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Theorem 1 (AFr Th. 5.1.2.). Let T,, : H — H be sequence of compact
operators uniformly convergent to 1. Then T is also compact.

Theorem 2. T € S, iff T*T € S..

Proof. If T € S, then T* is bounded and therefore T*T € S.. If T*T € S,
and w-limx,, = 0, then s-lim T*Tx,, = 0. Then we obtain (x,, T*Tx,,) =

[ Txn||? — 0. O
Theorem 3. T € S, iff T" € S...
Proof. T* € S, implies T*T € S, and thus T € S.. O

Finite rank operators

Definition. T is said to be of rank r (r < 00) if dim T(H) = r. The class of
operators of rank 1 is denoted by K, and K := U, K.

Theorem 4. T € K, iff T* € K..

Proof. Let T € K, and let uy,uy,...,u, be an orthonormal basis in T(H).
Then for any x € H we have
T T
Tx = Z(Tx,uk)uk = Z(x, T u ) uy.
k=1 k=1

Denote v, = T*uy, then T = Y (-, vi.)ux. Moreover

(T y) =D (% vidwiey) = D (x, (v, wdvid) = (x, T'y).
=1 o
Therefore T = ) (-, ux)vy and thus T* € K. O

Theorem 5. The uniform closure of the class of finite rank operators K
coincides with S,.

Proof. Let T € S.. Then T maps the set B = {x : ||x|]] < 1} onto a
relatively compact set. For any ¢ > 0 there exists a finite set of elements
{yxJk_; such that for any y € T(B) we have min ||y — yi|| < €. Let P be
the projection on the subspace spanned by yy. Clearly rank P < r. Thus for
any x s.t. [|x|| <1 we obtain

ITx — PTx|| < mkinHTx—ka < e.
1



Remark 1. Uniform closure cannot be replaced by the strong closure.

Theorem 6. The strong closure of K(H) coincides with the class of all
bounded operators.

Proof. Let {u}% ; be an orthonormal basis in H and let P, be the projectors
on the subspaces spanned by {u}i_;. Then for any x € H, ||Phyx —x|| — 0
which means that s-limP,, = I. Thus s-limP,T = T for any bounded
operator T. U

Integral Operators

Theorem 7. Let K : L?(Q) — L%(Q), Q € R, be an integral operator

Kf(x) zj K(x,v)f(y) dy,
Q
such that

J J K(x,y)|* dxdy < oco.
ala

Then K is compact.

Proof. Let {u;}$2; be an orthonormal basis in L%(Q). Then

Kiou) = Y Ki(uhus(x), where K,-(y)zjﬂK(x,y)uj(x)dx

j=1

for almost all y. Due to the Parseval identity we have for almost all y

J, xR ax= 3 iR

j=1

and

[e.¢]

2 _ 2
(1) [, | wowRaxay = 3 | woi)Pa.

j=1 74

We now define the following operator of rank N

Knf(x) = L Kn(x, u)F(y) dv,
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where Kn(x,y) = Zl\]:] K;(y)uj(x). By Cauchy-Schwartz inequality we
obtain

<= Kt = ||| (K0uw) = Kaxow) ) au e

SJJ!H&M—KM&MFMMMWZ
QJO

Thus by using that the right hand side in (??) is absolutely convergent, we
find

k=Kl < [ | KEx,) = K, u)P ey
QJOo N
:JQJQK(x,y)IZ dxdy — J J (x,y ;K, x) dxdy
_JQJQK iK] y)u;(x) dxdy + iJ

:J J K(x,y)]> dxdy — ZJ (Y)lPdy — 0, as N — oo.
QJO

Bounded Self-adjoint Operators

Definition. A bounded operator T : H — H is said to be self-adjoint if
Vx,y € H

(Tx,y) = (x, Ty), (A =A%).

Theorem 8 (Av.Fr. 6.5.1). Let T : be a bounded self-adjoint operator in a
Hilbert space H. Then

[Tl = sup [(Tx,x)|.

Proof. Clearly if ||x|| = 1, then
(T, ) < T[] = [Tl < [IT]

and therefore sup _y |(Tx, x)| < T

In order to proof the inverse inequality we consider z € H, ||z|| = 1,
Tz # 0 and u = Tz/A, where A = |[|Tz||"/2. If we denote by o :=



4

SUP |y —1 |(Tx, x)|, then

Tz||* = (TU\Z),u) — %[(T(?\z+u),7\z+u> - (T(?\z—u),?\z—u)]

x 2 2 x 2 2
< — — = =
< [ Inz 4+l + Az — wli?] = Z[IAzl? +
x 2 .
=12+ 12l | = Tzl

This implies that for any z € H, ||z|| = 1 we have ||Tz|| < o« and hence
T <= SUP||x||=1 [(Tx, x). U




