sirs3prm.mw An SIRS Model with Demography Ingemar Nasell

This Maple worksheet is denoted sirs3pra.

It is used to study an SIRS model with demography, with RO>1 and «1 large.

The deterministic version of the model shows damped oscillations toward an
endemic infection level.

The particular model dealt with here has a state space with 3 variables: S, I, and R,
and the infection rate is "modified proper”, which means that the denominator of the
infection rate equals S+I+R.

Two things are done here.

First we derive an expression for the angular frequency of the deterministic model
oscillations, and after that we give a derivation of the moments of a diffusion
approximation.

| Ingemar Nasell, KTH, Stockholm, 2012-10-03.

> restart;
wi t h( Li near Al gebr a, Transpose, Ei genval ues,
CharacteristicPol ynom al );
wi t h( Vect or Cal cul us, Jacobi an) ;
interface(inmgi naryunit=I1);
[ Transpose, Eigenvalues, CharacteristicPolynomial]

[ Jacobian]
l (1)
The reason for changing the notation used for the imaginary unit is that "I" will be
used below to denote the number of infected individuals.
| The original transition rates are stored in the table transA:
> transA =table([[1,0,0]=mu*N,[1,0,-1]=delta*R [-1, 1, 0] =beta*S*1/
(St1+R),[-1,0,0] =mu*S,[ O, -1, 1] =game*|, [0, -1, 0] =mu*1,[ 0,0, -1] =
nu*R[) ;

transA := table[[[l, 0,0]=uN, [-1,1,0] = BST

i W0 -1=8R [0, -1,1] ()

:YL [O’ _15 O]:}’LL [_1’ Os O]ZMS! [O, Os _1]=MR})

[ After scaling: x1=S/N, x2=I/N, x3=R/N, and reparametrization RO=/(y+p), «l= (y+
W/,
02=(0+H)/u, we get: S=x1*N, [=x2*N, R=x3*N, B=p*x1*RO, y=p*(x1-1), d=p*(x2-1).

The Maple procedure "scale" is used to rewrite the transition rates after this rescaling
| and reparametrization.
> scal e: =proc(tab)
| ocal XA, n, xB, xC,
xA: =op( 2, eval (tab));
n: =nops( xA) ;
XxB: =subs(S=x1*N, | =x2* N, R=x3* N, bet a=nu*al phal* RO, ganmma=nu*
(al phal-1), del t a=nu*(al pha2-1), xA);
XC. =[seq(!l hs(op(i,xB))=sinplify(rhs(op(i,xB)/N)),i=1..n)];
t abl e(xC);
end proc:
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Apply the rescaling and reparametrization described above to get the new table of
_transition rates "trans":

> trans: =scal e(transA);

L o _ pod ROXI x2 P
trans := table( [1,0,0]=y, [-1,1,0] = I tx2 3 [1,0, -1]=p (a2 (3)
—1)x3,[0, -1, 1]=p (el —1) x2, [0, -1, 0] =pux2, [-1, 0, 0] = uxI, [0, O,

-1]1=ux3])

Next is a procedure that determines the right hand sides of the deterministic ODEs
| for the scaled variables x1, x2, x3 from the table of transition rates:
> equ: =proc(i,tab)

| ocal X, n;
X:=op(2, eval (tab));
add(l hs(x[n])[i]*rhs(x[n]), n=1..nops(x));
| end proc:
| The 3 right-hand sides are as follows:
> eql: =equ(1,trans);
eq2: =sinplify(equ(2,trans));
eq3: =equ(3,trans);

ol ROX1 x2
eql:=pn— L:c1+x2+x3 +u(o2—1) x3—uxI
ux2ol (ROXI —xI —x2—X3)
2:=
¢ xI +x2+ x3
eq3:=-u(a2—1)x3+u (ol —1) x2—ux3 (4)

:Critical points:

> crit:=solve({eql, eq2, eq3}, {x1, x2, x3});

crit:={xI1=1,x2=0,x3=0}, {xI = i, X2 = 02 (RO~ 1) :
RO RO(a2+al —1)

X3 (5)

_ (a1-1) (RO—1) }
RO (024 ol —1)

| The point corresponding to an endemic infection level is termed (x10,x20,x30):
> x10: =rhs(crit[2][1]);

x20:=rhs(crit[2][2]);

x30: =map(factor,rhs(crit[2][3]));

1
10:= —
Y= Ro
X20 = a2 (RO—1)
RO(02+oal—1)
X30:= (al —1) (RO—1) (6)

RO(02+ ol —1)
:The Jacobian of the system of ODEs is denoted Bx:
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> Bx: =Jacobi an([ eql, eq2, eq3], [ x1, x2, x3]);

Bxoe || - nol ROXx2 wol ROXI x2 - nol ROXI pol ROXI x2 7)
) xI 4+ x2+ x3 (x1 -|-x2—|-x3)2 * x1+x2+x3 (x1 -|-x2+x3)2’
nal ROXI x.22 +u(a2—1)),

(x1+x2+ x3)
ux2ol (RO—1) B ux2ol (ROXI —xI —x2—X3)

X1+ x2+x3 (xI +x2 +x3)° ’
pol (ROXI —x1—x2—x3)  ux2al
xI +x2+x3 xI+x2+x3
B ux2ol (ROXI —xI —Xx2—X3) ) ux2ol
(xI + x2+x3)* © X1+ x2+x3
B ux2ol (ROXI —xI1 —x2—X3)
(x1 —i—x2—i—x3)2 ’

[O,M(al—l), -u(e2—-1) —u

;Evaluate the Jacobian at the critical point:
> B:=sinplify(subs(x1=x10, x2=x20, x3=x30, Bx) ) ;
(02 al RO°P —2 a2 1 RO+ o2 o + RO o2 + 1 RO—RO) ®)
RO (02 +al —1) ’
(el RO—RO+ o2) pol
RO(o2+al—1)

(20201 RO— 02 ol + RO0Z —2 RO a2 — ol RO+ RO)
RO(a2+0al—1)
(wo2(RO—1)°al  po2(RO-1)al  po2(RO-1)al
| RO(a2+al—1)" RO(a2+al—1)" RO(o2+al—1)

B:=

O,u(al —1), -pa2

[\We proceed to determine the eigenvalues of the matrix B.

We use first the command "Eigenvalues" to show that one of the eigenvalues equals -
H.
After that, we use the command "CharacteristicPolynomial” and the knowledge that
one eigenvalue equals -p to derive a quadratic equation for the remaining two

| eigenvalues.

> ei g: =Ei genval ues(B);
eig:.=

-, 9
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1 1

L1 ((-e-a2al RO+ a2
2 o2+al —1

+(02* =202 al RO=2 02’ + 02° al° RO + 6 02° ol RO+ o2
+8oc22a12—8oc22a1 +4oc23a1—8a22a12R0+4oc2a13—8a2a12

3 2 1/2
— 4020’ RO+8a2al° RO+4a2al —4a2al RO) ) )|,
1 1

L1 ((eP+a2alRO-a2
2 a2+al —1

+ (02" =202 al RO—2 a2’ + a2 al° RO* + 6 02" ol RO+ 02°
1802 al’—80X al+4a2 al —8 a2 al° RO+ 4 o2 al® — 8 a2 al®

—4a2al’ RO+8 a2 al° RO+ 4 o2 ol — 4 a2 al Ro)l/z) u)”

[ One of the eigenvalues is thus seen to be equal to -p
 Next we determine the characteristic polynomial of the matrix B.
> p:=CharacteristicPol ynom al (B, | anbda) ;

2
}9:=7L3+ u(aZZ—l-ocZoclRO—i-od—l)k

(10)
o2+al -1
2 2 2
L o2y (-0l +al —o20al + 020l RO+ a2 —1 4+ al° RO) A a2 (RO
o2+ol -1
—1) ol
[To proceed, we derive a quadratic equation for the remaining two eigenvalues by
| dividing p by A+, and simplifying:
> pl:=map(sinplify,collect(sinmplify(p/(lanmbda+nu)),|anbda));
p1:=x2+“0‘2(“2+“1R0_1”+(Ro—1)a2p2a1 (11)
o2+al —1
Define R1 = ol RO+ oz-1 . The two roots of the equation p1=0 can then be written
ol +a2—1
2
(W2 RL 6 where O = u'/oduZ-(RO—l) - ( O‘ZéRl ) .

This finishes the study of the eigenvalues.
We proceed to determine approximations of the covariances of a diffusion
approximation.
| Covariances of x[i]x[j] are determined by cov1.:
> covl:=proc(i,j,tab)
| ocal x, n;
X:=op(2, eval (tab));
add(l hs(x[n])[i]*Ihs(x[n])[j]*rhs(x[n]),n=1..nops(Xx));
end proc:
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| The local covariance matrix S is determined by the procedure cov:
> cov: =proc(tab)
| ocal i,j,d,S;
d: =nops(I| hs(op(2, eval (tab))[1]));
for i from1l to d do
for j from1l to d do
S[i,j]:=covi(i,j,tab);
od;
od;
S:=Matrix(d,S);
| end proc:
| By using the table of transition rates in "trans", we get

> Sx:=sinmplify(cov(trans));

Sx:= é(u(xl +Xx2+x34al ROxI x2+x302x1 +x3a2Xx2+x3 a2 (12)
X1 +x2+Xx3

_ Mol ROXI x2
xI1+x2+x3’

Mol ROXIx2 ux2oal (ROXI + X1 +Xx2+X3)
xI+x2+x3’ xI +x2+x3

—X3x2—x3F +xI°+x1x2)),

-u(e2—1) x3

,-u (ol —1) x2

—u(a2—1)x3, -u(al —1) x2,ux3a2+ux2al —ux2

;Evaluate the local covariance matrix at the critical point:
> S:=sinplify(subs(x1=x10, x2=x20, x3=x30, Sx));
G 2(-a2al +o20al RO+o2+oal —1)u  po2(RO—1) ol

RO (o2 +al —1) " RO(o2+oal—1)’
_u(ocZ—l)(ocl—l)(RO—l)l
RO (02 +al —1) ’

[_ no2 (RO—=1)oal 2po2(RO—1) al _u(ocl—l)ocZ(RO—l)
RO(o2+al—1)" RO(o2+al—1) RO(02+ ol —1)
[_u(aZ—l)((xl—l)(RO—l) u(al—1) a2 (RO—1)

RO (02 +al —1) ’ RO (02 +al —1)
2u(o¢1—1)oc2(R0—1)H
RO(02+ ol —1)

_Now proceed to solve A=-S, where A=B*SIG+SIG*BT, and where BT=Transpose(B).
| First introduce notation for the elements of the matrix SIG:

> SIG =Matrix(3,[s11,s12,s13,s21,s22,s23,s31,s32,s33]);
sll s12 s13

SIG:=| s21 s22 s23 (14)
s31 s32 s$33

(13)
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| Next, evaluate the matrix A:
| > A =Matrix(eval m(B& SI G+SI G&* Tr anspose(B))):
Solve the 9 scalar equations that result from the matrix equation A+S=0 for the 9
| unknowns in SIG:
| > sol ve(convert (A+S, set), convert (SI G set)):
| > assign(9;
Determine the first term of the asymptotic approximation of each of the elements of
| the matrix SIG as &1 becomes large.
> slla: =op(1, asynpt(sll, al phal));
sl2a: =op(1, asynpt(sl2, al phal));
sl3a: =op(1, asynpt (s13, al phal));
s2la: =op(1, asynpt (s21, al phal));
s22a: =sinmplify(op(1l, asynpt (s22, al phal)));
s23a: =op( 1, asynpt (s23, al phal));
s3la: =op(1, asynpt (s31, al phal));
s32a: =op( 1, asynpt (s32, al phal));
s33a: =op( 1, asynpt (s33, al phal));

1
slla:= oc2aR02
sl2a:= _RLO
1
sl3a:= - ocZaROZ
s2la:= _RLO
RO—-1
s22a:= RO
1
s23a:= W
1
s3la:= - a2aR02
1
s32a:= W
s33a:= ocZOCIIQOZ (15)

;The Expectation of S+I+R, divided by N, is denoted Expsum:
> Expsum =si npl i fy(x10+x20+x30);

Expsum:=1 (16)
| The Variance of S+I+R, divided by N, is denotede Varsum:
> Varsum =sinplify(sll+s22+s33+2*s12+2*s13+2*s23);

Varsum:=1 (17)
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I define pI as the first term in the asymptotic approximation of the ratio x20*N/

|/ s22-N for large 1.

> x20;
x20a: =op( 1, asynpt ( x20, al phal));
rhol:=sinplify(x20a*N sqrt(s22a*N)) assum ng RO>1;

o2 (RO—1)
RO(a2+al—1)
x20a := m
RO al
rhol:= a2YRO—1 N (18)
ol
;Thjs expression for pl is the same as for sirs2c and sirs3c.
> sl1;
a2 0l RO°P+RO—2 al RO+ I RO—2 RO02 + 2 a2 ol RO+ R0 a2 + 02° — a2 (19)
02RO (a2 +al RO—1)
[> al pha: =al phal+al pha2- 1;
o:=02+ol —1 (20)
> Ri: =(al phal*RO+al pha2-1)/al pha;
RI-— o2+ al RO—1 (21)
o2+ol —1
(> s22;

(a13R52 —ROal® — 02 0l RO+ RO al® 02 + 02 al* ROP +2 al° RO—2 al° RCP  (22)
+ 020l RO— ol RO—2 o2 al RO? + al RO° — ROP ol 02 + o2 al ROP
+ 02 al RO+ 02’ + ROaZ —2 02 R + 02 R(° — o2* + a2’ RE —R0a2’) |
((ROaI’+2 a2 al° RO—2 al° RO+ a2° ol RO—2 a2 ol RO+ ol RO+ 02 al”
—al’+202 al —402al +2al —3 a2 +302—1+a2’) RO?)

=> sllnum =op(1, s1l);
sllnum:= o2 al RO* + RO—2 ol RO+ al° RO—2 RO 02 +2 o2 ol RO+ RO o2 (23)

+a22—a2

;The numerator of s11 can be approximated by sllnuma:
> sllnuma: =( al phal-1)~2*R0O+al pha*al pha2*R1* ( RO+2) - al pha2* ( RO-1) -
al pha2n2;

sllnuma:= (al — 1)2R0+ o2 (e2+al RO—1) (RO+2) —a2 (RO—1) — a2 (24)
=> sinmplify(sllnum sllnumg);
i 0 (25)
;An alternative expression for s11 is the following:

> sllalt:=(al phal-1)~2/(al pha*al pha2*R0*R1) + (RO+2)/R0"2 - (RO+
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al pha2-1)/ (al pha*R0O"2*R1) ;
2
sllalt:= (a1 —1) L RO+2 RO+ oz -1 (26)
o2R0O(02+al RO—1)  RO®> RO’ (e2+al RO—1)

[> si mplify(sll-sllalt);

0 (27)

|| give two-term asymptotic expansions of the elements of SIG for large alphal:
> sl1lb: =map(sinplify, convert (asynpt(sll, al phal, 1), pol ynom);
s12b: =map(si nplify, convert (asynpt(sl2, al phal, 2), pol ynom);
s13b: =map(sinplify, convert (asynpt(sl13, al phal, 1), pol ynom));
s21b: =map(si nplify, convert (asynpt (s21, al phal, 2), pol ynonm));
s22b: =map(si nplify, convert (asynpt (s22, al phal, 2), pol ynom);
s23b: =map(si nplify, convert (asynpt (s23, al phal, 2), pol ynom));
s31b: =map(si nplify, convert (asynpt (s31, al phal, 1), pol ynon));
s32b: =map(si nplify, convert (asynpt (s32, al phal, 2), pol ynom);
s33b: =map(si nplify, convert (asynpt (s33, al phal, 1), pol ynom));
al 02R(0°P+2R0a2—2RO— 02+ 1

sllb:=
a2 RO" o2 RO
1 a2 (RO—-1)
si2hi= - — 4 =~~~/
RO ol RO?
s13pe 0l 02RO°—2R002+2RO+02~1
o2 RO° o2 RO
1 o2 (RO—1)
SZlb:—_+—
RO ol RO
oop.. RO=1 , RO’ 02— 02RO +RO~1+02
RO" RO® ol
3. L 02RC°~RO02+RO~1+02
RO? RO al
ol | 02RO°—2R002+2R0+02—1
s31b:= - +
02 RO* o2 RO
s32p:= L a2 RO° = RO02+RO—1 + a2
RO* RO® ol
s33pe oL -2 02 R0° —2 RO+ RO a2+ RO’ 02+ 1 — a2 (28)
o2 RO ROP 02
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