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Abstract

Building on work by Bouc and by Shareshian and Wachs, we provide a toolbox
of long exact sequences for the reduced simplicial homology of the matching com-
plex M,,, which is the simplicial complex of matchings in the complete graph K.
Combining these sequences in different ways, we prove several results about the
3-torsion part of the homology of M,,. First, we demonstrate that there is nonva-
nishing 3-torsion in Hy(M,;Z) whenever v, < d < |25%|, where v, = [224]. By
results due to Bouc and to Shareshian and Wachs, H,,, (M,;Z) is a nontrivial ele-
mentary 3-group for almost all n and the bottom nonvanishing homology group of
M., for all n # 2. Second, we prove that Hy(M,;Z) is a nontrivial 3-group whenever
vp < d < |222]. Third, for each k > 0, we show that there is a polynomial fi(r)
of degree 3k such that the dimension of ﬁk71+r(M2k+1+3r; Z3), viewed as a vector
space over Zs, is at most fi(r) for all » > k 4 2.

1 Introduction

Given a family A of graphs on a fixed vertex set, we identify each member of
A with its edge set. In particular, if A is closed under deletion of edges, then
A is an abstract simplicial complex.

A matching in a simple graph G is a subset ¢ of the edge set of G such that
no vertex appears in more than one edge in 0. Let M(G) be the family of
matchings in G; M(G) is a simplicial complex. We write M,, = M(K,), where
K, is the complete graph on the vertex set [n] = {1,...,n}.
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The topology of M,, and related complexes has been subject to analysis in a
number of theses [1,6,9-11,13,15] and papers [2-5,7,8,14,16,17,20]; see Wachs
[19] for an excellent survey and further references.

Despite the simplicity of the definition, the homology of the matching complex
M,, turns out to have a complicated structure. The rational homology is well-
understood and easy to describe thanks to a beautiful result due to Bouc [5],
but very little is known about the integral homology and the homology over
finite fields.

Over the integers, the bottom nonvanishing reduced homology group of M,
is known to appear in degree v, = f”T_‘l] and is an elementary 3-group for
almost all n. For n = 1 (mod 3), this result is due to Bouc [5], who proved that
Hr,l(Mng;Z) = Zs for r > 2; see Section 4.1. Shareshian and Wachs [17]
settled the general case, proving that H,, (M,;Z) = (Zs3)* for some e, > 1
whenever n > 15 or n € {7,10,12,13}; see Section 4.2. Regarding the exact
value of e, when n # 1 (mod 3), the best previously known upper bound is

superexponential in n [17]. In Section 5.4, we improve on this bound as follows:

Theorem 1 We have that e, 3 is bounded by a polynomial in r of degree three
and that es,y5 is bounded by a polynomial in v of degree siz. More generally,
for every k > 0, the dimension of the Zs-vector space ﬁk,lﬂ(MgHng; Z3) is
bounded by a polynomial in r of degree 3k.

To establish Theorem 1, we construct a new long exact sequence for the match-
ing complex, relating the homology of M,, \ e to that of M,,_5 \ e, M,,_3, and
M,,_5, where e is an edge and M, \ e is the complex obtained from M, by
removing the 0-cell corresponding to this edge. See Section 3.5 for details.
Combining this sequence with the long exact sequence for the pair (M,,, M,,\ €)
(see Section 3.4) and using an induction argument, we derive bounds of the
form
Bror < Brper + Cur® 11+ O(1/7)),

where Bk,,« = dimg, ﬁk_1+T(M2k+1+3r;Zg). Summing over r, we obtain the
desired result.

As it turns out, for any fixed £ > 0 and for sufficiently large r, we have that
Hy_11-(Mogy143,;Z) is a nontrivial 3-group. In fact, we prove the following
result in Section 5.2:

Theorem 2 Hd(Mn; Z) is a nontrivial 3-group whenever (”T_ﬂ <d< LQLS_E’J

The groups being finite in the given interval is a consequence of Bouc’s formula
for the rational homology [5]; see Section 1.2. To settle the nonexistence of
p-torsion in Hy(M,;Z) for p # 3, we use three long exact sequences. Bouc [5]
introduced two of these sequences, one of which relates M,, to M,,_; and M,,_»



and the other M,, to M,,_3 and M,,_4; see Sections 3.1 and 3.2, respectively.
The third sequence is new but based on the same idea and relates M,, to M,,_3,
M,,_5, and M,,_g; see Section 3.3.

These three sequences are all special cases of a more general construction
involving a filtration of M,, with respect to a given parameter m € [n|:

A?L C A}z C...C Agﬁn{m,n—m} _ Mn
We obtain A’ from M,, by removing all matchings containing at least i+1 edges
ab = {a,b} such that a € [m] and b € [m+1,n] = {m+1,m+2,...,n—1,n}. It
is a straightforward exercise to show that the relative homology of (A?, A1)
is isomorphic to a direct sum of homology groups of M,,,_; * M,,_,,,_;, where %
denotes simplicial join. For m € {1, 2}, the construction boils down to Bouc’s
two exact sequences, whereas the parameter choice m = 3 yields our new exact
sequence. For larger m, one would need more than one exact sequence to fully
describe the correlations between the different matching complexes involved.
See Section 2 for basic properties of the filtration.

The group Hy(M,,; Z) being nontrivial when d falls within the bounds of The-
orem 2 is a consequence of the following result, which we prove in Section 5.1:

Theorem 3 For n > 1, there is nonvanishing 3-torsion in Hy(M,,; Z) when-
ever (”7_4] <d< L’%GJ In particular, Hy(M,,; Z) is nonzero if and only if
[t <d <25,

To prove the first statement in Theorem 3, we only need Bouc’s original two
sequences and the results of Bouc and of Shareshian and Wachs about the
bottom nonvanishing homology. The second statement is a consequence of the
first statement and Bouc’s formula for the rational homology of M,,.

In Section 4.1, we find another application of the new long exact sequence
introduced in Section 3.3 as we present a new proof of Bouc’s result that

Hrfl(M?errl;Z) = Zg for r Z 2.

So far, all our results have been about the existence of 3-torsion and the
nonexistence of other torsion. Almost nothing is known about p-torsion when
p # 3, but in a previous paper [12], the author used a result due to Andersen
[1] to prove that Hy(My; Z) is a finite nontrivial group of exponent a multiple
of 15. We have not been able to detect 5-torsion in any other homology group
Hy(M,;; Z), but in Section 5.3, we show that the case 5d = 2n — 8 is crucial
for the general behavior:

Theorem 4 For q > 3, if ﬁQq(M5q+4;Z) contains nonvanishing 5-torsion,
then so does Hagio(Msgtat2u; Z) for each u > 0. In particular, ~z'fI-ng(l\/|5q+4; 7)
contains nonvanishing 5-torsion for each q¢ > 3, then so does Hy(M,,; Z) when-



ever [228] <d < |57

See Figure 1 for the homology of M,, for n < 14. Many values were obtained
via computer calculations [3]; we have yet to find a computer-free method for
calculating Hy(M,,; Z) in the case that the group is not free and not of size 3.

1.1 Notation

For a finite set S, we let Mg denote the matching complex on the complete
graph with vertex set S. In particular, My,) = M,,, where [n] = {1,...,n}. For
integers a < b, we write [a,b] = {a,a+1,...,0—1,b}.

The join of two families of sets A and ¥, assumed to be defined on disjoint
ground sets, is the family Ax X ={0Uc:0 € A0 € X}.

Whenever we discuss the homology of a simplicial complex or the relative
homology of a pair of simplicial complexes, we mean reduced simplicial ho-
mology. For a simplicial complex ¥ and a coefficient ring F, we denote the
generator of é’d(Z; F) corresponding to a set {eqg,...,eq} € X aseg A -+ Aeg.
Given a cycle z in a chain group C’d(Z; F), whenever we talk about z as an el-
ement in the induced homology group ﬁ]d(E; ), we really mean the homology
class of z.

We will often consider pairs of complexes (I', A) such that I'\ A is a union of
families of the form
Y ={o} x Mg,

where 0 = {ej,...,es} is a set of pairwise disjoint edges and S is a subset of
[n] such that S Ne; = 0 for each i. We may write the chain complex of ¥ as

Ca(S;F) = (e1 A -+ A eg)F @5 Cy_y(Mg; F),
defining the boundary operator as
der N Nes®pc) = (—1)°e; A+ ANes ®F O(c).

For simplicity, we will often suppress F from notation. For example, by some
abuse of notation, we will write

(er A+ Neg) @ Caos(Mg) = (e1 A+ Aey)F @r Cys(Ms; ).

We say that a cycle z in Cy_1(M,;F) has type [Zﬂ A A Bﬂ if there is a
partition [n] = U;i_, S; such that size of .S; is n; and such that z = 2y A--- A 2,

where z; is a cycle in Cy,_1(Mg,; F) for each i. We define a refinement of a



type in the natural manner; [Zﬂ ARERWA [Z::;] A [Z:ﬂ A {Zz] is a refinement of

[Zi] AEREA [Z:ﬂ A [Zjil} and so on. We write T' < T" to denote that the
type T is a refinement of the type T". If z is of type T and T' < T”, then z is
also of type T". Finally, we write mQ = m A m, mg = m A m A m, and so
on.

When dealing with the group Hy(M,;Z), we will find the following transfor-
mation very useful:

=3d—n+4 n=2k+1+3r
— (1)
r=n—2d—3 d=k—-14+r.

In particular, we have the equivalences

k>0

n—3

2

[n—ll

as]

J<:>2d+3§n§3d+4<:>
r>0.

For n > 1, Theorem 3 yields that ﬁd(Mn; Z) is nonzero if and only if these
inequalities are satisfied.

1.2 Two classical results

Before proceeding, we list two classical results pertaining to the topology of
the matching complex.

Theorem 1.1 (Bouc [5]) For n > 1, the homology group Hy(M,;Q) =
Hi 14+ (Magi143; Q) is nonzero if and only if

sl 12

Theorem 1.1 is an immediate consequence of a concrete formula for the rational
homology of M,,; see Bouc [5] for details and Wachs’ survey [19] for an overview.

Theorem 1.2 (Bjorner et al. [4]) For n > 1, M,, is (v, — 1)-connected,
where v, = [25*].

Indeed, the v,,-skeleton of M,, is shellable [17] and even vertex decomposable
[2]. As already mentioned in the introduction, there is nonvanishing homology
in degree v, for all n # 2; see Section 4 for details.



2 Filtration of M,, with respect to a fixed vertex set

The following general construction forms the basis of the three exact sequences
presented in Sections 3.1, 3.2, and 3.3. The first two sequences already ap-
peared in the work of Bouc [5], whereas the third one is new.

Given a vertex set S C [n], form a sequence
AY C AL C ... C Amin{#Sn—#5}
n — n — — n

of simplicial complexes, where we obtain A~! from M,, by removing all match-
ings o containing at least ¢ edges ab such that a € S and b € [n]\ S. We also
define A,;! = (). Assuming that S = [m], one easily checks that

A; \ Ail_l = U{{Cllbl, N ,Clibi}} * M[m]\A * M[m—l—l,n}\Ba (2)
where the union is over all pairs of sequences (ay,...,a;) and (by,...,b;) of
distinct elements such that 1 <a; < - - < a; <m and by,...,b; € [m+ 1,n];

A = {ay,...,a;} and B = {by,...,b;}. The families in the union form an
antichain under inclusion, meaning that if ¢ belongs to one of the families and
T to another, then ¢ 7 and 7 € o. One readily verifies that this implies the
following;:

Lemma 2.1 For 0 <i < min{m,n —m} and all d, we have that
Hy(A), ALY = @larb A Aaibs) © Hyi(Mpnpa * M 1.0)\8);

where the direct sum is over all pairs of ordered sequences (ai,...,a;) and
(b1, ...,b;) with properties as above.

As a consequence, we have a long exact sequence of the form

- @F[dfiJrl(Mmfi * Mnfmfi)
t
—— Hy(ATY —— Hy(AL) —— PHai(Myi * My y)
t

—— Hyy (A —— -,
where t = 2'(7?) (”_zm> For m — i < 3, the situation is particularly simple, as
M,,_; is then either the empty complex {@}, a single point, or three isolated
points. We will exploit this fact in Sections 3.1, 3.2, and 3.3.



3 Five long exact sequences

We present five long exact sequences relating different families of matching
complexes. Throughout this section, we consider an arbitrary coefficient ring
F with unit, which we suppress from notation for convenience.

3.1 Long exact sequence relating M,,, M,,_1, and M,,_»

The choice m = 1 yields the simplest special case of the construction in
Section 2. Inserting ¢ = 0 and ¢ = 1 in (2), we obtain families involving
complexes isomorphic to M,,_; and M,, 5, respectively. More exactly, we have
the following result:

Theorem 3.1 (Bouc [5]) For each n > 2, we have a long exact sequence

<18> ® Ha(Mgnp (s})

l

@x@:

—— HaMpn) —— HaM,) ——

15 ® Hy_1(Mign\(s})

CIJ

I Hd—l(M[Z,n}) - )

where w 1s induced by the natural projection map.

We refer to this sequence as the 0-1-2 sequence, thereby indicating that the
sequence relates M,,_g, M,,_1, and M,,_».

3.2 Long exact sequence relating M,,, M,,_3, and M,,_4

We proceed with the case m = 2 of the construction in Section 2. In this
case, i € {1,2} inserted into (2) yields families involving complexes isomor-
phic to M,,_3 and M,,_4, whereas ¢« = 0 yields a family involving contractible
complexes; My is a point. This turns out to imply the following result:

Theorem 3.2 (Bouc [5]) Let n > 4 and define
Qi'= D (1sAn2t) ® HaiMpps);
s#t€(3,n]

2 n
R =P Plau) @ HiMznp fu})-

a=1u=3



Then we have a long exact sequence
n— 4
— Qq-

AN 3 LN lfld(Mn) LN Qus )

d—1
p* n—3
_ d—9 _ cee,

where Y* is induced by the map ¥ : 1s\2tQ@x — 2t Qx —1s®x, ©* is induced
by the map ¢ : au @ v — (au — 12) A x, and K* is induced by the natural
projection map.

We refer to this sequence as the 0-3-4 sequence.
3.3 Long exact sequence relating M,,, M,,_3, M,,_5, and M,,_¢

For our third application of the construction in Section 2, we consider m = 3.
In this case, the relevant matching complexes are isomorphic to M,,_3, M,,_s,
and Mn_ﬁ.

As in Section 2, we define A! to be the complex of matchings o such that at
most ¢ of the vertices in {1, 2,3} are matched in o \ {12, 13,23}.

Lemma 3.3 Let n > 5. We have an isomorphism
P B @ Qi) — Ha(AL),

where
Py~ 5 _ @ @ as N bt) ®Hd(|\/|[4,n]\{s,t})

1<a<b<3 s#te(4,n]

and
3

g 3 @(10) ®I:Id(|\/|[47n]).

The isomorphism ©* is induced bz/zzhe map ¢ defined by p(le®x) = p(le) Ax
where p(1c) = 1c — 23, and p(as A bt @ x) = p(as A\ bt) A\ z, where
p(as ANbt) = as N bt + ac A (st — bt) + be A (as — st)
and {a,b,c} ={1,2,3}.
Proof. First, we show that the sequence

0 —— Hy(A)) —— Ha(A}) —— Hy(A,A)) —— 0 (3)

is split exact for each d. To see this, first note that Hy(A2, Al) = PP=5: apply
Lemma 2.1. Next, define ¢ to be the restriction of ¢ to Cy(A2, Al) and note



that the projection of ¢(as Abt®x) on C;(A2, Al) is again as Abt ®z. Since ¢
clearly commutes with the boundary operator, the sequence (3) is split exact
as desired. We conclude that we have an isomorphism

Ha(A}) = Ha(A}) @ Py

It remains to prove that the restriction of ¢* to Q%7 defines an isomorphism
from Q7~3 to Hy(Al). By Lemma 2.1, that would be true if we replaced AL
with AY. Thus to conclude the proof, it suffices to prove that the relative
homology of the pair (Al A%) vanishes. By Lemma 2.1, we obtain that

3 n
Ha(B, 80) 2= @ Blan) © Haor (Mo 20,0y * Miain ) = 0
a=1u=4

the latter equality is a consequence of the fact that My 231\ 14y = My is a point.
O

Theorem 3.4 Let n > 6. Define P}~°, Q"3 and ¢* as in Lemma 3.3 and
let
Rgit} = @ <18 A2t N 3u> (%9 Hd<M[4,n]\{s,t,u})7
(s,t,u)
where the sum is over all triples of distinct integers (s,t,u) such that s, t,u €
[4,n]. Then we have a long exact sequence

Rn6

v SeQu? N HyM,) —— RS
—*> @Qn 3 RN ,

where * is induced by the map

Y(IsA2tABu@z)=1s A2t @2+ 2t AN3u®z —1s AN 3u®x
+12® (su —tu) ANz + 13 ® (tu — st) A x

and * is induced by the natural inclusion map ¢ : C4(A2) — Cy(M,,).

Proof. By Lemma 2.1, Hy(A3, A2) = R"~S Hence by Lemma 3.3, it remains
to prove that ¢* has properties as stated in the theorem. For this, note that
the natural map

1& : éd(Aia Ai) - éd<Ai)
is given by

(1s A2t A3u) = A(1s A2t A3u) = 1s A2t + 2t A 3u — 1s A 3u,

suppressing “®z” from notation. Moreover, note that



0(12 ® (su —tu) + 13 ® (tu — st))
= (12 —23) A (su — tu) + (13 — 23) A (tu — st)
=12 A (su — tu) + 13 A (tu — st) + 23 A (st — su)

and

(s N2t + 2t AN3u — 1s A 3u) — I(1s A 2t A 3u)
=13 A (st —2t) + 23 A (1s — st) + 12 A (tu — 3u) + 13 A (2t — tu)
—12 A (su—3u) — 23 A (1s — su)
=12 A (tu — su) + 13 A (st — tu) + 23 A (su — st).

Since 1) is given by ¢~ o 1&, we are done. O

We refer to this sequence as the 0-3-5-6 sequence.

Corollary 3.5 For each n > 6, we have the exact sequence
Ry = Pih e =5 H, (M) — 0,

where v, = [%5*]. If n =1 (mod 3), then P} =0.

Proof. This is immediate by Theorems 1.2 and 3.4. O

3.4 Long exact sequence relating M,,, M, \ e and M,,_»

We proceed with the long exact sequence for the pair (M,, M,, \ ), where e is
any edge and M, \ e is the complex obtained by removing the 0-cell e.

Theorem 3.6 For each n > 2 and each edge e in the complete graph K,, we
have a long exact sequence

_ <€> & f{d<M[n]\e)
- ]:-Id(Mn \e) — ﬁd“vln) —— (e) ® f{d—l(M[n]\e)
EE— Ij]dfl(Mn \ 6) E— )
where w is induced by the natural projection map.

Proof. Simply note that M,, \ (M,, \ e) = {{e}} * My\¢. O

We refer to this sequence as the 0-e-2 sequence. We will make use of this
sequence when providing bounds on the homology in Section 5.4.

10



3.5 Long exact sequence relating M,, \ e, M,,_2 \ e, M,,_3, and M,,_5

Using an approach similar to the one in Section 3.3, we construct a long exact
sequence relating M,, \ e, M,,_5 \ e, M,,_3, and M,,_5, where e is any edge. The
main benefit of this sequence is that it provides good bounds on the homology
when combined with the sequence in Section 3.4; see Section 5.4. Since we will
not make use of the homomorphisms in this exact sequence, we do not define
them explicitly; the interested reader will note that they are straightforward,
though a bit cumbersome, to derive from the proof.

Theorem 3.7 Let n > 5. Define

Ppo= @ (s A2t) @ Hy(Mpgnp o))
s#te[4,n)

and
n

372 = @<3u> ® f{d<M[n]\{3,u} \ 12).

i=4
Then we have a long exact sequence
— Q7
E— <13> X ]:-rd—l(M[4,n]) D Pc?—_25 - I:—,d(Mn \ 12) - QZIL:lQ
— (13) ® ﬁd72(M[4,n]) ® P> —

Proof. Consider the long exact sequence for the pair (M,, \ 12, A2), where A2
is the complex obtained from M, \ 12 by removing the elements 34, ..., 3n.
Analogously to Lemma 2.1, we have that Hy(M,, \ 12, A%) = Q17

To settle the theorem, it suffices to prove that
Ha(A2) 2 (13) © Hy (M) ® P

To achieve this goal, define Al to be the subcomplex of A2 obtained by
removing all faces containing {1s,2t} for some s,t € [4,n|. Analogously to
Lemma 2.1, we have that H (A2 Al) = P"5 A homomorphism ¢* from
P}~ to A2 is given by mapping 1s A 2t to the cycle

Is A2t + 2t AN13 + 13 A st + st A 234 23 A 1s.

It is clear that the natural map back to P}~ has the property that o*(1s A
2t ® z) is mapped to 1s A 2t ® z; hence we have a split exact sequence just as
in (3) in the proof of Lemma 3.3. This implies that

Hy(A2) = Hy(AL) & Py,

11



again as in the proof of Lemma 3.3, except that the complexes and groups are
different.

It remains to prove that Hy(AL) 2 (13) ® Hy 1(M,). Let A% be the sub-
complex of Al obtained by removing the elements 14,...,1n and 24, ..., 2n.
Since

AY = {0,13,23} * My,

we obtain that H (A%) = (13) ® Hy_1(My,). Thus the only thing remaining
is to prove that Hy(Al) = Hy(A%). Now,

2 n
AN\ AL = U {{au}} * Mg_azy * M gups

a=1u=4
which yields that
Hd(A}w A%) & @ @(&u) & Hd,l(M{g_ayg} * M[4’n}\{u}) = O;
a=1u=4

the homology of a cone vanishes. O

We refer to this sequence as the 0-2-3-5 sequence.

4 Bottom nonvanishing homology

We consider the bottom nonvanishing homology group ]:L,n(Mn; 7), starting
with the case n = 1 (mod 3) in Section 4.1 and proceeding with the general
case in Section 4.2.

Before examining the different cases, we present a nice result due to Shareshian
and Wachs about the structure of the bottom nonvanishing homology group
of M,,. Using the 0-3-5-6 sequence from Section 3.3, we may provide a more
streamlined proof for the case n =2 (mod 3).

Recall the concept of type introduced in Section 1.1.

Lemma 4.1 (Shareshian & Wachs [17]) For k € {0,1,2} and r > 0, the

group ﬁlk_1+r(M2k+1+3r) is generated by cycles of type mr A [214]:1}'

Proof. For k € {0,1}, Shareshian and Wachs [17, Lemmas 2.3 & 2.5] pro-
vided a straightforward proof based on the tail end of the 0-3-4 sequence
in Section 3.2. Assume that & = 2 and write n(k,r) = 2k + 1 + 3r and
d(k,r) = k — 14 r; recall (1). The case r = 0 is trivially true; hence assume

12



that » > 1. The tail end in Corollary 3.5 becomes

n(l,r—1) n(2,r—1) (fop* 7
Pd(l,rfl) EBQd(Q,rfl) - Hd(lr)(Mn(?,T)) > 0.

By properties of t* o ¢*, it follows that [:Id(gﬂ«)(Mn(Q’r)) is generated by cycles

of type B} A { da(’ifz)lll] and m A { d&(’fa’:ﬂl}. Now, a cycle of type { da(;fz)lll}
3 T

is a sum of cycles of type H , whereas induction on r yields that a cycle of

type [ dg(,ii;)lll} is a sum of cycles of type mr—1 N B} -

Lemma 4.1 does not generalize to arbitrary k. For example, for (k,r) = (6,4),

we obtain _HQ(M25;Z), which is infinite by Theorem 1.1. In particular, this
4

group cannot be generated by cycles of type m A {163} < {142} A [163}, as these

cycles all have finite exponent dividing three; Hs(Myy; Z) is finite of exponent

three.

4.1 The case n =1 (mod 3)
For r > 0, define
yar = (12 — 23) A (45 — 56) A (78 — 89)

NN ((Br—2)3r—1)— (3r —1)(3r)); (4)

this is a cycle in both C’T_l(Mg)T;Z) and C~’T_1(M3T+1;Z). By Lemma 4.1,

H, 1(M3,41;7Z) is generated by {m(ys,) : @ € &s,41}, where the action of
G341 on H,_1(Ms,41;2Z) is the one induced by the natural action on the un-
derlying vertex set [3r + 1].

Using the long exact 0-3-5-6 sequence in Section 3.3, we give a new proof of
a celebrated result due to Bouc about the bottom nonvanishing homology of
M,, for n =1 (mod 3).
Theorem 4.2 (Bouc [5]) Forr > 2, we have that f[r_l(M3T+1; 7) = 7s.
Proof. By Corollary 3.5, we have the exact sequence

RS U QU2 L A (Mgeyr) —— 0.

For r = 2, this becomes

* 3 ~ *opp* ~
P (s A2t A3u) —— P (16) ® Hy(Myz) —£5 Hy(M7) — 0,

s,t,u c=2

13



where the first direct sum ranges over all triples of distinct vertices s,t,u €
[4,7]. A basis for My 7 is given by {45 — 56,46 — 56}; hence a basis for Q] is
given by {eas, €26, €35, €36}, where e.q = le ® (4d — 56). Now,

P (1s A2t A3u) =12 ® (su — tu) + 13 @ (tu — st);

apply Theorem 3.4 and Corollary 3.5. In particular, if {s,¢,u} = {4,5,6},
then

Y (1s A2t AST)=12® (57— t7) + 13 ® (£7 — st)
=12 ® (tu — su) + 13 ® (su — st)
=" (1t A 2s A 3u).

Similarly, ©*(1s A 27 A 3u) = *(1lu A 2t A 3s) and ©* (17 A 2t A 3u) = *(1s A
2u A 3t). Moreover, one easily checks that

Y (1s A2t A 3u) + " (1t A 2u A 3s) + ™ (lu A 25 A 3t) = 0.

In particular, the image under ¢* is generated by the four elements

B (14 A 25 A 36) =12 ® (46 — 56) + 13 @ (56 — 45) = 95 — e55;
W (14 A 26 A 35) =12 ® (45 — 56) + 13 ® (56 — 46) = eg5 — ex6;
Y (15 A 24 A 36) =12 ® (56 — 46) + 13 ® (46 — 45)
= —€96 — €35 + €36;
(15 A 26 A 34) =12 ® (45 — 46) + 13 ® (46 — 56)

= €95 — €26 1+ €36.

Since

0 1-1 0

1 0 0-1
det =3,
0-1-1 1

1-1 0 1

it follows that Hy(M;;Z) = Zs. Moreover, by Lemma 4.1 and symmetry,
76 = (12 — 23) A (45 — 56) must be a generator of Hy(My7;Z).

For r > 2, assume by induction that j:[r_2<M 3r_2; Z) is a group of order three.
Again by Lemma 4.1, this group is generated by any element of the form
7(3r—3), where 7s,_3 is defined as in (4) and © € &3,_5. Flipping 7(1) and
7(3) yields —m(7s,_3); hence the action of Gs,_y on H,_o(Ms,_5;7Z) is given
by m(z) = sgn(n) - z.
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By induction, we have the following exact sequence:

B U (12)0Z; 0 (13) © Zs 22 H,_1(Msyyy) —— 0.

Another application of Theorem 3.4 and Corollary 3.5 yields that

P (Is A2t A3u®z) =12® (su—tu) A z+ 13 ® (tu — st) A z
=125+ 13®4".

Note that § = (s,t,u)(d") = ¢’, which implies that the image under * is
contained in (12 + 13) ® Zs. Moreover,

PAA25 A 3620 ) = 12® (46 — 56) A + 13 ® (56 — 45) A1,
where 7;5?,6 is defined as in (4) but with all elements shifted six steps up. This
is nonzero; hence the image under ¢* is indeed equal to (12 + 13) ® Z3. We
conclude that H,_1(Ms,41;Z) = Z3. O

4.2 The general case

Bouc [5] proved that the exponent of H,, (M,;Z) divides nine whenever n =
3r+3 for some r > 3. Using the exact 0-3-4 sequence in Section 3.2, Shareshian
and Wachs extended and improved this result:

Theorem 4.3 (Shareshian and Wachs [17]) For n € {7,10,12,13} and
forn > 15, H, (My;Z) is of the form (Zs)" for some e, > 1. The torsion
subgroup of H, (My,;7Z) is again an elementary 3-group for n € {9,11} and
zero forn € {1,2,3,4,5,6,8}. For the remaining case n = 14, H,, (My;7Z) is
a finite group with nonvanishing 3-torsion.

The only existing proofs for the cases n € {9,11,12} are computer-based. Our
hope is that one may exploit properties of the exact sequences in this paper
to find a proof without computer assistance.

By Theorem 4.2, e3..; = 1 whenever r > 2. In Section 5.1, we show that
esr13 18 bounded by a polynomial of degree 3 and that es,., 5 is bounded by a
polynomial of degree 6.

Corollary 4.4 For n = 1 and for n > 3, the group H, (M,;Z) is nonzero.
In particular, the connectivity degree of M,, equals v, — 1.

For n = 14, the following is known:
Theorem 4.5 (Jonsson [12]) H,(Myy:Z) is a finite nontrivial group of ex-

ponent a multiple of 15.
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5 Higher-degree homology

In Section 5.1, we detect 3-torsion in higher-degree homology groups of M,,.
In Section 5.2, we demonstrate that whenever the degree falls within a given
interval, the whole homology group is a 3-group. We discuss the situation
outside this interval in Section 5.3, providing some loose evidence for the
existence of large intervals with 5-torsion. In Section 5.4, we proceed with
upper bounds on the dimension of the homology over Zs.

5.1 3-torsion in higher-degree homology groups

This section builds on work previously published in the author’s thesis [10].
First, let us state an elementary but useful result; the proof is straightforward.

Lemma 5.1 Let k > 1 and let G be a graph on 2k vertices. Then M(G)
admits a collapse to a complex of dimension at most k — 2.

Let kg > 0 and let G = {Gy : k > ko} be a family of graphs such that the
following conditions hold:

e For each k > ko, the vertex set of Gy, is [2k + 1].
e For each k > kg and for each vertex s such that 1s is an edge in Gy, the
induced subgraph G ([2k + 1] \ {1, s}) is isomorphic to Gj_;.

We say that such a family is compatible.

Proposition 5.2 In each of the following three cases, G = {Gy : k > ko} is
a compatible family:

(1) Gy, = Koy for all k.

(2) Gy, = Kyq1 for all k, where Kjy1y is the complete bipartite graph with
blocks [k + 1] and [k + 2,2k + 1].

(3) Gk = K2k+1 \ {23, 45, 67, ce ,2k(2k + 1)} fOT‘ all k.

Proof. 1t suffices to prove that Gi([2k + 1] \ {1,s}) is isomorphic to Gy
whenever 1s is an edge in G and k > ky. This is immediate in all three cases.
O

Now, fix ko,n,d > 0. Let G = {G}, : k > ko} be a family of compatible graphs
and let v be an element in H; 1(M,;Z), hence a cycle of type m For each
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k > kg, define a map

O - Hyo1(M(GR); Z) — Hyo11a(Mogs 1405 Z)
0743(2) =2 A ,.y(2k+1)’

where we obtain v**1 from v by replacing each occurrence of the vertex i

with i42k+1 for every i € [n]. Note that H,_1(M(G}); Z) is the top homology
group of M(Gy) (provided Gy contains matchings of size k). For any prime p,
we have that 6, induces a homomorphism

Or @z 1y : Hy 1(M(GR); Z) @2, Zy — Hy140(Mopi1 40 Z) @2 Zy,
where ¢, : Z,, — Z, is the identity.

Theorem 5.3 With notation and assumptions as above, if Oy ®z 1, 15 @
monomorphism, then 0 @z v, is a monomorphism for each k > ko. If, in
addition, the exponent of v in Hy 1(M,;Z) is p, then we have a monomor-
phism

O - Hy 1 (M(G1); Z) @7 Zp — Hi14a(Mag 1403 Z)

0r(z Rz \) = Op(Az) = Az A yZEHD)

for each k > ko. In particular, the group ﬁk_1+d(M2k+1+n;Z) contains p-
torsion of rank at least the rank of Hy_1(M(Gg);Z).

Proof. To prove the first part of the theorem, we use induction on k; the base
case k = kg is true by assumption. Assume that k& > ko and consider the
head end of the long exact sequence for the pair (M(Gy), M(Gx \ {1})), where

Ge \ {1} = Gr([2k + 1]\ {1}):
s Hy 1 (M(GR); Z) —2— Py o(Gr) —— Hyo(M(Gy \ {1}): Z).

Here,
Pis(Gr) = B (1s) ® Hro(M(Gr \ {1,5}); Z)
s:1s€Gy,
and @ is defined in the natural manner.

Now, the group Hy_y(M(G,\{1}); Z) is zero by Lemma 5.1. As a consequence,
w is a monomorphism. Moreover, all groups in the second row of the above
sequence are torsion-free. Namely, the dimensions of M(G}) and M(Gx\ {1, s})
are at most k—1 and k—2, respectively, and Lemma 5.1 yields that M(G;\{1})
is homotopy equivalent to a complex of dimension at most k — 2. It follows
that the induced homomorphism

O@ 1y Hy y(M(GR); Z) @ Zy — Pr_oGr) @ Zy
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remains a monomorphism.

Now, consider the following diagram:

WRtp

f{[k_l(M(Gk)7Z) ®Zp — Pk_z(Gk) ®Zp

0k®LpJ( 9,?_1®Lpl

~ . wQ®tp 2k—1+n
Hy 14d(Mori14n; Z) @ Zy —— Po 0" @ Ly,

Here,
2k+1+n

P,fﬁ;ig" = @ (1s) ® gk—2+d(|\/|[2,2k+1+n]\{s}; 7),

5=2
w is defined as in Theorem 3.1, and 65 | is defined by

07 (1s®2) = 1s @ z A 4+,

One easily checks that the diagram commutes; going to the right and then
down or going down and then to the right both give the same map

(1t > IsAzg)®@le= Y (Is@z, A7) e 1,

s:1s€Gy s:1s€Gy,

where ¢; is a sum of oriented simplices from M(Gj \ {1}) and each =z is
a sum of oriented simplices from M(Gy \ {1, s}) satisfying d(z15) = 0 and
d(c1) + X215 = 0. Moreover, 07 | ® ¢, is a monomorphism, because the
restriction to each summand is a monomorphism by induction on k. Namely,
since G is compatible, Gy, \ {1, s} is isomorphic to Gj_; for each s such that
1s € Gy. As a consequence, (0 ; o) ® 1, is a monomorphism, which implies
that 0;, ® v, is a monomorphism.

For the very last statement, it suffices to prove that 0, is a well-defined homo-
morphism, which is true if and only if 8 (pz) = 0 for each z € Hy_(M(Gy); Z).
Now, let ¢ € C4(M,; Z) be such that d(c) = py; such a ¢ exists by assumption.
We obtain that

0(z A D) = £2 A (D) = £(pz) A4PHHY;
hence 0 (pz) = 0 as desired. O

One may generalize Theorem 5.3 by allowing a whole family G of graphs for
each k rather than just one single graph Gj. The condition for compatibility
would then be that for any G € G and for any s such that 1s € G, the induced
subgraph G([2k + 1] \ {1, s}) is isomorphic to some graph in G;_;. We do not
need this generalization in this paper.

Theorem 5.4 Fork >0 andr > 4, there is 3-torsion of rank at least (2:) m

gk_1+T(M2k+1+3T;Z). Moreover, for k > 0, there is 3-torsion of rank at least
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(L(k’ﬁ)l/zj) m I:_fk+2(M2k+10;Z). To summarize, _Hk_1+T(M2k+1+3T;Z) contains

nonvanishing 3-torsion whenever k > 0 and r > 3.

Proof. For the first statement, consider the compatible family { Ko11 : & > 0}
and the cycle v3, € H,_1(Ms,;Z) defined as in (4). By Theorem 4.2 and
Lemma 4.1,

o @ 13 : FI—1(M1;Z) ®z L3 1 Qg L3z — f{r—l(MSr—i-l;Z) ®z L3

defines an isomorphism, where 6y(\) = /\%gi). By Lemma 4.1 and Theorem 4.3,
~3, has exponent 3 in f[r_l( Ms,; Z); hence Theorem 5.3 yields that the group
H k—1+r(Magt143-; Z) contains 3-torsion of rank at least the rank of the group
ﬁk_l(Mng; 7). By a result due to Bouc [5], this rank equals (2}5)

For the second statement, consider the compatible family {Gy = Kaori1 \
{23,45,67,...,2k(2k+1)} : k > 1} and the cycle 5 = (12 —23) A (45— 56) €
Hi(M7;Z). For k = 1, we obtain that Gy is the graph P; on three vertices
with edge set {12, 13}; clearly, Hy(M(P3); Z) = Z. As a consequence,

01 @ 13 1 Ho(M(Ps); Z) ®7 Zs — Hy(Mig; Z) @7 Zy
is an isomorphism; apply Theorem 4.2. Proceeding as in the first case and using
the fact that 7 has exponent 3 in H,(M7; Z), we conclude that Hj,11(May,s; Z)
contains 3-torsion of rank at least the rank of Hy_;(M(Gy); Z) for each k > 1.

It remains to show that the rank of Hy_i(M(G});Z) is at least (
be any subset of the removed edge set

k
Lk/QJ)' Let A

E ={23,45,... 2k(2k + 1)}

such that the size of A is |k/2]; write B = E \ A. Consider the complete
bipartite graph G4 with one block equal to {1} U U.c4 e and the other block
equal to U.ecp e. For even k, the size of the “A” block is k + 1; for odd k, the
size of the “A” block is k. It is clear that G4 is a subgraph of Gy.

Label the vertices in [2,2k + 1] as s, 1, S2, 2, . . ., Sk, tx such that s;t; € A for
even ¢ and s;t; € B for odd ¢. Consider the matching

o4 = {1s1,t159,1283, ..., ti_15k}.

One easily checks that o4 € M(G4{") if and only if A = A’. Now, as observed
by Shareshian and Wachs [17, (6.2)], M(G%) is an orientable pseudomanifold.
Defining 24 to be the fundamental cycle of M(G3l), we obtain that {z :
A C E,#A = |k/2|} forms an independent set in Hj_i(M(Gy); Z), which
concludes the proof. O
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Let Gy = Kopy1 \ {23,45,67,...,2k(2k + 1)} be the graph in the above proof.
Based on computer calculations for £ < 5, we conjecture that the rank r; of
H;_1(M(G); Z) equals the coefficient of 2* in (1 4 z 4 22)¥; this is sequence
A002426 in Sloane’s Encyclopedia [18]. Equivalently,

k ].
E Tl = >
k>0 V1—-2x —3x

Proposition 5.5 (Jonsson [12]) We have that Hy(Mys;Z) = T @ Z2*5%,
where T is a finite group containing Z° as a subgroup.

Corollary 5.6 For n > 1, there is nonvanishing 3-torsion in the homology
group Ha(My; Z) = Hy 1+, (Mog 14303 Z) whenever

n—4 n—=6 k>0
| sas |t =
3 2 r>3

orr=2and k € {0,1,2,3}. Moreover, Hy(M,;Z) is nonzero if and only if

n—4 n—3 k>0
EUREE
3 2 r > 0.

Proof. The first statement is a consequence of Theorem 5.4, Proposition 5.5,
and Figure 1. For the second statement, Theorem 1.1 yields that the group
ﬁk,1+r(M2k+1+3r; Z) is infinite if and only if > 0 and k > (;) In particular,
the group is infinite for all £ > 0 and 0 < r < 2 except (k,r) = (0,2). Since
gk_1+T(M2k+1+3r; Z) = Zz when k = 0 and r = 2, we are done by Theorem 1.2
and Lemma 5.1. O

Corollary 5.6 suggests the following conjecture:

Conjecture 5.7 The group ﬁd(Mn;Z) = f[k_1+r(M2k+1+3r;Z) contains 3-
torsion if and only if

n—4 n—>5 k>0
CIPREL
3 r> 2.

By Corollary 5.6, the conjecture remains unsettled if and only if » = 2 and
k > 4; for the cases r = 0 and r = 1, one easily checks that the homology is
free. The conjecture would follow if we were able to settle Conjecture 6.2 in
Section 6.

20



5.2 Intervals with vanishing homology over Z, for p # 3

Throughout this section, let p be a prime different from 3. Using the exact
sequences in Sections 3.1, 3.2, and 3.3, we provide bounds on d and n such
that Hy(M,;Z,) is zero.

Theorem 5.8 The group }NId(Mn;Zp) = ]jfk_1+r(|\/|2k+1+3r;Zp) 18 zero unless
2n — 8 < bd <= r < k+ 1. Moreover, for each ¢ > 0, the following hold
(notation as in Section 1.1):

q

° ﬁ[zq_l(Mg)q) is generated by cycles of type and m A {5‘1_3}.

2q—1

-
_2_
o Hy, 1(Mse11) is generated by cycles of type

. ggq(M5q+3) is generated by cycles of type

.
:1:
o Hyy(Ms,i4) is generated by cycles of type é

Proof. Writing 1, = [#%.-2], we obtain Figure 2, which might be of some help

when reading this proof.

One easily checks the theorem for n < 5; thus assume that n > 6. Assume
inductively that the theorem is true for all m < n — 1. We have five cases for
n:

e n = 5q. The first case is perhaps the hardest. By the long exact 0-3-4
sequence in Section 3.2, we have an exact sequence of the form

@D Hy 1 (Msy_3) —— Hy(Ms,) —— @ Hy o(Msy_4).

By induction, the groups on the left and right are zero whenever d < 2q — 1,
which implies that the same is true for the group in the middle.
It remains to prove that ﬁgq_l(M 5¢) 1s generated by cycles of type [g}q and

m A Bq:ﬂ. For this, consider the tail end of the long exact 0-3-4 sequence:
q

D (au) @ HypsMpsgrpuy)  ——— Hago1(Msy)

a,u

s P (15 A2t) ® Hags(Mpsgh o)) —— 0;

s,t
see Theorem 3.2. To generate ]:ng_l(l\/l5q), we will combine two sets of cycles:

(1) The first set consists of the image under ¢* of an appropriate set of gener-
ators of the first group in the exact sequence.

(2) The second set consists of an appropriate set of cycles in Hy, 1(Ms,) such
that the image under «* of this set generates the third group in the sequence.
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(1) By properties of ¢*, the image of any cycle in the leftmost group has type

3 5q—3

R EE

(2) Induction yields that ﬂgq_g(M[375q}\{s7t}) &~ ﬁgq_g(M5q_4) is generated by
-1 -

cycles of type H A Hq . Now, consider a cycle z € Haq_3(M3 5\ 1s,11) Of type

0 2

o] "2
of type m Define

-1
H A ﬂ ! ; let x be the unused element in z corresponding to the empty cycle

Yy=1sN20+2t Nsx + sz N12+ 12 Ntx +tx A 1s.

It is clear that k* maps YA z to 1s A2t ® z and that v A z has type B]q. Thus
we are done.

e n = bg + 1. Again using the long exact 0-3-4 sequence in Section 3.2, we
deduce that I:Id(l\/l5q+1) is zero whenever I:[d_l(l\/l5q_2) and ﬁd_g(M5q_3) are
zero, which is true for d < 2¢ — 1. For d = 2¢q — 1, we obtain the exact
sequence

D (au) @ HagsMp i) —— Hogo1(Msgr1) —— 0.
By induction, flgq,g(M[géqﬂ]\{u}) = ﬁQq,g(Mg,q,g) is generated by cycles of

-1 ~
type m A B}q . Hence properties of ¢* yield that Ha,—1(Ms,41) is generated

AN FIRANP:
in Section 3.1 and the fact that H;(M;) = 0, we have that H;(Mg;Z) is

generated by cycles of type H A B}, use Theorem 3.1. As a consequence,

by cycles of type ﬂ A H A ﬂ o By the exact sequence for the pair (M7, Mg)

3 3 51971 :
any cycle of type H A H A M can be written as a sum of cycles of type

A BB =B
e n = 5q + 2. Using the long exact 0-1-2 sequence in Section 3.1, we conclude

that Hy(Ms,y2) is zero whenever Hy(Ms,.1) and Hy_1(Ms,) are zero, which is
true for d < 2q — 1. For d = 2qg — 1, we have the exact sequence

g2q—1(M[2,5q+2]) L—*’ ﬁ?q—l(MSq-i-Q) — 0,

where ¢* is induced by the inclusion map. By induction, I:ng,l(M[%q +2]) =
Hyy 1(Msg41) is generated by cycles of type H A B]q. It follows that the
group Hy, 1(Ms,2) is generated by cycles of type m A B
Hyy1(Msg12) = 0.

]q, which means that

e n = 5q + 3. This time, we use the long exact 0-3-5-6 sequence from Sec-
tion 3.3. By properties of this sequence, the group H;(Ms,3) is zero whenever
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Hy1(Ms,), Hy 9(Ms, ), and Hy 3(Ms,_3) are zero, which is true for d < 2q.
For d = 2¢, we have a surjection

B (as Abt) © Hags(Misqsa () © B(16) @ Hogy (M 50+3))

so*l
Haq(Msg43)

defined as in Lemma 3.3. To establish that Iflgq(M sq+3) 1s generated by cycles
of type m ﬂq it suffices to prove that lfIQq( M;,+3) is generated by cycles of

type B] {5q 2} Namely, by induction, ng 2(Ms4—2) is generated by cycles
of type m B} _1.

Induction yields that ]:.lgq_g(M[475q+3]\{s7t}) & I:.,Qq_g(M5q_2) is generated by cy-
cles of type m A [gg:g} " and that ]:ng_l(M[4,5q+3]) >~ H,, 1(Ms,) is generated
by cycles of type B} A :gg:g] and m A [;Z:ﬂ. By properties of ¢, it follows
that Ha,(Ms,43) is generated by cycles of the following types:

o BB B] < A )

o BB B < B A s

B H R H R

By the discussion at the end of the case n = 5g+1, cycles of the very last type

can be written as a sum of cycles of type m A B} A BZ 3} As a consequence,

(S

flgq(M5q+3) is generated by cycles of type B} A Bﬂ

e n = 5q+4. For the final case, we again consider the long exact 0-1-2 sequence
from Section 3.1. We obtain that Hd(M5q+4) is zero whenever Hd(M 5¢+3) and
Hd,l(M5q+2) are zero, which is true for d < 2g¢.

To conclude the proof, it remains to show that ng(M5q+4> is generated by
cycles of type m A m A B} ! Now, induction yields that Ha,(Msgss) is generated
by cycles of type m A B]q. Hence ﬁgq(l\/l5q+4) is generated by cycles of type

[(1)] A m A mq as desired. O

Corollary 5.9 If

[”;ﬂ <d< f";9J<:>ogkgr—2,

then ﬁ[d(Mn; 7) = _Hk_1+r(M2k+1+3r; Z) is a nontrivial 3-group.

Proof. This is an immediate consequence of Corollary 5.6, Theorem 5.8, and
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the universal coefficient theorem. O

While the bottom nonvanishing groups are elementary 3-groups by Theo-
rem 4.3, we do not know whether this is true in general for the groups under
consideration.

The smallest n for which Corollary 5.9 implies something previously unknown
is n = 22, in which case we may conclude that H7(Mayy;Z) is a 3-group; note
that Voo — 6.

5.8  On the existence of further 5-torsion

One may ask whether the upper bound @ in Corollary 5.9 is best possible,
meaning that there is p-torsion for some p # 3, most likely p = 5, in degree
[2”5—_81 of the homology of M,, whenever the group under consideration is finite.
Our hope is that this is indeed the case. While we do not have much evidence
to support this hope, we can provide the following potentially useful result:

Theorem 5.10 For each q > 3, there is nonvanishing 5-torsion in the group

Hyy(Msgy4; Z) if and only if there is a cycle v € Hoy(Msgia; Z) of type m A m A

2
5-torsion in ﬁ2q+u(M5q+4+2u; Z) for each u > 0.

ﬂq such that vy has exponent 5. If this is the case, then there is nonvanishing

Proof. The first statement is an immediate consequence of Theorem 5.8.

For the second statement, assume that v is a cycle with properties as in

the theorem. Write v = 5 A 7/, where 75 is of type B} and v is of type

H A H A m q_l. It is clear that the exponent of 7/ in I:_fgq_g(M5q_1;Z) is a

0 1 2
finite multiple of 5. Namely, v/ is of type [154] A [52qq:165

} and ~ has exponent 5.
Now, consider the compatible family G = {Kj.1 : k > 2}; recall Proposi-
tion 5.2. We claim that every element z € H;(Ms; Z) has the property that 2z
is a sum of cycles, each having the form

ac A\ bd + bd N\ ae + ae A bc + be A ad 4 ad N be + be A ac,

where {a,b,c,d,e} = [5]; this is the fundamental cycle of Mg, ,, where G,
is the complete bipartite graph with blocks {a,b} and {c,d,e}. To prove the
claim, let T be the subgroup of H, (Mj5; Z) generated by the fundamental cycles
of G2, Go3, G34, G45,G51, and Gy 3. One easily checks that the matrix of the
natural projection from 7' to the group generated by 51 A 23, 12 A 34, 23 A 45,
34 A 51,45 A 12, and 13 A 24 has determinant +2. Since Hy(Ms; Z) = Z5, the
claim is settled.
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As a consequence, we may assume that s is the fundamental cycle of M (K3 5).
In particular, the map

0y ® 15 : ﬁl(M(Kw); Z) @z Ls — ﬁQq(M5q+4; Z) Qg ZLs

defined by 63(z) = z A+ is a monomorphism; v = 75 A 7. Now, applying
Theorem 5.3, we deduce that we have a monomorphism

Ooty ® L5 ﬁf1+u(M(K3+u,2+u); Z) @z L5 — -H2q+u(M5q+4+2u; Z) ®z Ls

defined by 6,(2) = z A (7)) for each u > 0; notation is as in Section 5.1.
Since the exponent of 7" in Hy 2(Ms,—1;7Z) is a finite multiple of 5, there is

indeed nonvanishing 5-torsion in Hoyiy(Msgtat24; Z). O

Corollary 5.11 If there is nonvanishing 5-torsion in the group ﬁzq(l\/l5q+4; 7)
for each ¢ > 3, then Hy(M,,;;Z) = Hy_14(Mogi143,;Z) contains nonvanishing
5-torsion whenever

Vn;ﬂ <d< {n;q e 4<r<k+l.

5.4 Bounds on the homology over Zs

The goal of this section is to provide nontrivial upper bounds on the dimension
of ﬁd( M,,; Z3) when n and d satisfy the conditions in Corollary 5.9. To achieve
this, we use the long exact 0-e-2 sequence from Section 3.4 and the long exact
0-2-3-5 sequence from Section 3.5.

Define
ﬁg = dil’IlZ3 Hd(Mna Zg)

ot = dimg, Hy(M,, \ 12; Zs).
Lemma 5.12 For all n > 2 and all d, we have that
Bi < o + By
Forn >5 and all d, we have that

oy < By +2(",°) 855 + (n— 3)ay 1.

Proof. The inequalities are immediate consequences of Theorems 3.6 and 3.7.
O
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Define 3., = 37 and Gy, = o), where k and r are defined as in (1).

Corollary 5.13 For k> 0,r >0, and k+r > 1, we have that

Bror < G + Bretas
dk,r < ﬁk,r—l + 2(2k+gr72) ﬁk’—l,r—l + (Qk +3r — Q)dk—l,r-

Theorem 5.14 For each k > 0, there are polynomials fi(r) and gi(r) of
degree 3k with dominating term %r?’k such that

Bk,r < fi(r)
Gir < gi(r)

for all r > k + 2. Equivalently,

Bi < faa—nta(n —2d — 3)
@ < g3d—nya(n —2d — 3)
foralln > 7 and [%5%] < d < [22].

Proof. For k = 0, we have that Bo,r = 1 for all » > 2; use Theorem 4.2. It
is known that dpo < 1 [10, Th. 11.20]; indeed, it is not hard to prove that
f[l(M7 \ e Z) = ﬁl(M7 \ €;Z3) = Zs. Moreover, Lemma 5.12 implies that
1= /BO,T‘ < OA(O,T < BO,T—I =1forr > 3.

Assume that k£ > 1 and » > k + 3. By Corollary 5.13 and induction on k, we
obtain that

G < Brgo1 +2(72) foa (r = 1) + 2k + 37 — 2)ga (r);
Bk,r S OAék,T + fkfl(r%

where fr_1 and gy_1(r) are polynomials with properties as in the theorem. As
a consequence,

B = Brro1 <2057 fuoa (r = 1) + 2k + 37 = 2)gea (1) + froa (1)
Now, the right-hand side is of the form

3k—17.3k—3 3k+17’3k_1

hi(r) = (3r)? - = + pi(r) = = + pr(r),
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where pg(r) is a polynomial of degree at most 3k — 2. Summing over r, we
obtain that

Bk,r < Bk,k+2 + Z hi(r).

i=k+3
The right-hand side is a polynomial fi(r) in r with dominating term

3k+1 7,3k 3kT3k

(k—1)! 3k K

Defining
gr(r) = fu(r = 1)+ 2(*4572) fi_a(r = 1) + (2 + 3r — 2)gia (7),

we obtain a bound on &y, with similar properties, which concludes the proof.
O

For k > 1, one may extend the theorem to all » > 0 by adding a sufficiently
large constant to each of fi(r) and gx(r).

Let us provide a more precise bound for the case k = 1.
Theorem 5.15 We have that 85 = 2, 3% = 16, 33 = 50, 33% = 56, and

o 613 + 9r2 + 5r B
" 2

IN

73

forr > 4.

Proof. With notation as in the proof of Theorem 5.14, Lemma 5.12 implies
that ) ) )
Brr < Prr1+ 2<32T) +3r+1=01,1+9"+ 1.

Figure 1 and a straightforward computation yield the theorem. O

The first few values on the bound in Theorem 5.15, starting with » = 4, are
201, 427, 752, 1194, and 1771.

The set of pairs (n,d) corresponding to a given k in Theorem 5.14 is of the
form {v +rw : r > k+ 2}, where v = 2k + 1,k — 1) and w = (3,1).
Choosing other vectors v and w, we obtain other sequences of Betti numbers.
In this more general situation, it might be of interest to study other fields than
Zs. For w = (2,1) and any field, the growth is at least exponential as soon as
v = (ng, dp) for some ngy and dy satisfying ng > 2dy+ 3. Namely, over Q, ﬁgg’i; 1
is known to equal the number of self-conjugate standard Young tableaux of
size ng + 2¢ with a Durfee square of size ng — 2dy — 2 [5]. One easily checks
that the number of such tableaux grows at least exponentially when ¢ tends to
infinity. Yet, if we were to pick a vector w = (a,b) such that a/b > 2, then the

rational homology would disappear for sufficiently large ¢; apply Theorem 1.1.
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By Theorem 5.4, there is 3-torsion of rank at least (2:) in ]:.lk_1+r(|\/|2k+1+3r; 7)
for £ > 0 and r > 4. As a consequence, for Zs, the growth is at least exponen-
tial for every (a,b) satisfying 2 < a/b < 3. Namely, writing ko = 3dy — ng + 4
and 6 = 3b — a and assuming that 2 < a/b < 3, we have that

2(ko + q5)>

no+aq
2 ko + qo

do+bg — ﬁk0+q5,n072dg+q(a72b)73 Z (

as soon as ng — 2do + q(a — 2b) > 7.

Finally, let us consider Z, for p # 3. By Theorem 5.8, whenever a/b > 5/2, we
have that ﬁg{f:,i]q is zero over Z, for sufficiently large ¢. The situation remains
unclear for 2 < a/b < 5/2.

6 Concluding remarks and open problems

From our viewpoint, the most important open problem regarding the homol-
ogy of M,, is whether there exists other torsion than 3-torsion for n # 14.
In light of the discussion in Section 5.3, we are tempted to conjecture the
following;:

Conjecture 6.1 ﬁd(Mn; Z) = ﬁk,Hr(Mgngﬂ; Z) contains nonvanishing 5-

torsion whenever

n—=06
2

{271—8

a]

J<:>3§r§k+1.

The bounds are exactly the same as in Corollary 5.11, except that the upper

bound in the corollary is ["%57] rather than |"3°|. In fact, the conjecture
would be true for d = ®-% and all even n > 14 if the following conjecture were

2
true:
Conjecture 6.2 The sequence

0 — Hy(M, \ &;Z) — Hg(My; Z) — (e) ® Hy 1 (Mppe; Z) — 0,

cut from the long exact 0-e-2 sequence in Section 3.4, is split exact for every
n > 3 and every d.

We have checked the conjecture up to n = 11 using computer; see Figure 3
and compare to Figure 1. If Conjecture 6.2 were true for all n, then we would
have p-torsion in ]:[d+k(l\/|n+2k; Z) for all k > 0 whenever ]:Id(Mn; Z) contains
p-torsion.
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Define Bk,T = dimy, .Elk_1+T(M2k+1+3r;Zg). Conjecture 6.2 being true for the
coefficient ring Zz would imply that Bk_l,r < ﬁAk,T. Combined with a quite
modest conjecture about the behavior of {BM : r > 1} for each fixed k, this
would yield nontrivial lower bounds on Bk,r for every k,r > 0:

Proposition 6.3 Suppose that Bk—l,v‘ < HAM forall k > 1 and r > 0. Suppose
further that there are positive numbers {Cy, : k > 0} such that Ckﬁm > Bm,l
for all k > 0 and r > 1. Then Bkﬂq is bounded from below by a polynomial of
degree k.

Proof. By the long exact 0-1-2 sequence, we have that

(2k + Sr)Bk—l,r—l < Bk,r—l + Bk—2,r

for r > 1. Applying our assumptions, we obtain that
(2k + 37’)5\]671,7’71 < CkBk,r + Bk,r = (Ck + 1)Bk,m

which yields that Gy, > (Cp + 1)1 (2k + 3r)Bp_1.,—1. O

For k < 2, ﬁA;w is indeed bounded from below by a polynomial of degree k [17].

We conclude with Table 4, which provides a list of possible exponents in
ﬁk_1+T(M2k+1+3r; Z) for small k and r; apply Theorems 1.1, 4.3, 4.5, 5.4, and
5.8 and Proposition 5.5. Note that (k,r) = (0,2) yields the first occurrence
of 3-torsion and that (k,r) = (2,3) yields the only known occurrence of 5-
torsion. These two pairs share the property that k is maximal for the given r
such that the group at (k, ) is finite. Speculating wildly, one may ask whether
there is further torsion to discover at other pairs (k,r) with this property, that

is, k = (;) — 1; use Theorem 1.1.
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HyM,:Z) | d=0| 1 2 3 4 5
n=31| Z> - - - i} )
40 z2 | - - § - -
50| - |z - § . -
6| - |z - § - -
7 - | Zs 720 § . -
] . - 7132 - . .
9 - - | Z8az® AL - -
10 - - Zs 71216 - -
11 _ B _ Zng D 21188 ZQSQ _
12 _ B _ Zgb 212440 _
13 - - - Zg T, @ 7,24596 7,924
14 _ _ _ _ Tg 2138048

Fig. 1. The homology of M,, for n < 14. T} and 7% are nontrivial finite groups of
exponent a multiple of 3 and 15, respectively; see Proposition 5.5 and Theorem 4.5.
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5¢ —H | 2g—3 | 5q 29 —1
5q—4129—3 | 5¢+1|2¢—1
5q—3|29—2 | 5¢g+2 | 2q
5¢ —2 | 29g—2 | 5g+3 | 2q
5¢ —1[2¢—2 || bqg+4 |2

8 i lues of n.
Fig. 2. py, = [2%2] for different valu
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HM\e;Z) |i=—1] 0 | 1 2 3 4
n=2 Y/ - - - - -
3 - Y/ - - - -
4 - 7% | - - - -
5 - - | z* - - -
6 - VA - - -
7 - - | Zs Y/ - -
3 ) ) ) 7116 ) )
9 - - - | Z5 e 72 7> - -
10 - - - s 7,084 _ -
11 - _ _ _ Zg? e 21146 Z182
Fig. 3. The homology of M,, \ e for n < 11.
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Exponents | k=0 1 2 3 4 )
r=0| oo 00 00 00 o0 00
1| oo 00 00 o0 00 00
213 0,3 | 00,3 o0, 3*,e? | 0o, e? o0, e?
313 3 3*,5%,e? | 00,3%,e? | 00,3%,e? | 00,3, e?
4\ 3 3 3 3%, e? 3%, e? 3%, e?
53 3 3 3 3, e? 3, e?
63 3 3 3 3 3, e?
713 3 3 3 3 3

Fig. 4. List of all possible infinite and prime power exponents of elements in
_H]g_1+r(M2k+1+3T;Z) for kK < 5 and r < 7. Legend: oo = infinite exponent; p*
= exponent an unknown positive power of p; e? = possibly other prime power
exponents than those listed.
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