NON-REPRESENTABLE HYPERBOLIC MATROIDS

NIMA AMINI AND PETTER BRANDEN

ABSTRACT. The generalized Lax conjecture asserts that each hyperbolicity
cone is a linear slice of the cone of positive semidefinite matrices. Hyperbol-
ic polynomials give rise to a class of (hyperbolic) matroids which properly
contains the class of matroids representable over the complex numbers. This
connection was used by the second author to construct counterexamples to al-
gebraic (stronger) versions of the generalized Lax conjecture by considering a
non-representable hyperbolic matroid. The Vamos matroid and a generaliza-
tion of it are, prior to this work, the only known instances of non—representable
hyperbolic matroids.

We prove that the Non—Pappus and Non—Desargues matroids are non-
representable hyperbolic matroids by exploiting a connection between Eu-
clidean Jordan algebras and projective geometries. We further identify a large
class of hyperbolic matroids which contains the Vamos matroid and the gener-
alized Vamos matroids recently studied by Burton, Vinzant and Youm. This
proves a conjecture of Burton et al. We also prove that many of the matroid-
s considered here are non-representable. The proof of hyperbolicity for the
matroids in the class depends on proving nonnegativity of certain symmetric
polynomials. In particular we generalize and strengthen several inequalities
in the literature, such as the Laguerre-Turdn inequality and an inequality
due to Jensen. Finally we explore consequences to algebraic versions of the
generalized Lax conjecture.
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1. INTRODUCTION

Although hyperbolic polynomials have their origin in PDE theory, they have dur-
ing recent years been studied in diverse areas such as control theory, optimization,
real algebraic geometry, probability theory, computer science and combinatorics,
see [35, 36, 39, 40] and the references therein. To each hyperbolic polynomial is
associated a closed convex (hyperbolicity) cone. Over the past 20 years methods
have been developed to do optimization over hyperbolicity cones, which general-
ize semidefinite programming. A problem that has received considerable interest
is the generalized Lax conjecture which asserts that each hyperbolicity cone is a
linear slice of the cone of positive semidefinite matrices (of some size). Hence if
the generalized Lax conjecture is true then hyperbolic programming is the same as
semidefinite programming.

Choe et al. [11] and Gurvits [20] proved that hyperbolic polynomials give rise
to a class of matroids, called hyperbolic matroids or matroids with the weak half—
plane property. The class of hyperbolic matroids properly contains the class of
matroids which are representable over the complex numbers, see [11, 41]. This
fact was used by the second author [7] to construct counterexamples to algebraic
(stronger) versions of the generalized Lax conjecture. To better understand, and to
identify potential counterexamples to the generalized Lax conjecture, it is therefore
of interest to study hyperbolic matroids which are not representable over C, or
even better not representable over any (skew) field. However previous to this work
essentially just two such matroids were known: The Vamos matroid Vg [41] and
a generalization Vjo [10]. In this paper we first show that the Non-Pappus and
Non-Desargues matroids are hyperbolic (but not representable over any field) by
utilizing a known connection between hyperbolic polynomials and Euclidean Jordan
algebras. Then, in Theorem 6.5, we construct a family of hyperbolic matroids which
are parametrized by uniform hypergraphs, and prove that many of these matroids
fail to be representable over any field, and more generally over any modular lattice.
The proof of the main result is involved and uses several ingredients. In order to
prove that the polynomials coming from our family of matroids are hyperbolic we
need to prove that certain symmetric polynomials are nonnegative. The results
obtained generalize and strengthen several inequalities in the literature, such as
the Laguerre-Turan inequality and an inequality due to Jensen. Finally we explore
some consequences to algebraic versions of the generalized Lax conjecture.

2. HYPERBOLIC AND STABLE POLYNOMIALS

A homogeneous polynomial h(x) € R[zy,...,x,] is hyperbolic with respect to
a vector e € R™ if h(e) # 0, and if for all x € R™ the univariate polynomial
t — h(te — x) has only real zeros. Note that if h is a hyperbolic polynomial of
degree d, then we may write

d
h(te =) = h(e) [ (t = X (0.

where

)\max(x) = )\1(X) > 2 )\d(X) = )\min(x)
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are called the eigenvalues of x (with respect to e). The hyperbolicity cone of h with
respect to e is the set Ay (h,e) = {x € R : Ayin(x) > 0}. We usually abbreviate
and write A if there is no risk for confusion. We denote by A1 the interior A, .

Example 2.1. An important example of a hyperbolic polynomial is det(X), where
X = (z45);'j=1 is a symmetric matrix with ("'QH) indeterminate entries. If X is
a real symmetric n X n matrix and I, is the identity matrix of size n x n, then
t — det(t,, — X) is the characteristic polynomial of a real symmetric matrix, so it
has only real zeros. Hence det(X) is a hyperbolic polynomial with respect to I,,,
and its hyperbolicity cone is the cone of positive semidefinite matrices.

The real linear space of complex hermitian matrices of size n is parametrized
by matrices X in n? variables, and as above it follows that det(X) is a hyperbolic
polynomial.

The next theorem follows from a theorem of Helton and Vinnikov [22], see [29]. Tt
proved the Lax conjecture, after Peter Lax [28].

Theorem 2.2. Suppose that h(z,y, z) is of degree d and hyperbolic with respect to
e = (e1,ea,e3)T. Suppose further that h is normalized such that h(e) = 1. Then
there are symmetric d x d matrices A, B,C such that ey A+ es B + e3C = I and

h(z,y,z) = det(xA + yB + zC).

Remark 2.3. The exact analogue of the Helton-Vinnikov theorem fails for n > 3
variables. This may be seen by comparing dimensions. The space of degree d

polynomials on R™ of the form det(z14; + - -z, A,) with A; symmetric for 1 <
d+1

i < n, has dimension at most n( M

on R” has dimension ("i”il*l).

) whereas the space of hyperbolic polynomials

A convex cone in R" is spectrahedral if it is of the form

n
{x eR™: inAi is positive semideﬁnite}

i=1
where A;, ¢ = 1,...,n are symmetric matrices such that there exists a vector
(Y1,--,yn) € R™ with >"1" | y;A; positive definite. It is easy to see that spec-
trahedral cones are hyperbolicity cones. Indeed if Aq,..., A, are real symmetric
d x d matrices and e € R™ is a vector such that Z?:l e;A; is positive definite,
then h(x) = det (Y, #;A;) € Rlz1,...,x,] is a hyperbolic polynomial with re-
spect to e, since for all x € R™ we have that det (tI; — > i, 2;4;) € R[t] is the
characteristic polynomial of a real symmetric matrix and hence real-rooted. There-
fore the hyperbolicity cone of h(x) is precisely the spectrahedral cone {x € R™ :
Yo, x;A; is positive definite}. A major open question asks if the converse is true.

Conjecture 2.4 (Generalized Lax conjecture (geometric version) [22, 39]). All
hyperbolicity cones are spectrahedral.

We may reformulate Conjecture 2.4 as follows, see [22, 39].

Conjecture 2.5 (Generalized Lax conjecture (algebraic version) [22, 39]). Ifh(x) €
R[x] is hyperbolic with respect to e = (ey,...,e,) € R™, then there exists a poly-
nomial ¢(x) € R[x], hyperbolic with respect to e, such that Ay, (h,e) C Aii(q,e)
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and

q(x)h(x) = det <Z xiAi> (2.1)
i=1

for some real symmetric matrices Ax, ..., A, of the same size such that >\, e;A;
s positive definite.

Here is an overview of known facts regarding Conjecture 2.4.

e Conjecture 2.4 is true for n = 3 by Theorem 2.2,

e Conjecture 2.4 is true for homogeneous cones [13], i.e., cones for which the
automorphism group acts transitively on its interior,

e Conjecture 2.4 is true for quadratic polynomials, see e.g. [32],

e Conjecture 2.4 is true for elementary symmetric polynomials, see [8],

e Conjecture 2.4 is true for certain multivariate generalizations of matching
and independence polynomials, see [1],

e Conjecture 2.4 is true for the first derivative relaxation of the positive semi-
definite cone, see [38],

o Weaker versions of Conjecture 2.4 are true for smooth hyperbolic polyno-
mials, see [27, 31].

e Stronger algebraic versions of Conjecture 2.4 are false, see [7].

A class of polynomials which is intimately connected to hyperbolic polynomials
is the class of stable polynomials. Below we will collect a few facts about stable
polynomials that will be needed in forthcoming sections. A polynomial P(x) €
Clz1,...,z,] is stable if P(zq,...,2,) # 0 whenever Im(z;) > 0 for all 1 < j < n.
Stable polynomials satisfy the following basic closure properties, see e.g. [40].

Lemma 2.6. Let P(x1,...,x,) be a stable polynomial of degree d; in x; for i =
1,...,n. Then for alli=1,...,n we have
(i) Specialization: P(x1,...,2i—1,(, Tix1, ..., %y) is stable or identically zero
for each ¢ € C with Im(¢) > 0.
(ii) Scaling: P(x1,...,@i—1, A\, Tit1,...,Ty) is stable for all X > 0.
(i) Inversion: mfiP(xl, T, fzi_l, Tit1,---,Tn) s stable.
(iv) Permutation: P(zg(1y,---,Tem)) is stable for all o € &,,.

(v) Differentiation: (0/0x;)P(x1,...,xy,) is stable.

Hyperbolic and stable polynomials are related as follows, see [5, Prop. 1.1] and [11,
Thm. 6.1].

Lemma 2.7. Let P € Rlxy,...,2,] be a homogenous polynomial. Then P is stable
if and only if P is hyperbolic with R} C A, .

Moreover all non-zero Taylor coefficients of a homogeneous and stable polynomial
have the same phase, i.e., the quotient of any two non-zero coefficients is a positive
real number.

Lemma 2.8 (Lemma 4.3 in [7]). If h € Rly1,...,yn] i a hyperbolic polynomial,
Vi,..., Vi € AL and vy € R™, then the polynomial
P(x)=h(vo+z1vi + -+ TmVim)

is either identically zero or stable.
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3. HYPERBOLIC POLYMATROIDS

We refer to [34] for undefined matroid terminology. The connection between
hyperbolic/stable polynomials and matroids was first realized in [11]. A polynomial
is multiaffine provided that each variable occurs at most to the first power. Choe
et al. [11] proved that if

P(x)= > a(B) ][] €Clar,...,am] (3.1)

BC[m] i€B
is a homogeneous, multiaffine and stable polynomial, then its support
B={B:a(B) # 0}

is the set of bases of a matroid, M, on [m]. Such matroids are called weak half-plane
property matroids (abbreviated WHPP—matroids). If further P(x) can be chosen
so that a(B) € {0,1}, then M is called a half-plane property matroid (abbreviated
HPP-matroid). If so, then P(x) is the bases generating polynomial of M. Here are
a few known facts regarding WHPP or HPP matroids.
o All matroids representable over C are WHPP, [11].
e A binary matroid is WHPP if and only if it is HPP, and if and only if it is
regular, [9, 11].
e No finite projective geometry PG(r,n) is WHPP, [9, 11].
e The Vdmos matroid Vg is HPP (but not representable over any field), [41].
We shall now see how weak half-plane property matroids may conveniently be
described in terms of hyperbolic polynomials.
Let E be a finite set. A polymatroid is a function r : 2 — N satisfying
(i) r(®) =0,
(ii) r(S) <r(T) whenever S CT C E,
(iii) r is semimodular, i.e.,

r(S)+r(T)>r(SNT)+r(SUT),
for all 5,7 C FE.

Recall that rank functions of matroids on E coincide polymatroids r» on E with
r({i}) <1lforall: e E.

Let V = (v1,...,Vm) be a tuple of vectors in Ay (h,e), where e € R™. The
(hyperbolic) rank, rk(x), of x € R™ is defined to be the number of non-zero eigen-
values of x, i.e., tk(x) = degh(e + tx). Define a function ry : 2" — N, where

[m] :=={1,2,...,m}, by
ry(S) =rk (sz> .

€S
It follows from [20] (see also [7]) that ry is a polymatroid. We call such polymatroids
hyperbolic polymatroids. Hence if the vectors in V have rank at most one, then we
obtain the hyperbolic rank function of a hyperbolic matroid.

Example 3.1. Let A; =uuj,..., 4, = u,u), be PSD matrices of rank at most
one in C". By Example 2.1 the function 7 : 2" — N defined by

r(S) = rk <Z Ai>

i€S
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is the rank function of a hyperbolic matroid. It is not hard to see that r(S) is equal
to the dimension of the subspace of C" spanned by {u; : i € S}. Hence r is the
rank function of the linear matroid defined by uy, ..., u,,.

Proposition 3.2. A matroid is hyperbolic if and only it has the weak half-plane
property.

Proof. Suppose B is the set of bases of a matroid, M, with the weak half-plane
property realized by (3.1). By Lemma 2.7 we may assume that a(B) is a nonneg-
ative real number for all B C [m]. Then P(x) is hyperbolic with hyperbolicity
cone containing the positive orthant by Lemma 2.7. Let V = (d1,...,d,,), be the
standard basis of R™, and let 1 = (1,...,1) € R™ be the all ones vector. Then

rv(S) = rk (Z 6i> = deg P <1 +t26i>

€S €S
=deg ) a(B)(1+ )" =max{|BNS|: B € B},
B

and hence ry is the rank function of M.

Conversely, assume that h is hyperbolic, that V = (vy1,...,v,,) € Ay(h,e)™,
and that ry, is the rank function of a hyperbolic matroid of rank r. We may assume
h(e) > 0. The polynomial g(xg, z1,...,Zm) = h(zge+z1vi+- -+ Ty Vyy) is stable
by Lemma 2.8 and has only nonnegative coefficients by Lemma 2.7. Since v; has
rank at most one for each i we see that g has degree at most one in z; for all 7 > 1.
It follows that

T
g(x) =z Zgi(xl, R P
=0

where g¢;(x) is a homogeneous and multiaffine polynomial of degree ¢ for 0 < i <
r < d = degh. By dividing by :vg_r and setting zo = 0, we see that g,(x) is
stable by Lemma 2.6. Moreover B is a basis of the matroid defined by V if and
only if |B| = r and g(dp +t)_,.5d;) has degree d. This happens if and only if
9r(Dsep 0i) # 0, that is, if and only if B is in the support of g,(x). O

4. PROJECTIONS AND FACE LATTICES OF HYPERBOLICITY CONES

Let C be a closed convex cone in R". If x,y € C and y — x € C, we write
x <y. Recall that a face F' of a convex cone C' is a convex subcone of C' with the
property that x,y € C, x <y and y € F implies x € F'. Equivalently a face is a
convex subcone of C such that for each open line segment in C' that intersects F,
the closure of the segment is contained in F. The collection of all faces of C' is a
lattice, L(C'), under containment with smallest element {0} and largest element C.
Clearly FAG = FNG and FVG =y H, where H ranges over all faces containing
F and G. The collection of all relative interiors of faces of C partitions C'. If Fy is
the unique face that contains x € C in its relative interior, then Fy V Fy, = Fyyy.
See [37] for more on the face lattices of convex cones.

The rank of a face F' of the hyperbolicity cone A} is defined by

rk(F) = max rk(x).

Note that if L(Ay) is a graded lattice, then the above hyperbolic rank function is
not necessarily the rank function of L(A4).
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Lemma 4.1 (Thm 26, [36]). Let F be a face of Ay and let x € F. Then rk(x) =
tk(F) if and only if x is in the relative interior of F.

By Lemma 4.1 and the semimodularity of hyperbolic polymatroids we see that
rk : L(A1) — N is semimodular, that is,

tk(F V G) + 1k(F A G) < tk(F) + 1k(G)

for all F,G € L(A;). We may therefore equivalently define a hyperbolic poly-
matroid in terms of the face lattice of the hyperbolicity cone as follows: If F =
(F1,...,F,) is a tuple of elements of the face lattice L(A;), then the function
rr:2M — N defined by

rr(S) =rk <\/ FZ>
ies
is a hyperbolic polymatroid.
The following theorem collects a few fundamental facts about hyperbolic poly-
nomials and their hyperbolicity cones. For proofs see [21, 36].

Theorem 4.2 (Garding, [21]). Suppose h is hyperbolic with respect to e € R™.

(i) Ay(e) and A4 (e) are convex cones.
(ii) A4y (e) is the connected component of

{x € R" : h(x) # 0}

which contains e.

(iil) Amin : R™ — R 4s a concave function, and Apax : R™ — R is a conver
function.

(iv) If € € Ayy(e), then h is hyperbolic with respect to € and Ayy(e') =
Aii(e).

Recall that the lineality space of a convex cone C'is C N —C, i.e., the largest linear
space contained in C. It follows that the lineality space of a hyperbolicity cone
is {x : \i(x) = 0 for all ¢}, see e.g. [36]. Also if x is in the lineality space, then
Ai(x+y)=N(y) forall 1 <i < dand y € R" [36].

By homogeneity of h

sAj(x) +t if s > 0 and

. ; (4.1)
SAdg—j+1(x)+t ifs<0

Aj(sx +te) = {
for all s,t € R and x € R™.
In analogy with the eigenvalue characterization of matrix projections we define
projections in A4 as follows.

Definition 4.3. An element in A is a projection if its eigenvalues are contained
in {0, 1}.

Remark 4.4. Note that 0, e and appropriate multiples of rank one vectors in A
are always projections.

Lemma 4.5. Suppose x,y € Ay are such that Fx < Fy, and rk(y) =r. If \i(x) <
Ar(y), then x <y.
In particular if x,y € AL are projections, then Fx < Fy if and only if x <y.
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Proof. Suppose x,y € AL are such that Fix < Fy, rk(y) = r and M\ (x) < A\ (y).
Consider the polynomial

g(u, s,t) = h(ue + sy + tx),

which is hyperbolic with respect to (1,0,0) and whose hyperbolicity cone contains
the positive orthant. Since x € Fy we know that rk(ax + by) = r for all a,b > 0.
Since all non-zero Taylor coefficients of g(u, s,t) have the same sign, by Lemma 2.7,
we may write
g(u, s,t) =u""go(u,s,t), d=degh,

where go(u, s,t) is hyperbolic with respect to (1,0,0) and also (0,1,0), and its
hyperbolicity cone contains the positive orthant. Let A’ (a,b,c), j = 1,...,r, denote
the eigenvalues of gg (with respect to (1,0,0)). Then by (4.1) and the concavity of
Al (Theorem 4.2):

)‘;"(07 1a _1) > )‘;(07 17 0) + )‘;’(0,07 _1) = )‘T‘(y) - )\1(X) > 0.
By construction Apin(y — x) = min{0, A\,.(0,1, —1)}, and the lemma follows. O

Lemma 4.6. If x,y € A are projections with x <y, then' y — X is a projection
with
rk(y — x) = rk(y) — rk(x).

Proof. Suppose first that Fy, = Ay = F.. Then y —e,e —y € A} by Lemma 4.5,
and hence y — e is in the lineality space of A,. Then

Ai(y —x) = dile —x) =1 = Ag—i+1(x),

for all 1 <7 < d = degh, and hence y — x is a projection of rank d — rk(x).
If Fy # Fe, then r :=rk(y) < d. Consider the hyperbolic polynomial

g(u,s,t) = h(ue + sx + ty) = udfrgo(u, s, 1),

where gg is hyperbolic with respect to € = (1,0,0). It follows that x’ = (0, 1,0)
and y’ = (0,0, 1) are projections with Fer = Fys. The lemma now follows from the
first case considered. O

Remark 4.7. Note that if x <y and y < x, then y — x is in the lineality space
of A;. Moreover x <y if and only if e — y < e — x. Since Fe = A we have by
Lemma 4.5 that x < e for all projections x € A,. Hence by Lemma 4.6 it follows
that x is a projection if and only if e — x is a projection.

The following proposition gives a sufficient condition for two faces in A, to be
modular with respect to the hyperbolic rank function.

Proposition 4.8. Ifx,y € A} are projections such that Fx N Fy, Fx V Fy, Fo_x A
Fe_y and Fo_x V Fe_y all contain a projection in their relative interiors, then

rk(Fy) + rk(Fy) = rk(Fx A Fy) + rk(Fx V Fy).

Proof. Let v,w,v’, w’ be the projections in the relative interiors of Fx AFy, FxV Fy,,
Fe_xNFe_y and Fo_xV Fe_y, respectively. Thene—w <e—xande—w <e—y,
so that e = w € Fe_x A Fe_y by Lemma 4.5. By Lemma 4.5 again, e —w < v/. We
also have e — v/ > x and e — v/ > y so that e — v/ > w, that is, e — w > v'. Thus
Fy/ = Fe_w and analogously Fy = Fe_y. Since rk : L(AL) — N is semimodular
we have

rk(x) + rk(y) > rk(v) + rk(w),



NON-REPRESENTABLE HYPERBOLIC MATROIDS 9

(A) Non-Pappus (B) Non-Desargues

FI1GURE 1. The Non-Pappus and Non-Desargues configurations.

and also
rk(e — x) + k(e — y) > rk(e — w) + rk(e — v),

and so the proposition follows from Lemma 4.6. O

Corollary 4.9. Let Ay (h,e) be a hyperbolicity cone with trivial lineality space.
Suppose all extreme rays of Ay have the same hyperbolic rank, and that each face
of Ay contains a projection in its relative interior. Then L(A4) is a modular
geometric lattice.

Proof. Since each face of L(Ay) except {0} is generated by extreme rays, see e.g.
[37, Cor. 18.5.2], it follows that L(A) is atomic with all atoms (extreme rays)
having the same hyperbolic rank by hypothesis. Suppose rk(a) = ¢ for all atoms
a € L(Ay). By modularity of the hyperbolic rank function (Proposition 4.8) and
induction we see that ¢ divides rk(F') for all ' € L(A4). It follows that the function
defined by rk(F')/c is the proper rank function of L(Ay), since it is modular and
equal to one on each atom. O

5. HYPERBOLIC MATROIDS AND EUCLIDEAN JORDAN ALGEBRAS

In light of the generalized Lax conjecture it is of interest to find hyperbolic but
non-linear (poly-) matroids. Until present the only known instances of non-linear
hyperbolic matroids are the VaAmos matroid [41] and a generalization of it [10]. The
generalized Vamos matroids introduced in the following section provide an infinite
family of such matroids. In this section we identify two further types of matroids
that are hyperbolic but not linear through a connection with Euclidean Jordan
algebras and projective geometry.

Some classical examples of non-linear matroids are obtained by relaxing a circuit
hyperplane in a matroid that comes from a geometric configuration. In fact the
Non-Fano, Non-Pappus and Non-Desargues matroids (see Fig 1) are all derived
from the family n3 of symmetric configurations on n points and n lines, arranged
such that 3 lines pass through each point and 3 points lie on each line [19]. Note
that such configurations need not be unique up to incidence isomorphism for given
n. The Non-Fano, Non-Pappus and Non-Desargues matroids are all rank three ma-
troids corresponding respectively to instances of the configurations 73,93 and 103
after removing one line. It is interesting to note how representability diminishes as
we move upwards in this hierarchy: The Non-Fano matroid is representable over
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all fields that do not have characteristic 2 [34]. The Non-Pappus matroid is skew-
linear but not linear [23], which is to say that it only admits representations over
non-commutative division rings e.g. the quaternions H. Moreover it is known that
the Non-Desargues matroid is not even skew-linear [23]. On the other hand, it is
known that the Non-Desargues matroid can be coordinatized by rank one projec-
tions over the octonions O, see e.g. [18]. The octonions form a non-commutative
and non-associative division ring over the reals.

An algebra (A, o) over a field K is said to be a Jordan algebra if for all a,b € A
aob=boa and ao((aca)ob)=(aoca)o(aob).

Note in particular that Jordan algebras are not necessarily associative. A Jordan
algebra is Fuclidean if
a?+---+ai=01impliesa; =---=a, =0
for all ay,...,ar € A. By a theorem of Jordan, von Neumann and Wigner [25] the
simple finite dimensional real Euclidean Jordan algebras classify into four infinite
families and one exceptional algebra (the Albert algebra) as follows:
(i) Hp(K) (K =R, C,H) - the algebra of Hermitian n x n matrices over K with
Jordan product a o b= 1(ab+ ba).
(ii) R™ @ R - the real inner product space with inner product (u ® A\, v ® pu) =
(u, v)rn+Ap and Jordan product (u®A)o(vdp) = (put+Av)B((u, v)rRn+Ap).
(iii) H3(O) - the algebra of octonionic Hermitian 3 x 3 matrices with Jordan
product ao b = %(ab + ba).
Let A be a real Euclidean Jordan algebra of rank r with identity e. A Jordan frame
is a complete system of orthogonal idempotents of rank one, that is, rank one
elements c1,...,c, € A such that ¢? =¢;, c;oc;=0fori# jand e+ +e¢. =e.
A characteristic property of finite dimensional real Euclidean Jordan algebras is
the following spectral theorem, see [17, Theorem III.1.2].

Theorem 5.1. Let A be a real Fuclidean Jordan algebra of rank r. Then for
each x € A there exists a Jordan frame ci,...,¢, € A and unique real numbers
A(x), ..., A (z) (the eigenvalues) such that

T

T = Z Aj(z)e;.

Jj=1

Moreover

is uniquely determined for each eigenvalue .

A finite dimensional real Euclidean Jordan algebra is equipped with a hyperbolic
determinant polynomial det : A — R given by

det(z) = H Aj(x).

Let P be a set of points and L a set of lines. Recall that a pair G = (P, L) is a
projective geometry if the following axioms are satisfied:
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(i) For any two distinct points a,b € P there is a unique line ab € L containing
a and b.
(ii) Any line contains at least three points.
(iii) If a,b,c,d € P are distinct points such that ab N cd # ) then ac N bd # .

Each projective geometry is a (simple) modular geometric lattice, and each modular
geometric lattice is a direct product of a Boolean algebra with projective geometries,
see [2, p. 93]. The following proposition is essentially a known connection between
Jordan algebras and projective geometries, which we prove here in the theory of
hyperbolic polynomials.

Proposition 5.2. Let A be a finite dimensional real Euclidean Jordan algebra and
let Ay denote the hyperbolicity cone of det : A — R. Then L(Ay) is a modular
geometric lattice.

In particular if A is simple, then L(Ay) is a projective geometry.

Proof. By Theorem 5.1 the extreme rays of A} are multiples of rank one idempo-
tents. Also, a face F, contains the projection

Cc = Z Cj
JiX; (z)F#0

in its relative interior. The proposition now follows from Corollary 4.9. O

The Non-Pappus and Non-Desargues configurations are depicted in Fig 1. The
configurations give rise to rank 3 matroids where three points are dependent if
and only if they are collinear. The Non-Pappus and Non-Desargues matroids are
not linear but may be represented over the projective geometries associated to the
Euclidean Jordan algebras H3(H) and Hs(0), respectively. This may be deduced
from the coordinatizations in [34, Example 1.5.14] and [18]. Hence by Proposition
5.2 we have

Theorem 5.3. The Non-Pappus and Non-Desargues matroids are hyperbolic.

6. GENERALIZED VAMOS MATROIDS WITH THE (WEAK) HALF-PLANE PROPERTY

In this section we provide an infinite family of hyperbolic matroids that do not
arise from modular geometric lattices. Suppose that L is a lattice with a smallest
element 0, and f : L — N is a function satisfying

(i) f(0)=0,
(i) if z <y, then f(z) < f(y),
(iii) for any z,y € L,
@)+ fly) = f(@Vy)+ flzAy).
If 21,..., %, € L, then the function r : 2™ — N defined by

r(S) = f <\/ x)

i€S
defines a polymatroid. All polymatroids arise in this manner. Indeed if r : 20" — N
is a polymatroid, we may take L = 2" f = r and z; = {i} for each i € [m)].
However if f is modular, i.e.,

fe)+fly) = f@Vvy) + flzAy), forallz,yel,
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we say that r is modularly represented. Hence all linear matroids as well as all
projective geometries are modularly represented. Although Ingleton’s proof [23] of
the next lemma only concerns linear matroids it extends verbatim to modularly
represented matroids.

Lemma 6.1 (Ingleton’s Inequality, [23]). Suppose r : 2 — N is a modularly
represented polymatroid and A, B,C,D C E. Then

r(AUB)+r(AUCUD)+r(C)+r(D)+r(BUCUD) <
r(AUC)+r(AuD)+r(BUC)+r(BUD)+r(CuUD,).

The Vdmos matroid Vg is the rank-four matroid on E = [8] having set of bases

B(Vg) = (f) \ {{1,2,3,4},{1,2,5,6},{1,2,7,8},{3,4,5,6},{5,6,7,8}}.

The rank function of the Vamos matroid fails to satisfy Ingleton’s inequality
(see [23]), and hence it is not modularly represented. Nevertheless Wagner and Wei
[41] proved that V3 has the half-plane property, and hence V3 is hyperbolic. This
was used in [7] to provide counterexamples to stronger algebraic versions of the
generalized Lax conjecture.

Burton, Vinzant and Youm [10] studied an infinite family of generalized Vémos
matroids, {Va, }n>4, and conjectured that all members of the family have the half-
plane property. They proved their conjecture for n = 5. Below we generalize their
construction and construct a family of matroids; one matroid for each uniform hy-
pergraph. We prove that all matroids corresponding to simple graphs are HPP, and
that all matroids corresponding to uniform hypergraphs are WHPP. In particular
this will prove the conjecture of Burton et al.

Recall that a rank r paving matroid is a matroid such that all its circuits have
size at least r. Paving matroids may be characterized in terms of d-partition. A
d-partition of a set F is a collection S of subsets of E all of size at least d, such
that every d-subset of E lies in a unique member of S. The d-partition S = {E} is
the trivial d-partition. For a proof of the next proposition see [34, Prop. 2.1.21].

Proposition 6.2. The hyperplanes of any rank d + 1 > 2 paving matroid form a
non-trivial d-partition.

Conversely, the elements of a non-trivial d-partition form the set of hyperplanes
of a paving matroid of rank d + 1.

A paving matroid of rank r is sparse if its hyperplanes all have size r — 1 or r.

Recall that a hypergraph H consists of a set V(H) of vertices together with a
set B(H) C 2V of hyperedges. We say that a hypergraph H is d-uniform if all
hyperedges have size d.

Theorem 6.3. Let H be an d-uniform hypergraph on [n], and let E = {1,1',... n,n'}.
Let

B(Vn) = () \feUe's e € B,

in which €' :={i’ : i € e} for each e € E(H). Then B(Vy) is the set of bases of a
sparse paving matroid Vi of rank 2d.
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4 4
(A) G (Diamond graph) (B) Vg = Vi (Vamos matroid)
1 6
2
S
1 6 Y 6,
2 4
5 5
3 4 3/ A
(A) A simple graph G (B) The matroid Vg

3
4
5
1
(A) A 3-uniform hypergraph H (B) The matroid Vi
Proof. Let

S{eUe’:eeE(H)}u{Se< E ):SC@Ue'fornerE(H)}.

2d -1
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Then S is a (2d — 1)-partition, and so it defines a sparse paving matroid with set
of bases (51) \{eUe :ee E(H)} by Proposition 6.2. O

Let V = {Vy : H is a d-uniform hypergraph on [n] with 0 < d < n,n € N}.

Example 6.4. If G is the diamond graph (Fig 2a) then Vi = Vg, the Vdmos
matroid. Moreover Vg = Uy 2,, where K,, denotes the complement of the complete
graph on n vertices and Uy 2, denotes the uniform rank 4 matroid on 2n elements.
The family {Va,,}n>4 studied by Burton et al. [10] corresponds to Vi, where G,
is an n-cycle with edges {1,i}, i = 2,...,n, adjoined.

We postpone the proofs of the next two theorems until Section 9.

Theorem 6.5. All matroids in V are hyperbolic, i.e., they all have the weak half-
plane property.

Theorem 6.6. For each simple graph G, Vi has the half-plane property.

If G contains the Diamond graph as an induced subgraph then the rank func-
tion of Vi fails to satisfy Ingleton’s inequality, and thus Vi is hyperbolic but not
modularly represented.

There is no full analogue of Theorem 6.6 in the hypergraph setting. To see this let
H be the complete 3-uniform hypergraph on [6]. The bases generating polynomial
of Vy is given by

hVH (X) = 66(1‘1,$1/, sy 136,$6/) - 63(1‘1x1/, cee ,JL‘@ZEG/).
By Lemma 2.7 we have that hy,, (x) is stable if and only if hy,, (x) is hyperbolic with
RY? C Ay(hy,). Take e = (1,1,0,...,0) € R} and x € R'? with z; = 21/ = 0,
To =2y =x3 =1x3 =2 and x; = xy = —1 for i > 3. Then
hy,, (te — x) = —4t* — 36t — 160
is a quadratic polynomial with non-real zeros t = % + %mz Hence Vg does not
have the half-plane property. Clearly if Vg is a minor of Vg then Vg cannot be
representable. Below we give an example of a non-representable matroid Vg with

no Vamos minor. Hence this constitutes a genuinely new instance of a hyperbolic
matroid in the family which is not representable.

Example 6.7. The following linear rank inequality in six variables was identified
by Dougherty et al. [15]

r(AUD)+r(BUC)+r(CUE)+r(FUF)+r(BUDUF)+r(AUBUCUD)+
r(AUBUCUE)+r(AUCUEUF)+r(AUDUEUF) <
r(AUBUC)+r(AUBUD)+r(AUCUE)+r(AUDUF)+r(AUEUF)+
r(BUCUD)+r(BUCUE)+r(CUEUF)+r(DUEUF).

This inequality is satisfied by all polymatroids r representable over some field,
where 7 : 2"l - N, n € Nand A, B,C,D,E, F C [n]. We proceed by designing a
3-uniform hypergraph H on [6] such that Vp violates the above inequality. Let
A= {]-a ll}> B = {2321}7 C= {333,}7 D = {43 41}7 E= {5,5/}3 F= {676/}
By taking the hypergraph H with edges
{1,2,3},{1,2,4},{1,3,5},{1,4,6}, {1,5,6},{2,3,4},{2,3,5}, {3,5,6}, {4,5,6}
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we see that Vp violates the above inequality. One checks that Vg is not a minor of
V.

7. CONSEQUENCES FOR THE GENERALIZED LAX CONJECTURE

Helton and Vinnikov [22] conjectured that if a polynomial h € Rlzy,...,z,] is
hyperbolic with respect to e = (eq,...,e,) € R™, then there exist positive integers
M, N and a linear polynomial ¢(x) € R[z1,...,z,] which is positive on A, (h,e)
such that

((x)M 1 h(x)N = det <i xiAi>

for some symmetric matrices A1,..., A, such that e;4; + --- + e, A, is positive
definite. In [7] the second author used the bases generating polynomial hy, of the
Vémos matroid to prove that there is no linear polynomial £(x) € R[z1,...,z,]
which is nonnegative on the hyperbolicity cone of hy, and positive integers M, N
such that

8
E(X)M_lhv8 (x)N = det <Z miAi>

for some symmetric matrices Ay, ..., Ag with e; A1 +- - -+egAg positive definite. We
will here construct further “counterexamples” that preclude more general factors
q(x) in (2.1). First we prove two lemmata of matroid theoretic nature. If 7 : 28 — N
is a polymatroid and A C E, we say that A is spanning if r(A) = r(E). Moreover
A C E is a hyperplane if it is a maximal non—spanning set.

Lemma 7.1. For n,r,c > 1, let P(n,r,c) be the family of all polymatroids of rank
at most r on n elements such that each hyperplane has at most r — 1 + ¢ elements.
If a(n,r,c) denotes the mazimal number of non-spanning sets of size r taken over
all matroids in P(n,r,c), then

aln,r,c) < C(T " 1). (7.1)

Proof. If r = 1, then each hyperplane has at most ¢ elements, i.e., there are at most
¢ loops so that a(n,r, ¢) = c as desired. The proof is by induction over n > 1 where
r > 1. The lemma is trivially true for n = 1.

Let P € P(n,r,c), where n,r > 2. If n < r, then (7.1) is trivially true. Assume
n > r. Let ¢ be a non-loop of P. If r(E'\ i) < r(E), then E \ i is a hyperplane and
hence n —1 < r—1+¢, so that (") < ¢(,",). Hence we may assume r(E \ i) =
r(E) > 0.

If S is a non-spanning r-set of P, then either S is a non-spanning r-set of P\ i,
or S\ i is a non-spanning (r — 1)-set of P/i. Hence P\ i € P(n — 1,r,¢) and
P/ie P(n—1,7r—1,c), and thus

a(n,rc) <aln—1,r¢)+aln—1,7r—1,¢)

<171+ e(07a) = ")

by induction. ([



16 NIMA AMINI AND PETTER BRANDEN

Lemma 7.2. Let P;, i = 1,...,s, be polymatroids on [n] of rank at most k — 1
such that no hyperplane has more than k elements. If n > (2s+ 1)k — 1, then there
is a set S of size k such that there are at least two (k — 1)-subsets of S that are
spanning in oll Py, i =1,...,s.

Proof. Suppose the conclusion is not true. Let

A= {(S, T) e (k[n} ) X ([Z]> : S C T and S is not spanning in P; for some ¢ € [s]} .

1
A1 -1 (}).

Furthermore by Lemma 7.1 we have

Then

|A| = # {S C <kz[i}1) : S is not spanning in P; for some i € [s]} (n—k+1)

<sa(n,k—1,2)(n—k+1)

SZs(kTQ)(nk+l).

Hence
(k — 1)(7;) < 25<kf2>(n—k+1).

Solving for n gives n < (2s + 1)k — 2, which proves the lemma. O

Given positive integers n and k, consider the k-uniform hypergraph H,  on [n + 2]
containing all hyperedges e € (["2'2]) except those for which {n+1,n+4 2} Ce. By
Theorem 6.5 the matroid Vg, , is hyperbolic and therefore has a stable weighted
bases generating polynomial hy, by Proposition 3.2. The polynomial hy €

R[x1, ..., Tnt2] obtained from the multiaffine polynomial hy,, by identifying the
variables z; and x; pairwise for all ¢ € [n + 2] is stable. Hence by Lemma 2.7 we
have Riﬁ C Ay (hp,) S0 hy i is hyperbolic with respect to 1.

Theorem 7.3. Let n and k be a positive integers. Suppose there exists a positive
integer N and a hyperbolic polynomial q(x) such that

n+2
q(X)hp (%)Y = det (Z xiAi> (7.2)

with Ay (hp k) € Ar(q) for some symmetric matrices A1, ..., Apto such that Ay +
-+ Ap o 18 positive definite and

a6) = [T i)

for some irreducible hyperbolic polynomials py,...,ps € Rlxy,...,Tnia] of degree
at most k — 1 where aq,...,as are positive integers. Then

n<(2s+1)k—1.
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Proof. Suppose the hypotheses are satisfied and n > (2s+1)k—1. Let 7o : 2[") - N
be the hyperbolic polymatroid defined by h, ; and V = (41, ..., d,), where d;, i € [n]
are the standard basis vectors. Hence r¢(S) is the rank of SU {#' : i € S} in the
matroid Vy,, . Moreover, for i € [s], let r; : 2"l — N be the hyperbolic polymatroid
defined by p; and V = (d1,...,0,). Any subset S of [n] of size at least k + 1 is
spanning for ro, and thus » ;. ¢d; € Ay (hy ). Hence ), o8 € Ay (ps), and
thus S is spanning with respect to r; for all ¢ € [s]. By Lemma 7.2, since n >
(2s+ 1)k — 1, there exists a subset T C [n] of size k containing at least two distinct
subsets X, Y of size k — 1 with full rank with respect to all hyperbolic polymatroids
ri, @ = 1,...,s. Let z,y € T be the unique elements in X,Y, respectively, not
contained in Z = X NY. Define

A=ZU{n+1}, B=ZU{n+2}, C=ZU{z}, D=ZU{y}

Now AUB,AUCUD and BUC U D have full rank with respect to ry. Since
Aii(hni) € Ayy(p;) for all 4, we see that AUB,AUCUD and BUC U D have
full rank with respect to r; for all 7. Hence the rank of each set to the left in the
Ingleton inequality have full rank with respect to r;, so that

ri(AUB)+r,(AUCUD) +7r;(C)+r(D)+r(BUCUD) >
ri(AUC)+r,(AUD)+r;(BUC)+r;(BUD)+r(CUD)
fori=1,...,s. Note also that
ro(AUB) +1rg(AUC UD) +1o(C) +19(D) +19(BUCUD) =
2k +2k 4+ (2k —2) + 2k —2) +2k > 2k — 1)+ 2k — 1)+ 2k - 1)+ 2k — 1) + (2k — 1) =
ro(AUC) +ro(AUD) 4+ ro(BUC) 4+ ro(BUD) +19(CUD).

Thus rg violates the Ingleton inequality. Let R denote the representable polyma-
troid with rank function

rr(S) = rank <Z Ai> .
€S
for all S C [n]. Then, by (7.2),

rr(S) = rank (Z Ai> = Zaﬂ“i(s) + N7o(95).

€S

Hence rr violates Ingleton’s inequality, a contradiction. O

Hence, for n sufficiently large, ¢ in (2.1) either has an irreducible factor of large
degree or is the product of many factors of low degree.

Example 7.4. Consider
h272 = SC%:ZZ% —+ 4(131 —+ To —+ I3 —+ I4)(I1I21‘3 + L1T2T4 + T1X3T4 —+ 1721‘3584).

The polynomial hg > comes from the bases generating polynomial of the Vdmos
matroid under the restriction x; = xy for ¢ = 1,...,4. Kummer [26] found real
symmetric matrices A;, 1 = 1,...,4 with A; + Ay + A3 + A4 positive definite and
a hyperbolic polynomial ¢ of degree 3 with Ay (h22) € A1 (q) such that

q(X)h272(X) = det (SUlAl —+ xQAQ —+ $3A3 —+ £L'4A4) y
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where

q(X) = 32(2$1 + 329 + 313 + 4%‘4)(1‘11‘2 + 2123 + 22124 + ToT4 + l‘3$4).

If s = 2 and £ = 3 in Theorem 7.3 it follows that there exists no linear and
quadratic hyperbolic polynomials ¢(x), ¢(x) € R[z1,...,z16] respectively such that
hi4,3(x) € Rlx1,...,216] has a positive definite representation of the form

16
(x)q(x)h14,3(x) = det <Z xiAi>
with A+(h1473) g A_;,_(Eq)

8. NONNEGATIVE SYMMETRIC POLYNOMIALS

Recall that a polynomial P(x) € Rlxy,...,z,] is nonnegative if P(x) > 0 for
all x € R", and it is symmetric if it is invariant under the action (permuting the
variables) of the symmetric group of order n. In this section we prove that certain
symmetric polynomials are nonnegative. This is needed for the proof of Theorem
6.5. The results are interesting in their own right, and they generalize several well
known inequalities in the literature.

Recall that a partition of a natural number d is a sequence A = (Ay, Ag,...)
of natural numbers such that Ay > Ay > -+ and A\ + Ao + -+ = d. We write
A F d to denote that A is a partition of d. The length, £()\), of X is the number of
nonzero entries of A. If A is a partition and () < n, then the monomial symmetric
polynomial, m,,, is defined as

_ B1,.82
ma(xy, ..., 2,) = E aah? - abn

where the sum is over all distinct permutations (81, f8a,...,8n) of (A1,...,An).
If 4(A) > n, we set ma(x) = 0. If kq,..., ke are distinct positive integers and
ai,...,a; € N we denote by k{"k5? - - - k;* the unique partition of a; +- - - +a, with
exactly a; coordinates equal to k; for 1 < j < ¢. The dth elementary symmetric
polynomial is eq(x) = mqa(x), and the dth power symmetric polynomial is py(x) =
md(x).

Nonnegative symmetric polynomials have been studied in several areas of math-
ematics, see [3, 12, 16] and the references therein. We will initially concentrate on
nonnegative polynomials of the form

2r
Zakek(x)egr_k(x), x € R™, (8.1)
k=0

where 7 is a positive integer and a; € R for 0 < k < 2r. Hence these are the
nonnegative symmetric polynomials spanned by {magri2¢-x : 0 < k < r}. A
classical family of such nonnegative and symmetric polynomials was found already
by Newton [33]:

GT(X)Z _ er—l(x) 67’+1(X) >0

2 — I
(:) (rﬁl) (ril)
for x € R™ with m < nmnand 1 < r < n—1. Letting n — oo in Newton’s
inequalities we obtain the Laguerre-Turdn inequalities (see e.g. [14]):

re;(x)? = (r+ e, 1 (x)ery1(x) >0, x €R™,m > 1,
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A different but equivalent view on nonnegative symmetric polynomial is that of
inequalities satisfied by the derivatives of a real-rooted polynomial: Let {ak}igo
be a sequence of real numbers. Then the polynomial (8.1) is nonnegative if and

only if
2r

2 ok
> ak ( z:> fE@ =Py >0, teR, (8.2)
k=0
holds for all real-rooted polynomials f of degree at most m. Indeed by translation
invariance (8.2) holds for all real-rooted polynomials f of degree at most m if and
only if (8.2) holds at ¢ = 0 for all real-rooted polynomials f of degree at most m.
Hence if f(t) = []j_, (1 +;t), then the left-hand-side of (8.2) at t = 0 is the same

as (8.1) up to a constant factor (2r)!. The following inequality is due to Jensen.

Theorem 8.1 (Jensen [24]).
2r

S () o ow =0, rer (53

k=0
for all real-rooted polynomials f.

The inequality (8.3) follows easily from a symmetric function identity as follows

n

2r _ 27
E mar (X)t g er(22,. .. a2t
r=0

- (i zkek > < Z tk)
k=0
= En: ( T (—1)k+T€k(X)62rk(X)> 2.
k

Clearly mar(x) > 0 for all x € R", so that inequality (8.3) follows from
27

mar(x) = Y (1) ep(x)ezrk(x). (8.4)

k=0
Lemma 8.2. If r is a positive integer and 0 < t < 2/r, then
mor (X) + tm2r71 12 (X)
is a sum of squares (sos for short), and in particular nonnegative.

Proof. Since mar-(x) is a sos it suffices to consider ¢ = 2/r, by convexity. Note that

Mor-112(X) = Z 62(XS)H*7;127

|S|=r—1 €S
where x% = x \ {z; : i € S}. Using ex(x) = e1(x)%/2 — pa(x)/2
_1 sy T2 1 s 2
Mmar-112(X) = 3 Z e1(x”) H% 3 Z pa2(x )H%
|S|=r—1 €S |S|=r—1 €S

S(x) — gmgr (x),
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where S(x) is a sum of squares. Indeed

5 ) [T = Omar ()

|S|=r—1 ies
for some C, and setting x = (1,...,1) one sees that
1 n n
- - H=C
2(r—1)(n r+1) (7‘)’
so that C' = r/2. The lemma follows. O

Let P(x) be a symmetric polynomial. Suppose P(x) = Q(e1(x),...,en(x)) is
the unique expression of P in terms of the elementary symmetric polynomials. If @
is of degree d, let H(zo,71,...,2m) = 28Q(z1/T0, ..., Tm/T0) be its homogeniza-
tion, and let

L(P) := H(e1(x),2e2(x),...,(m~+ 1emni1(x))
be the lift of P. This operation enables us to lift symmetric nonnegative polynomial
inequalities to higher degrees.

Lemma 8.3. If P is a symmetric and nonnegative polynomial, then so is its lift

L(P).

Proof. Note first that if P is nonnegative and symmetric, then the degree of @
above is even. Indeed if x(t) = (¢, 2, ..., x,) where z3,...,z, € R are generic and
t is a variable, then we obtain a univariate nonnegative polynomial ¢ — P(x(t)) of
degree d. Hence d is even. Now if x € R™ is such that e;(x) # 0, then there is a
y € R™ such that eg(y) = (k+ 1)er+1(x)/e1(x) for all k. Indeed

n

1 dH
— 14 xit) = 1+ yit), wherey, =0,
61(X) dt ]E( k ) ]];[0( Yk ) Y

since the operator d/dt preserves real-rootedness. Thus
L(P)(x) = P(y)

and the proof follows.

Lemma 8.4. The lift of mor—1(x) is
r2mar (X) 4+ 2mor—112(X).

Proof. By (8.4), the lift of mor-1(x) is

L= (=17 +1)(2r —1—j)ej(x)ear—1-5(x)

= (—1)*75(2r — j)ej(x)ear—j(x).

The coefficient in front of mokq2¢-—#) (x) in the expansion of e;(x)eq,—;(x) in
2;:?“) (Look at how many times we get the
monomial 2323+ 22211212+ in the expansion of the e;(x)ez,—;(x).) Hence

the monomial bases is seen to be (
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the coefficient infront of mgki2(-—x) (x) in the expansion of L in the monomial basis

is
2r
2r — 2k
= 1)7+75(2r — .
o= -a) (% )
7=0
Now a, = r2,a,_1 = 2, and a, = 0 otherwise. This follows from the fact that if p
is a polynomial of degree d, then

n
. . n
Z(—l)Jp(J)( ) =0
j=0
whenever n > d. d
Our next lemma is a refinement of the Laguerre-Turan inequalities and may
be formulated as the Laguerre—Turdn inequalities beat Jensen’s inequalities (8.3).

Lemma 8.5 is also a generalization of [16, Theorem 3], where the case r = 2 was
proved. If P,Q € R[x], we write P < Q if Q — P is a nonnegative polynomial.

Lemma 8.5. Ifr > 1, then
mar (x) < rep(x)? — (1 + Dep1(X)err1(x).

Proof. The proof is by induction over r. For r = 1 we have equality. Let r > 2
and assume the inequality in the case » — 1 by induction. Taking the lift of this
inequality and applying Lemmas 8.3 and 8.4, we find that

m2mar (X) + 2mgr-112(x) < (r — Dr?e (%) —r(r — 1)(r + De,—1(X)er11(x).
By Lemma 8.2
(r? = r)mar (%) < r®mar(X) + 2mar-112(x),
and the lemma follows. O

Lemma 8.6. Ifr > 2 is an integer, then

(arer 1 ()er(x) — er_2(K)ers1(x))? > Crera(x)e,(mar(x),  (8.5)
where ) .
arz?)—r_ and Cp=9—=
r+1 ( +1)2°
Proof. We prove the inequality by induction over r > 2. Assume r = 2. The
polynomial (t,x) — eq(t,t,21,21,...,Tn,2y,) is stable, this may for instance be
deduced from the Grace-Walsh-Szegd theorem (see Remark 9.3). It specializes to a
real-rooted (or identically zero) polynomial when we set x = (z1,...,2,) € R™

(4ea(x) + po(x))t? + 4(e1(x)ea(x) + e3(x))t 4+ ma2 (x) + 4eq (x)es(x).
Hence its discriminant is nonnegative, which gives
(e3(x) + ex(x)e2(x))? = (e2(x) + p2(x)/4) (mo2 (x) +4€1(X)63( )

To prove (8.5) for r = 2 we may assume ey(x) > 0. Rewriting (8.5) as
(es(x) + e1(x)e2(x))? > ea(x) (a2 (x) + der(x)es(x)),
we may assume also mo2(x) + 4e;(x)esz(x) > 0. Then, since pa(x) > 0
(e3(x) + ex(x)e2(x))? = (e2(x) + pa(x)/4) (ma2 (x) + dex(x)e ( )
> ea(x)(ma2 (x) + des (x)es(x))
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which proves the lemma for r = 2.
Assume that the inequality is true for a given r > 2. We lift the inequality for r
and use Lemma 8.4 to get

(arr(r + Dep(x)err1(x) = (r = 1)(r + 2)e,—1(x)err2(x))* >
2

mmgr 12 (X)>

We may exchange the factor mgr+1 + (2/(7 + 1)2)mgr12 by something nonnegative

and smaller and still get a valid inequality. By Lemma 8.2 we obtain the inequality

(arr(r + Dep(x)err1(x) = (r = 1) (r + 2)e,—1 (x)err2(x))* >
. T
Cr(r—1)(r+ 1)367-_1(X)6T+1(X)mm2r+1 (x).
Dividing through by (r — 1)?(r + 2)? we obtain
(a r(r+1)
"(r—1)(r+2)
r(r+1)32
"(r—1)(r+2)2
which simplifies to the desired inequality for r + 1. O

Crlr = 1)(r+ 1Der1(0s10) (i +

o (01 3) — €1 (X)ersafx)) >

er—1(x)er41(x)mar+1(x),

9. PROOF OF THEOREM 6.6

The next tool for the proof of Theorem 6.6 is a lemma that enables us to prove
hyperbolicity of a polynomial by proving real-rootedness along a few (degenerate)
directions.

Lemma 9.1. Let h € Clzy,...,x,] and vi,ve € C™. Define d to be the mazimum
degree of the polynomial t — h(tve +y), where the mazimum is taken over all
y € C". Let further

P(x) := lim t %h(tvy +x) € Clx1, ..., x,).

t—o00
Suppose S C C™ and xg € S are such that

(i) S+ Rvy =S, i.e., S is closed under translations by real multiples of vo.
(ii) S is pathwise connected.

(iii) The polynomial (s,t) — h(svy+1tva+Xg) is stable and not identically zero.
(iv) For each x € S, the polynomials s — h(svy + x) and s — P(svy + x) are

stable and not identically zero.
Then the polynomial (s,t) — h(svy + tva + X) is stable for allx € S.
Proof. The proof is by contradiction. Suppose x; € S and &, 1 € C are such that
Im(¢) > 0, Im(n) > 0 and
h(évi +nvgy +x1) = 0.

Let x(6) : [0,1] — S be a continuous path such that x(0) = x¢ and x(1) = x; and
let

po(t) = h(Evy + tvo +x(0)) = t2P(&vy +x(0)) + O(t4 1),
where P(&vy +x(0)) # 0 by (iv). By assumption all zeros of po(t) are in the closed
lower half-plane, while p;(n) = 0 where Im(n) > 0. Hence, by continuity using
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Hurwitz’ theorem on the continuity of zeros (see e.g., [11, Footnote 3, p. 96]), a
zero will cross the real axis as 6 runs from 0 to 1. In other words

0 =po(a) = h(&v1 +avs +x(0)),
for some o € R and 6 € [0,1]. Since ave+x(0) € S, by (i), this contradicts (iv). O

The next theorem is a version of the Grace-Walsh-Szegd coincidence theorem,
see [4, Prop. 3.4].

Theorem 9.2 (Grace-Walsh-Szegd). Suppose P(x1,...,x,) € C[x] is a polynomial
of degree at most d in the variable x1:

d
P(xy,...,x,) = ZPk(xQ, Tk
k=0

Let Q be the polynomial in the variables xo, ..., Tn,Y1,- -+, Yn

d
e ey
Q= Zpk(xz’_._wn)M.
k=0

()

Then P is stable if and only if Q) is stable.

Remark 9.3. Note that eg(z1,...,z,) is stable, by the Grace—Walsh—Szeg¢ theorem
applied to the polynomial z¥ considered as a polynomial of degree at most n.

Lemma 9.4. Ifx € R" and ex(x) = er11(x) = 0 where 0 < k < n, then x has at
most k — 1 nonzero coordinates.

Proof. It is well known that if ey (x) = egx41(x) =0, thene;(x) = 0forallk < j <mn,
see e.g., [6, Example 3.6]. Hence the number of non-zero coordinates of x is equal
to
max{0 <i<n:e(x)#0} <k.
O

The following theorem provides families of stable polynomials which are closed
under convex sums.

Theorem 9.5. Let r > 2 be an integer, and let

M(x)= > a(S)[] 2} € Rlas, ..., ],

|S|=r €S
where 0 < a(S) <1 for all S C [n], where |S| = r. Then the polynomial
3
deqiq(x)er—1(x) + mM(X) (9.1)

is stable.

Proof. Let x = (z1,...,2,) and X' = (z2,...,2,) where n > 2r + 4. Suppose M
is of the form described in the statement of the theorem and that additionally no
zi, i =1,...,2r + 3 appears in M. We will prove, by applying Lemma 9.1, that
polynomials of the form

3
h(x) == 4(a,z1e.(X') + erp1 (X)) (@160 —2(X") + €51 (X)) + mM (9.2)
are stable, where a, is defined as in Lemma 8.6. Since any polynomial of the form

(9.1) may be obtained from some polynomial of the form (9.2) by setting variables
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to zero and relabelling the indices, the stability of polynomials of the form (9.1)
follows from Lemma 2.6.

Recall the notation of Lemma 9.1. Let vi = 1, vo = da + 93 + -+ + 12,
and let S be the set of all x € R™ such that at least r + 1 of the coordinates
{Zr43,...,2,} are nonzero. Note that S is pathwise connected and S 4+ Rvy = S.
Let xg = dp43 + - -+ + d2,43. The polynomial

4(x) 1= A1, (x) + e () (w1602 (K) + € 1(x)
=derq1(arry, oo, Tp)er—1 (21,22, - Tn)
is stable by Remark 9.3 and Lemma 2.6. Since ¢(x¢) > 0 we know, by Lemma 2.8,
that the bivariate polynomial h(svy + tva 4+ Xo) = g(sv1 + tva + Xg) is stable and
not identically zero. This verifies (iii) of Lemma 9.1. Note that P(x) is a non-zero
constant. Consider
h(svi +x) = daye,(x)ep_o(x') (s + 21)?
+d(are, (x)er—1(x") + erp1(x)er—2(x")) (s + 21)
3
r+1

+4de, (X Ner_1(X') + M.

We now prove that h(svy + x) # 0 for each x € S, as a polynomial in s. Assume
h(svi+x) = 0 for some x € S. Then e, (x")e,_2(x") = 0, so suppose first e,.(x') = 0.
If ey 41(x")er—1(x’) = 0, then either e,_1(x) = e,(x) =0 or e,41(x") = e,(x") =0,
which implies x’ has at most » — 1 non-zero coordinates by Lemma 9.4. This
contradicts x € S. Hence e,41(x')e,—1(x’) < 0 by Lemma 8.5. Then h(—z1v; +x)
is equal to

3 3

dep i1 (x e —1 (X)) + mM < 3epp1(x)er—1(x") + ]

< Ber 1 (X )er_1 (x') + r%lmzr (x') <0,
by Lemma 8.5, a contradiction. If e.(x') # 0, then e,_o(x’) = 0. But then also
er—1(x") = 0, since h(svi;+x) = 0. Hence x" has at most r —3 non-zero coordinates
Lemma 9.4, which contradicts x € S. We conclude that h(svy +x) # 0 for x € S.
To apply Lemma 9.1 and prove that h(svy + tvs + x) is stable for all x € S it
remains to prove that h(svy + x) is real-rooted. However h(svy + x) is of degree
at most two so it suffices to show that its discriminant A is nonnegative. Now

A - / / / V)2 3
T (arer—1(x")er(x") — er—a(x')er41(x"))" — r+1

If e, (x')er—2(x’) < 0, then clearly A > 0, so assume e,(x")e,_2(x’) > 0. Then,
since M (x") < mgyr(x'), it follows that A > 0 by Lemma 8.6.

Since S is dense in R™ we have by Hurwitz’ theorem that h(svy + vy + x) is
stable or identically zero for all x € R"™. However h(va) # 0 so that h(svi+tva+x)
is stable for all x € R™. In particular h is hyperbolic with respect to vo. Since all
Taylor coefficients of h are nonnegative we see that the hyperbolicity cone contains
the positive orthant, i.e., h is stable, by Lemma 2.7.

M

are,(x')eq—o(x") M.

O
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Lemma 9.6. Let r > 2. Then
627-(56171'1, ey znaxn) - mQT(X) -
d(er—1(x)ery1(X) + er—3(X)er43(X) + er5(X)erys5(x) +--+).

Proof. Note that

2n n 2n 2
Z (1,21, Ty )tF = H(l +xt)? = <Z ek(x)tk> .
k=0 k=0

Jj=1

The coefficient of 27 is

2r
eor(T1, X1,y Ty, Ty) = Z ej(x)ear—;(x).
7=0
The proof follows by combining this with (8.4). O

We are now in a position to prove Theorem 6.6 and Theorem 6.5.

Proof of Theorem 6.5. By definition the bases generating polynomial of Vi € V is
given by

hVH = Z Hxi:€2T(x17x1’7"';xnaxn’)76T(x1x1/7"'axnxn/)+N(X)'
BeB(Vy)i€eB

where

N(x) = Z H Ti, i -

(i1,..sir) EE(H) j=1

The polynomial hy,, is clearly multiaffine and symmetric pairwise in x;, z; for all
i € [n]. Set z;; = z; for all 1 < i < n and obtain the polynomial

fvy = ear(T1,21, ..., Ty Tn) — er(z2, ... ,a:i) + N(T1,Z15- -y Ty Ty
By Lemma 9.6

[r/2]-1
fVH =4 Z er+2j+1(x)er_2j_1(x) —+ N(.’Bl, TlyeeeyTp, xn)
7=0

The support of e,1;(x)e,—;(x) is contained in the support of e,41(x)e,_1(x) for
each 1 < j <r. Hence fy,, has the same support as the polynomial

3
WVH = 4€T+1(X)6T71(X) + mN(l‘h T1y.e.-y3Tn, xn)
which in turn is stable by Theorem 9.5. Hence if we replace ¥ for k = 0,1,2, in
Wy, with Bk(%:,%:/)/(i), we obtain a polynomial which is stable by the Grace-
Walsh-Szeg6 theorem (Theorem 9.2), and has the same support as hy,,. Hence Vg
is a WHPP-matroid so Vg is hyperbolic by Proposition 3.2. (]

Proof of Theorem 6.6. Recall the notation in the proof of Theorem 6.5. If r = 2,
then Wy, = fv,, so that Vi has the half-plane property by the proof of Theorem
6.5. O
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10. REPRESENTABILITY AND MINOR CLOSURE

The following amended section is not part of the published research article.
We begin the section by proving some facts related to the representability of the
matroids in the class V. The class V is not closed under taking minors. Therefore
in the final part of the section we determine the minor closure of V.

Let H be a d-uniform hypergraph on [n]. Let H; denote the hypergraph with
vertex set V(H;) = V(H)\j and edges E(H;) = {e\] e€ E(H), j € e}. Moreover
let H* denote the (n — d)-uniform hypergraph on [n] with E(H*) = {[n]\e:e€
E(H)}. Recall that the dual of a matroid M on E, denoted M*, is the matroid
on F whose bases are the complements of the bases of M. The free extension of a
matroid M with rank function ry; : 28(M) — N, by an element e ¢ E(M), is given
by the matroid, denoted M + e, on E(M) U e with rank function

ra(S), ifegs,
Tame(S) = ¢rm(S\e)+1, ifeeSandry(S\e)<d
d7 lf’f‘M(S\e):d

The free coextension of M by e is given by the matroid M x e = (M* 4 ¢)*. For
i € [n] we shall also use the convention that (i)’ = i. Below we list some basic
properties of the matroid class V.

Proposition 10.1. If H, H, and Hy are d-uniform hypergraphs on [n], then

(i) Vi, = Vg, if and only if H; = Ho,
([n} U [n]/’I(VHl) mI(VrH2)) = VH,uH,
(111 ([n} U [n]/vz(vf‘h) U'I(VH2)) : VH10H2}

oM —i—1 ' 2n—2d 2n—j—1 )
Ty (2,9) = [E(H)|(y — 7 —y +Z( zdl)xw > ( 24— 1 )y
j=1

Jj=

Proof. For (i), suppose that ® : E(Vy,) — E(Vy,) is a an isomorphism between
Vi, and Vi,. Then we have ®(i') = ®(4)’ for all ¢ € [n] since ¢ is included in a
circuit hyperplane of Vy, if and only if ¢’ is included in a circuit hyperplane of Vi, .
Hence

¢:V(Hy) — V(Hs)

R if (i) = j,
g, it ®(i) =4,

is a hypergraph isomorphism between Hy and Hs since {i1,..., i}
only if {i1,4),...,4r, 4.} is a circuit hyperplane in Vy, if and only 1f {®(i1)

€ E(H,) if an
/

’ 11

(i), (7))} is a circuit hyperplane in Vi, if and only if {¢ (1), ..., ¢(ér)}

(i), -,
€ E(Hs).
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Conversely if ¢ : V(H;) — V(Hz) is a hypergraph isomorphism, then clearly
b E(Vy,) = E(Va,)
i o(i)
i o(i)
is an isomorphism between the sparse paving matroids Vy, and Vg, since @ bijec-
tively maps circuit hyperplanes to circuit hyperplanes.
The statements (i) and (iii) are clear since both sides are readily seen to have
the same independent sets.
For (iv), we use the circuit-hyperplane correspondence between a matroid M on
F and its dual M*. Namely, C is a circuit in M if and only if £ —C' is a hyperplane
in M* and H is a hyperplane in M if and only if F \ C is a circuit in M* (see
[34, Prop. 2.16]). This shows that sparse paving matroids are closed under duality.
In particular C is a circuit hyperplane in Vy if and only if E(Vy) \ C is a circuit
hyperplane in the sparse paving matroid V. Hence Vj; = Vg« which proves (iv).
For (v), let S C E(Vyg)\j. If 5/ ¢ S, then
TVH\j-Fj/ (S) - TVH\j (S) - 7”'VH\_](S)
Suppose therefore j' € S. If 7y, ;+;,(S\ j’) <k, then

i 43(8) = 1 (SN ) + 1 =1y, (SN G) + 1 =1y ().
Otherwise if v, ,+;/(S\ j') = k, then

k= TVH\j+j’(S) = TVH\jJFj,(S\jI) =TVhy; (S\]/) = rVH\j(S\j/)7

80 Ty (S) = k. Hence rvy,  4+j/(S) = 1y, (S) for all S C E(Vgy) \ j which
establishes (v). Statement (vi) now follows from (iv) and (v) via

VH/] = (V;I\]) (VH* \]) VH*\]+] ) = VI}*\] Xj/ = VY(H*\j)* Xj/ = VH], Xj/.

For (vii), note that the uniform matroid Us,, 24 on 2n elements of rank 2d is obtained
from Vi via a sequence of |E(H)| circuit hyperplane relaxations. Hence (vii) follows
from the fact that

Ty (w,y) =zy —x—y+ T (2,y)
where M’ is the matroid obtained from M by relaxing a circuit hyperplane, and
Coin—i—1 n—j—1
et (1) E ()
i=1
see [30]. O

Remark 10.2. The class V is seen not to be closed under minors, direct sums and
matroid unions.

Although Vi does not have the half-plane property for hypergraphs H in general,
a simple consequence of Proposition 10.1 (iv) is the following.

Proposition 10.3. Let H be a d-uniform hypergraph on [n]. If n < d+ 2, then
Vi has half-plane property.
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Proof. Suppose n = d + 2. By Proposition 10.1 (iv) we have that Vj; = V-
where H* is a 2-uniform hypergraph on [n] (i.e. a graph). Thus Vg has half-plane
property if and only if Vg« has half-plane property by closure under duality [11].
Hence Vi has half-plane property by Theorem 6.6. Finally if n < d + 2 then via
free extension Vp is a minor of a matroid V. with |V(H')| = d + 2. Since the
half-plane property is closed under taking minors [11], the result follows. O

Clearly any matroid Vg € V in which the Vamos matroid Vg is a minor cannot be
representable (and necessarily fails to satisfy Ingleton’s inequality). Hence Theorem
6.5 provides an infinite family of hyperbolic matroids which are not representable.
By Proposition 10.1 we have that Vi \ j and Vjy/j are representable if and only if
Vi and Vp,; are respectively representable. It follows that every non-representable
matroid Vg has a minimal excluded minor for representability of the form V- in
its minor hierarchy for some hypergraph H'.

A natural question is which matroids in ) are representable/non-representable?
Below we identify a class of matroids in V which are guaranteed to be representable
over any infinite field.

Theorem 10.4. Let H be a d-uniform hypergraph on [n] and let F be an infinite
field. Suppose j € [n] such that j € e for at most one e € E(H). Then Vg is
F-representable if and only if Vi ; is F-representable.

Proof. If Vi is F-representable, then Vy\; is F-representable by Proposition (v)
since representability is closed under taking minors. Conversely suppose Vi ; is
representable over F. If j ¢ e for all e € E(H), then Vg = (Vi\; + j) +j' so
the statement follows since representability is closed under taking free extensions.
Therefore suppose j € [n] belongs to a unique e € E(H). If n < d then the
proposition is clear so we may assume n > d. By relabelling if necessary we may
assume j = n. Let ui,u1r ..., up—1,Un—1) be vectors in a 2d-dimensional vector
space V' over [ representing the elements £, 1 = {1,1',...,n—1,(n—1)"} of Vi ;.
Since F is infinite, V' cannot be a union of finitely many proper subspaces, so we
may choose

unGV\ U <ui17"'7ui2d—2>7
i1, yi2d—2€En 1

where (u;,,...,u;,, ,) denotes the linear span of the vectors u;,, ..., u;,, , over F.
Let

U = (un) & (us,ugr 10 € e\ n).

By modularity we have

dim (U N (wiys -y Uiy, ) = dim(U) 4+ dim((ug, - - Uipy, ) — dim(U + (i, ..oy Uigy )
<(2d—1)4+(2d—1)—2d < 2d — 1.

for all 41,...,4i2q—1 € E. Thus U # (uiy, ..., Uiy, _,) for all {i1,... d24-1} # {n}U
{i,i" : i € e\ n}. Therefore we may choose

un/EU\ U <ui1a""uizd71>'
i1,.002d—1€EER1U{n}
{7;1,..‘,2‘2,1_1}#{H}U{i,i/liee\’n}
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FIGURE 5. The matroid Vy in the figure is representable since H
is a tree graph.

It follows that (u;,us : 4 € e) has rank 2d — 1, and for any other subset containing
Uy, OT Uy of size at most 27 the rank is equal to the cardinality of the spanning set.
Hence ui,u1/, ..., Un, uy are vectors in V representing Vi . [l

Corollary 10.5. If G is a forest then Vg is F-representable for any infinite field
F.

Proof. If G is the empty graph forest then Vi = Us,, 4 which is representable over
F. If G is non-empty then the statement follows by removing a leaf in any tree-
component and arguing by induction applying Theorem 10.4. (]

If A is a class of matroids, then denote by A the minor closure of the class A,
that is, the smallest class that contains all minors of matroids in A. Consider the
following class:

Definition 10.6. Let C denote the class of sparse paving matroids M with E(M) C
[n] U [n]" having circuit hyperplanes C,...,C) and a set S C ﬂle C such that
(i) 7 € S implies ¢/ ¢ E(M),
(ii) ie Cy\ Sifand only if ' € Cy\ Sforallt =1,... k.

Remark 10.7. Note that the definition implies that .S is unique. Indeed suppose
S1,55 C ﬂle C; both satisfy conditions (i) and (ii). If j € Sy \ Sz, then on
one hand j' ¢ E(M), and on the other hand j € C, \ Sy for all t = 1,...,k, so
j € Ci\Sy C E(M)forallt =1,...,k. This gives a contradiction. Hence S; = S5.

Lemma 10.8. The matroid class C is minor closed, i.e., C =C.

Proof. Let M € C be a matroid with circuit hyperplanes Cq,...,C} and let i €
E(M). We distinguish between three cases:

Case 1. Suppose i € E(M) \ Ule Cy. Clearly M \ i is a matroid with the same set
of circuits and therefore belongs to C. The matroid M /i has no circuit hyperplanes
since 4 belongs to no circuit hyperplane of M. Hence M/i is a uniform matroid
which again belongs to C.
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Case 2. Suppose ¢ € S. Then M \ i has no circuit hyperplanes since i belongs
to every circuit hyperplane of M. Thus M \ 4 is a uniform matroid and therefore
belongs to C. Since ¢ € S the circuit hyperplanes of M /i are given by C; \ ¢ for
t=1,...,k. Hence the axioms of C remain intact with S\ ¢ C ﬂle Ci\i.

Case 3. Suppose i € Cy \ S for t € I where I C [k]. The remaining circuit
hyperplanes in M \ i are given by {C; : t € [k] \ I} which are easily seen to satisfy
the axioms of the class C. The circuit hyperplanes in M /i are given by {C,\i : t € I'}
and the axioms of C are satisfied with S U {i'} C (,c; C; \ 4.

Hence C is minor closed. O

Theorem 10.9. The minor closure of V is C, i.e., V =C.

Proof. Certainly V C C since the matroids in V are instances of matroids in C
with S = (). Hence by Lemma 10.8 we have V C C = C. Conversely let M € C
and suppose M has circuit hyperplanes Ci,...,Cy. Let T = (SUS’) N [n] and
et = (CtUC)) N[n] for t =1,...,k. By definition |C; \ S| =2l forallt =1,...,k
for some | € N. Thus |e;| = -+ = |ex| = |T'| + . Consider the matroid Vi € V
where H is the (|T|+1)-uniform hypergraph on [n] with edges e1, ..., ex. It follows
that M is a minor of V. Indeed since S U S" C ﬂle(et Ue}), we find that the
circuit hyperplanes of Vi /S’ are given by C,...,Ck. Finally delete all elements
in Vi /S belonging to U = [n] U [n]' \ E(M). Then M = (Vg /S’) \ U. Hence
Y DC. O

Remark 10.10. We remark that C is also closed under taking duals. Indeed if M € C
with circuit hyperplanes C, ... Cy, then M* has circuit hyperplanes E(M) \ C; for

t =1,...,k which together with the unique maximal subset S C E(M) \ Ule Cy
such that ¢ € S = ¢’ ¢ E(M) satisfies the axioms of C.

Corollary 10.11. The class C consists of hyperbolic matroids.

Proof. By Theorem 6.5 the class V consists of hyperbolic matroids. Since the class
of hyperbolic matroids is minor closed the statement follows by Theorem 10.9. [
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