LECTURE 2
CH.4.1-4.4 FROM AVNER FRIEDMAN
FOUNDATIONS OF MORDERN ANALYSIS

Definition. Two norms || - ||; and || - ||2 in X are equaivalent if there are
constants 3 > « > 0 such that for any x € X

acflxflr < flxll2 < [l

Definition. A subset K C X of a linear vector space is called convex if for
any x,y € Kand 0 <t < 1 we have tx + (1 — t)y € K.

Definition. Linear subspace.
A subset Y of a liner vector space X is called a linear subspace if for any
A€ Fandany x,y € Y wehave Ax + ny € V.

Lemma 2.1. (AFr4.3.1)

Let Y C X be a closed linear subspace of a normed linear space X. Then
for any ¢ > O there exists z € X s.t. ||z|| = T and ||z —y]|| > 1 — ¢, for any
yey.

Theorem 2.2. (AFr 4.3.2)
If Y is a finite-dimensional linear subspace of a normed linear space, then Y
is closed.

Theorem 2.3. (AFr 4.3.3)
A normed linear space is of finite dimension iff every bounded subset is
relatively compact.

Example. Let X = [2(0,27) and let ex(x) = e*/v2m, k = 0,£1,....
Then

27 27
J lex(x)?dx = 1 and J ey — e;%dx = 2.
0 0

The set {ey ez is not relatively compact (i.e every bounded sequence has a
convergent subsequence).

Definition. Linear transformations (operators, mappings).
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Let X, Y be two linear spaces, D+ C X and let T : Dy — Y be a mapping
s.t. for any x € Dy, dly € Ysuch that y = Tx. Then D~ is called the
domain of T and T.

If D is a linear subspace of X and if

T(A1x7 + Axxz) = A Txy + A Tx,

then T is called a linear transformation (operator).

Definition. Let X and Y be metric linear spaces, Dyt = Xand T: X — Y.
Tis called continuous for any X, x such that x,, — x we have Tx,, — Tx

Theorem 2.4. (AFr4.4.1)
Let X and Y be normed linear spaces. A linear transformation T : X — Y
is continuous iff T is continuous at one point.

Definition. Let X and Y be normed linear spaces, T : X — Y and let there
exists a constant K > 0 s.t.

I < Klxl|  xeX.
Then T is called a bounded linear map and
Tx
I = sup L1
xex |||

is called the norm of T.

Theorem 2.5. (AFr4.4.2)
Let X, Y be normed linear spaces. The operator T : X — Y is continuous iff
T is bounded.

Home exercises.

1. Let X be a normed liner space. Show that B = {x € X : ||x|| < T} is
convex.

2. Let X be a linear space and K, F C X are convex. Show that K + F is
convex.

3. Anorm || - || is called strictly convex if |x|| = |jy|| = 1 and ||[x + y|| =2
implies x = y.
Show that LP(R™) is strictly convex if 1 < p < oo.

4. Prove that the max-norm in Cla,b] is not equivalent to LP norm if
1<p<o0.



5. Find the norm of the operator A given by

Af(t) = tf(t), 0<t<,
where a. X = C[0, 1], b. X =LP[0,1], 1 < p < o0.
6. Let £ be the Laplace transform defined by

e¢]

o(s) = L(s) = L f(t)e " dt.

Show that £ : L?(R,) — L*(R.) is bounded and
I£]| < V.



