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WEAK MIXING DISC AND ANNULUS
DIFFEOMORPHISMS WITH ARBITRARY LIOUVILLE

ROTATION NUMBER ON THE BOUNDARY

BY BASSAM FAYAD AND MARIA SAPRYKINA

ABSTRACT. – Let M be anm-dimensional differentiable manifold with a nontrivial circle action
S = {St}t∈R

, St+1 = St, preserving a smooth volumeµ. For any Liouville numberα we construct a
sequence of area-preserving diffeomorphismsHn such that the sequenceHn ◦ Sα ◦ H−1

n converges to a
smooth weak mixing diffeomorphism ofM . The method is a quantitative version of the approximation by
conjugations construction introduced in [Trans. Moscow Math. Soc. 23 (1970) 1].

For m = 2 andM equal to the unit discD2 = {x2 + y2
� 1} or the closed annulusA = T × [0,1]

this result proves the following dichotomy:α ∈ R \ Q is Diophantine if and only if there is no ergodic
diffeomorphism ofM whose rotation number on the boundary equalsα (on at least one of the boundaries
in the case ofA). One part of the dichotomy follows from our constructions,the other is an unpublished
result of Michael Herman asserting that ifα is Diophantine, then any area preserving diffeomorphism with
rotation numberα on the boundary (on at least one of the boundaries in the case of A) displays smooth
invariant curves arbitrarily close to the boundary which clearly precludes ergodicity or even topological
transitivity.

 2005 Published by Elsevier SAS

RÉSUMÉ. – Soit M une variété différentiable de dimensionm � 2 admettant une action non triviale
du cercleS = {St}t∈R

, St+1 = St, qui préserve une forme volumeµ de classeC∞. Pour tout nombre
Liouville α on construit une suite de difféomorphismesHn préservant l’aire tels que la suiteHn ◦Sα ◦H−1

n

converge vers un difféomorphismse faiblement mélangeant deM . La méthode est une version quantitative
des constructions par conjugaisons successives introduites dans [Trans. Moskow Math. Soc. 23 (1970) 1].

Pourm = 2 et M égale au disque unitéD2 = {x2 + y2
� 1} ou à l’anneau ferméA = T × [0,1] ce

résultat prouve la dichotomie suivante :α ∈ R \ Q est diophantien si et seulement si il n’existe pas de
difféomorphismse ergodique deM avec un nombre de rotation égal àα sur le bord (sur au moins un
des bords dans le cas deA). Un côté de la dichotomie suit de nos constructions, l’autre d’un résultat non
publié de Michael Herman affirmant que siα est diophantien, alors tout difféomorphisme préservant l’aire
et ayant un nombre de rotationα sur le bord (sur au moins un des bords dans le cas deA) possède des
cercles invariants réguliers arbitrairement proches du bord, ce qui exclut l’ergodicité et même la transitivité
topologique.

 2005 Published by Elsevier SAS

1. Introduction

We present a construction method providing analytic weak mixing diffeomorphisms on the
torusTd = Rd/Zd, d � 2, and smooth weak mixing diffeomorphisms on any smooth manifold
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340 B. FAYAD AND M. SAPRYKINA

with a nontrivial circle action preserving a smooth volumeµ. The diffeomorphisms obtained are
homotopic to the identity and can be made arbitrarily close to it.

We will effectively work either on the two torus for the analytic constructions or on the closed
annulusA = T × [0,1] for the smooth constructions. In the case of the torus the construction is
exactly the same in higher dimensions and we explain in Section 2.4 how the smooth construction
can be transfered from the annulus to general manifolds witha nontrivial circle action.

By smooth diffeomorphisms on a manifold with boundary we mean infinitely smooth in the
interior and such that all the derivatives can be continuously extended to the boundary.

We recall that a dynamical system(M,T,µ) is said to be ergodic if and only if there is no
nonconstantinvariant measurable complex functionh on(M,µ), i.e. such thath(Tx) = h(x). It
is said to be weak mixing if it enjoys the stronger property ofnot havingeigenfunctionsat all, i.e.
if there is no nonconstant measurable complex functionh on (M,µ) such thath(Tx) = λh(x)
for some constantλ ∈ C.

The construction, on any smooth manifold with a nontrivial circle action (in particularD2), of
volume preserving diffeomorphisms enjoying different ergodic properties (among others, weak
mixing) was first undertaken in [1]. Fort ∈ R denote bySt the elements of the circle action on
M with the normalizationSt+1 = St.

Let A(M) be the closure in theC∞ topology of the set of diffeomorphisms of the form
h ◦ St ◦ h−1, with t ∈ R andh area preservingC∞-diffeomorphism ofM .

For a givenα ∈ R we denote byAα(M) the restricted space ofconjugacies of the fixed
rotationSα, namely the closure of the set ofC∞-diffeomorphisms of the formh ◦ Sα ◦ h−1.

It is easy to see that the setsAα(M) are disjoint for differentα and in [4, Section 2.3.1], it
was proved for a particular manifoldM that

⋃
α∈R

Aα(M) � A(M). We do not know if the
inclusion remains strict on any manifold.

Anosov and Katok proved in [1] that inA(M) the set of weak mixing diffeomorphisms is
generic (contains aGδ dense set) in theC∞ topology. Actually, it also follows from the same
paper that the same is true inAα(M) for a Gδ dense set ofα ∈ R although the construction,
properly speaking, is achieved in the spaceA(M). However, [1] does not give a full description
of the set ofα for which the result holds inAα(M). Indeed, the flexibility of the constructions in
[1] comes from the fact thatα is constructed inductively at the same time as the conjugations are
built, that is: at stepn, αn = pn/qn is given, andhn is constructed that commutes withSαn ; then
αn+1 is chosen so close toαn thatfn = HnSαn+1

H−1
n (whereHn = h1 ◦ · · · ◦ hn and eachhn

commutes withSαn ) is sufficiently close tofn−1 to guarantee the convergence of the sequence
{fn}n∈N

. Then stepn + 1 gets started by the choice ofhn+1 etc. The finalα is the limit of
αn. By this procedure, there is no need to put any restrictions on the growth of theCr norms of
Hn sinceαn+1 can always be chosen close enough toαn to force convergence. The counterpart
is that the limit diffeomorphism obtained in this way will lie inAα(M) with α having rational
approximations at a speed that is not controlled.

Since we want to do the construction insideAα(M) for an arbitrary Liouville numberα,
we are only allowed to make use of the fact that the decay of|αn+1 − αn| is faster than any
polynomial inqn. So we have to constructhn with a polynomial (inqn) control on the growth of
its derivatives to make sure that the above procedure converges.

Recall that an irrational numberα is said to be Diophantine if it is not too well approximated
by rationals, namely if there exist strictly positive constantsγ andτ such that for any couple of
integers(p, q) we have:

|qα− p| � γ

qτ
.
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WEAK MIXING DISC AND ANNULUS DIFFEOMORPHISMS 341

In this paper we work in the restricted spacesAα(M) and prove the following forany
Liouville, i.e. not Diophantine and not rational, frequency α:

THEOREM 1.1. –Let M be an m-dimensional(m � 2) differentiable manifold with a
nontrivial circle actionS = {St}t∈R

, St+1 = St, preserving a smooth volumeµ. If α ∈ R is
Liouville, then the set of weak mixing diffeomorphisms is generic in theC∞ topology inAα(M).

On M = D2 or A, the weak mixing diffeomorphisms we will construct inAα(M) will have
Sα as their restriction to the boundary. This clarifies the relation between the ergodic properties
of the area preserving diffeomorphisms ofD2 and their rotation number on the boundary,
complementing the striking result of M. Herman stating thatif f is a smooth diffeomorphism of
the disc with a Diophantine rotation number on the boundary,then there exists a set of positive
measure of smooth invariant curves in the neighborhood of the boundary, thusf is not ergodic.
By KAM theory, this phenomenon was known to happen for Diophantineα as soon as the map
f displays some twist features near the boundary. Herman’s tour de force was to get rid of the
twist condition in the area preserving context. To be more precise, we introduce the following

DEFINITION 1.2. – LetM denote eitherD2 or A. Givenα ∈ R, we denote byBα(M) the set
of area preservingC∞-diffeomorphisms ofM whose restriction to the boundary (to at least one
of the boundary circles in the case of the annulus) has a rotation numberα.

THEOREM 1.3 (Herman). –Let M denote eitherD2 or A. For a Diophantineα, let F ∈
Bα(M). Then the boundary ofM (on which the rotation number isα) is accumulated by a set of
positive measure of invariant curves ofF .

In the case of the disc and the annulus, as a corollary of Theorems 1.1 and 1.3, we have the
following characterization of Diophantine numbers:

COROLLARY 1.4. –LetM denote eitherD2 or A. A numberα ∈ R \Q is Diophantine if and
only if there is no ergodic diffeomorphismf ∈ Bα(M).

On M = T2 and under a more restrictive condition onα, the method of approximation by
conjugations can be undertaken in the real analytic topology and with very explicit conjugations.
For an arbitrary fixedσ > 0, for anyn ∈ N, we set:

φn(θ, r) =
(
θ, r + q2

n cos(2πqnθ)
)
,

gn(θ, r) =
(
θ +

[
nqσ

n

]
r, r

)
,

hn = gn ◦ φn, Hn = h1 ◦ · · · ◦ hn,

fn = Hn ◦Rαn+1
◦H−1

n .

(1.1)

Here [·] denotes the integer part of the number andRt denotes the action(θ, r) → (θ + t, r). The
convergence of the diffeomorphismsfn is in the sense of a usual metricdρ(·, ·), based on the
supremum norm of analytic functions over the complex strip of width ρ; see Section 2.2 for the
definition. We will prove the following

THEOREM 1.5. –Letα ∈ R be such that, for someδ > 0, equation

|α− pn/qn|< exp
(
−q1+δ

n

)

has an infinite number of integer solutionspn, qn (wherepn and qn are relatively prime for
eachn). Take0 < σ < min{δ/3,1}. Then, for allρ > 0, there exists a sequenceαn = pn/qn

(which is a subsequence of the solutions of the equation above) such that the corresponding
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342 B. FAYAD AND M. SAPRYKINA

diffeomorphismsfn, constructed in(1.1), converge in the sense of thedρ(·, ·)-metric, and
f = limn→∞ fn is weak mixing.

Weak mixing diffeomorphisms, given by this theorem, are uniquely ergodic. This can be
shown by the same method as in [9].

Remark1.6. – The result in Theorem 1.5 is actually weaker than what can be obtained
by time change, e.g. the existence onT2 of real analytic weak mixing reparametrizations of
Rt(1,α) for any irrationalα such thatlimsupp∈Z,q∈N∗ − ln |α−p/q|

q �= 0 [2,6,7,10]. Indeed, such
reparametrizations belonga priori to Aα(T2) (cf. [4]). However, we included the constructions
onT2 with explicit successive conjugations as in (1.1) because the proof of weak mixing follows
almost immediately from the general criteria we established to treat the general smooth case, and
also because these constructions might be generalized to other manifolds where the techniques
of reparametrizations are not available.

2. Preliminaries

2.1. General scheme of the constructions

Here we give a general scheme of the construction of the diffeomorphisms as a limit of
conjugacies of a given Liouvillean action while Section 3 outlines the particular choices that
will yield the weak mixing property for the limit diffeomorphism. Henceforth,M denotes either
the torusT2 or the annulusA and we consider polar coordinates(θ, r) onM that denotes either
the torusT2 or the annulusA. By λ andµ we denote the usual Lebesgue measures onR and on
R2, respectively. The term “measure-preserving” will refer to the measureµ.

Forα ∈ R, we consider the mapSα :M → M , (θ, r) �→ (θ + α, r). The diffeomorphisms that
we shall construct, are obtained as limits of measure preserving transformations

f = lim
n→∞

fn, wherefn = Hn ◦ Sαn+1
◦H−1

n .(2.1)

Here αn = pn/qn is a convergent sequence of rational numbers, such that|α − αn| → 0
monotonically;Hn is a sequence of measure preserving diffeomorphisms ofM . In different
constructions, the convergence offn will be meant in theC∞ or real analytic category; the
topology in each case is standard, and will be recalled in Sections 2.2 and 2.3.

EachHn is obtained as a composition

Hn = h1 ◦ · · · ◦ hn,(2.2)

where everyhn is a measure preserving diffeomorphism ofM satisfying

hn ◦ Sαn = Sαn ◦ hn.(2.3)

At stepn, hn must display enough stretching to insure an increasing distribution of the orbits
of Hn ◦ Sαn+1

◦H−1
n . However, this stretching must be appropriately controlled with respect to

|α− αn| to guarantee convergence of the construction.

2.1.1. Decomposition of hn

In the subsequent constructions, eachhn will be obtained as a composition

hn = gn ◦ φn,(2.4)

whereφn is constructed in such a way thatS1/qn
◦ φn = φn ◦ S1/qn

; the diffeomorphismgn is
a twist map of the form
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gn(θ, r) =
(
θ +

[
nqσ

n

]
r, r

)
,(2.5)

for some0 < σ < 1 that will be fixed later. The role ofgn is to introduce shear in the “horizontal”
direction (the direction of the circle action), whileφn is responsible for the “vertical” motion,
i.e. transversal to the circle action. The choice of the shear factor nqσ

n will be explained in
Section 3.1.

In the real analytic case,φn will be given by an explicit formula and convergence will
follow from an assumption on the rational approximations ofα. In the smooth case,φn will
be constructed in Section 5.2 in such a way that its derivatives satisfy estimates of the type:

‖Daφn‖0 � c(n,a)q|a|n ,
∥∥Daφ−1

n

∥∥
0
� c(n,a)q|a|n ,

wherec(n,a) is independent ofqn (cf. Sections 2.3 and 5.2.3 about the notations we adopt). This
polynomial growth of the norms ofφn is crucial to insure the convergence of the construction
above and is the reason why it can be carried out for an arbitrary Liouville number.

2.2. Analytic topology

Let us discuss the topology on the space of real-analytic diffeomorphisms ofT2, homotopic
to the identity. All of them have a lift of typeF (θ, r) = (θ + f1(θ, r), r + f2(θ, r)), where
fi :R

2 → R are real-analytic andZ2-periodic.
For anyρ > 0, consider the set of real analyticZ2-periodic functions onR2, that can be

extended to holomorphic functions onAρ = {|Imθ|, |Imr| < ρ}. For a functionf in this set, let
‖f‖ρ = supAρ |f(θ, r)|. We defineCω

ρ (T2) as a subset of the above set, defined by the condition:
‖f‖ρ < ∞.

Consider the spaceDiffω
ρ of those diffeomorphisms, for whose lift it holds:fi ∈ Cω

ρ (T2),
i = 1,2. For any two diffeomorphismsF andG in this space we can define the distance

dρ(F,G) = max
i=1,2

{
inf
p∈Z

‖fi − gi + p‖ρ

}
.

For a diffeomorphismT with a lift T (θ, r) = (T1(θ, r), T2(θ, r)) denote

‖DT‖ρ = max

{∥∥∥∥
∂T1

∂θ

∥∥∥∥
ρ

,

∥∥∥∥
∂T1

∂r

∥∥∥∥
ρ

,

∥∥∥∥
∂T2

∂θ

∥∥∥∥
ρ

,

∥∥∥∥
∂T2

∂r

∥∥∥∥
ρ

}
.

2.3. C∞-topology

Here we discuss the (standard) topology on the space of smooth diffeomorphisms ofM = T2,
which we shall use later. The annulus is endowed with the topology in the similar way.

We are interested in convergence in the space of smooth diffeomorphisms ofM , homotopic to
the identity, and hence having lift of typẽF (θ, r) = (θ+f1(θ, r), r+f2(θ, r)), wherefi :R

2 → R

areZ2-periodic. For a continuous functionf : (0,1)× (0,1)→ R, denote

‖f‖0 := sup
z∈(0,1)×(0,1)

∣∣f(z)
∣∣.

For conciseness we introduce the following notation for partial derivatives of a function: for
a = (a1, a2) ∈ N2 we denote|a| := a1 + a2 and

Da :=
∂a

∂ra1∂θa2
.
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For F , G in the spaceDiffk(T2) of k-smooth diffeomorphisms of the torus, let̃F and G̃
be their lifts. For mappingsF :R2 → R2 denote byFi the ith coordinate function. Define the
distances between two diffeomorphismsF andG as

d̃0(F,G) = max
i=1,2

{
inf
p∈Z

∥∥(F̃ − G̃)i + p
∥∥

0

}
,

d̃k(F,G) = max
{

d̃0(F,G),
∥∥Da(F̃i − G̃i)

∥∥
0
| i = 1,2, 1 � |a|� k

}
.

We shall use the metric, measuring the distance both betweendiffeomorphisms and their inverses:

dk(F,G) = max
{
d̃k(F,G), d̃k

(
F−1,G−1

)}
.

For M = D2, the Diffk(M) topologies are defined in the natural way with the help of the
supremum norm of continuous functions over the disc.

For the smooth topology onM , a sequence ofDiff∞(M) diffeomorphisms is said to be
convergent inDiff∞(M), if it converges inDiffk(M) for all k. The spaceDiff∞(M), endowed
with the metric

d∞(F,G) =
∞∑

k=1

dk(F,G)

2k(1 + dk(F,G))
,

is a compact metric space, hence for any of its closed subspaces, Baire theorem holds.

2.4. Reduction to the case of the annulus

Let (M,S, µ) denote a system of anm-dimensional smooth manifold with an effective circle
action preserving a smooth volumeµ. We denote the action byS = {St}t∈R

, St+1 = St and
assume it is effective, i.e. that not /∈ Z acts as the identity.

We denote byF the set of fixed points of the actionS . For q � 1 we denote byFq the set
of fixed points of the mapS1/q . And by ∂M we denote the boundary ofM . Finally we let
B := ∂M ∪ F

⋃
q�1 Fq .

Let λ be the product of Lebesgue measures onS1 × Dm−1. Denote byR the standard
“horizontal” action ofS1 onS1×Dm−1. We quote the following proposition of [4] that is similar
to corresponding statements in [1,11].

PROPOSITION 2.1 [4, Proposition 5.2]. –LetM be anm-dimensional differentiable manifold
with a nontrivial (and effective) circle action S = {St}t∈R

, St+1 = St preserving a smooth
volumeµ. Let B := ∂M ∪ F ∪ (

⋃
q Fq). There exists a continuous surjective mapG :S1 ×

Dm−1 →M with the following properties:
(1) The restriction ofG to the interiorS1 ×Dm−1 is aC∞ diffeomorphic embedding;
(2) µ(G(∂(S1 ×Dm−1))) = 0;
(3) G(∂(S1 ×Dm−1)) ⊃ B;
(4) G∗(λ) = µ;
(5) S ◦G = G ◦R.

We show now how this proposition allows to carry a construction as in the preceding section
from (S1 ×Dm−1,R, λ) to the general case(M,S, µ).

Supposef :S1 × Dm−1 → S1 × Dm−1 is a weak mixing diffeomorphism given, as above,
by f = limfn, fn = Hn ◦ Rα ◦ H−1

n where, moreover, the mapsHn are equal to identity in a
neighborhood of the boundary, the size of which can be chosento decay arbitrarily slowly. Then
if we define the diffeomorphisms̃Hn :M → M

4e SÉRIE– TOME 38 – 2005 –N◦ 3
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H̃n(x) = G ◦Hn ◦G−1(x) for x ∈ G
(
S1 ×Dm−1

)
, and

H̃n(x) = x for x ∈ G
(
S1 × ∂

(
Dm−1

))
,

we will have thatH̃n ◦ Sα ◦ H̃−1
n is convergent in theC∞ topology to the weak mixing

diffeomorphismf̃ :M → M defined by

g(x) = G
(
f
(
G−1(x)

))
for x ∈G

(
S1 ×Dm−1

)
, and

g(x) = Sα(x) for x ∈G
(
S1 × ∂

(
Dm−1

))
.

In the sequel, to alleviate the notations, we will assume that m = 2 and will do the
constructions on the annulusA = S1 × [0,1] or on the two torusT2.

3. Criterion for weak mixing

The goal of this section is to give a simple geometrical criterion involving only the diffeo-
morphismsφn ◦Rαn+1

◦ φ−1
n and insuring the weak mixing property for the diffeomorphism f

given by (2.1)–(2.5) in case of convergence. The criterion will be stated in Proposition 3.9 of
Section 3.6.

The following characterization of weak mixing will be used (see, for example, [10]):f is weak
mixing if there exists a sequencemn ∈ N such that for any Borel setsA andB we have:

∣∣µ
(
B ∩ f−mn(A)

)
− µ(B)µ(A)

∣∣ → 0.(3.1)

3.1. We will now give an overview of the criterion assuming thatM is the annulusT× [0,1]
and denoting by horizontal intervals the setsI = [θ1, θ2] × {r}. We say that a sequenceνn,
consisting for eachn of a collection of disjoint sets onM (for example horizontal intervals),
converges to the decomposition into pointsif any measurable setB can be approximated as
n →∞ by a union of atoms inνn (cf. Section 3.2). We denote this byνn −→

n→∞
ε.

The first reduction is given by a Fubini Lemma 3.3. Here we decomposeB at each stepn into
a union of small codimension one sets for which a precise version of (3.1) is assumed to hold,
see (3.2). For eachn these sets are images by a smooth mapFn of a collectionηn of horizontal
intervals such thatFn(ηn)→ ε. Lemma 3.3 shows that (3.2) guarantees weak mixing.

The second step is Lemma 3.4 asserting that under an additional condition of proximity (3.3)
betweenfmn

n andfmn , it is enough to check (3.2) forfn.
Now, we takeFn in the Fubini Lemma equal toHn−1 ◦ gn. SinceHn−1 in the construction

only depends onqn−1, qn can be chosen so that‖DHn−1‖0 < ln qn. With our choice ofgn

(σ < 1 in (2.5)) this implies thatHn−1 ◦ gn(ηn) → ε if ηn → ε is a partial partition with
horizontal intervals of length less than1/qn (cf. Lemma 3.5). With the above observations, we
are reduced to finding a collectionηn and a sequencemn with the property thatHn−1 ◦gn ◦φn ◦
Rmn

αn+1
◦ φ−1

n (I) is almost uniformly distributed inM for I ∈ ηn.
The geometrical ingredient of the criterion appears in Section 3.5 and merely states that if

a set (in particularφn ◦ Rmn
αn+1

◦ φ−1
n (I)) is almost a vertical line going from one boundary of

the annulus to the other, then the image of this set bygn defined in (2.5) is almost uniformly
distributed inM . “Almost vertical” is made precise and quantified in Definition 3.6. Actually,
the choice ofgn (σ > 0 in 2.5) gives in addition thatHn−1 ◦ gn of an almost vertical segment
will be almost uniformly distributed inM , since we impose that‖DHn−1‖0 < ln qn.

In conclusion, the criterion for weak mixing (Proposition 3.9) roughly states as follows: Let
f be given by (2.1)–(2.5). If for some sequencemn satisfying the proximity condition (3.3)
betweenfmn

n and fmn , there exists a sequenceηn → ε consisting of horizontal intervals of
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346 B. FAYAD AND M. SAPRYKINA

length less than1/qn such that the image ofI ∈ ηn by φn ◦Rαn+1
◦ φ−1

n is increasingly almost
vertical asn→∞ then the limit diffeomorphismf is weak mixing.

3.2. A Fubini Lemma

DEFINITION 3.1. – A collection of disjoint sets onM will be calledpartial decomposition
of M . We say that a sequence of partial decompositionsνn converges to the decomposition into
points (notation:νn → ε) if, given a measurable setA, for anyn there exists a measurable set
An, which is a union of elements ofνn, such thatlimn→∞ µ(A△An) = 0 (here△ denotes the
symmetric difference).

In this section we work withM = T2 or M = A. For these manifolds we formulate the
following definition.

DEFINITION 3.2. – Letη̂ be a partial decomposition ofT into intervals, and consider onM
the decompositionη consisting of intervals in̂η times somer ∈ [0,1]. Decompositions of the
above type will be calledstandard partial decompositions. We shall say thatν is the image
under a diffeomorphismF :M → M of a standard decompositionη (notation:ν = F (η)), if

ν =
{
Γ = F (I) | I ∈ η

}
.

Here we formulate a standard criterion for weak mixing. The proof is based on the application
of Fubini Lemma.

LEMMA 3.3 (Fubini Lemma). –Let f be a measureµ preserving diffeomorphism ofM .
Suppose that there exists an increasing sequencemn of natural numbers, and a sequence of
partial decompositionsνn → ε of M , where, for eachn, νn is the image under a measure-
preserving diffeomorphismFn :M → M of a standard partial decomposition, with the following
property: for any fixed squareA ⊂ M and anyε > 0, for anyn large enough we have: for any
atomΓn ∈ νn

∣∣λn

(
Γn ∩ f−mn(A)

)
− λn(Γn)µ(A)

∣∣ � ελn(Γn)µ(A),(3.2)

whereλn = F ∗
n(λ).

Then the diffeomorphismf is weak mixing.

Proof. –To prove thatf is weak mixing, it is enough to show that for any squareA and a Borel
setB

∣∣µ
(
B ∩ f−mn(A)

)
− µ(B)µ(A)

∣∣ → 0

when n → ∞. In the case of the annulus, it is even enough to show this for any squareA
that is strictly contained in the interior ofA. By assumption, for anyn we have:λn(Γn) =
λn(Fn(In)) = λ(In). Then

λn

(
Γn ∩ f−mn(A)

)
= λn

(
Fn

(
In ∩ F−1

n ◦ f−mn(A)
))

= λ
(
In ∩ F−1

n ◦ f−mn(A)
)
.

By (3.2), this implies:
∣∣λ

(
In ∩ F−1

n ◦ f−mn(A)
)
− λ(In)µ(A)

∣∣ � ελ(In)µ(A).

Take any Borel setB ⊂ T2. Sinceνn → ε, for anyε, for fixed A andB, there existn and a
measurable set̂B =

⋃
i∈σ Γi

n (Γi
n are elements ofνn, andσ is an appropriate index set) such that

∣∣µ(B̂ △B)
∣∣ < εµ(B)µ(A).
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ConsiderB̃ = F−1
n (B̂) (it is also measurable sinceFn is continuous). Then

B̃ =
⋃

i∈σ

F−1
n

(
Γi

n

)
=

⋃

i∈σ

Ii
n :=

⋃

0�y�1

⋃

i∈σ(y)

Ii
n(y)× {y}.

We estimate:
∣∣µ

(
B ∩ f−mn(A)

)
− µ(B)µ(A)

∣∣

=
∣∣µ

(
F−1

n (B)∩ F−1
n ◦ f−mn(A)

)
− µ(B)µ(A)

∣∣

�
∣∣µ

(
B̃ ∩ F−1

n ◦ f−mn(A)
)
− µ(B̃)µ(A)

∣∣ + 2εµ(B)µ(A)

=

1∫

0

∑

i∈σ(y)

∣∣λ
(
Ii
n(y)× {y} ∩ F−1

n ◦ f−mn
n (A)

)
− λ

(
Ii
n

)
µ(A)

∣∣dy + 2εµ(B)µ(A)

� 3εµ(B)µ(A). �

3.3. Reduction from f to fn

LEMMA 3.4 (Reduction tofn). – If f is the limit diffeomorphism from(2.1), and the sequence
mn in the latter lemma satisfies

d0

(
fmn , fmn

n

)
<

1

2n
,(3.3)

then we can replace the diffeomorphismf in the criterion(3.2)by fn:
∣∣λn

(
Γn ∩ f−mn

n (A)
)
− λn(Γn)µ(A)

∣∣ � ελn(Γn)µ(A),(3.4)

and the result of Lemma3.3still holds.

Proof. –Let us show that the assumptions of this lemma imply (3.2). Fix an arbitrary square
A ⊂ M andε > 0.

Consider two squares,A1 andA2, such that

A1 ⊂ A ⊂A2, µ(A△Ai) �
ε

3
µ(A).

Moreover, ifn is sufficiently large, we can guarantee that

dist(∂A,∂Ai) >
1

2n

(where dist(A,B) = infx∈A,y∈B |x− y|, and∂A denotes the boundary ofA), and

∣∣λn

(
Γn ∩ f−mn

n (Ai)
)
− λn(Γn)µ(Ai)

∣∣ �
ε

3
λn(Γn)µ(Ai).

By (3.3), for anyx the following holds:fmn
n (x) ∈ A1 impliesfmn(x) ∈ A, andfmn(x) ∈ A

impliesfmn
n (x) ∈A2. Therefore,

λn

(
Γn ∩ f−mn

n (A1)
)

� λn

(
Γn ∩ f−mn(A)

)
� λn

(
Γn ∩ f−mn

n (A2)
)
,
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which gives the estimate:

(
1− ε

3

)
λn(Γn)µ(A1) � λn

(
Γn ∩ f−mn(A)

)
�

(
1 +

ε

3

)
λn(Γn)µ(A2),

implying (3.2). �

3.4. Reduction from fn to hn ◦Rαn+1
◦ h−1

n

The following is a technical lemma that will allow us to focusin the sequel only on the action
of hn ◦Rmn

αn+1
◦ h−1

n (more specifically ongn ◦ φn ◦Rmn
αn+1

◦ φ−1
n ) in order to get (3.4):

LEMMA 3.5. –Letηn be a sequence of standard partial decompositions ofM into horizontal
intervals of length less or equal to1/qn, let gn be defined by(2.5) with some0 < σ < 1, and let
Hn be a sequence of area-preserving diffeomorphisms ofM such that for alln

‖DHn−1‖0 < ln qn.(3.5)

Consider partitionsνn = {Γn = Hn−1gn(In) | In ∈ ηn}.
Thenηn → ε impliesνn → ε.

Proof. –Let σ < σ′ < 1, and consider a partition of the annulus into squaresSn,i of side length
betweenq−σ′

n and2q−σ′

n . Sinceηn → ε, we have forε > 0 arbitrarily small, ifn is large enough,
µ(

⋃
I∈ηn

I) � 1−ε, so that for a collection of atomsS with total measure greater than1−√
ε we

haveµ(
⋃

I∈ηn
I ∩S) � (1−√

ε )µ(S). Sinceσ′ < 1 and anyI ∈ ηn has length at most1/qn, we
have for the same atomsS as aboveµ(

⋃
I∈ηn,I⊂S) � (1− 2

√
ε )µ(S) if n is sufficiently large.

Consider now the setsCn,i = Hn−1gn(Sn,i). In the same way as the squaresSn,i, a large
proportion of these sets can be well approximated by unions of elements ofνn. But by (3.5), we
have:

diam(Cn,i) � ‖DHn−1‖0‖Dgn‖0 diam(Sn,i),

which goes to0 asn →∞. Therefore, any Borel setB can be approximated by a union of such
setsCn,i with any ahead given accuracy, ifn is sufficiently large, henceB gets well approximated
by unions of elements ofνn. �

3.5. Horizontal stretch under gn

We shall call byhorizontal intervalany line segment of the formI×{r}, whereI is an interval
on theθ-axis.Vertical intervalshave the form{θ} × J whereJ is an interval on ther-axis. Let
πr andπθ denote the projection operators ontor andθ coordinate axes, respectively.

The following definition formalizes the notion of “almost uniform distribution” of a horizontal
interval in the vertical direction.

DEFINITION 3.6 ((γ, δ, ε)-distribution). – We say that a diffeomorphismΦ:M → M (γ, δ, ε)-
distributes a horizontal intervalI (or Φ(I) is (γ, δ, ε)-distributed), if

– πr(Φ(I)) is an intervalJ with 1− δ � λ(J) � 1;
– Φ(I) is contained in a “vertical strip” of type[c, c + γ]× J for somec;
– for any intervalJ̃ ⊂ J we have:

∣∣∣∣
λ(I ∩Φ−1(T× J̃))

λ(I)
− λ(J̃)

λ(J)

∣∣∣∣ � ε
λ(J̃)

λ(J)
.(3.6)
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We shall more often write the latter relation in the form

∣∣λ
(
I ∩Φ−1(T× J̃)

)
λ(J)− λ(I)λ(J̃)

∣∣ � ελ(I)λ(J̃).

LEMMA 3.7. –Let gn be a diffeomorphism of the form(2.5) with some fixed0 < σ < 1.
Suppose that a diffeomorphismΦ:M → M (γ, δ, ε)-distributes a horizontal intervalI with
γ = 1/(nqσ

n), δ = 1/n, ε = 1/n. Denoteπr(Φ(I)) byJ .
Then for any squareS of side lengthq−σ

n , lying in T× J it holds:
∣∣λ

(
I ∩Φ−1 ◦ g−1

n (S)
)
λ(J)− λ(I)µ(S)

∣∣ � 8/nλ(I)µ(S).(3.7)

Lemma 3.7 asserts that, if a diffeomorphismΦ “almost uniformly” distributesI in the vertical
direction, then the composition ofΦ and the affine mapgn “almost uniformly” distributesI on
the whole ofM .

To prove Lemma 3.7, we shall need the following preliminary statement: it says thatgn

“almost uniformly” distributes onM any sufficiently thin vertical strip.

LEMMA 3.8. –Suppose thatg :M →M has a lift

g(θ, r) = (θ + br, r) for someb ∈ Z, |b|� 2.

For an intervalK on ther-axes,λ(K) � 1, denote byKc,γ a strip

Kc,γ := [c, c + γ]×K.

LetL = [l1, l2] be an interval on theθ-axes. Ifbλ(K) > 2, then for

Q := πr

(
Kc,γ ∩ g−1(L×K)

)
,

it holds:
∣∣λ(Q)− λ(K)λ(L)

∣∣ � γλ(K) +
2λ(L)

b
+

2γ

b
.

Proof. –By definition,Q = {r ∈K | ∃θ ∈ [c, c + γ]: θ + br ∈ [l1, l2]}. Then

Q =
{
r ∈K | br ∈ [l1 − γ, l2]− c

}
.

To estimateλ(Q), note that the intervalbK (seen as an interval on the real line) intersects not
more thanbλ(K) + 2 intervals of type[i, i + 1], i ∈ Z, on the line, and not less thanbλ(K)− 2
such intervals. Hence,

λ(Q) �
(
bλ(K) + 2

) (l2 − l1) + γ

b
= λ(K)λ(L) + γλ(K) +

2λ(L)

b
+

2γ

b
.

The lower bound is obtained in the same way.�

Proof of Lemma 3.7. –Let S be a square inT × J of sizeq−σ
n × q−σ

n . Denoteπθ(S) by Sθ ,
πr(S) by Sr. In these notations,λ(Sr) = λ(Sθ) = q−σ

n , andλ(Sθ)λ(Sr) = µ(S) = q−2σ
n .

Let us study what part ofΦ(I) is sent bygn into S. SinceΦ(I) is contained in a strip
[c, c + γ] × J for some c, by assumption, andgn preserves horizontals, this part lies in
Kc,γ := [c, c + γ] × Sr. DenotingSθ by [s1, s2], define a “smaller” rectangleS1 ⊂ S: S1 =
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[s1 + γ, s2 − γ]× Sr (in our assumptions,2γ is much less thanλ(Sθ), so this rectangle is non-
empty). Consider two sets:

Q := πr

(
Kc,γ ∩ g−1

n (S)
)
, Q1 := πr

(
Kc,γ ∩ g−1

n (S1)
)
.

Then we have:

Φ(I)∩ (T×Q1)⊂ Φ(I)∩ g−1
n (S) ⊂Φ(I)∩ (T×Q).(3.8)

The second inclusion is evident, the first one comes from the fact thatgn preserves lengths of
horizontal intervals.

Lemma 3.8 permits us to estimateλ(Q) andλ(Q1). Indeed, to estimate the former one, apply
Lemma 3.8 withb = [nqσ

n], γ = (nqσ
n)−1, K = Sr, andL = Sθ. We get:

∣∣λ(Q)− µ(S)
∣∣ �

λ(Sr)

nqσ
n

+
2λ(Sθ)

[nqσ
n]

+
2

nqσ
n[nqσ

n]
�

4

n
µ(S).

In the same way, applying Lemma 3.8 with the sameb, γ, K as above andL = πθS1 =
[s1 + γ, s2 − γ], we get the same estimate (for largen):

∣∣λ(Q1)− µ(S1)
∣∣ �

4

n
µ(S).

In particular, this impliesλ(Q) � 2µ(S), andλ(Q1) � 2µ(S).
BothQ andQ1 are finite unions of disjoint intervals. Then, using (3.6) with ε = 1

n (which was
the assumption of the present lemma), we have:

∣∣λ
(
I ∩Φ−1(T×Q)

)
λ(J)− λ(I)λ(Q)

∣∣ �
1

n
λ(I)λ(Q) �

2

n
λ(I)µ(S),

and the same estimate holds forQ1 instead ofQ. The last preliminary estimates are:
∣∣λ

(
I ∩Φ−1(T×Q)

)
λ(J)− λ(I)µ(S)

∣∣

�
∣∣λ

(
I ∩Φ−1(T×Q)

)
λ(J)− λ(I)λ(Q)

∣∣ + λ(I)
∣∣λ(Q)− µ(S)

∣∣

�
2

n
λ(I)µ(S) +

4

n
λ(I)µ(S) =

6

n
λ(I)µ(S);

and, in the same way (noting thatµ(S)− µ(S1) = 2
nµ(S)), one estimates

∣∣λ
(
I ∩Φ−1(T×Q1)

)
λ(J)− λ(I)µ(S)

∣∣ �
8

n
λ(I)µ(S).

Now relation (3.8), together with the preliminary estimates above, gives the desired conclu-
sion:

∣∣λ
(
I ∩Φ−1 ◦ g−1

n (S)
)
λ(J)− λ(I)µ(S)

∣∣

� max
{∣∣λ

(
I ∩Φ−1(T×Q)

)
λ(J)− λ(I)µ(S)

∣∣,
∣∣λ

(
I ∩Φ−1(T×Q1)

)
λ(J)− λ(I)µ(S)

∣∣} �
8

n
λ(I)µ(S). �
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3.6. Criterion for weak mixing

We can now state the following

PROPOSITION 3.9 (Criterion for weak mixing). –Assume thatfn = Hn ◦ Rαn+1
◦ H−1

n is
a sequence of diffeomorphisms constructed following(2.2), (2.3), (2.4)and (2.5) with some
0 < σ < 1/2, and that for alln (3.5)holds.

Suppose that the limitlimn→∞ fn = f exists. If there exist a sequencemn satisfying(3.3)and
a sequence of standard partial decompositionsηn of M into horizontal intervals of length less
than1/qn such that

(1) ηn → ε,
(2) for any intervalIn ∈ ηn, the diffeomorphism

Φn := φn ◦Rmn
αn+1

◦ φ−1
n

( 1
nqσ

n
, 1

n , 1
n )-distributes the intervalIn,

then the limit diffeomorphismf is weak mixing.

Proof. –We use Lemma 3.4 to prove weak mixing. Consider partitionsνn = {Γn = Hn−1 ◦
gn(In) | In ∈ ηn}, and let λn = (Hn−1 ◦ gn)∗λ. By Lemma 3.5,νn converges to the
decomposition into points.

Let an arbitrary squareA andε > 0 be fixed. In order to be able to apply Lemma 3.4, it is left to
check condition (3.4) for anyΓn ∈ νn, with fmn

n = Hn ◦Smn
αn+1

◦H−1
n = Hn−1 ◦gn ◦Φn ◦g−1

n ◦
H−1

n−1. By assumption (2) of the present lemma, for allIn ∈ ηn, πr(Φn(In)) ⊃ [−1/n,1− 1/n].
Let Sn be a square of side lengthq−σ

n , Sn ⊂ T× [−1/n,1− 1/n]. Consider

Cn := Hn−1(Sn).

Assumption (2) permits to apply Lemma 3.7. Then we have (estimating 1
λ(J) � 2):

∣∣λn

(
Γn ∩ f−mn

n (Cn)
)
− λn(Γn)µ(Cn)

∣∣

=
∣∣λ

(
In ∩Φ−1

n ◦ g−1
n (Sn)

)
− λ(In)µ(Sn)

∣∣

�
1

λ(J)

∣∣λ
(
In ∩Φ−1

n ◦ g−1
n (Sn)

)
λ(J)− λ(In)µ(Sn)

∣∣ +
(1− λ(J))

λ(J)
λ(In)µ(Sn)

� 2
8

n
λ(In)µ(Sn) +

2

n
λ(In)µ(Sn) =

18

n
λn(Γn)µ(Cn).

By (3.5), we have forn sufficiently largediam(Cn) � ‖D(Hn−1)‖0 diam(Sn) � 1/2n.
Hence, forn large enough, one can approximateA by such setsCn lying in T× [1/n,1 + 1/n].
More precisely, forn large enough, there exist two sets, which are unions of setsCn: A1 =⋃

σ1
Cn, A2 =

⋃
σ2

Cn such that

Ai ⊂ T× [1/n,1− 1/n], A1 ⊂ A∩T× [1/n,1− 1/n]⊂ A2,
∣∣µ(A)− µ(Ai)

∣∣ �
ε

3
µ(A).

Taken so that18n < ε
3 . Then we can estimate:
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λn

(
Γn ∩ f−mn

n (A)
)
− λn(Γn)µ(A)

� λn

(
Γn ∩ f−mn

n (A2)
)
− λn(Γn)µ(A2) +

ε

3
λn(Γn)µ(A)

�
ε

3
λn(Γn)µ(A2) +

ε

3
λn(Γn)µ(A) � ελn(Γn)µ(A).

The lower estimate for this difference is obtained in the same way (usingA1). We have shown
that, if n is sufficiently large, for an arbitraryΓn ∈ νn, (3.4) holds. Then, by Lemma 3.4,f is
weak mixing. �

4. Analytic case on the torus T2

This section is devoted to the analytic construction on the torusT2. We recall the notations of
the Theorem 1.5 that we want to prove. For an arbitrary fixedσ > 0, for anyn ∈ N:

φn(θ, r) =
(
θ, r + q2

n cos(2πqnθ)
)
,

gn(θ, r) =
(
θ +

[
nqσ

n

]
r, r

)
,

hn = gn ◦ φn, Hn = h1 ◦ · · · ◦ hn,

fn = Hn ◦Rαn+1
◦H−1

n .

(4.1)

4.1. Proof of convergence

Let α, δ andσ be as in the statement of Theorem 1.5, and letρ > 0 be fixed. Letαn = pn/qn

be a sequence such that|α− αn| is decreasing and
(P1) For alln ∈ N,

|α− αn|< exp
(
−q1+3σ

n

)
.

By eventually extracting fromαn we can assume that this sequence also has the following
properties:

(P2) Denote the lift of the inverse of the diffeomorphismHn from (4.1) by((H−1
n )1, (H

−1
n )2),

and set

ρn := max
i=1,2

inf
p∈Z

∥∥(
H−1

n

)
i
+ p

∥∥
ρ
, ρ0 := ρ.

Then for alln ∈ N,

qσ
n � 4πnρn−1 + ln

(
8πnqσ+4

n

)
.

(P3) With the definition of‖DH‖ρ of Section 2.2, we have for alln ∈ N, and for allt such
that |t− α| � |αn − α|,

qn �
∥∥D(Hn−1)Rt ◦H−1

n−1

∥∥
ρ
.

(P4) For alln ∈ N
∥∥D(Hn−1)

∥∥
0
� ln qn.

Properties (P2)–(P4) are possible to guarantee by choosingqn sufficiently large becauseHn−1

does not depend onqn.
The first three properties are used to prove the convergence,and the latter one is estimate (3.5),

needed for the proof of weak mixing of the limit diffeomorphism, which will be done with the
help of Proposition 3.9.
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The following statement implies the convergence of the sequencefn.

LEMMA 4.1. –Supposeαn = pn

qn
satisfies(P1)–(P3)for some fixedσ > 0 and ρ > 0. Then,

for anyn large enough, we have:
(a) the diffeomorphisms defined by(4.1)satisfy:

dρ(fn, fn−1) � exp(−qn);

(b) for anym � qn+1 it holds:

d0

(
fm

n , fm
)

�
1

2n
.

Proof. –With the notations above, using the Mean value theorem and (P3), we have (for some
t betweenαn andαn+1):

dρ(fn, fn−1) �
∥∥(DHn−1)Rt ◦H−1

n−1

∥∥
ρ

∥∥(
hn ◦Rαn+1

◦ h−1
n −Rαn

)
◦H−1

n−1

∥∥
ρ

� qn

∥∥hn ◦Rαn+1
◦ h−1

n −Rαn

∥∥
ρn−1

.

(4.2)

Denote(cos2πqn(z + αn+1)− cos2πqnz) by R(z). For an arbitrarys � 0, we can write:

‖R‖s �
∥∥e2πiqnz

∥∥
s

∣∣1− e2πiqnαn+1

∣∣ � 2πqn

∥∥e2πiqnz
∥∥

s
|αn+1 − αn|

� 4πqn

∥∥e2πiqnz
∥∥

s
|α− αn|,

(4.3)

(we used the estimate|αn+1 − αn|� 2|α− αn|). By the definition ofhn,

hn ◦Rαn+1
◦ h−1

n −Rαn =
([

nqσ
n

]
q2
nR

(
θ −

[
nqσ

n

]
r
)
+ (αn+1 − αn), q2

nR
(
θ −

[
nqσ

n

]
r
))

.

Then
∥∥hn ◦Rαn+1

◦ h−1
n −Rαn

∥∥
s
� 2nq2+σ

n

∥∥R
(
θ −

[
nqσ

n

]
r
)∥∥

s
.

By (4.3), it is less than

8πnq3+σ
n

∥∥exp
(
2πiqn

(
θ −

[
nqσ

n

]
r
))∥∥

s
|α− αn|.(4.4)

Applying (4.2), (4.4), (P2) and (P1) in sequence, we get:

dρ(fn, fn−1) � qn

∥∥hn ◦Rαn+1
◦ h−1

n −Rαn

∥∥
ρn−1

� 8πnq4+σ
n exp

(
4πnq1+σ

n ρn−1

)
|α− αn|� exp

(
q1+2σ
n

)
|α− αn|

� exp
(
q1+2σ
n

(
1− qσ

n

))
� exp

(
−q1+2σ

n

)
< exp(−qn).

The second part of the claim is proved in the same way. One has to note thatfm
n =

hn ◦ Sm
αn+1

◦ h−1
n = hn ◦Rmαn+1

◦ h−1
n , and

d0

(
fm, fm

n

)
=

∞∑

j=n

d0

(
fm

j , fm
j+1

)
. �
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4.2. Proof of weak mixing

For the proof of weak mixing, we shall use Proposition 3.9 that was proved in the previous
section. In order to apply the lemma, we choose a sequence (mn), mn � qn+1 (in this case, by
Lemma 4.1(b), (3.3) holds), and a sequence of standard partial decompositions (ηn) consisting
of horizontal intervals with length less than1/qn, ηn → ε, such that the diffeomorphism

Φn := φn ◦Rmn
αn+1

◦ φ−1
n(4.5)

( 1
nqn

,0, 1
n )-distributes any intervalIn ∈ ηn.

4.2.1. Choice of the mixing sequence mn

We shall assume that

qn+1 � q7
n.

Define

mn = min

{
m � qn+1 | inf

k∈Z

∣∣∣∣m
qnpn+1

qn+1
− 1

2
+ k

∣∣∣∣ <
qn

qn+1

}
.

Note that the set of numbersm above is non-empty. Indeed, sincepn+1 andqn+1 are relatively
prime, the set{j qnpn+1

qn+1
| j = 0, . . . , qn+1} on the circle contains qn+1

GCD(qn,qn+1)
, which is at least

qn+1

qn
, different equally distributed points.

We shall use the following estimate, which follows from the above assumption on the growth
of qn:

∣∣∣∣mnqnαn+1 −
1

2

∣∣∣∣ (mod1) �
qn

qn+1
� q−6

n .(4.6)

4.2.2. Stretching of the diffeomorphisms Φn

Consider the set

Bn =

2qn⋃

k=0

[
k

2qn
− 1

2q
3/2
n

,
k

2qn
+

1

2q
3/2
n

]
.(4.7)

We shall see thatΦn displays strong stretching in the vertical direction on small horizontal
intervals, lying outsideBn. To do this, we shall use the notion of uniform stretch from [3],
which we recall here.

DEFINITION 4.2 (Uniform stretch). – Givenε > 0 andk > 0, we say that a real functionf on
an intervalI is (ε, k)-uniformly stretching onI if for J = [infI f, supI f ]

λ(J) � k,

and for any interval̃J ⊂ J we have:

∣∣∣∣
λ(I ∩ f−1J̃)

λ(I)
− λ(J̃)

λ(J)

∣∣∣∣ � ε
λ(J̃)

λ(J)
.

The following criterion, that is easy to verify, gives a necessary and sufficient condition for a
real function (of class at leastC2) to be uniformly stretching. The proof can be found in [3].
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LEMMA 4.3 (Criterion for uniform stretch). –If f satisfies:

inf
x∈I

∣∣f ′(x)
∣∣λ(I) � k,

sup
x∈I

∣∣f ′′(x)
∣∣λ(I) � ε inf

I

∣∣f ′(x)
∣∣,

thenf is (ε, k)-uniformly stretching onI .

LEMMA 4.4. –Under the conditions of Theorem1.5, the transformationΦn has a lift of the
form:

Φn(θ, r) =
(
θ + mnαn+1, r + ψn(θ)

)
,

whereψn satisfies:

inf
T\Bn

|ψ′
n|� q5/2

n , sup
T\Bn

|ψ′′
n|� 9π2q4

n.(4.8)

Proof. –By definition,Φn has the desired form with

ψn = q2
n

(
cos

(
2π(qnθ + mnqnαn+1)

)
− cos(2πqnθ)

)
= −2q2

n cos(2πqnθ) + σn,

where

σn = q2
n

(
cos

(
2π(qnθ + mnqnαn+1)

)
− cos

(
2π(qnθ + 1/2)

))
.

With the help of the Mean value theorem and estimate (4.6), one easily verifies that|σ′
n| < 1,

and|σ′′
n|< 1.

Note thatBn are chosen in such a way that

inf
T\Bn

∣∣sin(2πqnθ)
∣∣ � q−1/2

n .

The statement follows by calculation.�

4.2.3. Choice of the decompositions ηn

Let us define a standard partial decompositionsηn of T2, meeting the conditions of
Proposition 3.9.

Let η̂n = {In} be the partial decomposition ofT\Bn, containing all the intervalsIn such that

ψn(In) = [0,1) mod 1.

We defineηn = {I ×{r} | I ∈ η̂n, r ∈ T}. Note that, for anyIn ∈ ηn, we have:πr(Φ(In)) = T.

LEMMA 4.5. –Letηn be defined as above. Then, for anyIn ∈ ηn,

λ(In) � q−5/2
n ,

andηn → ε.

Proof. –By Lemma 4.4,infT\Bn
|ψ′

n|� q
5/2
n . Therefore,λ(In) � q

−5/2
n for anyIn ∈ ηn.

Since the diameter of the atoms ofηn goes to zero whenn grows, it is enough to show that the
total measure of the decompositions goes to 1 whenn grows. The total measure ofηn equals:

∑

In∈η̂n

λ(In) � 1− λ(Bn)− 4qn max
In∈η̂n

λ(In)

� 1− 2qn

(
q−3/2
n + 2q−5/2

n

)
< 1− 3q−1/2

n → 1. �
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4.2.4. Proof of weak mixing
To prove weak mixing off , we shall apply Proposition 3.9. Since (3.3) holds by Lemma 4.1,

estimate (3.5) holds by Property (P4), the sequence of decompositionsηn → ε by the lemma
above, it is left to verify condition (2) of Proposition 3.9,which we pass to.

LEMMA 4.6. –Let In ∈ ηn, Φn be as in(4.5). ThenΦn(In) is ( 1
nqn

,0, 1
n )-distributed.

Proof. –By the choice ofηn, πr(Φn(In)) = T, and hence,δ in the definition of (γ, δ, ε)-
distribution can be taken equal to 0.

We have seen thatΦn has a liftΦn(r, θ) = (θ +mnα, r +ψn(θ)). Hence,Φn(In) is contained
in the vertical strip(In + mnα)×T. By the lemma above,λ(In) �

1

q
5/2
n

< 1
nqn

for anyIn ∈ ηn.

Hence, we can takeγ = 1
nqn

.
Our fixedIn has the formI × {r} for somer ∈ T andI ∈ η̂n. For anyJ ⊂ T, the fact that

Φn(θ, r) ∈ T× J is equivalent toψn(θ) ∈ J − r. Lemma 4.4 implies the estimate:

supIn∈ηn
|ψ′′

n|
infIn∈ηn |ψ′

n|
λ(In) �

9π2

qn
<

1

n
.

Then, by Lemma 4.3 (Criterion for uniform stretch),ψn is ( 1
n ,1)-uniformly stretching. Hence,

for any intervalJ ⊂ T, the following holds:
∣∣λ

(
In ∩Φ−1

n (T× J)
)
− λ(In)λ(J)

∣∣ =
∣∣λ

(
I ∩ψ−1

n (J − r)
)
− λ(In)λ(J)

∣∣

�
1

n
λ(In)λ(J),

and we takeε = 1
n in the definition of (γ, δ, ε)-distribution. �

We have shown thatΦn andηn verify the conditions of Proposition 3.9. It implies thatf is
weak mixing.

5. C∞-case on the torus, annulus and disc

Sections 5.1–5.4 are devoted toM = A andM = T2. The case of the discD2 is studied in
Section 5.5.

5.1. Statement of the result

Take any0 < σ < 1. OnM = A, consider the following transformations:

gn(x, y) =
(
x +

[
nqσ

n

]
y, y

)
,

hn = gn ◦ φn, Hn = h1 ◦ · · · ◦ hn,

fn = Hn ◦Rαn+1
◦H−1

n ;

(5.1)

where the sequenceαn = pn/qn, converging toα, and the diffeomorphismsφn, satisfying

R1/qn
◦ φn = φn ◦R1/qn

,(5.2)

will be constructed in Section 5.2 below so that
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THEOREM 5.1. –For any Liouville numberα, there exist a sequenceαn of rationals
and a sequenceφn of measure preserving diffeomorphisms satisfying(5.2) such that the
diffeomorphismsfn, constructed as in(5.1), converge in the sense of theDiff∞(M) topology,
the limit diffeomorphismf = limn→∞ fn being weak mixing andf ∈ Aα(M). Moreover, for
anyε > 0, the parameters can be chosen so that

d∞(f,Rα) < ε.

Remark5.2. – This result implies Theorem 1.1. Indeed, it follows directly from Theorem 5.1,
that weak mixing diffeomorphisms are dense inAα(M). It is a general fact (see [5]) that, in this
case, weak mixing diffeomorphisms are generic inAα(M) with our topology.

5.2. Construction of φn

We begin by constructing a “standard diffeomorphism” on thesquare[−1,1] × [−1,1] =
[−1,1]2, from whichφn will be obtained by a rescaling of the domain of definition.

5.2.1. Preliminary construction.
For a fixedε < 1/2, consider the squares∆ = [−1,1]2, ∆(ε) = [−1 + ε,1− ε]2 and∆(2ε).

LEMMA 5.3. –For any ε < 1/2 there exists a smooth measure-preserving diffeomorphism
ϕ = ϕ(ε) of R2, equal to the identity outside∆(ε) and rotating the square∆(2ε) byπ/2.

Proof. –Let ψ = ψ(ε) be a smooth transformation satisfying

ψ(θ, r) =

{
(θ, r) onR2 −∆(ε),

(θ/5, r/5) on∆(2ε),

andη be a smooth transformation, such that

η(θ, r) =

{
(r,−θ) on{θ2 + r2 � 1/3},

(θ, r) on{θ2 + r2 � 2/3}.

Then the composition

ϕ̃ := ψ−1ηψ

provides the desired geometry. Moreover, it preserves the Lebesgue measure on the set

U =
(
R2 −∆(ε)

)
∪∆(2ε).

However, it does not have to preserve the area on the whole of∆. We describe now a
deformation argument following Moser [8] that provides anarea-preservingdiffeomorphism
ϕ on∆, coinciding withϕ̃ onU .

Let Ω0 denote the usual volume form onR2, and considerΩ1 := ϕ̃∗Ω0. We shall find a
diffeomorphismν equal to the identity on the setU , and such thatν∗Ω1 = Ω0.

Let Ω′ = Ω1 − Ω0, and note thatΩ′ = d(ω0 − ϕ̃∗ω0), whereω0 is the standard 1-form
1
2 (θ dr − r dθ). Consider the volume form

Ωt = Ω0 + tΩ′.
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Since it is non-degenerate, there exists a unique vector field Xt such that

Ωt(Xt, ·) = (ω0 − ϕ̃∗ω0)(·).(5.3)

One can integrate the obtained vector field to get the one-parameter family of diffeomorphisms
{νt}t∈[0,1], ν̇t = Xt(νt), ν0 = id. Thenν = ν1 is the desired coordinate change. Indeed, one
verifies by calculation that

d

dt
ν∗

t Ωt = 0.

Hence,ν∗
1Ω1 = ν∗

0Ω0 = Ω0.
By an explicit verification, one obtained thatϕ̃∗ preserves the formω0 onU (for this note that

ϕ̃ on U is an explicit linear transformation). Then onU Eq. (5.3) writes asΩt(Xt, ·) = 0. Since
Ωt is non-degenerate, this implies thatXt = 0 on U , henceν = ν0 = id on U , as claimed. The
desired area-preserving diffeomorphism is

ϕ = νϕ̃. �

5.2.2. Construction of φn

Let us first defineφn on the fundamental domainDn = [0,1/qn]× [0,1]. The lineθ = 1/2qn

dividesDn into halves:D1
n = [0,1/(2qn)] × [0,1] andD2

n = (1/(2qn),1/qn) × [0,1]. On D1
n,

consider the affine transformationCn(θ, r) = (4qnθ − 1,2r − 1), sendingD1
n onto the square

∆ = [−1,1]2. Let ϕn be the diffeomorphism given by Lemma 5.3 withε = 1/(3n), and set

φn := C−1
n ◦ϕn ◦Cn.(5.4)

We defineφn = Id onD2
n. Note thatφn is smooth and area-preserving onDn, and equals identity

on the boundary ofD. We extend it periodically to the wholeR2 by the formula:

φn ◦R1/qn
= R1/qn

◦ φn, φn(θ, r + 1) = φn(θ, r) + (0,1).

The transformationφn, defined in this way, becomes a diffeomorphism both onT2 and onA in
a natural way.

For a fixedn, let us denote byDn,j andDi
n,j (for i = 1,2, j ∈ Z) the shifts of the fundamental

domainDn of φn:

Dn,j+qn = Dn,j = Rj/qn
(Dn), and Di

n,j+qn
= Di

n,j = Rj/qn
(Di

n).

5.2.3. Notation
For a diffeomorphismF of M (not necessarily homotopic to the identity), we shall denote by

the same letter its lift of the form:

F (x, y) =
(
ax + by + f1(x, y), cx + dy + f2(x, y)

)
,

where fi :R
2 → R are, in the case of the torus,Z2-periodic with the property‖fi‖0 =

infp∈Z ‖fi + p‖0; and for the case of the annulus,fi are Z-periodic in the first component,
and such that‖f1‖0 = infp∈Z ‖f1 + p‖0. Note that the diffeomorphisms in our constructions
are defined by their lifts, satisfying this property. Fork-smooth diffeomorphismsF :R2 → R2

we define byFi theith coordinate function, and denote

|||F |||k := max
{
‖DaFi‖0,

∥∥Da

(
F−1

)
i

∥∥
C0 | i = 1,2, 0 � |a|� k

}
.
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Fig. 1. Action ofφn.

5.2.4. Discussion of the properties of φn

We have constructedφn so thatφn equals identity onD2
n,j , j ∈ Z, and onD1

n,j the image of
any intervalIn,j × {r}, wherer ∈ [1/(3n),1− 1/(3n)], and

In,j =

[
j

qn
+

1

6nqn
,

j

qn
+

1

2qn
− 1

6nqn

]
,(5.5)

with j = 0, . . . , qn − 1, both underφn andφ−1
n , is an interval of type{θ}× [1/(3n),1− 1/(3n)]

for someθ ∈ In,j (see Fig. 1).
Moreover, the following holds:

LEMMA 5.4. –For all k ∈ N the diffeomorphismsφn constructed above satisfy:

|||φn|||k � c(n,k)qk
n,

wherec(n,k) is independent ofqn.

Proof. –The desired estimate follows from (5.4) by the product rule (it is important thatϕn is
independent ofqn). �

Remark5.5. – For anyn, the construction implies thatφn(θ, r) = Id in the domains0 � r <
1/(6n) and1 − 1/(6n) < r � 1. It is easy to verify that in the same domains diffeomorphisms
fn from (5.1) equalRαn+1

.

5.3. Proof of convergence

In the proof we shall use the following lemma:

LEMMA 5.6. –Letk ∈ N, andh be a diffeomorphism ofM . Then for allα,β ∈ R we obtain

dk

(
hRαh−1, hRβh−1

)
� Ck|||h|||k+1

k+1|α− β|,(5.6)

whereCk only depends onk, andC0 = 1.

Proof. –We give the proof for the caseM = T2; for the annulus, the proof is obtained by
minor modifications. Note thatDahi for |a| � 1 is Z2-periodic. Hence, for anyg :R2 → R2, we
have:sup0<x,y<1 |(Dahi)(g(x, y))| � |||h||||a|.

Fork = 0, the statement of the lemma follows directly from the Mean value theorem.
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We claim that forj with |j| = k the partial derivativeDj(hiRαh−1 − hiRβh−1) will consist
of a sum of terms with each term being the product of a single partial derivative

(Dahi)
(
Rαh−1

)
− (Dahi)

(
Rβh−1

)
(5.7)

with |a|� k, and at mostk partial derivatives of the form

Dbh
−1
j(5.8)

with |b|� k. This clearly holds fork = 1. We proceed by induction.
By the product rule we need only consider the effect of differentiating (5.7) and (5.8). Applying

Dc with |c|= 1 to (5.7) we get:

∑

|b|=1

(
(DbDahi)

(
Rαh−1

)
− (DbDahi)

(
Rβh−1

))
Dch

−1
b ,

which increases the number of terms of the form (5.8) in the product by 1. Differentiating (5.8)
we get another term of the form (5.8) but with|b|� k + 1.

Now we estimate:
∥∥(Dahi)

(
Rαh−1

)
− (Dahi)

(
Rβh−1

)∥∥
0
� |||h||||a|+1|α− β|,

∥∥Dch
−1
j

∥∥
0
� |||h||||c|.

Taking the inverse maps and applying the result we just proved gives (5.6). �

LEMMA 5.7. –For an arbitraryε > 0, letkn be a growing sequence of natural numbers, such
that

∑∞
n=1 1/kn < ε. Suppose that, in construction(5.1), we have: |α− α1|< ε and for anyn

|α− αn|<
1

2knCkn |||Hn|||kn+1
kn+1

,(5.9)

whereCkn are the constants from Lemma5.6. Then the diffeomorphismsfn = Hn◦Rαn+1
◦H−1

n

converge in theDiff∞ topology to a measure preserving diffeomorphismf , and

d∞(f,Rα) < 3ε.

Moreover, the sequence of diffeomorphisms

f̂n := Hn ◦Rα ◦H−1
n ∈Aα(5.10)

also converges tof in theDiff∞ topology, hencef ∈Aα.
Furthermore, if for a sequence of positive integersmn we have for alln:

|α− αn|<
1

2n+1mn−1|||Hn|||1
,(5.11)

then for anym � mn we have

d0

(
fm, fm

n

)
�

1

2n
.(5.12)

Proof. –By construction we have:hn ◦Rαn = Rαn ◦ hn. Hence,

fn−1 = Hn−1 ◦Rαn ◦H−1
n−1 = Hn ◦Rαn ◦H−1

n .
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By Lemma 5.6, for allk andn,

dk(fn, fn−1) = dk

(
Hn ◦Rαn+1

◦H−1
n ,Hn ◦Rαn ◦H−1

n

)

� Ck|||Hn|||k+1
k+1|αn+1 − αn|.

Estimating|αn+1 − αn|� 2|α− αn|, and using assumption (5.9), we get for anyk � kn:

dk(fn, fn−1) � dkn(fn, fn−1) �
2Ckn |||Hn|||kn+1

kn+1

2knCkn |||Hn|||kn+1
kn+1

�
1

kn
.

Hence, for any fixedk, the sequence (fn) converges inDiffk, and therefore, inDiff∞. Moreover,
one easily computes (using the definition of thed∞-metric) that

d∞(f,Rα) � |α− α1|+
∞∑

n=1

d∞(fn, fn−1) < 3ε;

(here we denotedf0 = Rα1
).

To prove thatf ∈ Aα, we show that the sequence of functionsf̂n ∈ Aα converges tof . For
this it is enough to note that, for anyn andk � kn, Lemma 5.6 and assumption (5.9) imply:

dk(fn, f̂n) = dk

(
Hn ◦Rαn+1

◦H−1
n ,Hn ◦Rα ◦H−1

n

)

� Ckn |||Hn|||kn+1
kn+1|αn+1 − α|� 1

kn
.

To prove the third statement of the lemma, note that for anym � mn−1,

d0

(
fm

n , fm
n−1

)
= d0

(
Hn ◦Rmαn+1

◦H−1
n ,Hn ◦Rmαn ◦H−1

n

)

� |||Hn|||12m|α− αn|�
1

2n
.

Thend0(f
m, fm

n−1) �
∑∞

i=n d0(f
m
i , fm

i−1) = 1
2n−1 . �

Let a Liouville numberα be fixed. Here we show that, for any given sequencekn, the sequence
of convergentsαn of α can be chosen so that (5.9) holds, and for anymn−1 � qn, (5.11) holds.

LEMMA 5.8. –Fix an increasing sequencekn of natural numbers, satisfying
∑∞

n=1 1/kn <
∞, and let the constantsCn be as in Lemma5.6. For any Liouville numberα, there exists a
sequence of convergentsαn = pn/qn, such that the diffeomorphismsHn, constructed as in(5.1)
with theseαn and withφn given by(5.4), satisfy(5.9)and (5.11)with anymn−1 � qn. Further,
we can chooseαn so that in addition(3.5)holds.

Proof. –By Lemma 5.4, we have:|||φn|||k � c1(n,k)qk
n. Then forhn as in (5.1), we get:

|||hn|||k � c2(n,k)q2k
n .

With the help of the Faa di Bruno’s formula (that gives an explicit equation for thenth derivative
of the composition), we estimate:

|||Hn|||k � |||Hn−1 ◦ hn|||k � c3(n,k)q2k2

n ,
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wherec3(n,k) depends on the derivatives ofHn−1 up to orderk, which do not depend onqn.
Suppose that, for eachn, qn is chosen so that

qn � c3(n,n + 1).

Then |||Hn|||kn+1 � q
2(kn+1)2+1
n � q

3(kn+1)2

n . We choose the sequence of convergents ofα
satisfying

|α− αn|= |α− pn/qn|<
1

2n+1knCknq
3(kn+1)3+1
n

;

the latter is possible sinceα is Liouville. Then

|α− αn|<
1

2n+1qnknCkn |||Hn|||kn+1
kn+1

,

which implies both (5.9) and (5.11). As for (3.5), i.e.‖DHn−1‖0 � ln qn, it is possible to have
it just by choosingqn large enough. �

5.4. Proof of weak mixing

5.4.1. Choice of the mixing sequence mn

We shall assume that for alln we have:

qn+1 � 10n2qn.(5.13)

Define, as in the analytic case

mn = min

{
m � qn+1 | inf

k∈Z

∣∣∣∣m
qnpn+1

qn+1
− 1

2
+ k

∣∣∣∣ �
qn

qn+1

}
.

Let an = (mnαn+1 − 1
2qn

) mod 1
qn

. Then the choice ofmn and the growth condition (5.13)
imply:

|an|�
1

qn+1
�

1

10n2qn
.(5.14)

Hence, if we use the notation

D
1

n,j = In,j × [0,1]⊂ D1
n,j ,

we have

Rmn
αn+1

(
D

1

n,j

)
⊂ D2

n,j′(5.15)

for somej′ ∈ Z.

5.4.2. Choice of the decompositions ηn

We defineηn to be the partial decomposition ofM consisting of the horizontal intervals
In,j × {r} ⊂ D1

n,j , where r ∈ [1/(3n),1 − 1/(3n)], defined by (5.5) and of the intervals
In,j × {r} with r ∈ [1/(3n),1− 1/(3n)] and

In,j =

[
j

qn
+

1

2qn
+

1

6nqn
− an,

j + 1

qn
− 1

6nqn
− an

]
.
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Fig. 2. Action ofΦn.

It follows from (5.14) that the intervalsIn,j × {r} are inD2
n,j .

LEMMA 5.9. –The mappingΦn = φn ◦Rmn
αn+1

◦φ−1
n transforms the atoms of the decomposi-

tion ηn into vertical intervals of the form{θ} × [1/(3n),1− 1/(3n)] for someθ.

The proof is illustrated on Fig. 2.

Proof. –Consider first an intervalIn of the typeIn = In,j × {r}, r ∈ [1/(3n),1 − 1/(3n)].
By construction ofφn (see Section 5.2.4), we have thatφ−1

n (In) is a vertical segment of the form
{θ} × [1/(3n),1− 1/(3n)] for someθ ∈ In,j . From (5.15) we deduce thatRαmn

n+1
◦ φ−1

n (In) =

{θ′}× [1/(3n),1− 1/(3n)]⊂D2
n,j′ , for someθ′ ∈ T andj′ ∈ Z and we conclude using thatφn

acts as the identity onD2
n,j′ .

Similarly, for r ∈ [1/(3n),1− 1/(3n)] and an intervalIn = In,j × {r} ∈ D2
n,j , we have that

φn ◦Rmn
αn+1

◦ φ−1
n (In) = φn ◦Rmn

αn+1
(In) = φn

(
In,j′ × {r}

)
= {θ} ×

[
1/(3n),1− 1/(3n)

]
,

for somej′ ∈ Z andθ ∈ T. �

5.4.3. Proof of Theorem 5.1
Let the diffeomorphismsfn be constructed as in (5.1), following Lemmas 5.7 and 5.8, so that

convergence offn, closeness to identity of their limitf , as well as (3.3) and (3.5), hold. We want
to apply Proposition 3.9 to get weak mixing. Since the sequence of decompositionsηn → ε by
construction, and since it consists of intervals with length less than1/qn, to finish it is enough to
show that for any intervalIn of the decompositionηn, and forΦn = φn ◦Rmn

αn+1
◦φ−1

n , we have:
Φn(In) is (0,2/(3n),0)-distributed. The conditions of the definition follow immediately from
the construction and Lemma 5.9. Indeed, the projection ofΦn(In) to ther-axis is the interval
[1/(3n),1−1/(3n)], hence, in the definition of (γ, δ, ε)-distribution (Definition 3.6) we can take
δ = 2/(3n). Furthermore, since the image of any intervalIn is vertical,γ can be taken equal
to 0. Finally, the restriction ofΦn to In being affine, one verifies that for any intervalJ̃n ⊂ Jn:

λ
(
I ∩Φ−1

n (J̃)
)
λ(J) = λ(I)λ(J̃).

Hence, we takeε = 0.
We have verified the conditions of Proposition 3.9. This implies weak mixing of the limit

diffeomorphismf . �
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