sirs2c.mw An SIRS Model with Demography Ingemar Nasell

This Maple worksheet is denoted sirs2c.
It is used to study an SIRS model with demography, for RO>1 and «1 large.
The deterministic version of the model then shows damped oscillations toward an
endemic infection level.
The particular model dealt with here has a state space with 2 variables: S and I.
This means that the variable R is approximated by N-S-I.
Furthermore, the infection rate is "conventional”: the denominator S+I+R-1 of the
proper infection rate is replaced by N.
Two things are done here:
I) We derive an expression for the angular frequency of the deterministic model
oscillations; and
I1) We give a derivation of the moments of the stationary distribution of a diffusion
approximation.
_Ingemar Nasell, KTH, Stockholm, 2012-10-03.
> restart;

wi t h( Li near Al gebr a, Tr anspose, Ei genval ues,

CharacteristicPol ynom al);

wi t h( Vect or Cal cul us, Jacobi an) ;

i nterface(i magi naryunit=I1);

[ Transpose, Eigenvalues, CharacteristicPolynomial ]

[Jacobian]

l (1)
The reason for changing the notation used for the imaginary unit is that "I" will be
used below to denote the number of infected individuals.
| The original transition rates are stored in the table transA:
> transA =table([[1, O] =mu*N+delta*(N-S-1),[-1, 1] =beta*S*I/N,[-1,

0] =nmu*S, [0, -1] =(mu+ganma) *1]):

S ENYM T Sa Y S AN Y
Ytu [ [
we get: S=x1-N, I=x2-N, B=p-a1-RO, y=p-(al-1), d=p-(a2-1).
| The Maple procedure "scale" is used to change the transition rates accordingly:
> scal e: =proc(tab)

| ocal XA, n, xB, xC,

xA: =op( 2, eval (tab));

n: =nops( xA) ;

XxB: =subs(S=x1*N, | =x2* N, bet a=nu* al phal* RO, gamma=nu* (al phal- 1),

del t a=nu* (al pha2- 1), xA);

xC:. =[ seq(l hs(op(i,xB))=sinplify(rhs(op(i,xB)/N)),i=1..n)];

t abl e(x0O);
| end proc:
We apply the scaling and reparametrization mentioned above to get the table of
| transition rates "trans":
> trans: =scal e(transA);
trans:=table([[0, -1]=poal x2,[-1,0]=puxI, [-1,1]=poal ROXI X2, [1,0] = (2)

~u (-2 4+ 02x1+oa2x2—x1—x2)])

After scaling: x1:%, x2:—]<], and reparametrization RO=
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Next is a procedure that determines the right-hand sides of the deterministic ODEs
| for the scaled variables x1 and x2 from the table of transition rates:
> equ: =proc(i,tab)
| ocal X, n;
x: =op(2, eval (tab));
add(l hs(x[n])[i]*rhs(x[n]), n=1..nops(x));
| end proc:
| The right-hand sides of the ODEs for the variables x1 and x2 are found to be:
> eqgl:=sinplify(equ(l,trans));
eqg2: =sinmplify(equ(2,trans));
eql:=-pal ROXIX2+po2—po2xl —poa2x2+ux2

eql:=-pol x2+pal ROXI X2 (3)

;Now determine the critical points of these two ODEs:
> crit:=solve({eql, eq2}, {x1, x2});
crit:={x1=1, x2=0}, XIZL,XZZ a2 (RO—1)
RO RO (ol +a2—-1)
;The point corresponding to an endemic infection level is termed (x10,x20):
> x10:=rhs(crit[2][1]);
x20:=rrhs(crit[2][2]);

(4)

x10:=L

RO

x20:= 02 (RO—1) (5)
RO(ol+02—-1)

;The Jacobian of the system of ODEs is denoted Bx:
> Bx: =Jacobi an([ eql, eq2?], [ x1, x2]);

-nal X2RO0—p a2 -pol ROXI —po2+u
Bx:= (6)
nol x2 RO -nal +pal ROXI

;Evaluate the Jacobian at the critical point:
> B:=sinplify(subs(x1=x10, x2=x20, Bx));
po2(alRO+oa2—1)

ol +o2—1
B:= (7)
wol o2 (RO—1) 0

ol +o2—1

-nol —pol+u

[We proceed to determine the eigenvalues of the matrix B.
| The command "CharacteristicPolynomial” gives

> p:=CharacteristicPol ynom al (B, | anbda) ;
uaZ(alRO—i—ocZ—l)?u_l_(RO_l)aZOduz (8)
ol +a2—1

2
p:=\A+
The eigenvalues are found as solutions of the characteristic equation p=0 or kz +ai
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+b=0.

They can be written -g +iQ withQ= |/ b— (%jz _

R1

2 . —
u-/al-aZ-(RO—l)—(a2-7j , and where R1 = al-RO+o2—1

ol +o2—1

Now proceed to determine approximations of the covariances of the diffusion
approximation.

| Covariances of x[i]x[j] are determined by cov1:
> covl:=proc(i,j,tab)
| ocal x, n;
x:=op(2, eval (tab));
add(l hs(x[n])[i]*Ihs(x[n])[j]*rhs(x[n]),n=1..nops(Xx));
| end proc:
| The local covariance matrix S is determined by the procedure "cov":
> cov: =proc(tab)
| ocal i,j,d, S
d: =nops(Il hs(op(2, eval (tab))[1]));
for i froml to d do
for j froml to d do
S[i,j]:=covi(i,j,tab);
od;
od;
S:=Matrix(2,9);
| end proc:
| By using the table of transition rates in "trans"”, we get
> Sx:=sinmplify(cov(trans));
Sx:= (9)
[[2uXx] +poal ROXIX2+po2 —po2 XI —p a2 x2+ux2,
-wal ROX1 x2],
[-wal ROX1x2,pol x2+pal ROXI x2]]

;Evaluate the local covariance matrix at the critical point:
> S =sinplify(subs(x1=x10, x2=x20, Sx));

2u(ol+o2—1+oala2RO—alo2)  pol o2 (RO—1)
RO(al +a2—1) RO (ol +o02—-1)

S:= (10)
. wol o2 (RO—1) 2uol o2 (RO—1)
RO(al +a2—1) RO (ol +o02—-1)

[ Now proceed to solve A=-S, where A=B*SIG+SIG*BT, and where BT=Transpose(B).
_First introduce notation for the elements of the matrix SIG:

> SIG =Matrix(2,[s11,s12,s21,s22]);
sll s12

s21 s22

SIG := (11)
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| Next, determine the matrix A:
> A =Matrix(eval m B& SI G+SI G&* Tr anspose(B)));
Aie H_ 2uo2 (al RO+ o2 —1) sl1 N

(-pol —po2+u) s21+s12(-pol —pa2 (12)

ol +o2—-1
), - wo2 (el RO+o2—1) s12 b (-pal — a2+ ) s22
ol +o2—1
+ wol o2 (RO—1) sl1
ol +o2—1 ’
pwolo2(RO—1)s11  s2lpo2 (al RO+a2—1) T (-nod —po2+u) s22
ol +oa2—-1 ol +a2—1
nwol a2 (RO—1) s12 n s2lpal o2 (RO—1)
ol +a2—-1 ol +o2—1

Solve the 4 scalar equations gotten from the matrix equation A+S=0 for the 4
L unknowns in the matrix

> sol ve(convert (StA, set), convert (SI G set));
{311— ol — 02+ 02 +al’ + al a2 + ol 02 RO 1 1

, S12=-—,821=-—,822 13
02RO (al RO+ a2 —1) RO RO (13)

= (-ROaI®+ 02+ al” + ol RO° a2+ al° R0O02 — 2 a2 + a2’ — 2 al a2 RO
—al? 02— al’ +al’ RO+ 2 al a2 RO) | (RO (-4 a1 a2+ 2 21> RO a2
+oc1a22R0—2a1a2R0+a12a2+2a1a22—1—a12+2a1—3a22+3a2
+al’ RO—2R0alI”+al RO+ a2’)))}

| > assign(9%;
| In simplified expressions below, we use two parameters « and R1 as follows:
> al pha=al phal+al pha2- 1;
R1=(al phal*RO+al pha2- 1)/ al pha;
o=ol+o2—-1
ol RO+ o2 —1

RI= (14)
(04

_Next, we give alternate and simplified exact expressions for the two variances s11
and s22.
These expressions have been derived "by hand". We use Maple only to check that
| sllalt=s11 and that s22alt=s22.
> sllalt: =1/ RO+al phal/ (al pha2*R0O*R1) ;
simpli fy(subs(Rl=(al phal*R0O+al pha2-1)/(al phal+al pha2-1),s1l-
sllalt));

sllalt:= 1 + ol

RO  a2RORI
0 (15)
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> s22alt: =al phal”"2*(R0-1)/(al pha®2*R0*R1) + al pha2*R1/ (al pha*R0);
simpli fy(subs(Rl=(al phal*R0+al pha2-1)/al pha, al pha=al phal+al pha2
-1,s22-s22alt));
2
22alt = ol 2(R0—1) n a2 R1
o RORI o RO
i 0 (16)
The covariances s12 and s21 are seen above to be simple.
We give them below, and also the one-term asymptotic approximations of the
| variances s11 and s22 for large alphal.
> slla: =op(1, asynpt(sll, al phal));
sl12: =s12;
s21:=s21;
s22a: =op(1, asynpt (s22, al phal));
slla:= ol
" 02R(?
1
12:=-—
> RO
1
§21:=-—
RO
RO—1
s22a:= 17
_ G (17)
ul = x20*N divided by ol=y N*s22 is called pl.
| We determine an approximation of ol for large «1:
> x20;
x20a: =op( 1, asynpt (x20, al phal));
rhol : =sinplify(x20a*N sqgrt(s22a*N)) assunm ng RO>1;
o2 (RO—1)
RO(al +a2—-1)
X204 := w
RO ol
rhol:= %Y RO—1 /N (18)
ol
uS = x10*N divided by oS =+ N-s11 is called pS.
| We determine an approximation of pS for large «1.
> x10;
sinmplify(x10*N sqgrt(N-slla)) assum ng RO>1, al phal>0, al pha2>0;
1
RO
(19)
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VN /a2
Jal

(19)
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