pk i(AN) = F e,
(8(11) S

which is either always positive or always negative, depending on the sign + in the definition
of ®g;. Thus the map ¢(a1) := Py (AN) for fixed ag, ag is such that |¢'(ar)| > |L|/||]|
and ¢ is monotonic. Writing [b1, bo] for the support of the characteristic function 1, we
can apply the van der Corput Lemma 26 to the integral

b
/ 2 eQWit‘bk?l(ANWo(al) day
by

HkH HZHZ
[N N ~
|kl and ||I]| ;v > ||I]l. Its derivative, by the assumption that ky = k; = 0,1; =11 #0, is

1012121
dal (a1k2 =+ a2k2 =+ a3k2)(a112 + a212 + ang)
1% [12)° S 11+

where we have defined 1y(a;) = The function vy is bounded since || k|| 45 >

Yp(ar) =

(a1h} + azk3 + azk3) (@i} + a2l + azl3)? KGN PN 1
which is also bounded. Thus the van der Corput Lemma gives us the bound

) 1L
/ 627r2tq>""”(AN)1/Jkl(AN) da1 < 7M
R ? t |l |
where the asymptotic constant is independent of k,l. Integrating in the rest of the
variables yields by compactness

Ll

1l
|]kl | <</ / *M 9 a2 ’g[)d(ag) dasy das d77 < -
1,2)3 JR t |l1|

2 ¢ |1
Using this bound, it now follows that

1 1 1 1
e O < 2 TAH :
2 Il > 0 2 (171112

kIEZBU(E)) kEZ3U(L)) 1eZ3(U(t))
k1=0 k1=0 l1,l2,l37#0
l1,l2,l37#0

The sum over k has logarithmic behavior in U(t) since we are summing over a two-
dimensional space. We will split the sum over [ into one over [y, and one over (l2,13). We
have [[Z]} = [[(0, Iz, I3)|| = [|(T2, E3)]], so

1
DN R

~ | =

DR 1 D W (N F]

k leZ3(u (®)) 1<l |<U(®) 1<la|, 13| <U(t)
1, l2 13#0
(t) 1 1
t/ / Lrdr < 1 log(U(0) U 51 (28)
This completes the proof that the sum over k; = 0 can be neglected. O

13



Lemma 29. We have

1
> W'Ik’l(t)‘ S L

kIEZ3U(E))
ko=0
I1,l2,l37#0

The same bound holds if we exchange the roles of k and .

Proof. Assume that ko = 0,k # (0,0,0) and Iy, 12,13 # 0. We write

1
> WW.}UN:
kl€Z3(U(t))
ko=0
l1,l2,l37#0
' 1 / 2midy 1 (AN)
_ e ' Y (AN) da|dn . 30
Jowr, X eyl e (AN) (30

L2 L lemB ) |
ko=

11,2130

We will split the latter sum into two parts: one in which [l — 2m;l;| > 1, and one in
which |lg — 2ml1] < 1. We will bound the sum over |l3 — 2m1l;| > 1 by mimicking the
proof of Lemma 27, with the difference that we consider instead the directional derivative
of @, ;(AN) with respect to the direction (—n?,1,0).

We deal first with the part of the sum (30) with |ly — 2nm1l1| > 1. We change the order
of integration inside the integral Iy ;(t) such that the innermost integral is taken with
respect to ag, and perform a one-variable substitution from as to u := fnfm + ag inside
this integral. Recalling the expression (16), it now follows, since ko = 0, that

—mht + kS il + 13

0 0 0
P (AN) = —77%871%,1(141\7) + 5P (AN) = £

ou day 2|kl an 2|/l an
_ i—ﬁ%k% + (=mik1 + k2)? " —nil3 4 (—mli + lp)?
2|kl an 2)|1|an
_ i—nfl% + (=l +12)? _ :t—27711112 + 12 _ ilz(lz —2ml)
2|l an 2|l an 2||lll an

and

(Ia(ly — 2m1y))?

o 2
- q)kyl(AN) = F
( ) 5

ou
Whenever |l — 2n1l1| > 1 holds, we get a bound of the form %@k,l > |l /||l with
U — %q)k,l monotonic. Since ¥, is the characteristic function of a rectangle, it follows
that the support of u + v, ;(AN) is some interval [b1, ba], which is bounded in length
(independent of k and ). The function u +— 9y, ;(AN) restricted to the interval [b1, bo]
O 1
(1501 121

coincides with the function u — because 111913 is a characteristic function.
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The function u +— 9y ;(AN) is bounded, and so is

7/k (AN) = o kP
Ou k|5 N 5y
L (= 2k} + k3) 111121 (= I3+ 1)
&I 12 R [

on the interval [by, bo] since ‘717112 +12‘ < |72 < 1Ay and —n?k? + k3 = 0. Thus,
whenever |la — 2m111] > 1 holds, the van der Corput Lemma 26 gives us the bound

‘ /R 2P (AN) Y (AN dag

) 1|l
_ '/ 627th<I>kJ(AN)wkl(AN) du| < 7M7
JR ’ t |l2|

and estimating trivially in the remaining variables a1, as yields

<1
t[la|

/R3 2TPIAN) g (AN da

This bound yields

1
/[1 > K212

2% | ez (b)) |
ko=0
l1,l2,l3#0
[lo—2m111|>1

/R3 627riq)k*l<AN)’(/)k’l(AN) da

dn <«

1/‘ 1 1 1
E ) DI S R R S
27(11 =
o i PPTT ™= i TP
ko=
ll,lz 13#0 111127139&0
|l2—2n111|>1

where the last bound is completely analogous to the bound (28).
It remains to bound the part of the sum (30) with |la — 21101 < 1. When |la — 2ml;| <
1, there are at most two values that [ may assume when 71,[; are held fixed, and using
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||(llvl27l3)“ > H(llao7 ld)” = ||(llald)H7 we get

[, ¥ e
JI I&112]1201?

3
L2 piezs uw)
k=0
l1,l2,l37#0
[la—2ml|<1

/R L ETPAN gy (AN) da| dy <

/ Z S dn <
129 sty TP
ko=0
I1,l2,l37#0
|l2—2n111|<1
1
/[1,2)3 ,CJEZEB(:M(,&)) ([, Kes) 121 (21, 13) 12
ka=0
l1,12,l3#0
[la—2ml1|<1

dn <

> . ;51
G RPN 3)]

1<k, ks|<U(t) 1<|l1],|ls| <U(t

and we are done. O
Putting the lemmas together, we have thus demonstrated:
Claim 31. To prove Theorem 1 for n = 3 it suffices to prove that
1 <
> Wukﬁl(m =1
kIEZ3U(L))
k1,k2,l1,l2#0

where k3,13 may assume both zero and nonzero values.

Proving the inequality in Claim 31 is the heart of the proof of Theorem 1; we will do
this in the next section.

6 Concluding the proof of Theorem 1

Recall that k= (N‘l)Tk,j = (N"H)Tl. We now define y := —n;. Then we have
k1 = ki, ko = vk1 + ko and [y = 11,1y = ~l1 + l2, and thus

E1Z2 - :IEQZI = kily — koln, (32)
kila + koly = kala + kaly + 2vk1ls.

The crucial ingredient in the proof of the inequality in Claim 31 is the following inequality,
and the uniformity of the bound is essential, as we will apply it to all terms of an infinite
sum.

16



Lemma 33. Assume that ‘%%IN% — %%7%‘ #0. Then

Rl >2

o CIEP
RAGCRECTH

/R3 eZﬂit@;C,l(AN)wk’l(AN) da

for all t > 0, where C is a constant which does not depend on k,1, N (but which does
depend on the already fized cutoff function ).

We will postpone the proof of Lemma 33 until we need to use it; Lemma 33 compels
us to split the sum in Claim 31 into parts as follows. We write

1
2 e el S

k1€Z3(U(t))

k1,k2,11,l27#0
1 Umitdy, 1 (AN)
+ + 7/67” kil AN) da| dn, 34

S &+ 2t ) el e PralAN) dajdu, (34
where >°; is the sum over |kila + kali + 2vk1l1] < 1/2; 34 is the sum over kilo — koly = 0;
>3 is the sum over |kily + koly + 2vkili| > 1/2 and kily — koly # 0, and where all sums
range over k,1 € Z3(U(t)) such that ki, ks, l1,l2 # 0.

The following lemma shows that we may neglect the sums ), and > y:

Lemma 35. For any |y| > 1, we have

1
— <1
2 2 )
Ao TEPT
k1,ko,l1,l27#0
krlo+haly +2vkl1|<1/2

where the asymptotic constant is independent of v, and

1
e S 1
2 &> ~

k1€Z3(U(t))
k1,k2,l1,l27#40
‘k‘llgszlll:()

Proof. We obtain the second sum by substituting ks — —ko and v = 0 in the first sum.
Thus it suffices to bound the first sum in the cases |y| > 1 and v = 0. We will treat both

17



cases simultaneously. We have

1
> S
2 2
k,lEZB(Z/[(t)) ||kH ||lH
k1,k2,l1,127#0
|k1la+kaly +2'ykll1‘<1/2

1
<
k,leZBZ(u(t)) (I (Fr, B2) || + L2 (11, L2) || + lEs])?
k1,k2,l1,l27#0
|k1lo+kali+2vk111]<1/2

/Z/((t /Z/I(t ko5 dl5
Gk, R+ TR D2 )T+ T2

1<k, |k2\ [ty ], l2 | <U(t)
|k1lo+koli+2vk111|<1/2

1 1

< > <
1<l el iz <oy 100 RN I i (1@ DI )
|k1lo+kali+2vk111|<1/2 bz —ay=[2vab
u() 1

> X D T (eI

r=11<]al|b|<U(t) 1<l |y|<U(2)
ged(a,b)=1 bz—ay=[2yr2ab]/r
where we have used the notation [z] for the integer nearest to x € R, where we round
away from zero if there is an ambiguity.

Consider the innermost sum, in which a, b, r are fixed, and let ¢ := [2yr2ab]/r. Now,
since ged(a, b) = 1, the equation bx — ay = ¢ has the set of solutions (z,y) = (zo,%0) +
m(a,b),m € Z, granted there exists some solution (z¢, ) € Z2. For each solution (z,y)
we will define (2, 3/') to be the integer vector on the line L spanned by (a, b) which is closest
to (z,y) among all vectors (z/,y') with ||(2/, ¥/)|| < ||(z, y)]|; if there is an ambiguity, choose
the shorter vector (z',3'). See Figure 1. We see that the set of solutions (2,y) € Z? maps
to the set of vectors (z/,y') = m(a,b),m € Z, with at most two vectors (x,y) mapping
to any given (2/,4"). Now we will bound 1/H(1 Il by 1/\1(«',¢")|| = 1/(m]|(a,b)]) if
m # 0, and otherwise we will use the bound 1/||(z,y)|| < 1/D, where D is the distance
between the line bz — ay = ¢ and the origin in R2. Note that the case m = 0 cannot
occur if v = 0 since we are summing over nonzero vectors only; but if |y| > 1, we get
D = |¢|/||(a,b)|| > |2rab|/||(a,b)||. We also have |m| < v/2-U(t). Thus the last sum
above can be bounded by

U(t) , 1 1 (a, b)]| V2U(t) 1
2 2 A\ el e Tt 2 M@l o

r=11<[al,|b|<U(t) m=1
ged(a,b)=1
U U) U(t) U(t) V2U(t)
111 11 1
DID DD Dt DD DI Dl e <R
2 X 9
SoE el o i<l pi<uc m=1 "™ (0]

where all the individual sums in the last expression have at worst logarithmic behavior
in U(t), so we are done. O
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Figure 1: In the proof of Lemma 35, each integer point (x,y) on the line bx — ay = ¢ is
mapped to the closest integer point (z/,y’) on the parallel line L with shorter
or equal length.

\J

It remains to deal with the third part of (34), and for this we will need to use the
integral bound from Lemma 33. First let us prove Lemma 33.

Proof of Lemma 33. We will prove the bound for the inner integral with respect to ay
and ag. Then the result follows by the compactness of the integration domain. Recalling
(16), the integral we need to bound is

/]R? exp <2m't (i\/alkf + a2k§ + a3k§ + \/all% + aglg + agl§)> X

2
k l
o _ [ H~ _ 112 n (a1 () day da .
\/alk% + agkg + agkg \/ a1l2 + a212 + a315

We perform a variable substitution from (a1,a2) to (z,y) where z := ar1k? + agk? +
ask2,y := a1l3 + asl3 + asl2, which yields the Jacobian 1/|k2[2 — k2[2|. The integral above
becomes

, k)2 1717
m s eth(iﬁiﬂ)w%q’k,l,N(%?]) dxdy. (36)
12 = oty X ©
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where we define Wy n(x,y) := 1(a1)2(az2) (noting that ai,ap may be expressed in
terms of x,y when as,n, k, [ are held fixed). Since ay, az, ag are bounded above and below
throughout the support of 114913, it follows that |z| < [[k||2 < ||k||*, and similarly
2] > ||k||? > ||k]|?, throughout the support of Uy x. Likewise |y| < ||I]|? and |y| > ||I]]?
throughout the support of Wy v.

We will assume without loss of generality that ||k|| > ||I||, and use integration by parts
on the inner integral of (36) with respect to z; if instead ||k|| < ||I|| were the case, we
repeat the following argument but integrate by parts instead with respect to y. An

271'th
(ﬁ— ﬁ) Since 1119 is the

characteristic function of a rectangle, it follows thdt x — Wy n(z,y) is the characteristic
function of some interval [by(y), b2(y)], where the length of the interval is < ||k||?. Thus

antiderivative of e2™V% with respect to z is

. I (1)
/]R eth(i\/Ei\/@&%q/k,l,N(zv y) dr =

o2mit(E/TE/7) Vi Hk|| WHQ ba(y)
+it ( v 2mt> Ty B
z=b1(y)

bo(y) p2mit(EVaE/Y) 2 2
[ LB
b1(y) +mit 2mit T Y

Using the bounds ||k||* < |z| < ||k||?, we can bound the above expression by

2mit(£/TE\/Y)
€[b1(y) b2 (y)] Emit 2mt oy

i (Y P
b —b X sup _— (\/E - 7)
1b2(y) = 1)l ze[b1<y>,b2<y>]< Emit 2mit)\ a? )y

1 LI 11112 ) e
i <)J(tﬁ”|;|>+|52(y)bl(y)x (LI

z€[b1(y).b2 z zebi(y) b\t T T Y

/ IIkH IZH +eeit 1K1 ||l|| *H ”HZH
IIkH INTTHLEE

We finally integrate with respect to y, and use the bounds [|I||* < |y| < [|I]|*. Write
D :={yeR: Uy n(z,y) =1 for some z € R} for the domain of integration. Thus (36)
is bounded by

1 N2 1 K|[]12)1
R N .91 O .
k313 — K313 kil3 — k3ii|t
1 PP 10 S W 1 1
R T e T R T
where the last inequality follows from our assumption ||k|| > ||I||. O
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Applying Lemma 33, and recalling (32), it now only remains to bound

1
-/[172>3 2 &N
1 1 3/2117113/2
R

/[> 2 THRTIE ¢ 2B - 137

dn <

/]RS 2Ttk (AN) Y 1 (AN) da

/ > 11 [LIESURS d
[1,2)3 3 Hk||2||l||2 t |]€112 — k2l1||k1l2 + koly + 2'yk1l1| -

The integrand only depends on 1y = —v. Integrating with respect to n2 and 73, the
expression above becomes

[ 3 1 1 RS
J(=2-1] k,l€Z3 (U(t)) NEZN ¢ |kilo — kala||kile + kaly 4+ 271l
k1 k2,1 10
|k1lo+holi+2vk1l1[>1/2
kilo—kal1#0

We split the sum into one over ks, l3 and one over the other coordinates. We use the
fact that ||k|| > |ks| if k3 # 0, and otherwise ||k|| > 1, and likewise for . Thus the above
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expression is bounded by

1
/ d
t 1<k ko] ‘ll‘ o <U(t) ‘]fllg k2l1||k’1l2 + koly + 27k1l1|

lkxla+holy+2vki 11 ]>1/2
kil —kal1 0

1 1
x(1+ ). TR IEDY hIE <
1< lkal=ue) [kl 1<lizi=ue sl

2
1/2
(@@)?) /71 1
t _
2 1<kl ol 0] 2| <U(0)
|k1lo+koli+2vk111|>1/2
kila—kol1#0

dy 3
|kilo — kaoli| k1l 4 koli + 2vk1l4|

/ > dy < (37)
T2 1<kl kol |2 <U(2) |kl = koli||kala + koly + 2vka |
|k1la+holi+2vk1ly|>1/2
ki1la—kal1 #0
—1U®) )
/ 2 2 Nhealy — ol [Vl 1 oy + 2ykrar]
2 T ol Bl " kile = keli[kude + kel + 29kl
|k1la+koli+2vk1lir|>1/(2r)
k1la—kol17#0
ged(ki,l)=1
lu(t X
/ 2 2 r2lwl[kily + kaly + 2vk1li7] d
o= 11<|w|<2u<t 1<l I <UD 1<kl i <U(D)
ged(k1,l1)=1 " |kila+koli+2vk1lir|>1/(2r)
kilo—koli=w
(38)

Counsider the innermost sum, where kq,l1,7v,w,r are fixed. Since ged(k1,l1) =1 inside
the sum, it follows that the equation kila — ka2ly = w has the set of solutions (kg,l2) =
(x0,y0) +m(k1,l1),m € Z, granted there exists some solution (zg,yo) € Z2. Therefore
k1la + koly + 2vk1lir assumes the values co + 2k1lim for m € Z as (ko,l2) varies, where
co = k1yo + lixg + 2vk1lir is constant. In particular, kily + kol + 2vk1lir assumes
consecutive values spaced a distance 2|k1l1| apart, with at most two values smaller than
2|k1l1] in absolute value, and the number of values it assumes is < 20/(¢). It follows that
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the expression (38) above is

1“(75) 1
< —— X
> > o
r=1 1<|u)|<2u(t)2 I<]ka |,]l1 [<U(E)
ged(ki,l1)=1

1 1
<\ 2 sEm T >
1< pml=U () 2|mk1l1| 1< ks -l |<U(®) |k112 + kol1 + 27k1[17‘|
& <|krlo+holy+2vkrlyr| <2kl
kilo—kali=w

We expand this into a sum of two terms. We have

LU

1 1
- — vy <1,
LY ¥ Y ol X g A
r= 11<|w|<2u(t21<|k1\\11|<U(t) 1< |m|<u(t)
ged(k,l)=

which takes care of the first term. It remains to bound

-1 1 1
[ X d
3 >
S <u ! <ol Rkt kel 29k

1<|w|<2uU(t)? o <|k1la+hali+2vk1l1r|<2|k1l1|
ged(ki,l1)=1 kilo—koli=w

We may without loss of generality assume that kil + koly + 2vk1l17 is positive in the
innermost sum, since we obtain the opposite case by switching the signs of ki, ke, w
Moreover, we may extend the sum to range over all (ko,l2) € Z2. Tt thus suffices to bound

1
|w|/ > (il + koly + 2ykenlr)
1<r, |k1 | <u( t) (ka,l2) €22 162 201 YR161
1< w|<2U( t)z L <(kilothaly+2vk1lir) <2kl |
ged(k1,l1)= kilo—koli=w

In the innermost sum, which is a sum over precisely one pair (k2,l2), and where
k1,l1,7,w,r are fixed, denote by f(v) the unique positive value in [1/(2r),|2k1l1]) which
k1lo + koly 4+ 2vk1lyr assumes as (ko,lz) varies, if it exists, or let f(y) be undefined
otherwise. Then f(v) = ¢+ 2vkilir (mod 2|k;1l1]) on its domain of definition, where
¢ = kiyo + lixo is a constant, so f(v) coincides with a sawtooth wave with slope 2k;l;r
and period 1/r, except that it is undefined where the sawtooth wave has a value in
[0,1/(2r)). Now we can partition (—2,1] N dom(f) into at most r + 1 subintervals I,
such that f is linear on each. The integral of 1/f(y) with respect to v on any such
subinterval I,,, is

dy {log|k1l2 + koly + 27k111r\r“f”m

- <
Im f(’y) lellr ~y=inf I,
log‘(? + 47’)Z/{(t)2‘ + ‘log = log r
|2k1l11"‘ ~ |k1l17"7
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where the asymptotic constants are independent of m. We now get

r+1
O TP O

1< ke |0 |<u(t) m=1"tm J\7

1<|w|<2U(t)°

ged(k,l)=1

Z 1 (r+1)logr _
2 5
i< el RG]
1<|w|<2U(t)*
ged(ky,l1)=1
and this completes the proof of Theorem 1 for n = 3. O

7 Proof of Theorem 1 for n =2

We will sketch how the proof of Theorem 1 for the case n = 3 may be modified for the
case n = 2.

By a decomposition of the measure on GL2(R)/ GL2(Z) analogous to equation (8), it
suffices to prove that

\//[1 2)2 Rz‘EAN(t)‘Zw(a) dadn < tY2,

where 1(a) := 4x|det A|*¢)1 (a;)1b2(az) for the characteristic functions 1y, 1 of two closed

1
intervals contained in (0, 00), and where we use the parametrization N = 0 7711 ,M €

[1,2), A= 1/\0/671 1/?/@),0,2»6(0700)-

The analog of Claim 12 in two dimensions is that it suffices to prove
[ LB dadn <,
(1,2)? /R?

for all & = &(t) such that & > 1/t1/2, where E%(t) := D ke£(0,0) Xy (k)pa(k) and p.(z) =
e 2po(z1/¢)po(x2/€), and where as before pg : R — R is an even mollifier such that
|po(y)| < e~ V¥ for large y.

Next, to estimate the behavior of E5, we begin by considering the Fourier transform
of the characteristic function xq of the standard unit ball in R2. It equals (see equation
11 in chapter 6.4 of [SS03])

1
%ak) = 2x [ Jo(en|klr)r dr,
0
where we have written J, for the Bessel function of the first kind of order «. Integrating
the Taylor series of Jy (see equation 9.1.10 of [AS64]) term by term, we obtain

A@rlkl)

a0 ="
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Using the asymptotics Ji(z) = /2 cos(z — 3m/4) + O(z=3/?) for large z (see equation
9.2.1 of [AS64]), we obtain

_ cos(2m||k| — ?jf)

. +O(|[k]| 7%,
k||

xa(k)
so it follows, as before, that

x-reos@rlilLy )

: +O(|[k]75?)
3/2
Ikl

Xax (k) = |det

where we have defined ||k y := (X)) Tk||.
Since E5(t) = Xr2(0,0) Xy (k)pe(k) = 2 k£(0,0) t2Xax (tk)p(ek), we obtain, as before,

. _ 2 cos(2m|tk|y — 2F) 42 - .
E(t)=|det X|7" > <t3/2 3)/(2 s +t5WO(||kH °%) | plek)
k#(0,0) 7|kl
2mt||k||  — 37
:|dCtX1t1/2< y ol 4>,3(€k))+0(1).
k#(0,0) 7T”kH;(

Writing cos(z) = (e 4+ e7*)/2 and squaring E%, it follows, analogous to Claim 14, since
p is real-valued, that it suffices to show that

T |p(ek)p(el)]

A T (0] < 1, (39)
NEERTRE

k,1£(0,0

for all € = (t) such that ¢ > 1/t'/2, where

Talt)i= [ [ ey, (AN) dadn,
’ [1,2)2 JR? ’

Qp(AN) = |[k|lan £ [ll]| an,
3/2 3/2
i) = (LYY

Ikl an il an

for all four choices of signs in the definition of ®y .

The rest of the proof consists of bounding different parts of the sum (39). Doing this
for n = 2 amounts to repeating the arguments for n = 3 with the difference that now k&, [
instead range over Z? and that the exponents of ||k|| and ||I|| in (39) are 3/2 instead of
2. Many of the bounds are improved in the case n = 2, the majority of them becoming
o(1), but we remark that we cannot do better than (1), since with k =1 = (0,1) and
choosing @ ;(AN) = ||kllan — ||l]lan we get Ir;(t) = ©(1). In contrast, most of the
bounds fail for n > 4 using the exact method above; the technical reason being that the
exponents of ||k||, ||I|| for k,I € Z™ in the analog of (39) become (n + 1)/2, whereas we
would need the exponents to be roughly of the order n to get our desired bounds. We
will now proceed to bound the sum (39).
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7.1 Neglecting integer vectors with large coordinates

We imitate the proof of Lemma 18. Let as before U(t) = 32tlog?t. Since ¢ = £(t) >
1/tY2 > 1/t we have

=/ Ikl 0 —\/r/t 00 r
2 673/2<</ 637/2““6/ eVt dr < 173 log?t
k00 Kl Juwsz Ju@)2
Ikl >u(t)

where the last inequality is the same as inequality (21). We also have

1 Ui 1 U(t) ,
Z W«/ mrdrg/ dr < U(t) < tlog”t.
1#(0,0) 11l 1 1

As in the proof of Lemma 18, it follows that

|p(ek)p(el)] 1 e VIekl
> W|Ik,l(t)\<< > e > W<<1
k1(0,0) 1£(0,0) I k£(0,0)
Ikl >2e(t) Ik[I>2(t)

due to the rapid decay of p. Consequently it suffices to restrict the sum (39) to the terms
for which |k;|,|l;| <U(t) for j =1,2.

7.2 Neglecting integer vectors with vanishing coordinates

We have
E 71 < /u(t) —1 d 1
3/2 3z 0 <L
wezequey IKIY oY
k1=0

which, as in Lemma 25, implies that we may neglect the terms of the sum (39) where
both some coordinate of k£ and some coordinate of [ is zero.

Next, to show that we may neglect the terms for which precisely one of k1 or [; is zero,
we need to modify the proof of Lemma 27. The proof may be repeated verbatim up until

~ - LRl 2 2
o is defined, which should be changed to ¥g(a;) :=

= T the derivative of which
AN AN

is bounded since it is

ooy = LI B R
1l I W IR0
This yields, as in the proof of Lemma 27, that |I};(¢)] < %% where the asymptotic
constant is independent of k,[, and thus
pek)p(el 1 1 1
Z |||Z(H3/3|[|)l(||33‘2|1k’l(t)| < n Z 5|13/2 Z L2 <
RIEZ2UD)) %1 1ez2 @iy [l

kEZ2(U(L))
k1=0,k2,l1,l27#0 k1=0 I1,127#0

% -1 -log(U(t)) - /U(t) < 1.
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Next, to show that we may neglect the terms for which precisely one of k2 or [y is zero,

we need to modify the proof of Lemma 29. Again the proof can be repeated verbatim
o kP22
up until the point where we need to show that the partial derivative B—MW is

bounded, where u = —nfa; + az. Indeed it is, for

o NEIPPIP 3 RPN (a2 B) el )

T R L T L (1Rl 12>

This yields, as in Lemma 29, that

dn <

/]R2 ezmék'l(AN)l/}k)l(AN) da

1
'/[1a2>2 k,lEZZZa/(t)) ||/€H3/2||l||3/2 “
=0

11,212750
[lo—2m i [>1
1/ 1 1 1
- n< =
Chior 2 TRFPIPG ™ S €, 2= TR <
ko=0 ko=0
U1,l27#0 l1,l27#0
[la—2m111[>1

Moreover, since there is at most one value that lo may assume in the region |lo — 2m111| < 1,
we also have

dn <

/RQ eQwiQkyl(AN)wa(AN) da

1
/[1 e k,ezzz(,, MCERTEE
ko=

11,l27#0
|la—2ml1|<1
1
/ s dn K / s dn <K
3/2 3/2 3 2:3/2
[1 2) klEZz Z/((t)) Hk” / Hl” / [1 2) k’EZz(Z/((t)) / 1/
k=0 k=0
1132#0 11323&0
[l2—2ml|<1 [la—2ml|<1
Z ks/z Z 13/2 <L
k=1 h=1
Thus it remains only to prove that
1
> Wlh,z(t)l <1 (40)

k1€Z3(U(t))
ki1,k2,l1,l27#0

7.3 Concluding the proof of Theorem 1 for n = 2
We can bound (40) by

/12)2<Z Z +Z )W

/R2 eQwit‘i'k.z<AN)wa(AN) da d77,
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where Y°; is the sum over |kily + kaly + 2vk1l1| < 1/2; Y is the sum over kily — kol = 0;
S5 is the sum over |kila + kali + 2vk1l1] > 1/2 and kila — koli # 0, and where all sums
range over all k,l € Z2(U(t)) such that ki, k,l1,la # 0. Recall that v = —n;.

In order to show that we may neglect the sums >°; and > 5, we need to modify the
proof of Lemma 35. The sum ), is

1

< - <
[ (e, k) 11372 (0, 1) 1372 —

1<|k1],|k2|,|tx || l2| <U(t)
|k1lotkoli+2vk111|<1/2

u(t)

> % )3 1
T i<l pieu 1<l meue 2 DI (, )P/
ged(a,b)=1  br—ay=[2yr2ab]/r

As in the proof of Lemma 35, the sum over (z,y) can be bounded, up to constants, by a
sum where we replace each vector (z,y) by m(a,b) for |m| < v2U(t), m # 0, with one
additional term where we replace 1/||(x,y)|| by ||(a,b)||/|2rab|, and thus the expression
above is

Yoy (D> 5 1

< - : — + - - <

Sl \ T2 @, 0) P 2rab? = 32 (a,0) [P (e, B[P
ged(a,b)=1

U) U) UL) 11 V2U(t) 1
22 Z Z > Y s s <L
r=1a=1b TS a3/2 63/2 r=11<]al,|b|<U(t) m=1 T3/2m3/2“(a7 b)”3

and thus > ; < 1. As in the proof of Lemma 35, the above argument can be repeated
verbatim (with the substitutions ko — —ko and v +— 0) to prove that also Y, < 1.

It thus remains only to deal with >"5. Lemma 33 still holds for n = 2 (when integrating
instead over R?). Applying Lemma 33 to the sum 35, we get

1

/12 2 \\kll3/2\\l\\3/2

1
e d,yv
/, 1<k, \k2|\ll|\lg|<l/{(t |k1127k2l1”k1l2+k211+2’y]€111‘

|k1la+koli+2vk111]>1
kilo—kal1 #0

/]R2 GZﬂit¢k‘l(AN)1/1k7l(AN) da d77 <

where C' is a constant which does not depend on any of k,l, N (but which does depend
on 1), but this is precisely % multipled by the expression (37) on page 22, which we
have already proved is < 1 as part of the proof for n = 3. Thus the expression above is
bS %, so it is < 1. This completes the proof of Theorem 1 for n = 2. O

8 Proof of Proposition 3 and Corollary 4

Denote by
O = [ S ()
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the mean value of f over the set of all lattices with unit determinant, where p; is the
normalized Haar measure on SL,(R)/SL,(Z). We quote the mean value formulas of
Siegel and Rogers (see [Sie45] and Theorem 4 in [Rog55]).

Theorem 41 (Siegel’s mean value formula). Suppose that n > 2. Let p : R" — R be an
integrable function, and let A := XZ" for X € SL,(R). Then

> M} = [ pla)dz+o(0).

ueEA

Ey

Theorem 42 (Rogers’s mean value formula). Suppose that n > 3. Let p: R* x R" — R
be a non-negative Borel-measurable function, and let A :== XZ"™ for X € SL,(R). Then

> p(u,w} =[] redzdy+o0.0)+

u,vEA

2 5 k) seliee)) e

r>1
gcd q,r)=1

Proof of Proposition 3. Taking p(u) := xo(u) in Siegel’s mean value formula, we obtain
E1[Nx ()] = vol(tQ) + 1,

and taking p(u,v) := xa(u)x(v) in Rogers’s mean value formula, we obtain

]E1[Nx(t)]—volt§2 +1+4Z Z n/ xta(z XtQ( )dx

= 7'>1
gcd(q r)=

so that

E; [Nx(t)Q] — (vol(t)2 + 1) = 4 Z qr)” / xta(qx) xea(re) do

ged(g,r)=1
1 t 4 vol(t2
Z v01< Q) = Z _dvol) =: ¢, vol(tQ2),
2= (o Maaxen®) = 2 (o) max(e )
ged(g,r)=1 ged(g,r)=1

where ¢, > 4 is a constant (which is clearly convergent for n > 2). Thus we have

By [Ex (t)*] = B1 [(Nx(t) - vol(192))?] =
E1 [Nx (1)?] — 2vol(t2)E [Nx (1)) + vol(192)* =
cp vol(t2) + 1 — 2vol(tQ2) = 1 + (¢, — 2) vol(Q)t" = O(t"),

E; [|Ex(t)|2] = O(t™?). This completes the proof of Proposition 3. O
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Proof of Corollary 4. We identify GL,(R)/ GLy,(Z) with GL;} (R)/ SLy,,(Z), where GL;} (R)
is the subset of GL,(R) consisting of matrices with positive determinant, and use the
decomposition GL;(R)/SL,(Z) = (SL,(R)/SL,(Z)) - D, where D = {rI : r > 0} is
the set of positive multiples of the identity matrix I. We identify the Haar measure
on GL}(R)/SL,(R) with the Haar measure u on GL,(R), which is well-known to be
bi-invariant. The Haar measure dr/r on D is bi-invariant as well since D is commutative.
Thus the modular functions on these topological groups are identically 1 (see [Kna02]).
Consequently, Theorem 8.32 from [Kna02] implies that

dr
/ Ex®F 0= [, | |Eox (O dpus (X) 2.
a<|det X|<b asrn<p?Sln(R)/ SLa(2) r

We have FE,x(t) = Ex(t/r) for any » > 0, so the inner integral can be written as
E, [\EX (t/r)ﬂ . Using the bounds from Proposition 3 on the inner integral, and bounding
the outer integral trivially, we get

[ 1B du(x) = 0(e"). 0

a,b
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MISSING CLASS GROUPS AND CLASS NUMBER STATISTICS FOR IMAGINARY
QUADRATIC FIELDS

S. HOLMIN, N. JONES, P. KURLBERG, C. MCLEMAN AND K. PETERSEN

ABSTRACT. The number F(h) of imaginary quadratic fields with class number h is of classical interest:
Gauss’ class number problem asks for a determination of those fields counted by F(h). The unconditional
computation of F(h) for h < 100 was completed by M. Watkins, using ideas of Goldfeld and Gross-Zagier;
Soundararajan has more recently made conjectures about the order of magnitude of F(h) as h — oo and
determined its average order. In the present paper, we refine Soundararajan’s conjecture to a conjectural
asymptotic formula and also consider the subtler problem of determining the number F(G) of imaginary
quadratic fields with class group isomorphic to a given finite abelian group G. Using Watkins’ tables, one
can show that some abelian groups do not occur as the class group of any imaginary quadratic field (for
instance (Z/3Z)% does not). This observation is explained in part by the Cohen-Lenstra heuristics, which
have often been used to study the distribution of the p-part of an imaginary quadratic class group. We
combine heuristics of Cohen-Lenstra together with our refinement of Soundararajan’s conjecture to make
precise predictions about the asymptotic nature of the entire imaginary quadratic class group, in particular
addressing the above-mentioned phenomenon of “missing” class groups, for the case of p-groups as p tends
to infinity. Furthermore, conditionally on the Generalized Riemann Hypothesis, we extend Watkins’ data,
tabulating F(h) for odd h < 10% and F(G) for G a p-group of odd order with |G| < 105. (In order to
do this, we need to examine the class numbers of all negative prime fundamental discriminants —q, for
¢ < 1.1881-10'%.) The numerical evidence matches quite well with our conjectures.

1. INTRODUCTION

Given a fundamental discriminant d < 0, let H(d) denote the ideal class group of the imaginary quadratic
field Q(v/d), and let h(d) := |H(d)| denote the class number. A basic question is:

Question 1.1. Which finite abelian groups G occur as H(d) for some negative fundamental discriminant
d?

Equivalently, which finite abelian groups G do not occur as H(d)? The case where G ~ (Z/2Z)" has
classical connections via genus theory to Euler’s “idoneal numbers,” and it follows from work of Chowla
[8] that for every r > 1, the group (Z/2Z)" does not occur as the class group of any imaginary quadratic
field. Later work of various authors ([6], [45], [17]) has shown that (Z/nZ)" does not occur as an imaginary
quadratic class group for 7 > 1 and 2 < n < 6 (in fact, Heath-Brown showed that groups with exponent 2%
or 3-2% occur only finitely many times.) Moreover, (Z/nZ)" does not occur for n > 6 and r >, 1 assuming
the Generalized Riemann Hypothesis (cf. [6, 45]); in fact they show that the exponent of H(d) tends to
infinity as d — —oo.

Due to the possible existence of Siegel zeroes, the unconditional results mentioned above are ineffective.
To find explicit examples of missing class groups, one can undertake a brute-force search using tables of M.
Watkins [44], who used the ideas of Goldfeld and Gross-Zagier to give an unconditional resolution of Gauss’
class number problem for class numbers h < 100. Such a search reveals that none of the groups

z\* z (Z 2 z\*
3Z) ' 9z 3Z) "’ 37
occur as the class group of an imaginary quadratic field.

It is also natural to ask how common the groups that do occur are:
Question 1.2. Given a finite abelian group G, for how many fundamental discriminants d < 0 is H(d) ~ G?
2010 Mathematics Subject Classification. 11R29, 11Y40.

Key words and phrases. Class numbers, class groups, Cohen-Lenstra heuristics.
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In order to address this question, we are led to investigate a closely related issue:
Question 1.3. Given an integer h > 0, for how many fundamental discriminants d < 0 is |H(d)| = h?

Questions 1.1, 1.2, and 1.3 appear to be beyond the realm of what one can provably answer in full
with current technology. In this paper, we combine the heuristics of Cohen-Lenstra with results on the
distribution of special values of Dirichlet L-functions to give a conjectural asymptotic answer to Question
1.3, for h odd. (For this we only use the Cohen-Lenstra heuristic to predict divisibility properties of class
numbers.) Further, using this conjectured asymptotic answer, we use the Cohen-Lenstra heuristic to predict
the p-group decomposition of H(d) and obtain a conjectured asymptotic answer to Question 1.2 in the case
where G is a p-group for an odd prime p. (We believe that similar results hold for composite class number,
though here one must be careful in how limits are taken; for instance with some groups of order pi'p5?,
p1 fixed and po tending to infinity is very different from p; and ps both tending to infinity.) In particular,
regarding Question 1.1, we establish a precise condition on the shape of an abelian p-group which governs
whether or not it should occur as an imaginary quadratic class group for infinitely many primes p. For
instance, our conjecture predicts that the group

7\ 3
(pZ>

should appear as a class group for only finitely many primes p (in fact, quite likely for no primes p at all; cf.
Conjecture 1.10 in Section 1.3.1), whereas the two groups
Z Z o Z
P37’ p*Z " pZ
should occur as a class group for infinitely many primes p.
Given a positive integer h we set

F(h) := [{fundamental discriminants d <0 : h(d) = h}|. (1.1)

Thus for instance F(1) = 9, which is the statement of the Baker-Stark-Heegner theorem on Gauss’ class
number 1 problem for imaginary quadratic fields. Given a fixed finite abelian group G, we consider the
refined counting function

F(G) := |{fundamental discriminants d <0 : H(d) ~ G},

so that F(h) = 37 )=y, F(G), where the sum runs over isomorphism classes of finite abelian groups of order
h. The Cohen-Lenstra heuristics suggest that, for any finite abelian group G of odd order h, the expected
number of imaginary quadratic fields with class group G is given by

F(G) ~ P(G) - F(h), (1.2)

where

1 1
P(G) = (\Aut(G)|>/ > [Aut(G")] | (13)

abel. groups G/
s.t. |G/ |=|G|

The first factor P(G) may be evaluated explicitly, whereas the second factor F(h) is more delicate. K.
Soundararajan has conjectured (see [40, p. 2]) that

h
F(h) <
(k) log h
We refine Soundararajan’s heuristic, sharpening (1.4) to a conjectural asymptotic formula, which involves

certain constants associated to a random Euler product. Let Y = {Y(p) : p prime} denote a collection of
independent identically distributed random variables satisfying

(h odd). (1.4)

1 with probability 1/2
¥(p) :—{ propebiiy 1/

—1  with probability 1/2
2



and let

LLY):=]] <1 - &p)yl

p
p
denote the corresponding random Euler product, which converges with probability one. Define the constant

¢:=15 ﬁ ﬁ <1 - %) ~ 11.317, (1.5)

=3 =2
¢ prime

as well as the factor (defined for odd h)

=TI -1)

prfhi=1
Conjecture 1.4. We have
1
(L(l,Y)2 log(wh/L(1,Y))
as h —» oo through odd values. (Here E denotes expected value.)

f(h)~1%»c(h)-h E ) ~ € c(h)- Zrh) (1.6)

Conjecture 1.4 is developed from the Cohen-Lenstra heuristics together with large-scale distributional
considerations of the special value L(1, x4). The former can be viewed as a product over non-archimedean
primes; the latter as an archimedean factor — in a sense our prediction is a “global” (or adelic) generalization
of the Cohen-Lenstra heuristic, somewhat similar to the Siegel mass formula.

More precisely, motivated by the Cohen-Lenstra heuristic we introduce a correction factor that considers
divisibility of h by a random odd positive integer (for instance a random class number is divisible by 3 with

conjectural probability
o0
1
1- 1—— ) ~43%,
(2 ) ~ o

and this suggests a correction factor of (1 — []52; (1 — 35)) /(1/3) whenever 3 divides h). We remark that the
Cohen-Lenstra heuristics have often been applied to give a probabilistic model governing the p-part of a class
group, for a fized prime p (see for instance [10, Section 9]). By contrast, the precise asymptotic predicted by
Conjecture 1.4 involves applying these considerations for all primes p (including the archimedean prime).

The relevant information about the distribution of L(1,x4) is implicit in the following theorem, which
gives the analogue of [40, Theorem 1] averaged over odd values of h.

Theorem 1.5. Assume the Generalized Riemann Hypothesis. Then for any e > 0, we have

Z F(h) = E o ZQH +0 (H2(log H)7*/2+<),

as H — oo.

Remark 1.6. In fact, our analysis (cf. Section 4) yields the more accurate approximation

¢ 1
Fh)~ 15 -c(h)-h-E (L(l,Y)?log(m/L(l,Y))>

h c c c 1 (17)
= c(h)- =2+ =4 ( ))
«(n) log(mh) ( log(wh) ~ log®(wh)  log®(wh) ¢ log®(7h)
where

.7 log L(1,Y)

= 15 ( L(L,Y)? 0578,

log? L(1,Y)

= ~ 1.

e 15 ( 7ONIE 0.604, (1.8)

1 log” L(1,Y) _
c3 = EE <W ~ —0.526.
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Without this higher order expansion we have a relative error of size O(1/log h); since we only have data for
odd h < 109, the higher order expansion is essential to get a convincing fit to the observed data.

1.1. Numerical evidence for Conjecture 1.4. With the aid of a supercomputer and assuming GRH, we
have computed F(h) and F(G) for all odd h < 105 and all p-groups G of odd size at most 10°. For the
correctness of the computation, and to obtain some important speedups, we use GRH in three ways. First,
we use a recent result by Lamzouri, Li, and Soundararajan [25] in order to give an upper bound on the
negative prime fundamental discrimants d < 0 for which h(d) < 10°. Consequently it is enough to examine
h(—q) for all primes ¢ = 3 mod 4, and ¢ < 1.1881 - 10'®. In particular, we must extend the class number
computation [23], where Jacobson, Ramachandran, and Williams determine h(—d) for d < 10!, and —d
a fundamental discriminant. In order to avoid the costly full computation of the class number (especially
for —d > 10'), we use the Dirichlet class number formula h(d) = L(1,x4) - /|d]/7 in order to compute a
lower bound on h(d) by approximating L(1, x4). Assuming GRH, L(1, x4) is well approximated by a short
truncated Euler product; to choose parameters we use some explicit GRH-conditional bounds due to Bach
[1] together with a simple, but quite important, improvement (cf. Proposition 6.1.) Finally, for class groups
that are far from cyclic (these are quite rare), we compute the full class group using PARI’s quadclassunitO,
an implementation of Buchmann-McCurley’s sub-exponential, and GRH-conditional, algorithm. For more
details regarding the computation, see Section 6.

The numerics give us quite convincing evidence in support of Conjecture 1.4. Below we give some samples!
of computed values F(h) (conditional on the GRH) compared to the values predicted by Conjecture 1.4,
rounded to the nearest integer. We also list the relative error (F(h)—pred(h))/ pred(h) given as a percentage,
where

h 1 &) c3 >

red(h) :=C-¢c(h) —— - [ 1+ + + . 1.9

pred(h) (h) log(mh) ( log(wh) ~ log?(mh)  log®(rh) (1.9)
h 10001 10003 10005 10007 10009 10011 10013 10015
F(h) 10641 12154 20661 10536 10329 15966 12221 12975
pred(h) 10598 12116 21074 10383 10385 16144 12038 12993
Relative error | +0.41% +0.31% —1.96% +1.48% —0.54% —-1.10% +1.52% —0.14%
h 100001 100003 100005 100007 100009 100011 100013 100015
F(h) 94623 85792 164289 86770 111948 142512 87138 108993
pred(h) 94213 85641 164806 86620 111210 142989 86577 108820
Relative error | +0.43% +0.18% —0.31% +0.17% +40.66% —0.33% +0.65% +0.16%
h 999985 999987 999989 999991 999993 999995 999997 999999
F(h) 1064529 1095135 771805 791007 1093645 914482 733397 1815672
pred(h) 1063376 1098842 769673 788871 1093732 911447 730673 1825811
Relative error | +0.11% —0.34% +0.28% +0.27% —0.01% +0.33% +0.37% —0.56%

For large h the prediction seems fairly good as the relative error very often is smaller than 1%. To gain
further insight, we study the fluctuations in the difference between the observed data and the predictions,
normalized by dividing by the square root of the prediction (it is perhaps not a priori obvious, but with this
normalization the resulting standard deviation is close to one in many circumstances). More precisely, we
make a histogram of the values of

F(h) — pred(h)

Vored(h)

for various subsets of the (odd) integers. For notational convenience, we shall let p and o denote the mean
and standard deviation, respectively, of the observed data in each plot.

r(h) :=

IThe complete list of computed values of F(h) is given in [20].
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2

FIGURE 1. Histogram for 7(h), as h ranges over odd integers in [500000, 1000000]. (x,0) =
(0.291561, 2.685280).

Interestingly, the probability distribution appears to be bimodal. A closer inspection of the table above
indicates a small positive bias for h that are divisible by three. Separating out (odd) h according to divisibility
by three, or not, results in the following two histograms:

T
|

FIGURE 2. Histogram for r(h), as h # 0 mod 3 ranges over odd integers in
[500000, 1000000]. (p,0) = (1.987995,1.006428).
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0.2

0.15

FIGURE 3. Histogram for r(h), as h = 0 mod 3 ranges over odd integers in
[500000, 1000000]. (p,0) = (—3.101265, 1.529449).

The curve (red in color printouts and online) in the first plot is a Gaussian probability density function
with mean and standard deviation fitted to the data — the first plot appears to be Gaussian, whereas the
second clearly is not.

Also note that (after our normalization), the effect of three divisibility is quite pronounced — the shift in
the mean value is of order of magnitude a standard deviation.

By further separating h =0 mod 3 into subsets according to the exact power of three that divides h, we
obtain distributions that appear Gaussian; for comparison, we again plot a (red) curve giving the probability
density function for a Gaussian random variable with the same mean and standard deviation as the observed
data. (Note that there is a significant shift in the mean, whereas the standard deviation is close to one.)

0.151

4

FIGURE 4. Histogram for r(h), for odd h in (500000,1000000), 3||h. (u, o) = (—2.326289,1.027387).
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0.35F

0.3

0.25F

0.2

0.15F

0.11

0.05+

M\H
-4 2

_ \\\6

FIGURE 5. Histogram for r(h), for odd h in (500000,1000000), 32||h. (u,0) = (—4.372185,1.062480).

0.3
0.2

0.1

FIGURE 6. Histogram for r(h), for odd A in (500000,1000000), 33||h. (1, o) = (=5.110585, 1.087463).

The exact nature of this “three divisibility bias” is unclear, but inspired by the slow convergence in the
Davenport-Heilbronn asymptotic?
> |H@B|~C-X (1.10)

—X<d<0
d fund. disc.

(here H(d)[3] denotes the 3-torsion subgroup of H(d)) we can slightly adjust ¢(h) to remove most of this bias
and obtain a more accurate prediction pred’(h). (Essentially we examine the exact power of three divisibility

°In fact, a negative second order correction to (1.10) of size X5/6 was recently obtained by T. Taniguchi and F. Thorne [42]
and also independently by M. Bhargava, A. Shankar and J. Tsimmerman [4].
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of h and adjust to the data, see Section 4.2 for more details.) With this adjustment, the fluctuations for
F(h) — pred’(h)
V/pred’(h)

(for the full set of odd h) is quite close to a Gaussian.

r'(h) =

A [l

FIGURE 7. Histogram for r'(h), for all odd A in (500000,1000000). (u, o) = (0.013214,1.065277).

However, compared to the fitted Gaussian, the histogram is slightly more peaked, and has less mass in
the tails. If we remove integers being divisible by 3* this effect is reduced and we get an improved fit to a
Gaussian.

il |

FIGURE 8. Histogram for /(h), for all odd h in (500000,1000000) and % not divisible by 81.
(1, 0) = (0.016292,1.016726).



1.2. Groups occuring as class groups. We now return to our discussion of the quantity F(G). To make
precise what we mean by the shape of an abelian p-group, recall the bijection

{partitions of n} <« {abelian groups of order p"}

i
A= (n1,ng,...,n.) = Ga(p) == @Z/p”’Z.
i=1
Using (1.2) in conjunction with Conjecture 1.4, and evaluating each factor asymptotically, we are led to the
following conjecture. Given a partition

A= (ny,ng,...,np), M1>ng>--2n.>1, nitno+--+n.=n

of n, define the cyclicity index of A by
T T
e\ =D (8= 2i)n; =ny — »_(2i — 3. (1.11)
i=1 i=2
Note that ¢(\) € [l — (n — 1)%,n] and G\(p) is cyclic if and only if ¢(\) = n; thus c()\) provides a measure
of how much G, (p) deviates from being cyclic.

Conjecture 1.7. Fizn € N and a partition A of n. Then F(GA(p)) > 0 for infinitely many primes p if and
only if ¢(A) > 0. More precisely, if c(A\) > 0 then as p — oo we have
¢ pc()\)

F(Gx(p)) ~ 7 logp’

where € is as in (1.5). If ¢(\) = 0 then as x — co we have

¢ T

If ¢(X\) <0 then
p>\1 = f(G)\(p)):O.

Definition 1.8. We say that a partition A of n is attainable if c(X) > 0.

Thus, Conjecture 1.7 implies that G (p) occurs as a class group for infinitely many primes p if and only if
A is attainable. What is the relative proportion of attainable partitions among all partitions? The following
table suggests that the relative proportion decreases with n.

\ n T4[5 [ 6 [ 789 J10]11[12]...] 100
#{attainable partitions of n} || 3 3 5 5 7 7 9 9 13 ... 4742
#{partitions of n} 5 7 |11 [ 15 [ 22 [ 30 | 42 [ 56 | 77 |... ] 190569292
Ratio 0.6043]0.45[0.33]0.32[0.23[0.21[0.16 [0.17 | ... [ 0.000025

Our next theorem confirms this.
Theorem 1.9. For a positive integer n, we have

#{attainable partitions of n} < n3lieC—EmVi.
#{partitions of n}

In particular,
. #{attainable partitions of n}
im =

0.
n—00 #{partitions of n}

1.3. Numerical investigations of attainable groups. For families of p-groups with ¢(\) > 0, we expect
that many (if not all) groups should occur; in fact F(Gx(p)) should grow with p. On the other hand, there
should be very few (if any at all) in case ¢(\) < 0 — we call these groups “sporadic”.

In this section, we present numerical evidence supporting Conjecture 1.7 based on our numerical compu-
tation of F(G), conditional on GRH, for all p-groups G of odd size at most 10%. (See Section 6 for details
regarding the computation.)



1.3.1. Numerics on F(Gx(p)). We give in the tables below® the value of F(G(p)) (conditional on GRH)
for each odd prime p and each partition A of some n > 3, such that |G(p)| < 10°. To be precise: The
second column in each table contains all partitions of n for some fixed n, ordered by decreasing cyclicity
index ¢(), which itself is given in the leftmost column. The top row contains a list of all primes p such that
p" < 10°, and under each p we list the values of F(G(p)) corresponding to the partition A in the same row.
Whenever a partition is omitted from a table, then it is implied that all omitted values of F(Gx(p)) are zero.
Groups occuring in rows corresponding to negative cyclicity index (“sporadic groups”) are star/bold-marked
for emphasis (also see Section 1.3.2.)

cA) A p=3 5 7 11 13 17 19 23 29 31 37 41
3] (3) 88 279 607 1856 2904 5797 7963 12958 24407 29201 46981 62327
1](2,1) 5 11 13 19 17 25 22 29 35 26 39 37
—31(1,1,1) 0 0 0 0 0 0 0 0 0 0 0 0
cMA p=43 47 53 59 61 67 71 73 79 83 89 97
3] (3) 71617 91690 127190 170444 186988 242464 283998 306567 382770 438976 533751 678610
1](2,1) 39 29 46 48 57 55 60 66 51 73 66 69
-3|(1,1,1) 0 0 0 0 0 0 0 0 0 0 0 0
<A p=3 5 7 11 13 17 19 23 29 31
4 (4) 206 1093 3404 16290 29496 77693 116710 233027 548392 701408
2((3,1) 19 47 71 146 197 244 343 480 644 779
0](2,2) 3 0 0 0 2 1 2 1 0 1
—2{(2,1,1) 0 0 0 0 0 0 0 0 0 0
—81(1,1,1,1) 0 0 0 0 0 0 0 0 0 0
cA) A p= 5 7
6](6) 1512 19469 116278
VX p=3 5 7 11 13 4(5,1 177 1024 2887
51(5) 549 4610 19430 147009 314328 2| (4,2 18 37 58
3| (4,1) 56 218 444 1347 1894 0](4,1,1) 0 3 0
11(3,2) 8 5 8 13 9 0] (3,3) 2 2 3
—1[(3,1,1 0 1x 0 0 0 —2(3,2,1) 0 0 0
-31(2,2,1 0 0 0 0 0 —6(3,1,1,1) 0 0 0
-71(2,1,1,1) 0 0 0 0 0 —6(2,2,2) 0 0 0
—15[(1,1,1,1,1) 0 0 0 0 0 —8((2,2,1,1) 0 0 0
—14|(2,1,1,1,1) 0 0 0
—24|(1,1,1,1,1,1) 0 0 0
eME pP=3 5 7
7107 3881 86038 711865 i
4 1 571 4925¢ 1 3 C()\) A p:3 5
3 22; ’58 1;2 73?; 81 (8) 10712 379751
1(5.1.1) 7 7 6 6(7,1 1585 18956
—1 4"2’1 1x 0 0 2 6,171) 18 30
—3[(3.3.1 1x 0 0 21(5,3) 15 24
=5/(4,1,1,1) 0 0 0 0(5,2,1) 4 1
—5((3,2,2) 0 0 0 0| (4,4) 2 0
~7|(3.2,1,1) 0 0 0 —2|(4,3,1) 1 0
—11(2,2,2,1) 0 0 0 —41(5,1,1,1) 0 0
—13 3,1,1,1,1; 0 0 0 i : :
—-15((2,2,1,1,1 0 0 0 —481(1.1.1.1.1.1. 1.1 ) )
-231(2,1,1,1,1,1) 0 0 0 SlLLLLLLLY) 0 0
—35[(1,1,1,1,1,1,1) 0 0 0

3The complete list of all F(Gx(p)) is given in [21], and a complete list of all corresponding discriminants d and groups H(d)
is given in [22].
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c(A) A p=
919 28308
71(8,1 4516
5((7,2 454
30(7,1,1) 42
31(6,3) 54
1/(6,2,1) 10
11(5,4) 4

—1/(5,3,1) 1x
—3(6,1,1,1) 0
—63](1,1,1,1,1,1,1,1,1) 0
c(A) A p=

T1[(11) 216520

9(10,1) 35544

71(9,2) 3880

5((9,1,1) 437

51(8,3) 460

3((8,2,1) 58

3(7,4) 49

1((7,3,1) 10

1/(6,5) 9

—1/(8,1,1,1) 0
—1((7,2,2) 1%
—1(6,4,1) 1x
-3/(7,2,1,1) 0
—99(1,1,1,1,1,1,1,1,1,1,1) 0

c(A) A p=
107 (10) 78657
81(9,1 12433
6(8,2 1446
41(8,1,1) 160
41(7.3) 167
21(7,2,1) 16
2(6,4) 14
01(6,3,1) 1
0/(5,5) 0
-80(1,1,1,1,1,1,1,1,1,1) 0
C()\) A p=3
121 (12) 603525
10| (11,1) 98421
8 510,2) 10988
6(10,1,1) 1291
61(9,3) 1265
41(9,2,1) 220
4 ES, 4) 133
21(8,3,1) 26
2((7,5) 17
0((9,1,1,1) 2
0](8,2,2 1
0(7,4,1 1
0|(6,6) 2
-2 E& 2,1,1) 1%
-21(7,3,2) 0
—-120)(1,1,1,1,1,1,1,1,1,1,1,1) 0

Below we plot, for p ranging over odd primes, observed values F(Gx(p)) (black dots) versus predicted
values P(GA(p)) - pred(|Ga(p)|) (red dashed lines) for various partitions A with positive cyclicity index
c(A) > 0.

700000

600000

500000

400000

300000

200000

100000

Partition (2) with cyclicity index 2

400

Partitions of 2

1000

Partition (3) with cyclicity index 3

700000
600000
500000+
400000
300000+
200000
1000001

Partition (2, 1) with cyclicity index 1

20 40 60 80

Partitions of 3

100



Partition (4) with cyclicity index 4 Partition (5) with cyclicity index 5

700000 » 300000+ e
’ 250000 P
600000 K 2000001 -
500000 L7 150000} e
400000 .7 100000 T
300000 L’ Scoog— e ‘ ‘
200000 g Partition (4, 1) with cyclicity index 3
100000 e 2000 I
S L 1500 P
Partition (3, 1) with cyclicity index 2 10001 -7 .
800 . 500/ T
700 7 o -
600 Prad . Partition (3, 2) with cyclicity index 1
500 . 1l T
400 .- o e I
300 Pt 8
- 6
200 T ab
100 T 2l
0 10 15 20 25 30 35 2 4 6 8 10 12 14
Partitions of 4 Partitions of 5

We remark that each vanishing entry in the tables above corresponds to a “missing” group. In particular
we see that the group (Z/pZ)® does not appear as the class group of a quadratic imaginary field for any
prime 2 < p < 100. Based on a combination of heuristics and numerics, it is reasonable to conjecture that
(Z/pZ)™ does not occur for any odd prime p and any n > 3.

Conjecture 1.10. For p odd, there are no elementary abelian p-groups of rank at least 3 which occur as the
class group of an imaginary quadratic field.

Indeed, by (1.2) and Conjecture 1.4, together with the observed (GRH-conditional) fact that no (Z/pZ)™
occurs as an imaginary quadratic class group for p” < 10%, we may bound the expected number of coun-
terexamples by

ey A @.ﬁ<1_i>71 )P —

2_9 = . 2_9 .

pna np™ —2"logp - 20 ps np™ ~2"logp
p>10° p">108

Since the right-hand sum can then be bounded by 10~%, Conjecture 1.10 is heuristically justified.
Finally, we observe that none of the groups G(p) of odd size < 10° with c()\) > 0 are missing.

1.3.2. Sporadic groups in negative cyclicity index case. As just indicated with bold/star-marks in the tables,

each of the groups
Z . (zY oz z z  (Z\ Z
537 52) 317 7 3272 37’ 33Z 3z’

Z I I Z 7 Z ZXZQ
317 " 337 737 L BL 3L’ 372 " \3Z)
Z 7z Z Z Z Z\?

— X =7 X =5, —— X —— X —

36z~ 37 " 3Z 38z " 322 " \3z2

occurs exactly once as an imaginary quadratic class group, even though c¢(\) < 0 for each corresponding
partition A\. From the point of view of Conjecture 1.7, these examples may be regarded as “sporadic,” since
conjecturally they do not belong to an infinite family.

1.3.3. Zero cyclicity index — the family F((Z/pZ)?). The case of ¢(\) = 0 is intermediate in the sense that
infinitely many groups in the family should occur, and infinitely many should not. Here the data is quite
limited, and we restrict ourselves to the family G = (Z/pZ)?. The following table contains all odd primes p
such that p? < 105, grouped according to the value of F((Z/pZ)?), assuming GRH.

12



[ n [ All primes p < 1000 such that F((Z/pZ)?) =n

0

11, 19, 37, 79, 89, 97, 103, 139, 151, 167, 181, 191, 193, 227, 229, 233, 241, 251, 271,
281, 283, 311, 313, 317, 349, 353, 350, 383, 401, 409, 433, 443, 463, 467, 479, 491,
499, 523, 563, 571, 587, 601, 619, 631, 643, 673, 701, 709, 733, 757, 769, 787, 809,
829, 877, 887, 907, 919, 929, 947, 953, 977, 983

3, 17, 23, 41, 43, 47, 61, 67, 73, 107, 109, 113, 127, 131, 137, 157, 163, 173, 179, 199,
239, 257, 263, 269, 277, 293, 307, 331, 337, 347, 367, 373, 379, 397, 419, 439, 457, 487,
503, 509, 521, 547, 557, 577, 599, 613, 617, 641, 653, 659, 677, 683, 691, 719, 727, 739,
743, 761, 797, 811, 821, 823, 839, 853, 857, 859, 863, 881, 937, 941, 971, 991, 997

5, 7,29, 31, 53, 59, 71, 83, 101, 197, 211, 223, 389, 431, 449, 461, 569, 593, 607, 647,
661, 827, 883, 911

3

149, 421, 541, 751, 967

4

773

5

13

The limited data seems to support intermediate behaviour.
One may ask how well our prediction of F(G), using equation (1.2), holds up. The following graph
compares the cumulants of the predictions with the observations.

Partition (1, 1) with cyclicity index 0

160,

140f -7

600 1000

FIGURE 9. Cumulative observed values -, F(G(1,1)(p)) (black dots) compared to cumu-
lative predicted values > _, P(G1,1)(p)) pred(p®) (red dashed line), for each prime z <
1000.

1.4. Related work. Certain classes of finite abelian groups are already known not to occur as imaginary
quadratic class groups. For instance, letting H(d)[n] denote the n-torsion subgroup of H(d), it is known that
[H(d)[2)] < [H(d)|*™
(this is essentially genus theory together with Siegel’s lower bound on the class number; if H(d) has two rank
r, then d has at least r — 1 distinct prime factors). In particular, for any fixed € > 0 there are only finitely
many imaginary quadratic class groups H(d) satisfying |H (d)[2]| > |H (d)|°. Weaker bounds are known for
the size of the three torsion part; in [13] Venkatesh and Ellenberg (improving on Helfgott and Venkatesh [18]

and Pierce [33]) show that
[H(d)[3]] < [d]'/**.
From this and the (GRH-conditional) lower bound d*/? < |H(d)|, one sees that, for any ¢ > 0 there are only
finitely many imaginary quadratic class groups H(d) satisfying |H(d)[3]| > |H (d)[>/3~e.
13



The problem of realizing a given abelian group as an imaginary quadratic class group may be viewed in
the context of the following broader questions.

Question 1.11. Given a finite abelian group G, does there exist a number field K for which the ideal class
group of K is isomorphic to G?

The answer to this problem is believed to be yes (one ought to be able to take K to be a real quadratic
extension of Q) but the problem is open in general, in spite of various partial results. G. Cornell [11] proved
that every finite abelian group occurs as a subgroup of the ideal class group of some cyclotomic field, and Y.
Yamamoto [47] proved that, for any n > 1, there are infinitely many imaginary quadratic fields whose class
group contains (Z/nZ)? as a subgroup. We note that Ozaki [30] has shown that any (possibly non-abelian)
p-group occurs as the maximal unramified p-extension of some number field F'.

Further broadening our perspective, we may also ask:

Question 1.12. Given an abelian group G, does there exist a Dedekind domain D for which the ideal class
group of D is isomorphic to G7

In [9], Claborn answered this question in the affirmative; Leedham-Green subsequently showed that the
Dedekind domain D can be taken to be a quadratic extension of a principal ideal ring.

Finally, we remark that the Cohen-Lenstra heuristics apply to a broader class of situations where finite
abelian groups arise as co-kernels of random sub-lattices of Z™. For instance, [12] contains average results
on the group of Z/pZ-rational points of an elliptic curve which are consistent with the Cohen-Lenstra
heuristics (of course the rank can be at most two in this setting), and (in much the same spirit as our present
consideration of missing class groups) [2] considers the question of which finite rank 2 abelian groups occur
as the group of Z/pZ-rational points of some elliptic curve E over Z/pZ.

We conclude with some remarks regarding the numerical computations. Removing the assumption of
GRH and making the computational results unconditional would be interesting, but probably very difficult
since effective unconditional lower bounds on class numbers are quite weak (the best know bound, due to
Oesterlé [29], is that h(—q) > logq for —g a negative prime fundamental discriminant.) In particular, it
would involve a major advance on Watkin’s solution [44] to Gauss’ class number problem for h < 100. (Of
course, considering only odd h should be quite helpful.)

Determining h(—d) for d € (0,D) and —d ranging over fundamental discriminants is somewhat easier
to do unconditionally, either by enumerating the primitive reduced quadratic forms in time O(D?3/?) (cf.
[7]), or using GRH-conditional algorithms which, as suggested by A. Booker, can then be verified using the
Eichler-Selberg trace formula. The latter algorithm, due to Jacobson, Ramachandran, and Williams [23],
leads to a total running time of O(D5/4)7 and allowed them to take D = 10''. However, the verification
step relies on knowing h(—d) for all d in the relevant range, and seems difficult to adapt to a setting where
only h(—q) is known for 0 < ¢ < D and —¢ ranging over negative prime fundamental discriminants. On
the other hand, Booker’s algorithm [5] gives the correct value of h(—d) in time O(d'/*) if GRH is true (in
time O(d'/?) otherwise), and his algorithm can easily be restricted to prime discriminants. It would also be
interesting to investigate the potential speedup from using Sutherland’s primorial-steps algorithm (cf. [41,
Ch. 4 and 11] — it exploits the smooth part of the class number, and results in better than O(d'/”) median
time to find h(—d).

1.5. Outline of the paper. The organization is as follows: Section 2 covers the preliminary material on
Cohen-Lenstra heuristics and the distribution of L(1, x4). In Section 3, we prove Theorem 1.5. In Section
4, we develop heuristics which lead to Conjectures 1.4 and 1.7. In Section 5, we discuss partition generating
functions and give a proof of Theorem 1.9. In Section 6, we sketch the techniques used to obtain the
numerical evidence.
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2. PRELIMINARIES

In this section, we briefly review relevant background material.

2.1. Cohen-Lenstra heuristics. When a finite abelian p-group G occurs in nature, its likelihood of oc-
currence is often found to be proportional to 1/| Aut(G)|. This suggests constructing a discrete probability
measure i on
&, := {isomorphism classes of abelian p-groups}
c
by setting u({G}) = TAw(@)] for an appropriate positive constant ¢, if possible. The following lemma
u
shows that this indeed the case, and is also useful for evaluating c.

Lemma 2.1. We have that

S e 1(-2)

Geoy i=1
|Gl=p"
1 n < 1 > -1
> - (-5)
2 Taw@) ~ LU
IGl<pn
Proof. The first equation is [10, Cor 3.8, p. 40]; the second follows from the first by induction on n. O

Let us set
Moo (p) = l]j (1 - %) . (2.1)

By taking n — oo in Lemma 2.1, we see that one must take ¢ = 7 (p) in order for (®,) = 1. In the
Cohen-Lenstra model, the probability of G occurring as the p-part of a class group is thus given by

150 (P)
G}) = —F~. 2.2
e (22)
Lemma 2.1 also has the following useful corollary. Here and later in the paper, we will also make use of the
notation
D := {negative fundamental discriminants},
D(z)={deD: —d <z},
D' :={geD: —qis prime},
D'(z):={qgeD: —q<u}.
Recall that by genus theory, we have
h(d) is odd <= —d is prime

for d € ® with d < —8. This observation explains the following notation, wherein P denotes any property
of positive odd integers.

D'(x): h satisfies P
Prob(h satisfies P : h is an odd class number) := lim #ig € D'(@) : hlq) satisfies }

i 79/ (2) @3)

15



Corollary 2.2. Assuming the Cohen-Lenstra heuristics, for any n > 0 we have

oS}

. 3 . y = — l)
Prob(p" t h: h is an odd class number) 1]:7[7 (1 pr
oo
Prob(p" || h: h is an odd class number) = <1 - —.)
7,:n+1

Proof. The Cohen-Lenstra heuristics specify that
Prob(p™ { h: h is an odd class number) = u({G € &, : |G| < p"'}).

Together with Lemma 2.1, this gives the first equation, and the second equation follows from the first since
Prob(p™ || h : h is an odd class number) is equal to

Prob(p™ | h : h is an odd class number) — Prob(p™*! | h : h is an odd class number). O

2.2. The class number formula and special values of L-functions. Recall the class number formula,
which in our context reads

wh(d)
Vld|

where L(s,x4) = S ocq Xa(n)n™* is the L-function attached to the Kronecker symbol x4 := (). This
formula connects the statistical study of class numbers to that of the special values L(1, xq). Building upon
ideas that go back to P.D.T.A. Elliot, A. Granville and K. Soundararajan [15] proved that, on average over

d € ©, L(1,xq) behaves like a random Euler product. More precisely, if X(p) denotes the random variable
defined by

L(1, xa) = (deD,d< -8), (2.4)

s

1 with probability ﬁ
X(p) =10 with probability pTlrl
—1  with probability m,

and L(1,X) denotes the random Euler product

L(1,x) =] (1 - M) 717

» p
then [15, Theorem 2] (see also [40, p. 4]) implies that, for |2| < logz/(500(loglog )?) and Re(z) > —1, we
have

> L) = @) B 07 +0 (190 (5L ) (25)

4o ) 5loglog x

where E denotes the expected value. This leads to the average result

3 Fm) = 34 2) 2240 (H2(log H)~ 1/2+E) , (2.6)
h<H

for any € > 0 (see [40, Theorem 1]). In the interest of establishing the appropriate constant in Conjecture
1.4, we will next prove Theorem 1.5, which is an analogue of (2.6) averaged over odd values of h.

3. THE AVERAGE OF F(h) OVER ODD VALUES OF h

In this section we prove Theorem 1.5, that is we develop an asymptotic formula for Z F(h). By genus

h<H
h odd

theory, the restriction for h > 3 to be odd is equivalent to the condition that the associated discriminant d
be prime. As an auxiliary result, we begin by proving the analogue of (2.5) over prime discriminants.
16



3.1. The distribution of L(1,y) over prime discriminants. We now prove an asymptotic formula for
the general moment of L(1, x,) averaged over ¢ € ®'(z). Our proof generally follows the methods used in [15,
Theorem 2|, but the restriction to prime discriminants demands that we use a different probabilistic model
than the model X introduced earlier. Indeed, Prob(X(p) = 0) = 1/(p + 1) corresponds to the probability
that a random fundamental discriminant d € © is divisible by the prime p, and one computes

W0y 1

[Z/p*Z - {0} p+1
On the other hand, the event p | ¢ can happen at most once for ¢ € ®’, and so we replace X with Y, where
we recall that

Prob(p | d:d e D)

1 with probability 1/2
Y(r) { probability 1/ (3.1)

—1  with probability 1/2.
The corresponding random Euler product is then
Y(p)\
L(1,Y) := <1 - —
==
2
We will also make use of the following estimate for the remainder term in the Chebotarev density theorem

for quadratic fields.

Proposition 3.1. Assume the Generalized Riemann Hypothesis for Dedekind Zeta functions of quadratic
number fields. Then for d € N and any real non-principal Dirichlet character x modulo d, we have

1
Z 1= 3 Li(z) + O(z'/? log dx),
A

with an absolute implied constant.

Proof. This is a special case of a theorem of Lagarias-Odlyzko on the error term in the Chebotarev density
theorem for general number fields; see [24, Theorem 1.3] and [39, Théoréme 2]. O

As an immediate corollary, one deduces the following analogue of the Polya-Vinogradov Theorem, which
gives square-root cancellation of characters sums over prime values.

Corollary 3.2. Assume the Generalized Riemann Hypothesis for Dedekind Zeta functions of quadratic
number fields. Then for n € N which is not a square, we have

Z xq(n)| < 22 log(nx),
qeD/ ()

with an absolute implied constant.

The next theorem follows from Corollary 3.2, together with some technical lemmas from [15]. In particular,
its proof will utilize several properties of the z-th divisor function d,(n) for z € C, which is characterized by
the equation

(=2 (Re(s) > 1),

Further note that d,(n) is a multiplicative function, and for prime powers n = p® we have that
I(z+a) z(z4+1)(z+2)...(z+a-1)

d=(v") = all'(2) - a! (3:2)

Theorem 3.3. Assume the Generalized Riemann Hypothesis and let € > 0. Then, uniformly for |z| <
log #/(500(log log z)?), we have

> Lxg) = [9(@)] - E(L(1,Y)?) + O. (a/2+) .
qeD’ ()
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Proof. By Lemma 2.3 of [15], for any Z € R with Z > exp ((logq)'?)) we have

£0.G) = S = e o (1),

(Note that, since we are assuming GRH, we may ignore any possible exceptional discriminants.) Thus we

have
oo

Z L(1,x,)° Zd(n) -z Z Xq(n) + O(loglog x). (3.3)

qE€D’ () n=1 qeD’ ()

The main term in our asymptotic comes from the subsequence n = m?; the other values of n contribute to
the remainder term. Indeed, for n = m?2, we have

D xe(m?) = D' (2)| + O(w(m)),
qED’ (x)

and the contribution of these terms to (3.3) is thus

7m2/z |d. (m?)w(m)] —m?/Z
(z)| Z mQ e +0 (log logx + Z 7m2 e .

m=1

Using w(m) < d(m) together with the bounds

o0
d.(m?)d
Z (mm)2 (m) e—7n2/Z < log(|z\ +2)4\z\+4 <. o

m=1

and

- 2 > d 2(m) (m2\Yt O ¢(3/2) 0+
1—e™m/Z <ZM = S\ 7 2
( i ) - m? Z Z1/4 ~z

m=1
(see [15, p. 1014]) one finds that the contribution of the n = m? terms to (3.3) is thus

\@()\Z () 4 0.0 = @1l S U ) Lo

=
02 (5) ) +0-6)
= 25 ) p% (¢

—z 1 —z
|H (( ) +<1—5> >+05(x5)
=9 (@)| ~E(L(LY) )+ Oc(2%),
. . . . . 1 -z 1 -z
where we have used (3.2) together with the binomial series expansions of <1 + 7> and (1—— . In

p
order to handle the terms n # O, we begin by inserting the result of Corollary 3.2 into the right-hand side
of (3.3), obtaining

d < 14
zfzn) e/ Z Xq(n)| < 2"/ log Z @e—n/z log n
qED/ () oy (34)

oo d .
< z'?logx Z %(n)e’"/z logn,

n=1

where we have used |d.(n)| < d|.|(n) and dy, (n) < di,(n) for t1,t2 € Ry and ¢; < tp. In [15, (2.4), p. 1001]
it is observed that > ¢

Smg

i
o=

d’“ﬁ")e’"/z < (log3Z)* for any positive integer k and real number Z > 2. One
18
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may adapt that argument to obtain a similar bound for >0 ; %e’"/ Zlogn by introducing the function

oa(t) = 2 if t < e
08l = logt ift > 2.

Note that, for any ai,as,...,ar € N we have
log(ay - ap -+~ ax) < log(ar - az - -+ - a) < log(ay) - log(az) - -+ - log(ax)-
Furthermore, by estimating a discrete sum by a continuous integral we may see that, for Z large enough,
> efa/Z .
Z log(a) < (log(e? - Z))2.
a=1

Using these facts together with the inequality dk(n)e’"/z < ekZ Z e~ (@taxttan)/Z e find that

aiaz...ap=n

—a/Z __

k
log(a)> < (log(e* - 2))*,

> &
n=1

for Z large enough. Inserting this into (3.4) and taking Z = exp ((log)'?), we obtain

n)e—n/Z logn < <e1/zz e

a=1

— d.(n) —n/Z 1/2 2 3[|2]
— Z Xq(n)| < /% logz(log(e” - Z)) ,

o =T
< g/
This completes the proof of Theorem 3.3. O

3.2. The proof of Theorem 1.5. We will largely follow the proof of [40, Theorem 1] with critical mod-
ifications in appropriate places; we include the details here for completeness. We make use of the smooth

cut-off function " 1
1 T s f(1+0)t -1
$es(@) =50 z/H-oo ?( v )

where the parameters ¢,6 > 0 will be specified soon. For any ¢,é > 0 we have

1 ifx>1
Fes@) = (1+0—1/)/6 A+ '<z<1 (3.5)
0 ifz <(1+6)71t

Just as in [40], by using [15, Theorem 4] , one obtains that

h) = 1 .
;F( )= > +0A<1OgH)A> (3.6)
W< H q€D/(X)
h odd hgq<H
for any A > 0, where X := H?loglog H. By the class number formula, (3.6) and (3.5), it follows that

2, 7= 3 ’“(ﬂ(l ) 0 (wogmn) = X 7o

h<H ’ h<H(1+35)
h odd 9€9'(X) h odd

We will now work with the main term in the middle above, which is

1 c+i00 < T )S Hs <(1+6)5+1_1>
— _ | — ([ ——— ) ds. 3.7
270 Jo—ioo quZ’(X) VAL(1, xq) s d(s+1) (3.7)

We will put ¢ := 1/log H and § := 1/(log H)'/2. We furthermore set S := log X/(10*(loglog X)?) and
decompose the above interval into
[ .
|s|<s |s|>5
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The second term is easily seen to be

D'(X) 1

J A|>s [s(s +1)]
For the integral over |s| < S, we will use Theorem 3.3 to re-write the integrand in terms of the appropriate

moment of L(1,Y) and then reinterpret $.5 as a smooth cut-off function as in (3.5). First note that the
following equation follows immediately from Theorem 3.3 by partial summation:

> (\/(;L(qu))’s:IE(L(LY)*S)/1 15240/ (1) + 0. (X1/2+9).

H2

< (log H)3/2—¢"

|ds| <

qeD’(X)
Thus, (3.7) is equal to
1 _ (TI'H)S (146t -1 H?
— 1,Y)"® s/2 ! -
i Jgesm >/ O e R 55)
10+ 5)*’+1 -1 , H? ’
=K _—
</ wi /s (G )) (S5 a2 ®) - (g
Extending the integral to fc z;o and managing the error, we find that
1 TH 1 /(14 68)5H — 1) < nH ) < L(1,Y)~¢ >
— = ds = ——— |+ 0. | —F=— |-
2mi Jis|<s <\/5L(LY)> s < a(s+1) =9 \ Vi) “\(log H)3/2~=
Inserting this into (3.8), we find that (3.7) is equal to
rnin( x2H? X) 2
Lawn?’ H
E 1D (t | ———=— 1+ L(1,Y)"¢
/1 (0 +0 ((logH)3/2_5( +LLY) )> (3.9)

(oo (5 ) -0 (i)

2

Now using [15, Proposition 1], we find that min (Lﬁgl,)Q,X> = L7El e + O4 ((logH ) for any A > 0, and

so we find that (3.9) becomes
1 L mH? m?
= (1 (ve)) O ()
x

Finally, using the asymptotic Li(x) ~
logz
Y (p) 1 0N\ 1 1\?
= — — — — 11 —
E(L(1,Y)~ H]E(( )) ];[(2<1 p) 5

-4 (-3 -5

together with the calculation

the proof of Theorem 1.5 is concluded.

Remark 3.4. Our proof shows that in fact

1 [ mH? H?
2, 7 =5E <L‘ <L(LY)2>> "o ((logHV/ZfE) '
h odd
We find that the main term in the above expression fits the numerical data much better than the asymptot-
ically equivalent formula given in Theorem 1.5, though it must be stressed that the corrections are of lower
order than the error term. In the tables presented in Sections 1 and 6, the number listed under “predicted”

1 . .
L(l,Y)ﬂog(ﬂh/L(l,Y))) given in (1.7).

refers to the higher order expansion of 1% -¢(h)-h-E (
5
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4. HEURISTICS

4.1. Heuristics for Conjecture 1.4. Recall from Remark 3.4 that we have

I 2[?
> Fh ~3 ( <L7T1 Y 2>>
h<H (1Y)
h odd

Denote the right-hand side by G(H). An average order of F is given by

G(h) - G(h—2) ~ Q%G’(h) -E <d%m (%)) -

o hE 1 _ h 1 1
T L(1,Y)?log (w212 /L(LY)?) ) ~ log(wh) ~ | L(LY)? 1 — keZlD) |-
og(mh

With a high probability, we have log L(1,Y)/log(wh) < 1 for large h, so the above can be approximated with

m2h 1 log L(1,Y) = log? L(1,Y) ))

E 1+ L 4 —= + - . 4.1

log(mh) (L(l,Y)2 < log(mh) log®(mh) 1)

We will approximate this by keeping the first few terms in the innermost parentheses. In this regard, define

2 3

co:=E (W), ¢ = %E <1‘f(§f§;z{>>, cy 1= %E (%), and c3 1= éIE (W). Recall from

(3.10) that cg = 15/72. The constants cj,cz and c3 may be calculated to arbitrary precision as follows.
Write L, :=1— @. Then L(1,Y) =[], L, " and log L(1,Y) = — 3_  log L,. Now

E<%¥>i ( ZlongHL2>_ ZELlogL 1= @) "OZ LlogL “2)

r#p

where E (L;) = 1+ 5 and E (Lplog L) = § ((1 — 2 log(1 — 1) + (1 + £)*log(1 + %)). Next
log? L(1,Y) 9
]E( L(LY)2 > (ZlogL log Lg HL
(Z LiLZlogLylog Ly || L2+ Li(logLy)* [ Lg) -

PF#q T#Dq P T#p
> E(LilogL,)E (L2log Ly) [] E(L?) +ZIE (L2(log Ly)*) [[ B (£2) =
P#q r#p,q r#p
L logL ]E(L logL logL )? )
w0y OZ =
IE(L2
p#4q
E (LZlog Lp) E (L% log Lp) E (Lg(log L,)?)
(<Z s ) >\ Em ) T2 Em 9
P P p

where E (L2 (log Ly,)?) = 1 ((1 - %)2log2(1 - %) +(1+ %)2 log?(1 + %)) One may similarly show that

1 (log’ L(1,Y)\ _ E ((log L,)L2) E ((log Ly)L2) E ((log L) L?)
‘%E< L(LY)? >*Z E(L}) E(L3) E(12)
distinct

lorrL 2L§)1E((1ogL,,)L$) E ((log Lp)3L2)
E (L2) +Z E (L2) ’

P

D3

PF#T

(4.4)
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Calculating the expressions (4.2), (4.3) and (4.4) with 105 prime terms yields

c1 ~ —0.578071,
+0.604049, (4.5)
—0.526259.

Q

C2

Q

C3

Thus, taking the first four terms of (4.1), an approximation of F(h) for odd h is

Tl'zh CpC1 CoCo CoC3 ) 15h < C1 C2 C3 )
co + = + + + . (4.6
log(mh) ( 0" log(wh) log?(wh) ~ log®(wh) log(mh) log(mh) ~ log*(wh) = log®(wh) (10
However, this assumes that each number h occurs as h(d) with equal frequency, which is inconsistent with
Corollary 2.2. We thus introduce the correction factor

—n 7T 1
ih) = H Prob(p™ || b/ : A is an odd class number) H L | (1 - p7>
' 53 prime Prob(p™ || i/ : W is an odd integer) 53 prime p~ () (p — 1)
n>0 n>0
Pk Pk (4.7)
N 1
00 IO

p>3 prime p i=n+1 p
n>0
p"|[h

In the above, in addition to using (2.3), we are also using

#{h € N: hisodd, h <z, h satisfies P}
#{heN: hisodd, h <z}

We emphasize that n = 0 is allowed in (4.7), and so the expression defining ¢(h) is an infinite product. Note
that, heuristically at least, we have

Prob(h satisfies P : h is an odd integer) := ILm

H
E ¢(h) ~ 5 (H — 0). (4.8)
h<H
h odd

- H
Indeed, if Z ¢(h) ~B- 5 then B has expected value

h<H
h odd

Prob(p™ || h: his an odd class number)
Prob(p™ || h: his an odd integer)

oo
B= H Z Prob(p" || h: his an odd integer) -
p odd n=0

= H Z Prob(p™ || h: his an odd class number)
p odd n=0

=1.
Noting that

=1 11 <1 - %) co(h) = 1% ~e(h),

we get Conjecture 1.4 by multiplying the average order (4.6) with the local correction factor (4.7).

4.2. Dampening the three divisibility bias. Given an odd natural number h, let k <11 and n < k—3
be such that h € [3%,3¥+1) and 3™ || h. We define the adjustment pred’(h) by replacing in pred(h) the factor

oo 1
n YR - __a-n _
Prob(3™ || ' : A’ is an odd class number) = 3 | | <1 *31')
i=n+1
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in ¢(h) coming from the Cohen-Lenstra heuristic, by the observed value

Prob(3™ || &' : h' is an odd class number € [3¥, 35+1)) = Z F(h") Z F(h) (4.9)
B e[3k,3kH ) B e[3k 35+
h’ odd h' odd
37|

using our computed values of F(h) (see Section 6).

As mentioned earlier, this three divisibility bias is connected to other recent work: Belabas [3] noted rather
slow convergence in the Davenport-Heilbronn asymptotic average of H(d)[3]; Roberts [35] later conjectured
that this was due to a negative second order term of size X%/¢ (here the main term is of order X). Robert’s
conjecture was recently proved in [4, 42].

4.3. Heuristics for Conjecture 1.7. We now give heuristics supporting Conjecture 1.7. Let A = (nq, na, . ..
be a partition of n, so that

n1>n2>-~->n721 (410)
and ny +ng + -+ +n, = n, and let GA(p @Z/pT“Z be the corresponding abelian group. By the
assumption (1.2), the expected value of f(GA(p)) is

F(Gx(p)) = P(Ga(p)) - F(p"). (4.11)

The following proposition evaluates P(G(p)) explicitly. Let k be the number of distinct parts of A, and let
mi,ma, ..., my be the multiplicity of each distinct part. Thus, (4.10) reads

Ny =-"=Nmy > Nny+1 = " = Ningfmy > *° 0 > nz’::f miHl T nzi‘ gmi”
Proposition 4.1. With the notation just given, we have
k. m; -1 n 1
P(GA(p) 1111 < ) 11 (1 - 7) , (4.12)
i=1j=1 i=1 p
where ¢(\) is given by (1.11). In particular, as p — oo, we have that
P(GA(p)) ~ p ™V (4.13)
Proof. The statement follows immediately by combining Lemma 2.1 with the formula
| Aut(Ga(p))| = p* W) H H (1 - 7) .
i=1j=1

This formula is classical, having appeared in a 1907 paper of A. Ranum [34]. For a more modern exposition,
see [19] or [27]. O

Inserting (4.13) together with Conjecture 1.4 into the right-hand side of (4.11), and observing that
c(p™) — 1 as p — oo, we see that Conjecture 1.7 follows. In the case ¢(\) = 0 we write

S FGAD) ~ Y PGA) - Fp") ~ > €

p<z p<zx p<z 1Og(pn)

c(X\)

and use partial summation.

5. ATTAINABLE PARTITIONS ARE VERY RARE

We now prove Theorem 1.9. To this end, let ¢, , denote the number of attainable partitions of n into
r parts. Work of Sellers ([37],[38]) leads to a generating function for the number of partitions of n which
satisfy a certain type of linear inequality amongst their parts:
23
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Theorem 5.1 ([37],[38]). The number of partitions X\ = (n1,n2,...,n.) of n into r non-negative parts
satisfying the inequality ny > Z::Q bin;, for some non-negative integers b; with by > 0, has generating
function
1
(1 —2)(1 — ab2t1)(1 — pbatbs+2) (1 — pbatba+bat3)... (1 — ghatbsttbpdr—1)"

Applying this result to our context requires a slight modification, and leads to the following generating
function for the attainable partitions.

Corollary 5.2. The generating function Cy.(z) for the sequence ¢, , of length-r attainable partitions of n is
given by

r2—r

L= ) [, — a7 9)

Proof. First, observe that by definition we require our partitions to be comprised of positive (rather than
non-negative) parts. To accommodate this change, we use the easily-verified bijection between partitions of
n into r non-negative parts satisfying the inequality by > > ;_, bin; and partitions of n+ Y .;_, b; + (r — 1)
into r positive parts satisfying the same inequality, given by

Ch(x)::}Z(%Jx";:(
n=0

”
(n1,...,np) = (g +Zbi,n2 +1,..,n.+1)
i=2
Thus the analogous generating function to Seller’s above for partitions into positive parts is simply a shift
of indices away, given by
pbatbstetbatr—1
(1 — I)(l — I52+1)(1 _ xb2+bs+2)(1 — xb2+b3+ha+3) P (1 _ xb2+b3+"‘+b7‘+7‘71) :

Finally, we apply this to attainable partitions, which by definition satisfy an inequality in the form of the
theorem, with coefficients b; = 2i — 3. The corollary then follows from the observation

J J
Jo14Y bi=j—14) (2i-3)=j—j
=2 i=2

forany 2 <j <r.
]

Basic results about growth rates about coefficients of rational generating functions leads to an asymptotic
count of attainable partitions:

Corollary 5.3. For fized r, the proportion of length-r partitions of n which are attainable is asymptotically
1

=Dt

Proof. We rewrite our expression for C,(z) to isolate its singularity on the unit circle with the highest
multiplicity (z = 1 with multiplicity r) and apply the techniques of singularity analysis. Namely, we write

n=0 " (1—z)r H;:2(1+ac+:c2+~--+$jz_j_1) (1—a)"’

where here f,.(z) is analytic at = 1. A partial fraction decomposition shows that the asymptotics for the
coefficients are governed by this singularity (see, e.g., [14, p. 256]), and we obtain

r—1 r—1 r—1
r
fr(Dn n n
~

Cn,r = - N .
(=D =D -5 =18
Similarly, by the well-known generating function
> n " 1 z”
Zp"”x I -2 (1 rOTT 2 J—1)’
=0 H_;‘:1( —z7)  (1-x) H_7:2(1+$+~L +-aith
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for py ., the total number of length-r partitions of n, we conclude that

nr—l
Par ™ ri(r = 1)
Taking the ratio of these gives
nr—1
. Cn,r . rI(r—1)12 1
lim = lim ———=—-,
n—=00 P r n—o00 m (’l‘ — 1)'
proving the result. O

Moving from the fixed rank to the fixed order case, we set

n
= § Cn,rs
r=1

the total number of partitions of n which are attainable.

Lemma 5.4. For fived n, the numbers cy , satisfy the recurrence relation

n—2r
|22

Cnr+l = § Cn—2r—i(r24r),r-
i=0
Proof. From Corollary 5.2 we easily deduce the recurrence relation between the successive generating func-
tions:

zZT -2 T 7'2 T T
C’r+1(]}):mcr(x):(l+z' 2074 L (22 C (),
from which the lemma follows by equating coefficients. O

We prove by induction that for fixed n > 1 we have ¢, , < % for all . This is trivial for » = 1 since

cp,1 = 1. For the inductive step, the recurrence relation in Lemma 5.4 gives

L) . L)
Cort1 = Y Cporiirye < e S -2 it )
i=0 . i=0
The terms in this sum are positive and decreasing as a function of 7, and so we can compare to the integral:
L"2+: n—2r
2 r—1 r—1 it 2 r—1
Yo (=2 i )< (-2 (n—2r —i(r? + 1)) di
i=0 0
I N b 1 )i
r(r2+r) r(r2+r)
Since the latter term is positive and r2 + r < n, we can continue
1 Loy 1 rn” +n"  n"
c < n=2r—i(rt+r) < — = —
n,r+1 = ( )'2 ; ( ( )) = (,,, _ 1)12 T,(,,,Q + ,,,) ,,.!27
completing the induction. Now, summing over r gives
> nr—l
Cnfgcnr 72 (T*l)& ; 1)]2 :10(2\/777’)7

where Io(z) denotes the 0-th modified Bessel function of the first kind. By the asymptotic Ip(x) ~ \/%,

we can compare the formula for ¢, with the famous asymptotic of Hardy-Ramanujan [16], p,, ~ %, for

the number of partitions of n. Taking the ratio of the two gives
I« p3lAeC—VEDIVT

Pn
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proving Theorem 1.9.

Remark 5.5. Since ¢,; = 1 for all n > 1 (and ¢o1 = 0), Lemma 5.4 provides explicit formulas for the
number of attainable partitions of n into a small number of parts. For example,

Ln’—‘z
2 {n -1
Cn2 = Cn—2-2i,1 = 3
) E ) 2
i=0

agreeing with the easily-checked fact that the partition [a,b] of n is attainable if and only if a > b. Less
trivially, if we temporarily adopt the simplifying convention that || = 0 for x < 0, we have

Lngzl Ln,;AJ _ 5 _ 6Z
Cn,3 = Z Cn—4-6i,2 = Z {fJ
i=0 i=0

This leads to Rademacher-type formulas for computing the exact value of ¢,,.

6. NUMERICAL COMPUTATIONS

With the aid of a supercomputer and assuming GRH, we have computed F(h) and F(G) for all odd
h < 10% and all p-groups G' of odd size at most 105. We have made the computed values available online,
see the references [20], [21], [22]. In this section we will describe how this computation was accomplished.

As already noted, by genus theory, if —¢ < —8 is a fundamental discriminant, then h(—q) is odd precisely
when ¢ is prime. Corollary 1.3 in [25] states that under GRH,

b 1 1 14loglogq -t
h(—q) > 1267\/6 (loglogq log2 + 5t Toglozg + Togq > (6.1)
if —q is a fundamental discriminant such that ¢ > 1010. It is easy to verify that the right-hand side above
is monotonic for ¢ > 10'°. This implies that if ¢ > 1.1881 - 10'® then h(—q) > 105. Thus it suffices to
consider only discriminants in ©’(1.1881 - 10*%) (recall that ©’(z) denotes the set of negative fundamental
discriminants —¢ such that ¢ < z is prime.)
We use the procedure quadclassunitO in the computer package PARI 2.7.3 to compute the class groups
H(d); this procedure guarantees correct results assuming GRH, cf. [31, Section 3.4.70]. In principle, doing
this for every d € ®’(1.1881 - 10'®) would suffice, but a number of practical speedups were necessary.

6.1. Brief description of the algorithm. We give a brief but not complete description of our algorithm.
Our computer program iterates over all d € ®’(1.1881 - 10*®) and records for each odd h < 10° and each
noncyclic p-group G, how many times a group of order A or a group isomorphic to G is found, avoiding to
compute h(d) or H(d) whenever not necessary (note that if G is a cyclic p-group, then the value of F(G)
can be calculated from the data that we are keeping).

Given a fundamental discriminant d € ©’(1.1881-10'%), we begin by calculating an approximation happrox

of h(d) together with an explicit error factor E, by setting happrox := @e"(“’“d) and E := e"@1e2d) for
suitable z1,z2 using Proposition 6.1 below (e.g., towards the end of the discriminant range, it suffices to
only consider 7 terms in the truncated Euler product.) If we already at this stage can prove that h(d) > 10°
(that is, if happrox/E > 10%), then we discard d. This cuts down our search space by roughly a factor of 100,
as the lower bound (6.1) is overestimated by roughly this factor in our case.

Otherwise, we compute a candidate h* for h(d) using Shank’s baby-step/giant-step algorithm* (specifically,
we find an integer A* near in value to happrox such that ¢"" is the identity element for up to three different
group elements g € H(d)). We only compute one such candidate, but in practice, this candidate agrees with
the true value of h(d) (assuming GRH) with a failure rate of about 1.5-10~7 for d in our range.

Next, we try to find the exponent of the group by determining the smallest divisor e* of h* such that g€
is the identity element for up to 12 different group elements g € H(d). We have that e* divides the order
of the group, and if moreover the error factor E is small enough such that ~A* is the unique multiple of e*
in the interval happrox - [%7 E] then we have proven that h(d) = h*. In practice, this step in our program

4Using that h is odd we gain a speedup factor of /2. In a sense, this speedup is a weak form of Sutherland’s Primorial-Steps
Algorithm [41].
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only catches cyclic groups and groups of the form Z/mZ x Z/3Z and Z/mZ x Z/5Z (m > 3), but since the
majority of the groups H(d) should be of this form®, our program stops at this step in 99.7% of all cases it
is reached.

If any of the above fails (that is, if ¢"" was not the identity element for some g or if E was not small
enough) or if h(d) was determined to be an odd prime power, then we proceed to compute the structure of
the entire class group H(d) using PARI.

Proposition 6.1. Assume GRH. Let d < —8 be a fundamental discriminant and let x1 < x2 be two integers
such that x, > 1 and x5 > 10°. Then
1 h(d)

< <e n(z1,22,d) (6 2)
n(z1,z2,d .
el( 1,22,d) 1/‘(1'6”(“”‘ )

where

_ )
v(xy,d) = Z —log <1 - p) ,

p<z1

1.562log |d| + 0.655 log x
n(xq, x2,d) = ogld| + 08 T2 +loglogxs + B+ ————
vV,

3logzy +4
87\/T, Z

P<11

1

and B := lim Z — —loglogx | ~ 0.2614972128... is the prime reciprocal constant.
T—r00 et

Proof. Let x be the real-valued character (¢) of modulus |d| > 1. Theorem 9.1 combined with Table 4 in [1]

states that under GRH,

1 1.5621log |d| + 0.655 log zo
log L(1, x) — log H < (6.3)
p<as L~ % VT
for any x5 > 10°. By Taylor expansion, we have
_ x(p)
log H ~ x(p) = Z —log (177>
P<Tz p<z2
( ® 64
XP X\Pp
-y om0 3 S (Y)
p<z1 x1<p<zT2 M= 1

We can bound the terms with m > 2 by

s ()

x1<p<zp2 m=2

L d 1
< 2 7§/T 2= (6.5)
T > 1

since |35 | < LS |a|™ = 2(1@‘\21\) < 2?2 for any |z| < % For m = 1 we have

IR EED DEED S ED DS (6.6)

z1<p<T2 T <p<zz P<I2 p<11

where the first term on the right-hand side can be bounded using inequality (6.21) in [36], which states that
under RH,
3logxs + 4

1
— < logl B
Z < loglogzs + B + 812,

p<z2

(6.7)

for any o > 13.5.

5We expect the class group to be cyclic more than 97.7% of the time, and class groups containing Z/qZ x Z/qZ for prime
q > 5 are very rare (cf. [10, p. 56].)
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Combining the inequalities (6.3), (6.4), (6.5), (6.6), (6.7) we obtain

|10gL(1’X)7V(1‘17d)| Sn(117x27d)7 (68)

and the inequality (6.2) follows from taking exponentials and applying the class number formula h(d) =
@L(Lx) for d < 8. O

6.2.

Computer resources. Our program comprises 1500 lines of C++ code. The total time for the compu-

tation was 4.5 CPU years, requiring 1 TB of temporary memory storage.
We used the computer package PARI (cf. [31]) to compute the groups H(d) and we used the computer
package primesieve [43] to iterate through primes.
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On the free path length distribution for
linear motion in an n-dimensional box

Samuel Holmin Par Kurlberg Daniel Mansson

November 12, 2015

We consider the distribution of free path lengths, or the distance between
consecutive bounces of random particles, in an n-dimensional rectangular box.
If each particle travels a distance R, then, as R — oo the free path lengths
coincides with the distribution of the length of the intersection of a random
line with the box (for a natural ensemble of random lines) and we determine
the mean value of the path lengths. Moreover, we give an explicit formula
(piecewise real analytic) for the probability density function in dimension two
and three.

In dimension two we also consider a closely related model where each
particle is allowed to bounce N times, as N — oo, and give an explicit (again
piecewise real analytic) formula for its probability density function.

Further, in both models we can recover the side lengths of the box from
the location of the discontinuities of the probability density functions.

1. Introduction

We consider billiard dynamics on a rectangular domain, i.e., point shaped “balls” moving
with linear motion with specular reflections at the boundary, and similarly for rectangular
box shaped domains in three dimensions. We wish to determine the distribution of
free path lengths of ensembles of trajectories defined by selecting a starting point and
direction at random.

The question seems quite natural and interesting on its own, but we mention that it
originated from the study of electromagnetic fields in “reverberation chambers” under
the assumption of highly directional antennas [7]. Briefly, the connection is as follows
(we refer to the forthcoming paper [4] for more details): given an ideal highly directional
antenna and a highly transient signal, then the wave pulse dynamics is essentially the
same as a point shaped billiard ball traveling inside a chamber, with specular reflection
at the boundary. Signal loss is dominated by (linear) “spreading” of the electromagnetic
field and by absorption occurring at each interaction (“bounce”) with the walls. The first
simple model we use in this paper neglects absorption effects, and models signal loss from



spreading by simply terminating the motion of the ball after it has travelled a certain
large distance. The second model only takes into account signal loss from absorption, and
completely neglects spreading; here the motion is terminated after the ball has bounced
a certain number of times.

We remark that the distribution of free path lengths is very well studied in the context
of the Lorentz gas — here a point particle interacts with hard spherical obstacles, either
placed randomly, or regularly on Euclidean lattices; recently quasicrystal configurations
have also been studied (cf. [1-3,5,8-10,12,13].)

Let R > 0 be large and let a rectangular n-dimensional box K C R™ be given, where
n > 2. We send off a large number M > 0 of particles, each with a random initial position
p € K chosen with respect to a given probability measure y on K, and each with a
uniformly random initial direction v € S"~' = {z € R" : ||| = 1}, i = 1,..., M, for
a total distance R each. Each particle travels along straight lines, changing direction
precisely when it hits the boundary of the box, where it reflects specularly. We record the
distance travelled between each pair of consecutive bounces for each particle. (Note in
particular that we obtain more bounce lengths from some particles than from others.) Let
X, be the uniformly distributed random variable on this finite set of bounce lengths
of all the particles. More precisely, a random sample of X g is obtained as follows: first
take a random i.i.d. sample of points (with respect to the measure p) pM L pM) e K,
and a random sample of directions v(?, ..., o) ¢ §n~1 (with respect to the uniform
measure). Each pair (p(i>,v(i)) then defines a trajectory T% of length R, and each such
trajectory gives rise to a finite multiset B’ of lengths between consecutive bounces.
Finally, with B = Ugl B denoting the (multiset) union of bounce length multisets
B',...,BM we select an element of B with the uniform distribution. (That is, with 1
denoting the integer valued set indicator function for B, and B’ = {z : 15(z) > 1} we
select the element b € B’ with probability 15(b)/ > ,cp 1B(x).)

We are interested in the distribution of X g for large M and R, and this turns out
to be closely related to a model arising from integral geometry. Namely, let d¢ denote
the unique (up to a constant) translation- and rotation-invariant measure on the set of
directed lines ¢ in R™, and consider the restriction of this measure to the set of directed
lines ¢ intersecting K, normalized such that it becomes a probability measure. Denote
by X the random variable X := length(¢ N K) where £ is chosen at random using this
measure. Our first result is that Xj; r converges in distribution to X as we take M — oo
and then R — oo (or vice versa), and using techniques from integral geometry we find
that the mean value of X has a quite simple geometric interpretation.

Theorem 1. For any dimension n > 2, and for any distribution p on the starting points,
the random variable Xpr,r converges in distribution to the random variable X, as we take
R — oo followed by taking M — oo, or vice versa. Moreover, the mean value of X is

IS" Vol(K)

r(24)) Vol(K)
|S”|  Area(K)

(%) Area(K)

E[X] =27 27 -

where Area(K) is the (n — 1)-dimensional surface area of the boxr K, Vol(K) is the
volume of the box K, T is the gamma function, and where |S"~!| = 222 /T'(n/2) is the



(n — 1)-dimensional surface area of the sphere St C R™,

Throughout the paper, we will write pdf ; and cdfz for the probability density function
and the cumulative distribution function of Z, respectively, for random variables Z. We
give explicit formulas for the probability density function of X in dimensions two and
three.

Theorem 2. For a box of dimension n = 2 with side-lengths a < b, the probability
density function of X is given by

L ift <a,b
a’b
1 - .
pdfx(t) = SN ek ifa<t<b
a+b 5 )
1 1 ab ab . b
el at ) Yeb<t

for 0 <t < +a?+ 0.

Remark 3. We note that the probability density function in Theorem 2 is analytic on
all open subintervals of (0,v/a2 + b2) not containing a or b. Moreover, it is constant on
the interval (0, min(a, b)) and has singularities of type (¢ — a)~/2 and (¢t — b)~'/2 just to
the right of @ and b, respectively. See Figure 1 for more details. For an explanation of
these singularities, see Remark 25.

1.2r b

1.0f b

0.8} b

0.6} b

0.41 b

0.21 i

0'%.0 0.5 1.0 15 2.0 2.5

Figure 1: Simulation (blue histogram) vs explicit probability density function (red line)
given by Theorem 2 for (a,b) = (1,2). (Simulation used 10° particles, each
starting at the origin with a uniformly random direction, going for a total
distance 1000 each.) The plot is cutoff at y = 1.3 since pdf x(¢) tends to infinity
ast— 1T and t — 27,



Theorem 4. For a box of dimension n = 3 with side-lengths a, b, ¢, the probability density
function of X is given by
F(a,b,c,t) + F(b,c,a,t) + F(c,a,b,t)

pdix(t) = 3mt3(ab + ac + be)

where
F(a,b,c,t) = t3(8a — 3t)
for 0 <t < a, and by
F(a,b,c,t) = (6t4 —at+ 67ra2bc> —4(b+ o)1/|t2 — a2|(a® + 2t%)
fora <t < +a2+0b2, and by
F(a,b,c,t) = 6ma’be + b* — 3t* — 64202+

\/[12 —a? — 62\40((12 + 0%+ 2t2)+

PRI R )
+4ay/[t2 — b2|(b% + 2t2) — 12a%bc - arctan(f') +

FL R R )
—4cy/]t2 — a2|(a? + 2t%) — 12ab’c - arctan<|(j|>

for Va2 +b* <t <+va®+b+c2.
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Figure 2: Simulation (blue histogram) vs explicit probability density function (red line)
given by Theorem 4 for (a, b, c) = (3,4,6). (Simulation used 10° particles, each
starting at the origin with a uniformly random direction, going for a total
distance 1000 each.) The fact that pdfy(¢) is not smooth at ¢t = 5 is barely
noticeable.



Remark 5. We note that the probability density function in Theorem 4 is analytic on
all open subintervals of (0,v/a2 + b% + ¢2) not containing any of the points

a,b,e, Va2 + b2, Va2 + 2, Vb2 + 2.

Moreover, it is linear on the interval (0, min(a,b,c)) and has positive jump discontinu-
ities at the points a,b,c. At the points {va2 + b2, Va2 + 2, vb2 + 2} \ {a,b,c}, it is
continuous and differentiable.

Note that the probability distribution Xs r gives a larger “weight” to some particles
than others, since some particles get more bounces than others for the same distance R.
One could also consider a similar problem where we send off each particle for a certain
number N > 0 of bounces, and then consider the limit as M — oo followed by taking
the limit N — oo, where M is the number of particles. This would give each particle
the same “weight”. Denote the finite version of this distribution by Yas x and its limit
distribution as M — oo and then N — oo by Y. With regard to the previous discussion
about signal loss, we call the limit distribution X of X, r the spreading model and we
call the limit distribution of Yj; y the absorption model. Determining the probability
density function of the absorption model appears to be the more difficult problem, and
we give a formula only in dimension two:

Theorem 6. For a box of dimension n = 2 with side-lengths a < b, the random variable
Yu,n converges in distribution to the random variable Y, as we take M — oo followed
by taking N — oo, where the probability density function pdfy (t) is given by

(B - (o () oo ()

7r
for0 <t <a,b, and by
2 a(b— Vt2_a2> +2ab+2at—2a\/t2—a2+
T\t + V2 — a?)Vi2 — a? t(a? 4 b2)

2ab(f tanhfl(\/a;w) + tanh ™! (@) — tanhfl(\/aZbW))
(a2 + b2)3/2 )

fora<t<b, and by

2( a(b— 12— a?) bla — V12 —b?) 22abfa\/t27a27b\/t27b2+

+ +
th+ V2 —a®)ViZ— a2 tla+VE-)VEE -2 t(a® +b?)

™

2ab(72tanh_1(\/a2tw) + tanh_l<7@g/m> + tanh_l(i‘/@!m))
(a2 +b2)"2 )

fora,b <t < +a?+ b2
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Figure 3: Probability density function for spreading model X (red line) from Theorem 2
vs absorption model (black dashed line) from Theorem 6, for (a,b) = (1,2).

See Figure 3 for a comparison between the probability density functions for the two
different models in dimension 2.

Remark 7. It is not a priori obvious that the two limit distributions should differ, and
it is natural to ask how much, if at all, they differ. We start by remarking that the
expression for pdfy (¢) does not simplify into the expression for pdf y(¢); indeed, for
(a,b) = (1,2) we have pdf y(t) = 1/3 but pdfy (¢) ~ 0.32553 on the interval (0,1). For
very skew boxes, with a = 1 and b — oo, it is straightforward to show that

pdfy (b/2)
pdfy (b/2)

as b — oo.
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2. Proof of Theorem 1

In this section, we prove Theorem 1. For notational simplicity, we give the proof in
dimension three; the general proof for n > 2 dimensions is analogous.



Given a particle with initial position p and initial direction v, let Ng 4, be the number
of bounce lengths we get from that particle as it has travelled a total distance R > 0, and
let Ngpo(t) be the number of such bounce lengths of length at most ¢ > 0. The uniform
probability distribution on the set of bounce lengths of M particles with initial positions

pM p(M ) and initial directions v, ..., v() has the cumulative distribution function
N 1S Np po) 10 Np i) o0 (£)
Sty Ny oo (8) M= R Np ) o)
CdeIW,R(t) = M = No o o (8)
22i=1 NRp o 1M ARpO0
M =1 R

(Note that the denominator is uniformly bounded from below, which follows from equation
(10) below.) By the strong law of large numbers, the function (8) converges almost surely
to

NR,p,U NR,[),’U (t)
fK fSZ R NR,p,v dS(U) dﬂ(p)

fK fs2 % dS(v) du(p)

(9)

as M — oo, where dyp is the probability measure with which we choose the starting points,
and dS is the surface area measure on the sphere S2. By symmetry, we may restrict the
inner integrals to S2 := {(vg, vy, v:) € S : vy, vy, v, > 0}. We now look at the limit of
(9) as R — oo, and we note that since the integrands are uniformly bounded, we may
move the limit inside the integrals by the Lebesgue dominated convergence theorem.
Fix one of the integrands, and denote it by f(R,p,v,t). We will show that its limit
g(p,v,t) = limp_,00 f(R, p,v,t) exists for all ¢ and all directions v € S2. Moreover, if
p@ and v@ denote random variables corresponding to an initial position and an initial
direction, respectively, as above, then

) ) Np i) @) Np .o 6 (t
B0, 1) o= qim 200 Vo o ) (1)
R—o R NR,p(i),U(i)

is a random variable with finite variance (and similarly for the terms in the denominator
of (8); in particular recall it is uniformly bounded from below), and thus the strong
law of large numbers gives that the limit of (8) as R — oo, and then M — oo almost
surely equals (9). This shows that limp/ o imp_eo cdfx,, , () exists almost surely and
is equal to imp o0 limps o0 cdfxy, 5 (¢).

Consider a particle with initial position p and initial direction v = (vg, vy, v;) € Si.
By “unfolding” its motion with specular reflections on the walls of the box to the motion
along a straight line in R™ — see Figure 4 for a 2D illustration — we see that the
particle’s set of bounce lengths is identical to the set of path lengths between consecutive
intersections of the straight line segment {p 4+ tv : 0 < t < R} with any of the planes
T =na,y =nb,z =nc, n € Z. Thus we see that

Npypo = R%”” + R%y + R'”f +0(1) (10)
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Figure 4: From left to right: Unfolding a motion with specular reflection in a 2D box to
a motion the plane and then projecting back to the box.

for large R, and therefore

NRpw Ve Uy U
R "ot te (11)
as R — oo.

Now project the line {p+tv : 0 < ¢t < R} to the torus R3/A where A = {(nya, nab, nsc) :
ni,ng,ng € Z} and let us identify the torus with the box K; see Figure 4. Each bounce
length corresponds to a line segment which starts in one of the three planes x =0, y =0
or z = 0 and runs in the direction v to one of the three planes © = a,y = b or z = c.
There are R%= + O(1) line segments which start from the plane z = 0, and thus the
probability that a line segment starts from the plane z = 0 is

Ve
c

a+b+c

as R — oo. By the ergodicity of the linear flow on tori (for almost all directions), the
starting points of these line segments become uniformly distributed on the rectangle
[0,a] x [0,b] x {0} for almost all v € S% as R — oo; from here we will assume that v is
such a direction, and we will ignore the measure zero set of directions for which we do not
have ergodicity. Consider one of these line segments and denote its length by 7" and its
starting point by (zo, yo,0). For an arbitrary parameter ¢ > 0, we have T' < t if and only
if tvy > a—xg or tvy > b—yg or tv, > ¢; the starting points (xg, yo) € [0, a] x [0, b] which
satisfy this are precisely those outside the rectangle [0, a — tv,] x [0,b — tv,] assuming
that tv, < ¢ and otherwise it is the whole rectangle [0, a] x [0, b]. The area of that region
is

ab — (a — tvg) (b — tvy) (12)

if a > tvg, b > tvy,c > tv, and otherwise it is ab. Since the starting points (xo,yo)
are uniformly distributed in the rectangle [0,a] x [0,b] as R — oo, it follows that the
probability that T' < ¢t is

(@ —tvg)(b— tuy)

17
ab

x(a > tvg, b > tvy, c > tv,),



where x(P) is the indicator function which is 1 whenever the condition P is true, and 0
otherwise. We get analogous expressions for the case when a line segment starts in the
plane x = 0 or y = 0 instead. Thus the proportion of all line segments with length at
most ¢t as R — oo is

_ Nrpo(t) = ( (b — tvy)(c — tvy)
lim P, = a 1— Y 22 x(a > tvg, b > tuy,, ¢ > tv,) |+
R—o0 Ny “71+”TU+UTZ be x(a > tvg, b > tuy,c > tv,)
vy
b (a — tvg)(c — tvy)
1- x(a > tvg, b > tv,, ¢ > tv,) |+
Yy z Z gy 0 2 WUy, C Z 1V,
%+T‘+%( ac
v
o (@ — tvg) (b — tvy)
c 1— : v > tug, b > tuy, ¢ > to,
*+7+*< @ @zt b ivge >t

which can be written

~ x(a = tvg, b > tuy, c > tu,)
abe(¥ + 5L + 22)

X <vz(b —tvy)(c — tvy) + vy(a — tvg)(c — tvy) + vz(a — tug) (b — tvy)>. (13)

Recognizing that both integrands (11) and (13) are independent of the position p, we see
that the limit of (9) as R — oo may be written as

1
li li df t)=1—-—
Rvoo Mise XM () jSi (vzbe + avye + abv,) dS(v)

X /vesi ((abv, + avyc + vibe) — 2t(avyv, + vebv, + vyvyc) + 3tPvvy05) dS(v)  (14)

vz<a/t
vy <b/t
v.<c/t

for all ¢ > 0. The corresponding formula in n dimensions is given by

[ veon (szH tvg) S(v)

vz<az/t =1 j#i
lim lim edfx,, () =1— Lk (15)

Rovoo M=3s <H az) /S (Z Z) ds(v)

for all ¢ > 0, where the side-lengths of the box K are ay,...,a, and dS is the surface area
measure on SZ‘:l N [0,00)™. (The denominator can be given explicitly by using Lemma
27 below.)

We have thus proved that the random variable X,/ r converges in distribution to a
random variable with probability density function given by (15) as we take M — oo
followed by taking R — oo, or alternatively, first taking R — oo followed by taking
M — oco. It remains to prove that this distribution agrees with the distribution of the
random variable X defined in the introduction, and to determine the mean value of X.




2.1. Integral geometry

We start by recalling some standard facts from integral geometry (cf. [6,11].) The set
of directed straight lines £ in R? can be parametrized by pairs (v,q) where v € §? is a
unit vector pointing in the same direction as £ and ¢ € v is the unique point in £ which
intersects the plane through the origin which is orthogonal to v. The unique translation-
and rotation-invariant measure (up to a constant) on the set of directed straight lines in
R3 is d¢ := dA(q) dS(v) where dA is the surface measure on the plane through the origin
orthogonal to v € S?, and dS is the surface area measure on S2.

Consider the set L, of directed straight lines in R3 which intersect the box K. Now,
since abv, + avyc + vzbe is the area of the projection of the box K onto the plane vt for
v E Si, it follows that the total measure of L,y . with respect to d¢ is

Cape:=38 /2 (abv, + avyc + vybe) dS(v) = 2m(ab + ac + be)
S+

where we used symmetry, and the integral may be evaluated by switching to spherical
coordinates. It follows that df /Cyp . is a probability measure on the set of directed
lines intersecting the box Lg .. Let £ be a random directed line with respect to this
measure, and define the random variable X := length(¢ N K), as in the introduction. Let
us determine the probability that X <t for an arbitrary parameter ¢ > 0. By symmetry
it suffices to consider only directed lines with v € Si. The set of all intersection points
between the rectangle [0, a] x [0,5] x {0} and the lines £ with X < ¢ and direction v € S%
has area ab — (a — tv;)(b — tvy)x(a > tvg, b > tvy, ¢ > tv;), as in (12), and its projection
onto the plane v has area

vzlab — (@ — tvg) (b — tvy)x(a > tvg, b > tvy, c > tv,)].

By symmetry it follows that the area of the set of directed lines £ € L, with X <t
and direction v € Si projected down to v is
U(v,t) :=vgbe — (b — tvy)(c — tvy)x(a > tog, b > tuy, ¢ > tv,)]+
vylac — (a — tvg)(c — tvs)x(a > tug, b > tuy, ¢ > tv,)]+
vzlab — (@ — tvg) (b — tvy)x(a > tvg, b > tvy, c > tv,)],

and it follows that

1 8
P X <t]l= =
rob[X 1] = /X A= /S . U(v, 1) dS(v),

which we see is identical to (14), and we have thus proved that Xj;r converges in
distribution to X as we take M — oo and then R — oo.

2.2. Computing the mean value

It remains to determine the mean value of X, and we will do this by exploiting the integral
geometry interpretation of the random variable X. By symmetry it suffices to restrict to
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directed lines ¢ with v € S2. For fixed v € S2, denote by Q(v) = (K + span(v)) N vt
the set of ¢ € v such that the directed line ¢ parametrized by (v, q) intersects K. We
note that X dA(g) is a volume element of the box K for any fixed v € S2, and thus
integrating X dA(q) over all g yields the volume of the box. Hence the mean value is
essentially given by the ratio of the volume of the box to the surface area of the box, or
more precisely,

8

/ X dA(g) dS(v) = Sabe / dS(v) = —2abe
Cape Is2 JQ) 52

E[X] = "
[X] ab.c - ab+ ac + be

In n dimensions we get a normalizing factor Ar%(}() 22" [gn—1 v, dS(v), so with the aid
of the Lemma 27 in the Appendix, it follows that the mean value in n dimensions is
1 snt S™1 Vol(K
871, 18" Vol(K)

E[X] = 2" Vol(K) =, ST Area(K)

on L 18" Area(re)
T on 2

where Area(K) is the (n — 1)-dimensional surface area of the box K, and Vol(K) is the
volume of the box K. This concludes the proof of Theorem 1.

3. Proof of Theorem 2

Using formula (15) in dimension n = 2, we get

v, (026 — t0,) + v, (a — t0,)) dS(v)
ve<a/t
vy <b/t

ab/
S

We use polar coordinates v, = cosf,v, = sinf so that dS(v) = df. Then the above
becomes

cdfx(t) =1—

Yz Uy
1+<a + b)dS(v)

sin~! (min(b/t,1))
/ (bcos@ + asinf — 2t sin 6 cos 0) df
cos~!(min(a/t,1))

1= /2 =
/ (bcos@ + asin @) do
0

sin™! (min(b/t,1))

1 . 5
1fm[bsm97ac059+tcos 9} (16)

cos—1(min(a/t,1))

The numerator of the second term may be written

b b2 b?
x(b<t) b~¥—a 1—t7+t 1—?2 +xb>t)(b—a-0+1¢-0)+
a? a a?
—x(a<t)|b 17t—27a~¥+t't—2 —x(a>t)(b-0—a+1)

11



which can be simplified to

X(b<t)(t—b—a,/1—lt]z) +X(a<t)(t—a—b\/1—(t122) +(a+b—1t).

Inserting this into (16) and differentiating yields Theorem 2.

4. Proof of Theorem 4

We will evaluate the cumulative distribution function (14) and then differentiate. The
denominator of the second term of (14) is

/2 (abv, + avyc + vybe) dS(v) = %(ab + ac+ be),
S

+

as may be evaluated by switching to spherical coordinates. Define

f(a,b,c) := bc/vegz+ vy dS(v),

vp<a/t
vy <b/t
v, <c/t

g(a,b,c) == 72tc/,U€Si VzUy dS(v),
vz<a/t
vy <b/t
v.<c/t

h(a,b,c) := 3t2 /vesi VU, dS(V).

vz<a/t
vy <b/t
v, <c/t

By symmetry, we have

fle,a,b) =ab /Uegi vy dS(v) = ab/vegz+ v, dS(v),

vz <c/t vz<a/t
vy<a/t vy <b/t
v.<b/t v.<c/t
f(b,c,a) = ac /vesi vy dS(v) = ac /vESi vy dS(v),
vz<b/t vz<a/t
vy <c/t vy <b/t
v.<a/t v.<c/t
g(c,a,b) = —2tb /”Ggi Va0 dS(v) = —2tb /vesi U0, dS(v),
vz <c/t vz<a/t
vy<a/t vy <b/t
v <b/t v, <c/t
g(b,c,a) = —2ta /uesi vzUy dS(v) = —2ta /”egi vy, dS(v),
e <b/t vz <a/t
vy<c/t vy <b/t
v.<a/t v, <c/t

12



and thus we can write the numerator in the second term of (14) as

Exploiting the symmetries, it suffices to evaluate h(a, b, c), g(a,b,c) and f(b,c,a) (note
the order of the arguments to f). We will evaluate these integrals by switching to
spherical coordinates, but first we need to parametrize the part of the sphere inside the
box 0 < vy < a/t,0 <wv, <b/t,0<v, <c/t.
Lemma 17. Fiz t € (0,Va? + b + ¢2). We have

ves? F(vg,vy,v2) dS(v) =

vp<a/t

vy <b/t
v, <c/t

O /2 Omaz  7/2 Omaz  [7/2
(/ / / / / / > (0,¢)sinfdpdf
0 -

Omin

for any integrable function F' : Si — R, where F(@, @) 1= F(sin 6 cos ¢, sin O sin ¢, cos b)),

where
O.in = cOS 1{ . }

0, := max(0pin, sin -1

Oy := max(fmin, sin 1{

0, = Sinl{VaQW

b)
t 1
g i=cos ! o d (whenever a < tsinf),
sin
b
@p = sin"? Y (whenever b < tsin ).
sin

and where we have used the shorthand {u}, := min(u, 1).

Proof. We will parametrize the set of points v = (v, vy,v.) on the sphere S? such that
0 < v, <aft,
0 <wy <b/t, (18)
0<w, <ec/t.

Switch to spherical coordinates v, = sinf cos ¢, v, = sinfsinp, v, = cosf. The non-

negativity conditions of (18) are equivalent to the condition 6, € (0,7/2). For such
angles, the condition v, < ¢/t is equivalent to

cos_l{g} <40,
t)1



and the conditions v, < a/t,v, < b/t are equivalent to

1 a .1 b
<p< . 19
€08 {tsin@}l_@_sm {tsin€}1 (19)

The interval (19) is non-empty for precisely those 6 € (0, 7/2) such that 6 < 0y,.x since

a 2 b 2 a 2 b 2
1< —_— — 1< —_ =
_{tsin0}1+{tsin9}1 - <tsin9> Jr(tsin@)

Va? + b2 Va2 + b2 }
1

sin@ﬁi <— 9<sin1{ ;

Thus we may restrict € to the interval given by the inequalities
0n1in S 0 S Hrnax-
Note that we have Opin < Omax for all t < Va2 + b2 + ¢2 since

2 /2152 ) 2

Omin < Omax < 1§{E} + var 0 =
tf, ¢ )

2 7772\ 2
136) +<V“+b

, ) — <+ +A

We conclude that we can write

fmax psin = {75ig by o
/veSﬁr F(vz, vy,v2) dS(v) :/ / NF(, ) sinfdpdf. (20)
Y oe<a/t min ~€OS {m}l
+<a/
vy <b/t
v.<c/t

For 6 € (0,7/2), note that cos™! = is defined precisely when sin™'{¢} < 6 and

[
if t < Va2 + c2, and we have O, < 0 if and only if ¢t < Vb2 + c2. Moreover we note
that we always have 04,05 € [Omin, Omax)-

Let us rewrite the integration limits in the right-hand side of (20) in terms of ¢, and
wp- A priori, we need to distinguish between the two cases 0, < 0, and 0, < 0,. If 0, < 6
then we get

/ﬁnnx/ {,gmg} /9a /ﬂ/Z /Gb /77/2 Omax /cpz,
Omin  Jcos™1{ Ormin SO0, Jea B

L L)
(L L)

that sin—! ﬁ is defined precisely when sirfl{é}l < 6. We have O, < 6, if and only

14



If on the other hand 6, < 6, then

L) - (e )

Pa

0y /2 0o /2 0o /2 Omax /2 Omax
fn +/ [T A A A A
min /0 0, JO 0, Jop a Ou ©b

which we see is identical to (2

1). Combining (20) and (21) we get the conclusion of the
lemma.

O
Applying Lemma 17 we get

2
h(a,b,c) =3t /vegi Vv, dS(v) =
vz<a/t
vy <b/t
v.<c/t

o [7/2 max  [7/2 Omax /2
3t2 (/ / / / / / > (sin” @ cos 0 cos @ sin ) sin 6 d df .
min o ()

An antiderivative of the integrand cos @ sin ¢-sin® 0 cos § with respect to ¢ is f% cos? psin® 6 cos 6,
and thus the above is

0a Ommax Hmax 1.
3t? </ cos? <p’ + / cos ap‘ / cos? <p‘ ) Zsin® @ cosdf =
Ormin o= =¢a Jo, o=¢ ) 2
0 Orme 2 -Orme 2
o max @ rmas b 1
3t? / 1 / - / ——— — 1) |=sin®0coshdl =
( Oumin + 0. t2sin%0 * 0 t2sin? 0 g S TS

b

‘ Ornax Orma (
2(/ 251n500050d0+/ azsin00080d0+/ (bQSin0t251n50)6080d0> =
Omin J0q Joy

1 ta 1 : 1 1 BOmax
; <{t24 sin? 9} . + {azi sin? 0} N + {b2§ sin 6 — tQZ sin? 6} " ) . (22)

Next consider

g(a,b,c) = —2tc /”Esi VzUy dS(v) =
ve<a/t
vy <b/t
v.<c/t

O /2 Omax  [7/2 Omax  [7/2
—2te </ / / / / / ) (sin” @ cos @ sin ) sin 0 dy df .

An antiderivative of the integrand cos @ sin ¢ - sin® @ with respect to ¢ is f% cos? psin3 6,

15



and thus the above is

g(a,b,c) = —=2tc /veSi VzUy dS(v) =

ve<a/t
vy <b/t
v.<c/t

Oa Omax Omax
—tc (/ cos? Lp‘ + / cos? <p‘ - / cos? 99’ > sin® 0 df =
min =0 0q $=¢a 0y p=%p
0 Omax 2 Omax [ b2
—te 1 L - —1] |sin®0dl =
°</ t o Esin?0 +/b <t2 sin? 0 )) s
Oa max 0 Omax [ b2 gin )
—tc</ sin 9d0+/ a’sin do + ( i;n —sin®0 ) do| =
Omin ()

cos® 6 fa
—tc 3 cos f

We obtain ¢(b, ¢,a) and g(c, a,b) by switching the roles of a,b, ¢ in (23). We remark that
trying to obtain g(b, ¢,a) and g(c, a, b) directly, by integrating v,v. and v,v., respectively,
by first integrating with respect to ¢, taking the limits ¢ — ¢, and ¢ — ¢, and then
finding an antiderivative with respect to 6, seem to result in much more complicated
expressions.

Finally consider

2

O
b2 cos 0 39 max
+ %[7 cos e]gzmx + |: (;;)5 _ CO; + cos 0:| ) (23)
Oy

Omin

f(b,c,a) = ac /veSi vy dS(v) =

vp<a/t
vy <b/t
v, <c/t

0, /2 Omax  7/2 Omax  [7/2
ac (/ / / / / / (sin@sin ) sin 6 dyp do .

An antiderivative of the integrand sin ¢ - sin? 6 with respect to ¢ is — cos ¢ - sin® 8, and
thus the above is

0 Omax Omax
ac(/ cos |, 0+/ cos @y, / cos |, > sin? 6 do =
0a Omax Omax
g 1 20do =
fa s asing Omax |
ac (/ sin? 6 df + ¢ s;n sin? @ — — sin 6 dH) =
Omin Oa

{fa cos 9} Omax

1
ac (2 [0 — sin 6 cos 0] z;m +

Omax b?
1— 5 —cos?@sinfdf | (24)
Jo, t
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where the last integral inside the parentheses may be written as

Omax
b2 b2 9
coseer 1— 2 )tan | % _
t2 t2 b2
1—— —cos?6
t2
Op
q Omax
b? b2 .0
cos 0y [sin2 0 — — + (1 — = | tant | ——22
t2 2 %
sin?6 — —
t2

=0

whenever 0, < 7/2, by using the fact that %(x\/c — 2 +ctan*1<\/i7>) is an an-

tiderivative of V¢ — x2 with respect to x when c is a constant. We obtain f(b, c,a) and
f(c,a,b) by switching the roles of a, b, ¢ in (24).

It remains to insert the limits Omin, Oa, Op, Omax into the antiderivatives (22), (23) and
(24) above. Noting that Omin, 0a,0p, Omax are expressed in terms of piecewise-defined
functions, the following manipulations will be useful. For any function v, we have

0(0aim) = (cos™ § e+ (cos™ (1 - 10
= (#(c0s %) = 0(0))xe + 000)

where x. := x(t > ¢). Similarly,

N
P(Omax) = <1/’ <sin1 a:—b> - w(ﬂ/2)> Xap + ¢(7/2)
where xqp = x(Va? + b2 > t), and

P(0a) = (1 — xa)¥(7/2) + (Xa — Xa,e)¥ (sinf1 %) + Xa,ct) (cos’1 %)

e (0o E) —w (st §) ) o (w50 ) — viw/)) +ua/2)

and similarly, ¢(6,) can be written as

Xb,c* <w <cos_1 %) - w<sin_1 g)) + Xp <1/; <sin_1 %) - 1/;(7r/2)> + Y(w/2).

With this we can evaluate [1/1]9mm [1/)]9‘““ [ ]9"“”‘. But since we know that we will get
a function symmetric with respect to the “values a, b, ¢, it suffices to keep only those terms
with xq and X.z, say, and then the other terms may be evaluated by just switching the
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order of a, b, c. Upon inserting the limits and differentiating, one obtains (after tedious
calculations) that

F(a,b,c,t) + F(b,c,a,t) + F(c,a,b,t)

df  (t) =
pdfx(?) 3nt3(ab + ac + be)

where

F(a,b,c,t) := (8at® — 3tY)+

x(t > a) <<6t4 —at+ 67Ta2bc> (8at® — 3t4) — 4(b + C)\/ﬁ(a +212) >+

at + bt — 9t* — 6420 + \/m%(a Ny 2t2)+
4a\/M(b2 + 2t%) — 12a%bc - arctan( 1= b2|>
ZLI)\/W((Z2 + 2t%) — 12ab%c - arctan( [* —a® - b2|>

Rewriting F' as a piecewise function, we get Theorem (4).

x(t > Va2 +b?)

+

5. Proof of Theorem 6

Consider the distribution of the random variable Y}, . Since we record the same number
of bounces for each choice of angle ¢ we may replace the M-particle system with a one
particle system Yy as follows: randomly select, with uniform distribution, the angle ¢
and generate N bounce lengths and randomly select one of these bounce lengths (with
uniform distribution); by the strong law of large numbers, Y/ x converges in distribution
to Yy as M — oo.

We now determine the limit distribution of Y. As before, we first unfold the motion,
and replace motion in a box with specular reflections on the walls with motion in R?; see
Figure 4. The path lengths between bounces is then the same as the lengths between the
intersections with horizontal or vertical grid lines. To understand the spatial distribution,
we project the dynamics to the torus R2/A where A is the lattice

A = {(nia,n9d) : n1,ng € Z},

and we may identify the torus with the rectangle [0, a] x [0, b].

Let us first consider the motion of a single particle with an arbitrary initial position,
and direction of motion given by an angle ¢. Taking symmetries into account, we may
assume that ¢ € [0,7/2]. (Note that f—}g gives a probability measure on these angles.) If
the particle travels a large distance R > 0, the number of intersections with horizontal,
respectively vertical, grid lines is Rs%‘e + O(1), respectively RC%‘Q + O(1). Thus, in the
limit R — oo, the probability of a line segment beginning at a horizontal (respectively
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vertical) grid line is given by P, respectively P, (here we suppress the dependence on )
where

sin ¢ cos ¢
Po=— b p= o
@ cos sin ¢ cos
ot ot e
The unfolded flow on the torus is ergodic for almost all ¢, and thus the starting points of

the line segments becomes uniformly distributed as R — oo for almost all ¢.
Let

T =T(p) :=a/cosp.
Since sinp = VT2 — a?/T, we obtain that

B T? — a? p_ b
b+ VT2 —a2 " b+ VT2 —a?

Let # = arctanb/a denote the angle of the diagonal in the box, and assume that
0 < ¢ < 0. We then observe the following regarding the line segment lengths.

First, if the segment begins at a horizontal line, it must end at a vertical line, and the
possible lengths of these segment lie between 0 and 7. We find that these lengths are
uniformly distributed in [0,77] since the starting points of the segments are uniformly
distributed.

On the other hand, if the line segment begins at a vertical line, it can either end at a
vertical or horizontal line. Since the starting points are uniformly distributed, the former
happens with probability

Py

VT2 _g2
T?—a T2—a2

atany  a—;
b b b

and the length of the segment is again uniformly distributed in [0, T], whereas the latter
happens with probability

bfatango_l T2 — a2
b - b
in which case the segment is always of length T'.

Now, ¢ € [0,6] implies that T € [a, Va® + b?], and noting that

dp a

dT — TVT? — a2
we find that the probability of observing a line segment of length ¢ is the sum of a
“singular part” (the segment begins and ends on vertical lines; note that all such segments
have the same lengths) and a “smooth part” (the segment does not begin and end on
vertical lines). Moreover, the smooth part contribution equals

1 /Vaz*'b2 1( atango)
h v

dy
= - W ar
77/2 max(a,t) T b

dT
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which, on inserting (5), equals

1 a’+b? 1 T2 — a2 N b atan a I —
7T/2 max(a,t) T b+ VT2 —a? b+ VT? —a? b TVT? — a2 B
1 pVaed? g T? — a? b T? — a? a IT
ﬂ'/2 ~/max(a,t) T b+ VT? — a? b+ VT2 —a? b TVT? — a2
1 pVaitd? 2a dT

T/Z max(a,t) b+ V T2 — a2 . ﬁ
On the other hand, the “singular part contribution”, provided ¢ > a, to the probability
of a segment having length ¢ equals

P, b—atangp dp 1 b Vit -—a? a B
/2 b dt — 7/2 b+ 12— a2 b WE—a2
1 a

B v ey 0 VE-a).

In case 6 < ¢ < 7/2, a similar argument (we simple reverse the roles of a and b) shows
that the smooth contribution equals
1 Verii? 2b dT
7/2 Jmax(vt) a + VT2 — b2 T2
and that the singular contribution (if ¢ > b) equals
1 b
PPV N

Thus, if we let Ping(t) denote the “singular contribution” to the probability density
function we find the following: if ¢ < a, then

VER).

Piing(t) =0
if t € [a,b], then
1 a(b—\/t2—a2)

P = 2 o+ VB dWVE @

and if ¢ € [b, Va? + b?], then

L ae PR e PR
w2 \th+VE-—@WVE - ta+VE-RWE—12)

Remark 25. Note that Py, has a singularity of type (¢t — a)~'/? just to the right of

t = a (and similarly just to the right of ¢ = b). In a sense this singularity arises from the
. . . . d

singularity in the change of variables ¢ +— T since 3% = T\/% The reason for the

singularities in the spreading model for n = 2 is similar, as the spreading model can be

obtained from the absorption model by a smooth change of the angular measure.

Psing(t)
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Similarly, the “smooth part” of the contribution is (for ¢ € [0, va? + b?]) given by

a?+b? 2a dr  [Vertt? 2b dT
T Sy G TR s
/Inax(a,t) b + vV T2 — a2 T2 max(b,t) @ =+ 112 — bQ T2

Hence the probability density function of the distribution of the segment length ¢ is
given by

Psmooth(t) = %/2 <

pde(t) = PSing(t) + Psmooth(t)~

We will now evaluate Psmootn(t). An antiderivative of W% . % with respect to T’

for T € (a,Va? + b?) is
2a(VT? — a2 — b) Qab(tanh_l (ﬁ) —tanh™! (7% Va2+b2>)

T(a2 + bQ) + (a2 + 62)3/2 (26)

where tanh™!(2) = 1 log 3= for |z| < 1. (A quick calculation shows that

1 whenever a < T < va? + b2.) We can rewrite (26) as

N BN
Tb

bl (Va2+02+T) (Tb—VT?—a2 Va2 +1?2)
2a(VTZ — a2 —b) OB\ (Var0—7) (To+ VT2 —a?var+12)
T(a? +b?) (a? + b2)>/?

By I’'Hopital’s rule we have

b Tb- VIZ =22+ 1 . b— ﬁ\/ﬁ + b2 @
T2 457+ Va2 + 2 -T T—va? 1074 -1 b

so the limit of (26) as T — Va2 + b2+ is

) 2\ (VPP +VaTR)
ablog( () - (vamsm v _ Zablog(5)

(a2 4 b2)°/ (a2 +02)Y%

The limit of (26) as T — a+ is

—9%% N 2abtanh‘1<\/a§w>
(a®+b?)

(a® + b2)3/2

Thus, assuming a < b, we can write § Psmootn(t) as

2a+b)  2ab <tanh,1< a >+tanh’1< b >>
@+ ) (@242 VET R VET R
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ift <a,b, or as
2ab + 2at — 2a\/t% — a?
t(a? + b2)

2ab<—tanh71(ﬁ>+tanhil(w) —tanh*l( b ))
(a2 + b2)3/2

ifa<t<boras

22ab —aVitZ —aZ — bV/t2 — b2

t(a? + b2)
2ab<72 tanh ™! (\/ﬁ) + tanh ™! (7‘/@@) + tanh™! <7@;/m>>

(a2 4 b2)%/?

if a,b < t. Adding Piing(t) to this, we get Theorem 6.

A. Calculation of an integral
Lemma 27. Write |[S"7!| for the (n — 1)-dimensional surface area of the sphere S"~! C
R™. Then we have
1|S™
/Szi1 Un dS(U) = ;27”(
where Sﬁ'fl :=S""1 N (0,00)" is the part of the sphere S*~1 with positive coordinates.
Proof. We may parametrize v = (vi,...,v,) € Sﬁfl with

v1 = cos b
v9 = sin 6 cos Oy

v3 = sin 6 sin 65 cos O3

Up—1 = sinfy ---sinf,_scosb,_1

Uy = sinfy ---sinf,_osinb,_1
for 01,...,0,—1 € (0,7/2). We have the spherical area element
dS(v) = sin® 20 sin® 30y -sinb,_odby - dbp_1 .

Thus we get

n—1

w/2 X
v dS(v) = / sin® 1= 0, db; .
./81—1 @) H 0

i=1"
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Introducing an additional integration variable 6,, we recognize the integrand as the
spherical area element in n + 1 dimensions, and thus the above is

n w/2 . n
! / sin" 17! 0; df; = L |S ‘
0

- S
= /22
since [sn dS(v) = |S?|/2" L. O
+
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