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Number of non-self intersecting paths

m Consider the integer lattice L, = {(/,j) : 0 < i,j < n}.
Compute the number of non-self intersecting paths from
(0,0) to (n, n).
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Number of non-self intersecting paths

Number of non-self intersecting paths

m Consider the integer lattice L, = {(/,j) : 0 < i,j < n}.
Compute the number of non-self intersecting paths from
(0,0) to (n, n).

m For n = 10 the answer is 1.5687 x 10%4.
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Number of non-self intersecting paths

Number of non-self intersecting paths

A sequential importance sampling algorithm for this problem

m Generate N paths denoted +; according to the uniform
distribution on open nodes (show example).

m Let p(~) be the probability of a path v and I', be the set of
non-self intersecting paths that reach (n, n).

m Estimate the number of paths by
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Fig. 4. Three more randomly generated paths, with their associated probabilities.

From D.E. Knuth, Mathematics and computer science: coping with finiteness. Science,
194(4271), 1235-1242, 1976.
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Bias and variance

m The estimate is unbiased

N

1 1 1
E[N Z W/{’Yj € rn}] = Z mP(V) = |nl.

j=1 ~y€Eln

m The variance is

Var(F4) = (3 Sgep(n) — ) = (Z o5~ ).
elrp

v€ln

m Would like to find p(7) such that Var(|["|) to grow roughly
like |Tp?.
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Number of non-self intersecting paths
m The number of binary tables
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The number of binary tables

Some related problems

Binary tables

m Consider a binary 0/1 contingency table of size m x n.

m Given a set of row sums r = (ry, ..., rm) and column sums
c=(cy,...,Cn) let T, ¢ be the set of tables with row sums r
and column sums c.

m How many such tables are there?

Henrik Hult

Four lectures on importance sampling



Number of non-self intersecting paths
[e]e] Tele]

The number of binary tables

Darwin’s Finch data

Picture

Table 1. Occurrence Matrix for Darwin’s Finch Data

Island
G H !

o
o

Finch

Large ground finch
Medium ground finch
Small ground finch
Sharp-beaked ground finch
Cactus ground finch
Large cactus ground finch
Large tree finch

Medium tree finch

Small tree finch
Vegetarian finch
Woodpecker finch
Mangrove finch

Warbler finch
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NOTE: Island name code: A = Seymour, B = Baltra, C = Isabella, D = Fernandina, E = Santiago, F = Rabida, G = Pinzén, H = Santa Cruz, | = Santa Fe, J = San Crist6bal, K = Espafiela,
L= Floreana, M = Genovesa, N = Marchena, O = Pinta, P = Darwin, Q = Wolf.

From Chen et al., Sequential Monte Carlo for statistical analysis of tables. JASA, 100(469), 109-120, 2005.
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The number of binary tables

A related problem

Binary tables

m Strategy: sample a table sequentially according to a
probability p(T;).
m Estimate |I'; ¢| by

N
N
ITrel = Nj:Z1 WTI,)/{T/' € n}.

m How to sample the tables?
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The number of binary tables

A related problem

Binary tables

m The first column contains ¢; number of 1’s.

m Sample the position of the 1's iy, .. ., i, from a conditional
Poisson CP(py,...,pn), pi = ri/n.

m If (Z,...,2Zn)is independent Ber(py, ..., pm) and
S =2y +...2Zpy, then the distribution of (Z;,...,2Zn) | S'is

CP(p1,....,Pm).
m Update the table by computing remaining row sums.

m A modification of the algorithm avoids getting stuck.
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A simpler problem — monotone paths

Number of monotone paths'

m Return to the non-self intersecting paths. This time take a
much simpler problem with a similar spirit.

"This material comes partly from Bassetti and Diaconis (2005)
Henrik Hult

Four lectures on importance sampling



A simpler problem — monotone paths

Number of monotone paths'

m Return to the non-self intersecting paths. This time take a
much simpler problem with a similar spirit.

m Consider the integer lattice L, = {(/,j) : 0 <i,j < n}. Let
I, the number of monotone paths from (0, 0) to (n, n). That
is, paths that can only move up or to the right.

m Pretend you cannot compute the number of such paths.
How would you simulate?

"This material comes partly from Bassetti and Diaconis (2005)
Henrik Hult
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A simpler problem — monotone paths

Number of monotone paths

Naive generation of paths

A first sequential importance sampling algorithm for this
problem

m Generate each path by taking p'(i,j) =1 —p~(i,j) = 1/2
for i,j # nand 1 on the boundary.

m Let p(~) be the probability of a path .

m Estimate

I_ J—
| n’ N/Z; ’7/)

m Will this be efficient?
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A simpler problem — monotone paths

Problem session

Monotone paths and no-down moves

m Problem 1a Let n = 5. How many monotone paths are
there from (0, 0) to (5,5)7

m Problem 1b If you were to simulate to find the answer, how
would you simulate "optimally’ from position (1, 3) to
compute the number of paths? Find p'(1, 3).

m Problem 2a Suppose you can move up, left, or right (but
not down) without intersecting your path. How many such
paths are there from (0, 0) to (5,5)?

m Problem 2b If you were to simulate to find the answer, how
would you simulate "optimally’ from position (1, 3) if you
reached (1,3) from below? Find
p=(1,3),p"(1.3),p7(1,3).
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A simpler problem — monotone paths

Number of monotone paths

Naive generation of paths — analysis

How efficient is the naive generation of paths with probability
1/2 to go up?
m The number of monotone paths is

o= (27) = 22 ana (27) <27
nj| — n N\/ﬁ) n ~ n?

m Letting j be the number of steps until the path hits the
boundary, the second moment of the estimator is

2n—1 .
1 (=1 onf2n—2\ 16"
E - E / ~ D<N ~
p(v) ? 2<n1> ? ('71) vn

Y Jj=n
m So second moment divided by squared number of paths
grows like v/n.
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Summary

Summary

| tried to provide an introduction to importance sampling and
recent developments with a bias towards my own
interests/work.
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| tried to provide an introduction to importance sampling and
recent developments with a bias towards my own
interests/work.

m Efficient importance sampling can be constructed by
approximating the zero-variance change of measure.
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Summary

| tried to provide an introduction to importance sampling and
recent developments with a bias towards my own
interests/work.

m Efficient importance sampling can be constructed by
approximating the zero-variance change of measure.

m Large deviations/asymptotic analysis can be used to come
up with the design of efficient algorithms.
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Summary

Summary

| tried to provide an introduction to importance sampling and
recent developments with a bias towards my own
interests/work.

m Efficient importance sampling can be constructed by
approximating the zero-variance change of measure.

m Large deviations/asymptotic analysis can be used to come
up with the design of efficient algorithms.

m A stochastic control formulation of sequential importance
sampling problems provides a basis for the efficiency
analysis.
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