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A short summary from last lecture:

We were looking for s-sparse solutions x = Xsparse Of the equation
y = Ax,

where the m x N-matrix A € C™ x CV and the column vector
y € C™ is given, with m << N.

Solution by minimising the /; - norm:

) argmin, i Ixils
XSParSe T Ax . y
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\/7 \1[ Thus it is enough with

6ps < L~ 0.577....

Ve



A short summary from last lecture:

One essential estimate for the proof of Theorem 3.3 is :



A short summary from last lecture:

One essential estimate for the proof of Theorem 3.3 is :
Lemma 3.5: If A satisfies RIP properties and Ax = 0, then

02
Ixs,ll2 < 7 _55 > lIxs,ll2-
S k=2




A short summary from last lecture:

One essential estimate for the proof of Theorem 3.3 is :
Lemma 3.5: If A satisfies RIP properties and Ax = 0, then

02
Ixs,ll2 < 7 _55 > lIxs,ll2-
S k=2

New for today:



A short summary from last lecture:

One essential estimate for the proof of Theorem 3.3 is :
Lemma 3.5: If A satisfies RIP properties and Ax = 0, then

02
Ixs,ll2 < 7 _55 > lIxs,ll2-
S k=2

New for today:
Remark: With some effort the constant =22 in Lemma 3.5 can be

-0,
V1-63,"

replaced by to



A short summary from last lecture:

For s-sparse vetors x and z we have the bi-linear version of the RIP:
[(Ax, Az) — (x,2)| < as]|x[]2]|z[[2,

by polarization of the RIP estimate with the vectors x + z.
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A lower estimate for RIP.

A m x N matrix cannot satisfy a RIP with ds < 1 unless m is large
enough, depending on s an N.

Theorem 4.1 If 65 < 1 there is a constant C > 0 such that if any
m x N matrix A har RIP with constant ds, then

m > Cslog(Ne/s)
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A lower estimate for RIP.

Some notatations and Preliminaries: Let S be an index subset and
let X5 be the set of vectors x in CV with non-zero element
contained in S.

Then the set of s- sparse vectors is

X(s) = Us|=s Xs;
where the union is taken over all subsets S of [1,..., N] with

length s. The number of such subsets is < I;I ) By Stirlings
formula (n! =~ (2)"v2mn):

N NN+
( s ) V2r(N — s)N=st3 g5t
If s << N this is approximately equal to

(Ne/s)* /v 2xs.
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A lower estimate for RIP.

Proof: Let N = Nx(s/2)(r1) and let {x;}¥ in X(s/2) N By such
that HX,‘ - Xsz >y for all i # .

It follows from RIP that Ax; is contained in the ball in R™ with
radius r3 = (1 + ds).

Let Y = {y;}} with y; = Ax;/r3 is a set in Bn, and

lyi = yjll2 = (1= ds)l[xi = xjl[/rs > (1 = 6s)r1/r3 > ra.

It follows than Np(r2) > N = Nx(s/2)(r1)-
The proof of Lemma 4.2 is complete.
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Lemma 4.3 Let 0 < r < 1, then

()" < Nnl) < (142",

o < () @ 2~ (e + 2y vams

Proof:

m If the Np,(r) balls of radius r and centered at the points x;
would not cover B, we can find one more such points, i.e
Nm(r) is not the maximal value.

m The disjoint balls centered at the points x; and with radius %
are contained in the ball centered at the 0 with radius 1 + %
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To prove Theorem 4.2 (a lower estimate for m for RIP) we also to
estimate Nx(s) from below.
Lemma 4.4

[y

(Ne/(s/2))*/2.

l\)\l—l

NX(s)(E)
Proof:

m Define W a set of points in X(s) as

W={xeX(s): x;={-1,0,1}}



A lower estimate for RIP.

To prove Theorem 4.2 (a lower estimate for m for RIP) we also to
estimate Nx(s) from below.
Lemma 4.4

[y

(Ne/(s/2))*/2.

l\)\l—l

NX(s)(E)
Proof:

m Define W a set of points in X(s) as
W= {x € X(s) 155 = {~1,0,1}}
m we see that W contains more than

25< I;I ) ~ (2Ne/s)*\/2xs

vectors, all with norm ||x|]2 < /s.
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m we are seleceting a subset X = {x;} of W, satisfying
Ixi = xjll2 > /s/2 by
Start with letting j = 1 and the remaing set of points W' = W
Pick one vector x; in in W’ and put it in the set X.
Remove from W’ all vector z such that ||z — x;[|2 < /5/2.
A If W is not empty set j =: j + 1 and go back to step 2
When W’ is empty we are finished.
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m Note that for any fixed j and ||z — x;[|2 < y/5/2 then entries
of z—x; are in {-2,-1,0,1,2}} and that z —x; is in X(s/2).
m For any fixed x; € X the number of points z such that
|z — xj||2 < \/s/2 is estimated by

s/2 s/2
N (4Ne/k)k (8Ne/s)®/?
S (4~ 2~

m We conclude that the process does not end before

x| o CNe/SY /NS (Ne(s/2))/°
= BNe/s)?/Vams V2

Thus Ny(s)(s) > 3(Ne/(s/2))*/2.
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According to Lemma 4.2 following condition must hold:

NX(s/Z)(rl) < Nm(r2)-

when r; < n ‘/\/%. We choose r; = % and r, = 2\/\/1% By

Lemma 4.3 and Lemma 4.4

s/2 n
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Proof of Theorem 4.1
According to Lemma 4.2 following condition must hold:

NX(s/Z)(rl) < Nm(r2)-

when rn < n

V1+3s 2v/1+8
Lemma 4.3 and Lemma 4.4

Ne/(s/2))/? 2
(/(2/)) < Nx(s2)(n) < Nim(r2) < (142 )" = <1
Taking the logarithm we get

. slog(2Ne/s) — log 4
= 2(log(V1 — s + 41+ 05) — log(1 — 45))

V1-0s \\e choose n= % and rn = V1-0s By

RIS
V1—10s

'
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RIP for Gaussian Matrices

Let random matrix A = (Ajj)1<i<m1<j<n Where each A is an
independent Gaussian random variable, i.e each A;; € N(0,1) with
ditribution function ¢(t) where

1 2
t)= ——e t/2
o) = e
If mis large enough, depending on s, § and N is will with large
probability have the RIP property with constant 0 = §. Theorem
4.5
There is a constant C > 0 such for any € > 0,d > 0 if we let

s
m > C(s—2 log(Ne/(se).

Then the Gaussian m x N matrix A (as above) satisfy RIP
constant d; = § with a probability not less than 1 — ¢
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RIP for Gaussian Matrices

Proof of Theorem 4.5:
Let x be a vector in RN with length ||x||2 = 1 and define the
random variable T = ||Ax||3/m. The distribution function (1)
can be determined exactly:
m Let Z = Ax be the random columnvector with elements
Zjl1<j<m.
m Observe that Z; are independent randomvariables with
distribution function

1 2
t) = ——e t/2,
o) = e
m Write a vector-distriubtion function of (Zi,...,z,)

¢((t1 ey tm) = W_m/2e_ Z,‘ ti2/2.
m Set 7 = >, t;?/m. It follows that T has distribution function
\U(T) — CngilefmT/zj

for come normalization conctant ~..



RIP for Gaussian Matrices

We take the logarithm of W(7) analyse for maximimum and
estimate the second derivative.

log W(7) = log cm + (g —1)logT — gT
m derivative V(7)
m 1 m
R T Ve
( 2 )7' 2
m second derivative of V(1)
m 1
(= 1)~
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It is less then

Thus for one fixed point probability for the RIP estimate does not
hold is less than cle_c2m52.



