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Abstract

This thesis consists of five papers in algebraic and enumerative combina-
torics. The objects at the heart of the thesis are combinatorial polynomials
in one or more variables. We study their zeros, coefficients and special eval-
uations.

Hyperbolic polynomials may be viewed as multivariate generalizations of
real-rooted polynomials in one variable. To each hyperbolic polynomial one
may associate a convex cone from which a matroid can be derived - a so called
hyperbolic matroid. In Paper A we prove the existence of an infinite family
of non-representable hyperbolic matroids parametrized by hypergraphs. We
further use special members of our family to investigate consequences to a cen-
tral conjecture around hyperbolic polynomials, namely the generalized Lax
conjecture. Along the way we strengthen and generalize several symmetric
function inequalities in the literature, such as the Laguerre-Turan inequality
and an inequality due to Jensen. In Paper B we affirm the generalized Lax
conjecture for two related classes of combinatorial polynomials: multivariate
matching polynomials over arbitrary graphs and multivariate independence
polynomials over simplicial graphs. In Paper C we prove that the multivariate
d-matching polynomial is hyperbolic for arbitrary multigraphs, in particular
answering a question by Hall, Puder and Sawin. We also provide a hyper-
graphic generalization of a classical theorem by Heilmann and Lieb regarding
the real-rootedness of the matching polynomial of a graph.

In Paper D we establish a number of equidistributions between Mahonian
statistics which are given by conic combinations of vincular pattern functions
of length at most three, over permutations avoiding a single classical pattern
of length three.

In Paper E we find necessary and sufficient conditions for a candidate
polynomial to be complemented to a cyclic sieving phenomenon (without
regards to combinatorial context). We further take a geometric perspective
on the phenomenon by associating a convex rational polyhedral cone which
has integer lattice points in correspondence with cyclic sieving phenomena.
We find the half-space description of this cone and investigate its properties.
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Sammanfattning

Denna avhandling bestar av fem artiklar i algebraisk och enumerativ kom-
binatorik. Objekten som ligger till hjartat av avhandlingen &r kombinatoriska
polynom i en eller flera variabler. Vi studerar deras nollstéllen, koefficienter
och speciella evalueringar.

Hyperboliska polynom kan ses som multivariata generaliseringar av reell-
rootade polynom i en variabel. Till varje hyperboliskt polynom kan en kon-
vex kon associeras fran vilket en matroid kan héirledas - en sa kallad hyper-
bolisk matroid. I Artikel A bevisar vi existensen av en odndlg familj av icke-
representerbara hyperboliska matroider som parametriseras av hypergrafer.
Vidare anvénder vi speciella medlemmar av var familj fér att undersoka kon-
sekvenser till en central férmodan kring hyperboliska polynom, ndmligen den
generaliserade Lax formodan. Léngst vigen stirker och generaliserar vi ett
flertal symmetriska olikheter i literaturen sa som Laguerre-Ttran olikheten
och en olikhet av Jensen. I Artikel B bekriftar vi den generaliserade Lax
formodan for tva relaterade klasser av kombinatoriska polynom: multivariata
matchningspolynom 6ver godtyckliga grafer, samt multivariata oberoende-
polynom o6ver simpliciala grafer. I Artikel C bevisar vi att det multivaria-
ta d-matchningspolynomet &r hyperboliskt for godtyckliga multigrafer vilket
i synnerhet besvarar en fraga av Hall, Puder och Sawin. Vi tillhandhaller
dven en hypergrafisk generalisering av en klassisk sats av Heilmann och Lieb
angaende reell-rotenheten hos matchningspolynomet for en graf.

I Artikel D faststéller vi en rad olika ekvidistributioner mellan Mahoniska

statistiker som ges av koniska kombinationer av generaliserade moénsterfunktioner

av langd som mest tre, 6ver permutationer som undviker ett enstaka klassiskt
monster av lingd tre.

I Artikel E hittar vi noédvandiga och tillrickliga villkor for att ett kan-
didatpolynom ska kunna komplementeras till ett cykliskt sallfenomen (utan
hénsyn till kombinatoriskt kontext). Vi tar dessutom ett geometrisk perspek-
tiv pa fenomenet genom att associera en konvex rationell polyhedral kon vars
gitterpunkter &r i korrespondens med cykliska sallfenomen. Vi finner halv-
rymdsbeskrivningen av denna kon och undersoker dess egenskaper.
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Introduction and summary
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1 Overview

Polynomials have a long history in mathematics and remain relevant to almost all
branches of mathematical science. In combinatorics, polynomials are an indispens-
able tool for studying quantitative properties associated with discrete structures.
In this thesis this manifests itself in at least three different ways:

e The geometry of zeros of combinatorial polynomials
e Generating polynomials of combinatorial statistics

e Counting via evaluation of polynomials

The geometry of zeros of combinatorial polynomials

The problem of locating zeros of polynomials is almost as old as mathematics
itself and includes fundamental theoretical contributions by mathematicians such
as Cauchy, Fourier, Gauss, Hermite, Laguerre, Newton, Pdlya, Schur and Szego.

In combinatorics there are numerous examples of polynomials which are known
to have zero sets confined to a prescribed region in the complex plane. Many of
them are polynomials associated with combinatorial objects such as graphs, ma-
troids, posets and lattice polytopes etc. For a combinatorialist the zero set of a
univariate polynomial is mainly interesting due its relationship with the polyno-
mial coefficients. This relationship is especially pronounced when the polynomial
vanishes only at real points, a property which is known to imply both unimodal-
ity and log-concavity of the coeflicients. Unimodality and log-concavity are prop-
erties exhibited by many important combinatorial sequences and have been the
subject of much research. More recently, with breakthroughs by Borcea, Brandén
and others, analogues of real-rootedness in multivariate polynomials have attracted
a lot of attention. These ideas are captured in the notion of hyperbolic/stable
polynomials which is fundamentally the subject of papers A, B and C in this the-
sis. Although hyperbolic polynomials originated in PDE-theory with the works of
Garding, Hormander and others, they have recently found applications in diverse
areas such as optimization, real algebraic geometry, computer science, probability
theory and combinatorics. They were notably used by Marcus, Spielman and Sri-
vastava in 2013 to give an affirmative answer to the longstanding Kadison-Singer
problem from 1959 - a problem originally formulated in the area of operator theory
but with far-reaching consequences for other areas of mathematics. Linear transfor-
mations preserving stability were fully characterized in seminal work of Borcea and
Brandén, completing a century old classification program going back to Pofya and
Schur. Their characterization have since been applied to a multitude of combinato-
rial settings as a tool for establishing stability through primarily linear differential
operators.
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Generating polynomials of combinatorial statistics

A combinatorial statistic may be loosely defined as a function which associates
to each object in a combinatorial set a non-negative integer which is derived in
some concrete way from the object. Generating polynomials are standard tools in
enumerative combinatorics for reasoning about multi-dimensional arrays of combi-
natorial data. In essence, the coefficients of a generating polynomial represent the
number of objects in the combinatorial set grouped by the statistics under consid-
eration. Two tuples of statistics (on possibly different combinatorial objects) are
said to be equidistributed if their generating polynomials have the same coefficients.
Many interesting and sometimes unexpected equidistributions have been identified
in combinatorics through a variety of different techniques, ranging from generating
function manipulations to concrete bijective proofs. Perhaps the most well-known
equidistribution is that between the inversion statistic and the major index statistic
on permutations.

Pattern avoidance is an area of combinatorics which has seen considerable expan-
sion in the last couple of decades, now even boasting a dedicated annual conference.
The study of pattern avoidance in permutations was pioneered by Donald Knuth.
He showed in his book The art of computer programming Vol 1, that a permutation
is sortable by a stack if and only if it avoids the pattern 231, and moreover that
these permutations are enumerated by the Catalan numbers. Since then, a main
objective in the community have been to enumerate pattern classes and finding sim-
ilar pattern restrictions in sorting procedures with other data structures. However
the study has now expanded well beyond this endeavour.

More recently people including Claesson-Kitaev and Sagan-Savage have com-
bined the study of combinatorial statistics with pattern avoidance in order to refine
patterns classes and study statistic-preserving bijections between them. This is the
context for paper D in this thesis.

Counting via evaluation of polynomials

The chromatic polynomial of a graph and the Ehrhart polynomial of a lattice poly-
tope are examples of combinatorial polynomials which when evaluated at a natural
number n count the number of n-colourings of a graph and the number of lattice
points inside the nth dilation of a lattice polytope respectively. The evaluation of
combinatorial polynomials at non-natural numbers may sometimes count interest-
ing quantities too, despite there being no a priori reason for it to do so. A prime
example of this so called combinatorial reciprocity is due to Stanley and occurs
when the chromatic polynomial is evaluated at —1. By a combinatorial miracle
this evaluation amounts to the number of acyclic orientations of G, a quantity
which is seemingly unrelated to counting colourings. Other examples of this phe-
nomenon occurs when counting fixed points under a cyclic action. The phenomenon
is exhibited when the evaluations of a combinatorial polynomial at roots of unity
coincides with the number of fixed points under a cyclic action on a combinatorial
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set. This so called cyclic sieving phenomenon was introduced by Reiner, Stanton
and White, and there are plenty of examples of it in the literature. Again there
is no a priori reason why evaluating a combinatorial polynomial at roots of unity
should mean anything at all. In paper E we look closer at the nature of the cyclic
sieving phenomenon.

2 Background

Stable polynomials

For a subset 2 C C™, a polynomial P(z) € C[zy,..., z,] is called Q-stable if P(z) #
0 for all z € Q. Let H := {z € C: Im(z) > 0}, denote the open upper complex
half-plane. Conventionally H"-stable polynomials are simply referred to as stable.
If P is a stable polynomial with only real coefficients, then P is referred to as a real
stable polynomial. It is worth noting that real stable polynomials in one variable
are precisely the real-rooted polynomials. Indeed if a real univariate polynomial is
non-vanishing on H, then it must also be non-vanishing on —H since its complex
roots come in conjugate pairs. Therefore all roots must lie on the real line. In this
sense real stability is a multivariate generalization of the notion of real-rootedness.
Examples of stable polynomials occurring in combinatorics include:

e Elementary symmetric polynomials:

eq(z) = Z Hzl

SCln]ies
|S|=d

e Spanning tree polynomials:
Pg(z) = Z H Zes
T eeT
where the sum runs over all spanning trees 1" of a graph G.
o Matching polynomials:
ne(z) = S ()M T =z,
M ijeEM
where the sum runs over all matchings M of a graph G.
e Fulerian polynomials:
A(yvz) = Z H Yi H Zj,
o i€DB(0) j€EAB(o)

where the sum runs over all permutations o in &, and DB(o) (resp. AB(0))
denote the set of descent (resp. ascent) bottoms of o.
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Linear transformations preserving stability

A common technique for proving that a polynomial is stable is to realize the polyno-
mial as the image of a known stable polynomial under a stability preserving linear
transformation.

Stable polynomials satisfy a number of basic closure properties:

(i
(i

Permutation: for any permutation o € &,, P(z) = P(2,(1),- - 2Zo(n))-
Scaling: for A € C and a € R}, P(z) — AP(aix1,...,0p2,).

(iii) Diagonalization: for 1 <i < j <n, f(z)— f(z)

Zi=2Zzj"

2i=(*
(v

(vi

Translation: f(z) — f(z+t) € C[z,t].

)
)
)

(iv) Specialization: for 1 < i < n and ¢ € C with Im(¢) > 0, f(z) — f(2)
)
) Inversion: if deg, (f) = d, f(z) — 28f (21,021, —2; L ety .., Zn)-
)

(vii) Differentiation: for 1 < i <mn, f(z) — (0/0z)f(z).

Despite the elementary nature of the above facts they accomplish a fair amount. For
instance, both the Newton inequalities and the Gauss-Lucas theorem are straight-
forward consequences of the last two facts.

It is natural to ask more generally, which linear transformations preserve sta-
bility? For real univariate polynomials this question was already considered by
Pélya and Schur in [57] where they characterized diagonal operators preserving
real-rootedness. However it was not until nearly a century later that Borcea and
Brandén gave a complete answer to this question. They later generalized their
results to the multivariate setting [11, 12], in the most general case characterizing
stability preservers on Cartesian products of open circular domains (i.e. images of
H under Mdbius transformations). We state one version of the characterization be-
low. The key to the characterization is an associated 2n-variate polynomial which
characterizes the stability-preserving properties of the linear transformation.

Let k € N® and let Cx[z1, ..., z,] be the space of polynomials P € C[z1, ..., 2]
such that deg, (P) < k; for each 1 <4 < n. Given a linear transformation 7' :
Cklz1y. -y 2n] = Clz1,. .., 24), define its algebraic symbol G by

Gr(z,w):=T H (xj +w;)™ | €Clzr,...,2n,Wi,..., Wyl

Jj€ln]
Theorem 2.1 (Borcea-Briandén [11]). A linear transformation T : Cylz1, ..., 2n] —
Clz1, - - -, 2n] preserves stability if and only if either

(i) T has range of dimension at most one and is of the form

T(f) = alf)P,
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where a is a linear functional on Cglz1,. .., 2,] and P is a stable polynomial,
or

(ii) Gr(z,w) is stable.

Stable multiaffine polynomials

A polynomial P(z) € C|z1,...,2,] is said to be multiaffine if each variable occurs
to at most the first power in P, that is, deg, (P) < 1 for all i = 1,...,n. Stable
multiaffine polynomials play a special role in the theory and applications of stable
polynomials, primarily due to important results by Grace-Walsh-Szego, Borcea-
Brandén-Liggett and Choe-Oxley-Sokal-Wagner.

The Grace-Walsh-Szeg6 theorem is a cornerstone which is often relied upon
when proving results on stability. The theorem is in essence a polarization procedure
which proclaims the equivalence between stability and multiaffine stability.

Theorem 2.2 (Grace-Walsh-Szegé [31, 68, 66]). Suppose P(z) € Clz1,...,2,) is a
polynomial of degree at most d in the variable z,. Write

d
P(Z) :ZPIC(Zh '7zn—1)zn-
k=0
Let Q be the polynomial in variables z1,...,2p_1,W1,. .., Wy_1 given by

d

Q = Zpkr(zl, .. .’Zn_l)wl
©)

Then P is stable if and only if Q) is stable.

The following corollary is nearly a restatement of Theorem 2.2, often quoted in prac-
tise to depolarize symmetries in a multiaffine polynomial for achieving a reduction
in the number of variables.

Corollary 2.3. If P(z1,...,2,) € Clz1,...,2,] is a multiaffine and symmetric
polynomial, then P(z1,...,z,) is stable if and only if P(z,...,z) € C[z] is stable.

Example 2.4. The elementary symmetric polynomial e4(z1, . .., 2,) is a multiaffine
and symmetric polynomial of degree d. By Corollary 2.3 we have that eq(z1,...,25)

is stable if and only if e4(z,...,z) = (}})z% is stable, the latter of which is clear

since (7)z? is trivially a real-rooted univariate polynomial.

Brandén [14] proved that real stability in multiaffine polynomials is equivalent to
certain polynomial inequalities being satisfied.
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Theorem 2.5. Let P(z) € Rlz1,...,2z,] be a multiaffine polynomial. Then P is
stable if and only if

orP, opP o?pP
52, 9 (92 5o (2)P(@)

- 8ZZaZJ z
for any z € R™ and i,j € [n].

The inequalities in Theorem 2.5 are similar, but stronger than those satisfied by
the partition function of a Rayleigh measure, leading to an interesting connection
between stable polynomials and probability theory. This topic was investigated
closer in a paper by Borcea, Briandén and Liggett [13].

The significance of stable multivariate polynomials in combinatorics first became
apparent in a long paper by Choe, Oxley, Sokal and Wagner [22]. The authors dis-
covered a highly fascinating connection between matroids and stable homogeneous
multiaffine polynomials. Matroids are structures which try to capture the combina-
torial essence of independence. They admit several cryptomorphic axiomatizations
which is an important reason why they serve as useful abstractions. The definition
we give here is the most relevant for our current purposes. We refer to [54] for
further background on matroid theory.

A matroid is a pair (M, E), where M is a collection of subsets of a finite ground
set E satisfying,

(1) f BeMand AC B, then A € M,

(2) The collection B(M) of maximal (with respect to inclusion) elements of M
satisfies the basis exchange axiom:

A,B € B(M) and = € A\B implies y € B\ A such that A\{z}U{y} € B(M).

The elements of M are called independent sets and the elements of B(M) are called
bases of M. The support, supp(P), of a polynomial P(z) = Y cyn a(a) [T, 25
is defined by

supp(P) := {a € N" : a(a) # 0}.

Theorem 2.6 (Choe-Oxley-Sokal-Wagner). The support of a stable homogeneous
multiaffine polynomial is the set of bases of a matroid.

In fact Bréndén later proved that the support of an arbitrary stable polynomial
posesses the structure of a so called jump system, see [14] for further details. The
converse to Theorem 2.6 is false however, the weighted bases generating polynomial

Pp(z) = Z a(B) H 2
BeB(M) i€B

of every matroid is not necessarily a stable polynomial for some weighting a(B) € R,
B € B(M). One such example is given by the Fano matroid. A matroid is said
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to have the weak half-plane property (WHPP) if Py is a stable polynomial and is
said to have the half-plane property (HPP) if Py is stable with a(B) = 1 for all
B € B(M). Despite the Fano matroid there are many important matroid classes
which have HPP and WHPP, e.g., the class of uniform matroids and the class of
C-representable matroids respectively. There are also matroids, e.g. the Pappus
matroid, which have WHPP but not HPP. A natural question is thus to properly
characterize these two matroid classes, but the problem remains elusive.

Hyperbolic polynomials
A polynomial h(z) € R|z1, ..., 2,] is hyperbolic with respect to a vector e € R™ if
(1) h(z) is a homogeneous polynomial (i.e., h(tz) = t?h(z)),
(2) h(e) £0,
(3) for all x € R™, the univariate polynomial
t — h(te — x)
has real zeros only.

Geometrically speaking hyperbolicity means that any line parallel to the direction e
of hyperbolicity must intersect the real algebraic variety cut out by h(z) in exactly
d points (counting multiplicity), where d is the degree of h(z). Thus the notion
of hyperbolicity may, in addition to the notion of stability, be viewed as a multi-
variate generalization of real-rootedness. As we will point out in the next section,
hyperbolicity is essentially a more general notion than real stability.

It is worth giving a brief explanation regarding the origins of this definition.
Hyperbolic polynomials first appeared in the theory of partial differential equations
with the works of Petrowsky, Garding, Hérmander, Atiyah and Bott [6, 38, 42, 56].
Let h(z1,...,2n) be a polynomial and consider the Cauchy problem,

h(0/0z1,...,0/0z,)u(z) = f(2),

where f € C§°(H) and H = {x € R" : x-e > 0}. The analytical significance of
hyperbolicity is that the PDE above has a unique solution u(z) supported on H
for every f € C§°(H) if and only if h is a hyperbolic polynomial with respect to e.
Whenever h(z) is a hyperbolic polynomial with respect to e € R™, such equations
are therefore naturally referred to as hyperbolic partial differential equations. A
classical example is the second order wave equation (82/92? — ¢20%/923)f = 0 in
two variables.

Example 2.7. Below we list a few examples of hyperbolic polynomials:



10 CONTENTS

e Any product h(z) = H:.izl ¢;(z) of linear forms ¢;(z) is a hyperbolic polynomial
with respect to any direction e € R™ without a zero coordinate.

e The determinant polynomial det(Z), where Z = (z;;) is a symmetric matrix
with (”;rl) indeterminate entries, may be regarded as a quintessential example
of a hyperbolic polynomial due to its prominent role in the theory. If X is a
real symmetric n X n matrix and [ is the identity matrix, then ¢ — det(t] —X)
is the characteristic polynomial of a symmetric matrix and is thus real-rooted.
Hence det(Z) is a hyperbolic polynomial with respect to I.

o Let h(z) = 27 — 22 —--- — 22. Then h(z) is hyperbolic with respect to
e=(1,0,...,0)".

Hyperbolicity cones

Let A be a hyperbolic polynomial with respect to e of degree d. We may write

d
hite —x) = h(e) [ J(t = Aj(x)),

Jj=1

where

Amax(X) = A1(x) > -+ > Ag(x) = Apin(X)

are called the eigenvalues of x (with respect to e). By homogeneity of h one sees
that
Aj(sx) = s\j(x) and \j(x+se) = \;(x) + s,

forall j=1,...,d, x € R" and s € C. The hyperbolicity cone of h with respect to
e is the set
Ai(h,e) :={x € R": Apin(x) > 0}.

The interior of Ay (h,e) is denoted Ai.(h,e). Note that e € A (h,e) since
h(te —e) = h(e)(t — 1)?. We usually abbreviate and write A (e), or even A, if
there is no risk for confusion.

Example 2.8. Below we list the hyperbolicity cones associated with the hyperbolic
polynomials in Example 2.7.

o Ai(e)={xeR":¥{(x)e; >0 for all i}.
e A (I) is the cone of positive semidefinite matrices.
e ) (1,0,...,0)= {x ER" x> /o3 +- + x%} is the Lorentz light cone.

The following facts are due to Garding.
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Theorem 2.9 (Garding). Let h be a hyperbolic polynomial with respect to e. Then
(i) Ai(h,e) is a convex cone.
(i) Ay (h,e) is the connected component of
{x € R" : h(x) £ 0}
which contains e.

(i) If v.e Aii(h,e), then h is hyperbolic with respect to v, and Ay4(h,v) =
Ayi(h,e).

(iv) Amin : R® = R is a concave function.

Another natural property of the hyperbolicity cone is its facial exposure, that is,
the property that all its faces are intersections between the cone itself and one of its
supporting hyperplanes (see [59]). The following elementary lemma is a consequence
of Rolle’s theorem from real analysis and states that taking directional derivatives
of a hyperbolic polynomial relaxes the hyperbolicity cone.

Lemma 2.10. If h is a hyperbolic polynomial and v € Ay such that Dyh # 0, then
Dy h is hyperbolic with respect to v and Ay (h,v) C Ay (Dyh,v).

Finally we remark on the connection between hyperbolic polynomials and homoge-
neous real stable polynomials.

Proposition 2.11. Let P € R[z,...,2,] be a homogeneous polynomial. Then P
is stable if and only if P is hyperbolic with R, C A (P).

It is also worth noting that the homogenization of a real stable polynomial is a
polynomial hyperbolic with respect to any vector with non-negative coordinates.
Therefore the real stable polynomials essentially form a subclass of hyperbolic poly-
nomials with hyperbolicity cone containing the positive orthant.
Hyperbolic polymatroids
Let E be a finite set. A polymatroid is a function r : 2 — N satisfying

1. r(0) =0,

2. 7(S) < r(T) whenever SCT C E,

3. ris semimodular, i.e.,

r(S)+r(T)>r(SNT)+r(SUT),

for all ST C E.
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Rank functions of matroids on E coincide with polymatroids r on E with r({i}) <1
for all i € E. The connection between hyperbolic polynomials and polymatroids
was noted by Gurvits in [35].

In analogy with the rank of a matrix, the hyperbolic rank, rk(x), of x € R™ is
defined as the number of non-zero eigenvalues of x, i.e., rk(x) := degh(e + tx).
Note that the rank is independent of the direction e of hyperbolicity.

Theorem 2.12 (Gurvits). Let V = (v1,..., V) be a tuple of vectors in Ay (h,e).
Define a function ry : 2™ — N, where [m] := {1,2,...,m}, by

ry(S) =rk <Z Vi> .

€S
Then 1 is the rank function of a polymatroid.

The polymatroid constructed in Theorem 2.12 is called a hyperbolic polymatroid. If
the vectors in V have rank at most one, then we obtain the hyperbolic rank function
of a hyperbolic matroid.

Example 2.13. Let A;,..., A, be positive semidefinite matrices over C. Define
r: 2 — N by r(S) = dim (3,cg A;) for all S C [n]. Then r : 2"} — Nis a
hyperbolic polymatroid on [n]. In particular, if A,..., A, are positive semidefinite
matrices of rank at most one, then we obtain the rank function of a hyperbolic
matroid on [n]. These are the matroids representable over C.

Hyperbolic matroids are in fact equivalent to WHPP matroids, see [5].

The generalized Lax conjecture

The generalized Lax conjecture is one of the major outstanding problems in the
theory of hyperbolic polynomials. Interest in it is largely driven by the connection
between hyperbolic polynomials and convex optimization. The field of hyperbolic
programming was introduced by Giiler [36] for studying efficient optimization of
linear functionals over hyperbolicity cones. A hyperbolic program is an optimization
problem of the form

minimize ¢fx

subject to Ax =b and

X€A+,

where ¢ € R”, Ax = b is a system of linear equations and Ay is a hyperbolicity
cone. Notable subfields of hyperbolic programming are linear programming (LP)
and semidefinite programming (SDP). Linear programming arises by taking A to
be the positive orthant in R™ and semidefinite programming arises by taking Ay to
be the cone of positive semidefinite matrices. Recall that these cones are associated
with the hyperbolic polynomials h(z) = z1 --- 2z, and h(Z) = det(Z) respectively.
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The generalized Lax conjecture roughly asserts that hyperbolic programming is in
fact not a generalization of semidefinite programming at all, but that the two fields
are equivalent.

A convex cone in R" is said to be spectrahedral if it is of the form

n
{x eR": Z x;A; is positive semideﬁnite}
i=1

where A4, ..., A, are symmetric matrices such that there exists a vector (y1,...,yn) €
R™ with Y7 | y;A; positive definite.

Remark 2.14. It is not difficult to see that spectrahedral cones are the hyperbol-
icity cones associated with the hyperbolic polynomials

n
h(z) = det (Z ziAZ—> .
i=1
The generalized Lax conjecture asserts more precisely that every hyperbolicity

cone is conversely an affine section of the cone of positive semidefinite matrices.

Conjecture 2.15 (Generalized Lax conjecture (geometric version)). All hyperbol-
icity cones are spectrahedral.

Remark 2.16. Note that hy and hs are hyperbolic polynomials with respect to e
if and only if hihsy is hyperbolic with respect to e. In that case we also have

A+(h1h2,e) = A+(h1, e) n A+(h2,e).

Moreover if C; and Cs are two spectrahedral cones with respect to symmetric
matrices A1,..., A, and Bi,..., B, respectively, then their intersection

n
CinCy = {x c R™: Z;g;i (1?)7 é)l) is positive semideﬁnite} ,
1=
is again spectrahedral. Hence it suffices to prove the generalized Lax conjecture for

hyperbolicity cones associated with irreducible hyperbolic polynomials.

The generalized Lax conjecture can also be formulated algebraically as follows, see
[41].

Conjecture 2.17 (Generalized Lax conjecture (algebraic version)). If h(z) € R[z]
is hyperbolic with respect to e = (e1,...,e,) € R™, then there exists a polynomial
q(z) € R[z], hyperbolic with respect to e, such that Ay (h,e) C Ay(q,e) and

q(x)h(z) = det (i: ziA¢> (2.1)

for some real symmetric matrices Ai, ..., A, of the same size such that >, e;A;
s positive definite.
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Indeed if the conditions in Conjecture 2.17 are satisfied, then Ay (gh,e) is a spec-
trahedral cone by Remark 2.14, and by Remark 2.16 we have that

Ai(gh.e) = Ai(q,e) N Ay (h,e) = A (h,e).

Conversely if Ay(h,e) is a spectrahedral cone, then by Remark 2.14 there ex-
ists symmetric matrices Ay, ..., A, such that A;(h,e) = A (f,e) where f(z) :=
det(z1 41 + -+ 2, A4,). By Remark 2.16 we may assume that h is irreducible. Fur-
thermore h and f both vanish on the boundary OA(h,e) of A;(h,e). Therefore
h must divide f i.e. f(z) = ¢q(z)h(z) for some hyperbolic polynomial ¢(z) with
respect to e. Hence

Ay(g,e)NAL(h,e) = A (f,e) =Ay(he),

implying that A, (h,e) C A4 (g,e). This establishes the equivalence between Con-
jecture 2.15 and Conjecture 2.17.

For hyperbolic polynomials h(z1, 22, 23) in three variables more is true, namely
there exists symmetric matrices Aq, As, As satisfying Conjecture 2.17 with ¢(z) = 1,
i.e., h has a definite determinantal representation. This property was initially con-
jectured by Peter Lax [46] (originally known as the Lax conjecture), and was proved
by Helton and Vinnikov [41] as pointed out in [48]. However the former conjec-
ture cannot extend to more than three variable. This may be seen by comparing
dimensions. The set of polynomials on R™ of the form det(z; A4 + - - 2, 4,) with
A; a d x d symmetric matrix for 1 < i < n, has dimension at most n(d;rl) (as an
algebraic image (A, ..., Ay) — det(x1 A1 +- - - 2, Ay) of a vector space of the same
dimension) whereas the set of hyperbolic polynomials of degree d on R™ has non-
empty interior in the space of homogeneous polynomials of degree d in n variables
(see [53]) and therefore has the same dimension ("+3_1).

Apart from the theorem by Helton and Vinnikov for n = 3, the generalized Lax
conjecture, as it currently stands (Conjecture 2.17), is known to be true only in a
few special cases, see [5] for an up to date summary at the time of writing.

Permutation patterns

There are many different notions of “patterns” in combinatorics involving objects
such as graphs, matrices, partitions, words and permutations etc. In this section
we shall give a brief (and by no means comprehensive) background on permutation
patterns. For a more extensive introduction we refer to books by Kitaev [44] and
Bona [10].

Let S, denote the set of permutations on [n]. A permutation o € S, is said
contain an occurrence of the classical pattern m € S,,, m < n if there exists a
subsequence in o whose letters are in the same relative order as those in 7 i.e.
there exists ir(1) < ir@) <+ <ix(m) such that o(i;) < o(iz) <+ < 0 (im).
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Example 2.18. The permutation ¢ = 241563 € Sg has four occurrences of the
pattern m = 231 € S3 given by the subsequences 241, 453, 463 and 563 in 0. On
the other hand ¢ avoids the pattern 321.

Remark 2.19. It is also possible to visualize the definition using permutation
matrices. Let M, denote the permutation matrix of o € S,,. Then a permutation
o € S, contains an occurrence of the pattern = € &, if and only if M, is a
submatrix of M, .

For a set II of patterns, let S,,(II) denote the set of permutations in S, avoiding
all of the patterns in II simultaneously. Two pattern classes II; and Il; are called
Wilf-equivalent if |S, (I11)| = |S,(II2)|. Unfortunately the problem of enumerating
S, (IT) is very difficult in general, even for small patterns. However one of the
earliest results in the area relates to the enumeration of permutations avoiding
patterns of length three, a result that goes back to MacMahon [49] and Knuth [45].

Theorem 2.20 (MacMahon, Knuth). If 7 € S, then |S,(7)| = Cy, where Cy, =

%_H(Q:) denotes the n™ Catalan number.

In other words the theorem says that all classical patterns of length three are Wilf-
equivalent. This no longer remains true for classical patterns of length greater than
three. Already for patterns of length four we have three different Wilf-equivalence
classes, one of which has not yet been enumerated.

Another early result (famous from Ramsey theory) is due to Erdés and Szekeres
[28] which in the language of permutation patterns states the following.

Theorem 2.21 (Erdés-Szekeres [28]). Let a, b be positive integers and n = (a —
1)(b—1)+ 1. Then any permutation o € S,, contains an occurrence of the pattern
123---a or an occurrence of the pattern b---321.

A milestone was reached when Marcus and Tardos [52] proved the Stanley-Wilf
conjecture which asserts that for each pattern m € S, there exists a constant C
such that |S, (7)| < C™. The conjecture is equivalent to the following statement.

Theorem 2.22 (Marcus-Tardos [52]). For any patternm € Sy, the limit lim +/|S, ()]
n—oo

exists and is finite.

There are several different generalizations of classical patterns. One such general-
ization is the notion of a vincular pattern introduced by Babson and Steingrimsson.
A vincular pattern is a permutation © € S,, some of whose consecutive letters are
underlined. If 7 contains 7w(¢)w(i 4+ 1)---7(j), then the letters corresponding to
(i), m(i+1),...,m(j) in an occurrence of 7 in o € S,, must be adjacent, whereas
there is no adjacency condition for non-underlined consecutive letters. Moreover if
7 begins with [r(1), then any occurrence of 7 in o must begin with the leftmost
letter of o. Similarly if 7 ends with 7(m)], then any occurrence of 7 in o must end
with the rightmost letter of o.
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Example 2.23. Let 0 = 241563.

Pattern m | Occurrences in o
231 241,453,463, 563

231 241,563
231 241, 463, 563
231 241

231] 453,463, 563

More recently vincular patterns have been generalized a step further to so called
mesh patterns introduced by Brandén and Claesson in [17].

Permutation patterns and statistics

A statistic on a combinatorial set S is a function stat : S — N that keeps track of
a particular quantity associated with S. A plethora of statistics have been studied
on a number of different combinatorial objects in the literature. Many of them are
currently being collected in the findstat database [61]. The generating polynomial
of a statistic stat : S — N is given by

fstat(q) — Z qstat(a)

oceS

The polynomials f5t2t(q) provide natural g-analogues to the enumeration sequence
of the combinatorial family. Furthermore f5'*(q) may have other natural properties
of interest such as real-rootedness and coefficient unimodality etc. Generating poly-
nomials of statistics defined on two different combinatorial objects may occasionally
coincide leading to new and sometimes unexpected connections in combinatorics
and beyond.

Example 2.24. The inversion statistic is a particularly well-studied statistic on
permutations. The inversion set of o € S, is defined by Inv(o) := {(i,j) : i <
jand o(i) > o(y)}. The inversion statistic inv : S, — N is given by inv(o) :=
|Inv(o)|. Rodrigues [60] showed in 1839 that

Z qinv(g) = [n]q

gES,,

where [n],! == [1]4[2]y - [n]q and [n], :=1+q+¢*+ -+ ¢"'. It is not difficult
to show that [n] l'is a polynomial with unimodal coeﬁi(nents

Example 2.25. The descent set of o is defined by Des(c) := {i: 0(i) > o(i + 1)}
and the descent statistic by des(o) := |Des(c)|. The coefficients of the polynomial
f3%5(q) are given by the Eulerian numbers and the Eulerian polynomial f9°%(q) is
well-known to be real-rooted (see e.g. [55]).
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Example 2.26. The major index statistic is defined by maj(o) = ZieDeS(g)i.
MacMahon [49] showed that the maj and inv statistics are equidistributed, i.e.,
™8 (q) = fi"v(q). Permutation statistics which are equidistributed with inv are
called Mahonian.

Patterns give rise to statistics as well. A pattern function (7) : S,, — N is a statistic
that is induced by a permutation pattern 7, counting the number of occurrences
of m in a permutation o € S,,. The length of a pattern function is the length of its
underlying pattern. Babson and Steingrimsson|[7] classified (up to trivial bijections)
all Mahonian statistics that are conic combinations of pattern functions of length
at most 3. Among them are inv and maj.

Sagan and Savage [63] introduced a g-analogue of Wilf-equivalence in order to
refine Wilf-classes by statistic equidistribution. Formally two sets of patterns Iy
and IT, are said to be st- Wilf equivalent with respect to the statistic st : S,, — N if

Z qst(o) _ Z qst(a).

oc€S, (I11) €S, (Il2)

Clearly st-Wilf equivalence implies Wilf-equivalence but not conversely. Dokos
et.al. [25] completed the inv-Wilf and maj-Wilf classifications over S, (7) where
7 is a classical pattern of length three. The st-Wilf classification of other permu-
tation statistics such as fixed points, exceedances, peak and valley have also been
investigated in detail, see [9, 26].

The cyclic sieving phenomenon

Let C), be a cyclic group of order n generated by o,, X a finite set on which C,,
acts and f(q) € N[g]. Let X9 := { € X : g-x = z} denote the fixed point
set of X under g € C,,. A triple (X, C,, f(g)) is said to exhibit the cyclic sieving
phenomenon (CSP) if

Fwh) =|x°n

, for all k € Z, (2.2)

where w, is any fixed primitive n*® root of unity. The cyclic sieving phenomenon
was introduced by Reiner, Stanton and White in [58]. Although it is always possible
to find a (generally uninteresting) polynomial satisfying the equations in (2.2) when
provided with a cyclic action, namely,

o= ¥ e (23)

OGOrbcn (X)

it sometimes happens that a polynomial f(q) € Nlg| can be found which satisfies
(2.2) and is intrinsically related to the set X on which C), acts. Generally we would
consider a CSP “interesting” if for example

o f(q) =, cx ¢**™® where stat : X — N is a natural statistic on X.



18 CONTENTS

(¢) is the formal character of some representation p : C,, — GL(V).

o f
e f(g) is the Hilbert series Hilb(R,q) := ), dim(R;)¢" of some graded ring
R =@, R;.

e f(q) at ¢ = p? counts the number of points of a variety over a finite field F,.

There is no a priori reason why one would expect the existence of polynomials with
any of the above properties. Nevertheless such situations occur quite ubiquitously
in combinatorics, as witnessed by the growing literature on the phenomenon. See
[62] for an extensive survey on CSP.

Example 2.27. The prototypical example of CSP is given by X = ([Z]) and

fa) = m - MLL]_'H,

where [m],! := [m],[m — 1],---[2]4[1]; and [m], = 1+ ¢+ ¢*+ --- +¢™ L. Here
the generator o, of C,, acts on S = {i1,...,9;} € X via

on S :={i; (mod n)+1,...,4 (mod n)+ 1}.
By [58] the triple (X, C,, f(q)) exhibits CSP. The following facts are also proved in
[58]:
e If sum : X — N is the statistic defined by sum(S) := >, g, then

Fay=q (3N g,

SeXx

o Let V= /\k((C") denote the kth exterior power of the vector space C". The
action of C, on X induces an action of C, on V, giving rise to a repre-
sentation p : C,, — GL(V). Denote the character of p by x,(z1,...,25) :
Cp — Clz1,...,zy], defined for o € C,, as the trace of the matrix p(o) with
eigenvalues 1, ...,x,. Then

F@) =0 Gy, (1,0,¢%....a" ).

e Let Z[x]% denote the ring of polynomials in variables x = (z1, ..., x,) invari-
ant under the action of the group G. Then

f(q) = Hilb(Z[x]¥* S+ /Z[x]5", q),

where Si, x S,—k and S,, act as usual on Z[x], and Z[x]; denotes the ring of
polynomials with positive degree.

e f(q) counts the number of k-subspaces of a vector space of dimension n over
a finite field F, with ¢ elements i.e. the number points in the Grassmanian
variety Grr, (k,n).
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3 Summary of results

Paper A [5]

In the wake of Helton and Vinnikov’s celebrated proof of the Lax conjecture [41]
the follow up question was how the theorem should be generalized to more than
three variables. Stronger versions of Conjecture 2.17 were initially believed to be
true. For instance it was conjectured in [41] that if h(z) is a hyperbolic polynomial,
then h(z)" has a definite determinantal representation for some positive integer N.
This belief is not totally unreasonable given that for p(z) homogeneous and irre-
ducible, it is well-known that p(z)" has a (not necessarily definite) determinantal
representation for some N, see [8]. The claim was however disproved by Bréndén in
[15] via the bases generating polynomial of a certain non-representable hyperbolic
matroid.

The Vdmos matroid Vg is the matroid with ground set E = {1,...,8} and bases

B(Vg) = C?) \ {{1,2,3,4},{3,4,5,6},{1,2,5,6},{1,2,7,8},{5,6,7,8}}.

Theorem 3.1 (Wagner-Wei [67]). Vg is a HPP matroid (and therefore hyperbolic).
In 1969 Ingleton [43] proved a necessary condition for a matroid to be representable.

Theorem 3.2 (Ingleton). Suppose r : 28 — N is the rank function of a repre-
sentable matroid and A, B,C,D C E. Then

r(AUB)+r(AUCUD)+r(C)+r(D)+r(BUCUD) <

r(AUC)+r(AUD)+r(BUC)+r(BUD)+r(CUD) (3-1)

Considering Vg and setting
A= {172}7 B = {374}a C= {576}7 D= {7a8}a

the Ingleton inequality (3.1) reads, 44+4+2+2+4<3+3+3+3+3 whichisa
contradiction. Hence Vg cannot be representable.

Theorem 3.3 (Briindén). There exists no positive integer N such that Py, (z)Y has
a definite determinantal representation where Py, (z) denotes the bases generating
polynomial of Vy.

Proof sketch. Suppose

n
Py (z) = det(D  zAs),
i=1
for some positive integer N and symmetric matrices Ay, ..., A,. The bases gener-
ating polynomial Py, (z) is stable by Theorem 3.1, so it is hyperbolic with respect
to 1. The rank function of the hyperbolic matroid associated with the hyperbolic
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polynomial Py, (z)" with respect to V = {d1,...,08} C R& C A4 can be expressed
as

N
ry(S) = deg | Py, (1 +t26¢> = N7y, (S)
€S
where 61, .. .,0s denote the standard basis vectors of R® and ry, denotes the rank
function of the matroid Vg. Now consider the representable matroid given by

r(S) =1k (Z Ai> :

=
By initial assumption we have
r(S) = rp(S) = Nry, (S).

However we know that ry, violates the Ingleton inequalities (3.1) which contradicts
the fact that r is the rank function of a representable matroid. O

Remark 3.4. Briandén [15] in fact proved a slightly stronger statement: There
exists no positive integers M, N and no linear form ¢(z) such that £(z)™ Py, (z)"
has a definite determinantal representation.

It is not known whether Py, (z) satisfies the generalized Lax conjecture (Conjecture
2.17). In order to find potential obstructions to the generalized Lax conjecture it is
worthwhile understanding the role of non-representable hyperbolic matroids in the
context of the conjecture and finding additional instances of them. Prior to Paper
A, only the Vamos matroid Vg and a certain generalization of it were known to be
both non-representable and hyperbolic.

A paving matroid of rank r is a matroid such that all its circuits (minimal
dependent sets) have size at least . A paving matroid of rank r is called sparse if
all its hyperplanes (flats of rank » — 1) have size r — 1 or r.

Further instances of non-representable hyperbolic matroids come from finite pro-
jective geometry. Sparse paving matroids of rank three can be obtained from finite
point-line configurations in which every line contains three points. Such matroids
are obtained by letting a subset of three points define a circuit hyperplane if and
only if there is a line containing them. The Pappus and Desargues configurations
are geometrical configurations with 9 and 10 points respectively such that every
line contains three points and every point is incident to three lines (note that such
configurations need not be unique). The Non-Pappus and Non-Desarques matroids
are obtained from the Pappus and Desargues configurations by deleting one line.
Both of these matroids are not representable over any field. However the Non-
Pappus matroid can be shown to be representable over every skew-field e.g. the
quaternions H, see [43]. The Non-Desargues matroid on the other hand is not even
representable over any skew-field [43], but is known to be representable over the
octonions O, see [37]. The algebras H3(H) and H3(O0) of Hermitian 3 x 3 matrices
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over H and O respectively, are examples of real Euclidean Jordan algebras. All
real Euclidean Jordan algebras A come equipped with a hyperbolic determinant
polynomial det : A — R, in particular realizing the cone of positive semidefinite
matrices in H3(H) and H3(Q) as hyperbolicity cones. Hence we obtain:

Theorem 3.5. The Non-Pappus and Non-Desargues matroids are hyperbolic ma-
troids not representable over any field.

Burton et.al. [19] defined a class of matroids V3, for n > 4 with base set
B(Vay,) i= ([2:]) \ Hap, where
Hopn :={1,2,2k — 1,2k} U {2k — 1,2k,2k + 1,2k + 1} for 2 <k <n,

extending the Vamos matroid. They made the following conjecture regarding the
family V5, for n > 4.

Conjecture 3.6 (Burton-Vinzant-Youm). For each n > 4, Vo, is a HPP matroid.

Burton et.al. confirmed Conjecture 3.6 for n = 5. In Paper A we prove a sweep-
ing generalization of Conjecture 3.6, in particular proving Conjecture 3.6 in the
affirmative for all n > 4.

Theorem 3.7. Let H be a d-uniform hypergraph on [n], and let E = {1,1',...,n,n'}.
Let

B(Viy) = @) \{eUe e e B(H),

in which €' :={i’ : i € e} for each e € E(H). Then B(Vy) is the set of bases of a
sparse paving matroid Vg of rank 2d.

Theorem 3.8. If G is a simple graph, then Vg is a HPP matroid.

Theorem 3.8 unfortunately does not admit a full generalization to matroids Vg
parametrized by hypergraphs H. An obstruction is e.g. given by the complete
3-uniform hypergraph on [6]. Nevertheless we can prove the following.

Theorem 3.9. If H is a d-uniform hypergraph, then Vg is a WHPP matroid.

Remark 3.10. Since the class of hyperbolic matroids is equivalent to the class of
WHPP matroids [5], all matroids Vi are hyperbolic by Theorem 3.9.

Remark 3.11. The family {Va,},>4 studied by Burton et al. [19] corresponds to
Ve, where G,, is an n-cycle with edges {1,i},7 = 2,...,n, adjoined. Thus Theorem
3.8 implies Conjecture 3.6.

Remark 3.12. Since representability is closed under taking minors, any matroid
Vi containing the Vamos Vg as a minor is necessarily non-representable (and fails
to satisfy Ingleton’s inequality (3.1)).
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The proof of Theorem 3.9 depends on certain symmetric function inequalities.
These inequalities are also of independent interest.

Recall that a partition of a natural number d is a sequence A = (A1, Ag,...)
of natural numbers such that A\ > Ao > --- and A\{ + Ay +--- = d. We write
A F d to denote that A is a partition of d. The length, £(\), of X is the number of
nonzero entries of A. If A is a partition and £(A\) < n, then the monomial symmetric
polynomial, m, is defined as

o 1,82 Bn
mx(2z1,...,2n) i= E A SRR

where the sum is over all distinct permutations (81, 82,...,0,) of (A1,..., ). If
£(A\) > n, we set my(z) = 0. The dth elementary symmetric polynomial is eq(z) :=
mqa(z). Lemma 3.13 below is a refinement of the Laguerre-Turdn inequalities

0 <req(z)? — (r+ Der_1(2z)ers1(2),
and is used in the proof of Theorem 3.14.
Lemma 3.13. Ifr > 1, then
mor(2z) < req(z)* — (r+ 1)e,_1(2)er41(2).
The theorem below is a central ingredient to the proof of Theorem 3.9.

Theorem 3.14. Let r > 2 be an integer, and let

M(z)= > a(S) ]2 €Rlz, ..., 2],
|S|=r €S

where 0 < a(S) <1 for all S C [n], where |S| =r. Then the polynomial

3
r+1

der11(z)er—1(z) + M(z)

is stable.

In light of Remark 3.4 it is natural to question whether it is possible to put
any kind of restrictions on the factor ¢(z) in Conjecture 2.17 when it comes to a
prescribed bound on its degree and its number of irreducible factors. The answer
turns out to be no. We construct a family of hyperbolic polynomials obtained from
the bases generating polynomials of specific members of the family Vg, such that
for sufficiently many variables z = (z1,...,2,), the factor ¢(z) in Conjecture 2.17
must either have an irreducible factor of large degree or have a large number of
irreducible factors of low degree.

Given positive integers n and k, consider the k-uniform hypergraph H, ; on
[n+2] containing all hyperedges e € ("7?)) except those for which {n+1,n+2} C e.
By Theorem 3.9 the matroid Vg, , is hyperbolic and therefore has a hyperbolic
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bases generating polynomial hv,,  (z) with respect to 1. The polynomial hy (z) €
R[z1,. .., zn+2], obtained from the multiaffine polynomial hVHn,k (z) by identifying
the variables z; and z; pairwise for all i € [n + 2] is therefore hyperbolic with
respect to 1.

Theorem 3.15. Let n and k be a positive integers. Suppose there exists a positive
integer N and a hyperbolic polynomial q(z) such that

n+2
q(2)hn 1 (z)N = det <Z zz-Ai> (3.2)

with Ay (hy 1) C AL (q) for some symmetric matrices A, ..., Apto such that Ay +
<o+ Apyo is positive definite and

o(@) = [[ps(2)"

for some irreducible hyperbolic polynomials p1,...,ps € R[z1,. .., zny2] of degree at
most k — 1 where o, ...,as are positive integers. Then

n<(2s+1)k—1.

Paper B [2]

Although there is not an extensive amount of evidence for the generalized Lax
conjecture (Conjecture 2.17), the conjecture is known to hold for some specific
classes of hyperbolic polynomials (see [5]). In particular Brandén [16] confirmed
the conjecture for elementary symmetric polynomials, extending work of Zinchenko
[69] and Sanyal [64]. Brandén applied the matrix-tree theorem, which implies that
every spanning tree polynomial has a definite determinantal representation, and
realized the spanning tree polynomial of a certain series-parallel graph as a product
of elementary symmetric polynomials. A consequence of Bréndén’s result is that
hyperbolic polynomials which are iterated derivatives of products of linear forms
have spectrahedral hyperbolicity cones. Moreover the hyperbolicity cone of the
spanning tree polynomial of a complete graph is linearly isomorphic to the cone of
positive semidefinite matrices. Hence the generalized Lax conjecture is equivalent
to the assertion that each hyperbolicity cone is an affine slice of the hyperbolicity
cone of a spanning tree polynomial.

In Paper B we consider hyperbolicity cones of multivariate matching polynomi-
als in context of the generalized Lax conjecture. Two main reasons for considering
matching polynomials are the well-known facts that the univariate matching poly-
nomial of a tree coincide with its characteristic polynomial and that every univariate
matching polynomial divides the matching polynomial of a tree. Multivariate ver-
sions of the above two facts are important inputs for proving the generalized Lax
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conjecture for the class of multivariate matching polynomials. As an application
we reprove Brandén’s result by realizing the elementary symmetric polynomials of
degree k as a factor in the matching polynomial of the length-% truncated path tree
of the complete graph.

Recall that a k-matching in a graph G = (E,V) is a subset M C E(G) of k
edges, no two of which have a vertex in common. Let M(G) denote the set of all
matchings in G and for M € M(G), let V(M) denote the set of vertices contained in
M. Let z = (zy)vev and w = (w,)ccr be indeterminates. Define the homogeneous
multivariate matching polynomial 1(G,z @ w) € R[z, w| by

w(G,z®w) = Z (—1)!MI H szwg

MeM(G) vgV(M) eeM

As a direct consequence of a theorem by Heilmann and Lieb [40], the polynomial
(G, z © w) is hyperbolic with respect to e = 1 @® 0, where 1 = (1,...,1) € RV
and 0 = (0,...,0) € R”. Note that u(G,z © w) specializes to the conventional
univariate matching polynomial u(G,t) by putting z @ w = ¢t1 ® 1. The following
recursion is immediate from the definition,

wGxow) =2,u(G\uz®w) — Y wh,p((G\u)\v,z6 w).
vEN (u)

Let G be a graph and u € V(G). The path tree T(G,u) is the tree with vertices
labelled by simple paths in G (i.e. paths with no repeated vertices) starting at u
and where two vertices are joined by an edge if one vertex is labelled by a maximal
subpath of the other. Godsil [32] proved the following divisibility relation for the
univariate matching polynomial,

w(G\ut)  p(T(G,u)\u,t)

WG, t) B M(T(G’u)at)

The above identity implies that u(G,t) divides pu(T(G,u),t). To establish a mul-
tivariate version of the above relationship we must consider a natural change of
variables. The technique used to prove the multivariate divisibility relation is very
similar to its univariate counterpart. Let ¢ : RT(G%) — RE denote the linear
change of variables defined by

Zp > Zigs

Wpp' > Wipigyqs

where p =41 -+ i and p’ = i1 - - - ixip41 are adjacent vertices in T(G, u). For every
subforest 7' C T'(G, u), define the polynomial

(T2 & w) = (T, ¢(z' & w'))

where 2" = (2,)pev () and W' = (We)ee p(1)-
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Lemma 3.16. Let u € V(G). Then

pG\uzdw)  n(T(Gu)\u,ze&w)
WG,z ®w) n(T(G,u),z®w)

—~~

In particular p(G,z ® w) divides n(T(G,u

~

,ZDW).

The next lemma arises as a multivariate analogue to the fact that the matching
polynomial of a tree T is equal to the characteristic polynomial of the adjacency
matrix of 7.

Lemma 3.17. Let T = (V,E) be a tree. Then u(T,z @ w) has a definite determi-
nantal representation.

Note that

0
aTM(GaZEBW) = /’L(G\U7Z@W)7

and therefore
A (1(Gy 2 ® w)) € Au(G\ u, 2 ® ).

Using the above fact, Lemma 3.16 and Lemma 3.17 it follows, using an inductive ar-
gument, that multivariate matching polynomials u(G, z@®w) satisfy the generalized
Lax conjecture for any graph G.

Theorem 3.18. The hyperbolicity cone of (G, z ® w) is spectrahedral.

By considering the matching polynomial of the partial path tree of the complete
graph K, up to paths of length at most k, along with a suitable linear change of
variables, we recover Brandén’s result regarding the spectrahedrality of hyperbolic-
ity cones of elementary symmetric polynomials. Hence Theorem 3.18 can be viewed
as a generalization of this fact.

A subset I C V(G) is called independent if no two vertices of I are adjacent in
G. Let Z(G) denote the set of all independent sets in G. Define the homogeneous
multivariate independence polynomial I(G,z @ t) € R[z, t] by

I(Gzot)= > (-1 (Hf) 2lv@)-21,

I€Z(G) vel

A graph is said to be claw-free if it has no induced subgraph isomorphic to the
complete bipartite graph K7 3. If G is a claw-free graph, then I(G,z & t) is hy-
perbolic with respect to e = (0,...,0,1). This fact is a simple consequence of the
real-rootedness of the weighted univariate independence polynomial of a claw-free
graph, due to Engstrom [27]. We prove that when G satisfies an additional tech-
nical condition (stronger than claw-freeness), then I(G,z @ t) satisfies Conjecture
2.17.

Matching polynomials and independence polynomials are intimately related.
The line graph L(G) of G is the graph having vertex set E(G) and where two
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vertices in L(G) are adjacent if and only if the corresponding edges in G are in-
cident. The univariate matching polynomial of a graph G can be realized as the
univariate independence polynomial of its line graph L(G). With that said, the
multivariate polynomial I(G,z @ t) does not strictly generalize u(G,z @ w) due to
the dummy homogenization in the variable t. Unfortunately we were unsuccessful
in constructing a hyperbolic refinement of I(G,z @ t) with respect to the variable
t which reduces to (G, z @ w) (after relabelling) when G is a line graph.

The key to proving the generalized Lax conjecture for I(G,z®t) is to find a tree
that plays a role similar to that of the path tree for the matching polynomial. Such
a tree was constructed by Leake and Ryder in [47]. We outline its construction
below.

An induced clique K in G is called a simplicial clique if for all u € K the induced
subgraph N[u] N (G \ K) of G\ K is a clique. In other words the neighbourhood
of each u € K is a disjoint union of two induced cliques in G. Furthermore, a
graph G is said to be simplicial if G is claw-free and contains a simplicial clique.
A connected graph G is a block graph if each 2-connected component is a clique.

Given a simplicial graph G with a simplicial clique K we recursively define a
block graph T®(G, K) called the clique tree associated to G and rooted at K.

We begin by adding K to T®(G, K). Let K,, = N|[u]\ K for each u € K. Attach
the disjoint union | |,z K, of cliques to T%(G, K) by connecting u € K to every
v € K,. Finally recursively attach T%(G \ K, K,,) to the clique K, in T%(G, K)
for every u € K.

Theorem 3.19 (Leake-Ryder). Let K be a simplicial clique of a simplicial graph
G. Then

I(Gzet)  I(T®G,K),zot)
I(G\K,zot) I(TH(G,K)\K,z&t)

where Tx(G,K) 1s relabelled according to the natural graph homomorphism ¢ :
T®(G,K) = G. Moreover 1(G,z @ t) divides I(T®(G,K),z ®t).

The following lemma asserts that vertex deletion relaxes the hyperbolicity cone,
providing the necessary setup for an inductive argument of spectrahedrality.

Lemma 3.20. Let v € V(G). Then AL (I(G,z®t)) CAL(I(G\v,zDt)).

Using Theorem 3.19, Lemma, 3.20 and the fact that the clique tree T7%(G, K) can be
realized as the line graph of an actual tree, one proves the theorem below using an
inductive argument which unfolds in an analogous manner to the proof of Theorem
3.18.

Theorem 3.21. If G is a simplicial graph, then the hyperbolicity cone of I(G,z®t)
s spectrahedral.
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Paper C [3]

A graph G is called Ramanujan if the absolute value of its largest non-trivial eigen-
value is bounded above by the spectral radius p(G) of its universal covering tree.
We refer to [33] for undefined terminology. FExpanders are graphs which can be
informally characterized by being sparse and yet well-connected. Expanders are
of importance in e.g. computer science where they serve as basic building blocks
for robust network designs (among other things). Due to their spectral properties,
Ramanujan graphs are considered optimal expanders in the sense that a random
walk on a Ramanujan graph converges to the uniform distribution in the fastest
possible way. The existence of Ramanujan graphs is a highly non-trivial issue. A
longstanding open question asks about the existence of infinitely many k-regular
Ramanujan graphs for every k > 3. Marcus, Spielman and Srivastava proved that
every finite graph G has a 2-sheeted covering (or 2-covering for short) with maxi-
mum non-trivial eigenvalue (not induced by G) bounded above by p(G), a so called
one-sided Ramanujan covering. Since coverings of bipartite graphs are bipartite,
and the spectrum of a bipartite graph is symmetric around zero, they were able to
point to the existence of infinitely many k-regular bipartite Ramanujan graphs.

Subsequently Hall, Puder and Sawin [39] generalized the techniques in [50, 51]
and proved that every loopless connected graph has a one-sided Ramanujan d-
covering for every d > 1. An essential polynomial to the proof is the average
matching polynomial of all d-coverings of G. For d > 1, the d-matching polynomial
of G is defined by

where Cq4 ¢ denotes the set of all d-coverings of G and

ln/2]

pe(z) = Z (—1)'m;z" "% € 7|2
i=0
denotes the univariate matching polynomial of G. In particular if d = 1, then
pa,c(z) = pa(2).

Using the celebrated technique of interlacing families, developed by Marcus,
Spielman and Srivastava, the authors prove that the maximum root of the ex-
pected characteristic polynomial over all d-coverings of G is bounded above by
their uniform average, which in turn is proved to equal p4,¢(%). The real roots of
ta,c(z) on the other hand can easily be deduced to lie in the interval [—p(G), p(G)]
using a well-known theorem of Heilmann and Lieb [40]. Hence there is at least one
covering in the family which has its maximal non-trivial eigenvalue less than the
maximum root of the average pq,¢(z), that is, less than p(G) as desired.

As implied by the paragraph above we have in particular the following theorem.

Theorem 3.22 (Hall-Puder-Sawin). If G is a finite loopless graph, then pgc(2)
1$ real-rooted.
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The authors gave a rather long and indirect proof of Theorem 3.22. They further
asked for a direct proof that includes graphs with loops. In Paper C we answer
their question by proving that a multivariate version of the d-matching polynomial
is stable, a statement which is more general than their original question. Define
the multivariate d-matching polynomial of G by

pa,c(z) == Epec, opu(2),

ne@ =M Iz

M ve[n]\V (M)

where

and the sum runs over all matchings in G. By analysing the algebraic symbol it
follows that the multi-affine part operator

MAP : Clz1,. .., 2n] = Clz1, ..., 2]

Z a(a)z® — Z ala)z®

aeN™ oo <1,i€[n]

is a stability-preserving linear operator. Moreover one sees that

MAP [ ] (1-2zu2) | = na(2),
uwveE(G)

proving that pg(z) is stable. By using MAP and the Grace-Walsh-Szeg6 theorem
we prove:

Theorem 3.23. Let G be a finite graph and d > 1. Then pq c(z) is stable.
Corollary 3.24. Let G be a finite graph and d > 1. Then pq c(z) is real-rooted.
Proof. Follows by putting z = (z, ..., z) in Theorem 3.23 O

In [40] Heilmann and Lieb proved that the matching polynomial u¢(2) of any graph
G is real-rooted. In analogy with graph matchings, a matching in a hypergraph
consists of a subset of (hyper)edges with empty pairwise intersection. However the
analogous matching polynomial for hypergraphs is not real-rooted in general, see

g. [34]. A natural question is thus how to generalize the Heilmann-Lieb theorem
to hypergraphs. We consider a relaxation of matchings in general hypergraphs that
leads to an associated real-rooted polynomial which reduces to the conventional
matching polynomial for graphs.

Consider the problem of assigning a subset of n people with prescribed compe-
tencies into teams of no less than two people, working on a subset of m different
projects in such a way that no person is assigned to more than one project and each
person has the competency to work on the project they are assigned to. We shall
call such team assignments “relaxed matchings”. More formally define a relaxed



3. SUMMARY OF RESULTS 29

matching in a hypergraph H = (V(H), E(H)) to be a collection M = (S;)cer of
edge subsets such that £ C E(H), S, C e, |Se| > 1 and S, NS = 0 for all pairwise
distinct e, e’ € E.

Remark 3.25. If H is a graph then the concept of relaxed matching coincides
with the conventional notion of graph matching. Note also that a conventional
hypergraph matching is a relaxed matching M = (Se¢)ecp for which S, = e for all
ec k.

Remark 3.26. The subsets S, in the relaxed matching are labeled by the edge they
are chosen from in order to avoid ambiguity. However if H is a linear hypergraph,
that is, the edges pairwise intersect in at most one vertex, then the subsets uniquely
determine the edges they belong to and therefore no labeling is necessary. Graphs
and finite projective geometries (viewed as hypergraphs) are examples of linear
hypergraphs.

Let V(M) := g _cps Se denote the set of vertices in the relaxed matching. More-
over let my(M) = [{S. € M : |S.| = k}| denote the number of subsets in the
relaxed matching of size k. Define the multivariate relaxed matching polynomial of
H by

n(z) =Y (-)Mwan ]

M i€[n]\V(M)
where the sum runs over all relaxed matchings of H and

n—1
W (M) = [ ke,
k=1

Let ng(2) :== n(z1) denote the univariate relazed matching polynomial.
Remark 3.27. If H is a graph, then ng(2) = pu(2).
Theorem 3.28. The polynomial ng(z) is stable. In particular
mn(z) = S (1MW (3 1V O
M

18 a real-rooted polynomial for any hypergraph H.

Paper D [4]

Combining the study of pattern avoidance with combinatorial statistics is a paradigm
which has been advocated in papers by Claesson-Kitaev [23] and Sagan-Savage [63]
among others. Typically one is interested in the generating polynomial

f(Q) _ Z qsta»t(cr)7

oS, (II)
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for some pattern set II and combinatorial statistic stat : S, (II) — N. Examples of
questions one may ask about f(gq) have to do with equidistribution, recursion and
unimodality /log-concavity /real-rootedness etc. In Paper D we focus on equidistri-
butions of the form

Z qstatl(a) _ Z qstatg (0)7

0€Sn (I1) c€S, (I2)

where II, II> consist of a single classical pattern of length three and statq, stato
are Mahonian permutation statistics.

Let IT denote the set of vincular patterns of length at most d. A d-function is
a statistic of the form

stat = Z - (m),

mell

where «,; € N and (7) is the statistic counting the number of occurrences of the
pattern m. Babson and Steingrimsson classified all Mahonian 3-functions up to
trivial symmetries. Several previously studied Mahonian statistics fall under the
classification, including maj and inv. The complete table of Mahonian 3-functions
may be found below along with their original references.

Name Vincular pattern statistic Reference

maj  (132) + (231) + (321) + (21) MacMahon [49]

inv  (231) + (312) + (321) + (21) MacMahon [49]

mak  (132) 4+ (312) + (321) + (21) Foata-Zeilberger [30]
makl  (132) 4+ (231) + (321) + (21) Clarke-Steingrimsson-Zeng [24]
mad  (231) + (231) + (312) + (21) Clarke-Steingrimsson-Zeng [24]
bast  (132) + (213) + (321) + (21) Babson-Steingrimsson|7]
bast’  (132) + (312) + (321) + (21) Babson-Steingrimsson|7]
bast”  (132) + (312) + (321) + (21) Babson-Steingrimsson|7]
foze  (213) + (321) + (132) + (21) Foata-Zeilberger [29]
foze’  (132) 4 (231) + (231) + (21) Foata-Zeilberger [29]
foze”  (231) + (312) 4 (312) + (21) Foata-Zeilberger [29]

sist  (132) + (132) + (213) + (21) Simion-Stanton [65]

sist’  (132) + (132) + (231) + (21) Simion-Stanton [65]

sist”  (132) + (231) + (231) + (21) Simion-Stanton [65]

Since all statistics in the table above are Mahonian, they are by definition equidis-
tributed over S,,. In Paper D we ask what equidistributions hold between the
statistics if we restrict ourselves to permutations avoiding a classical pattern of
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length three. Existing bijections ¢ : S,, — &, in the literature for proving the Ma-
honian nature of these statistics do not restrict to bijections over pattern classes.
Therefore there is no a priori reason to expect that such equidistributions should
continue to hold over S,(7w). Another motivation for studying equidistributions
over S,(m) where m € Ss, is that these pattern classes are enumerated by the
Catalan numbers. Thus under appropriate bijections we may get induced equidis-
tributions between combinatorial statistics on other Catalan structures (and vice

versa). Below we give an example of such an induced equidistributions from Paper
D.

Theorem 3.29. For anyn > 1,

Z qmaj(o)XDB(o)yDT(a) _ Z qmak(a)XDB(U)yDT(o’)’
oeS,(321) geS,(321)

where DB(o) :={o(i+1):0(i) > o(i+1)} and DT (o) :={o(i) : 0(i) > o(i +1)}.

The equidistribution in Theorem 3.29 is proved via an explicit involution ¢ :
Sn(321) — S,,(321) mapping maj to mak and preserving descent bottoms and
descent tops in the process. The involution ¢ induces an equidistribution on short-
ened polyominoes (another Catalan structure) as we shall now describe.

A shortened polyomino is a pair (P,Q) of N (north), E (east) lattice paths
P = (P), and Q = (Q;)", satisfying

1. P and @ begin at the same vertex and end at the same vertex.
2. P stays weakly above @@ and the two paths can share F-steps but not N-steps.

Denote the set of shortened polyominoes with |P| = |Q| = n by H,,. Let Valley(Q) =
{i: Q;Qi+1 = EN} denote the set of indices of the valleys in Q and let nval(Q) =
| Valley (Q)|. Define the statistics valley-column area, vcarea(P, @), and valley-row
area, vrarea(P, Q), as illustrated below.

P P

(a) vcarea(P,Q) =2+4+3+2=7 (b) vrarea(P,Q) =2+4+3=9

Cheng, Eu and Fu [21] gave a creative bijection ¥ : H,, — S,,(321). In Paper D we
show that

e vcarea(P, Q) = [(21) + (312)]¥(P, Q).
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o vrarea(P, Q) = [(21) + (231)|]¥(P, Q).
From the involution ¢ in Theorem 3.29 one gets
[(21) + (312)]é(0) = [(21) + (231)]o.

Hence by considering the composition ¥=! o ¢ o U we get the following induced
equidistribution.

Theorem 3.30. For anyn > 1,

Z qvcarca(P,Q)tnval(Q) _ Z quarca(P,Q)tnval(Q) ]
(P,Q)EHR (P,Q)EHR

Conversely we may prove equidistributions between Mahonian 3-functions via equidis-
tributions over an intermediate Catalan structure. Below we give an example of
this technique from Paper D.

Recall that a Dyck path of length 2n is a lattice path in Z? between (0,0) and
(2n,0) consisting of up-steps (1,1) and down-steps (1,—1) which never go below
the z-axis. For convenience we denote the up-steps by U and the down-steps by
D. Let D,, denote the set of Dyck paths of semi-length n. Under Krattenthaler’s
well-known bijection T : §,,(321) — D, the statistic inv is mapped to the statistic
sumpeaks, defined for Dyck paths P = sy - s2,, € Dy, by

spea(P) == 3 (htp(p) - 1),

pEPeak(P)

where Peak(P) := {p : sp5p+1 = UD} and htp(p) is the y-coordinate of the pth step
in P. The figure below illustrates the Dyck path corresponding to o = 341625978 €
S9(321) under Krattenthaler’s bijection, mapping inv to spea.

’

s

Let Valley(P) := {v : sysy41 = DU} denote the set of indices of the valleys in
P. For each v € Valley(P), there is a corresponding tunnel which is the subword
S;i-++8y of P where 7 is the step after the first intersection of P with the line
y = htp(v) to the left of step v (see figure below). The length, v — i, of a tunnel is
always an even number. Let Tunnel(P) := {(¢,5) : s; - -+ s; tunnel in P} denote the
set of pairs of beginning and end indices of the tunnels in P. Define the statistic
sumtunnels by
stun(P) := Z (j—1)/2.

(4,j)€Tunnel(P)
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The tunnel lengths of the Dyck path below are highlighted by dashes.

Cheng, Elizalde, Kasraoui and Sagan [20] gave a bijection ¥ : D,, — D,, mapping
spea to stun. The mass corresponding to two consecutive U-steps, is half the
number of steps between their matching D-steps (i.e. if P = UUP'DP”D, then
the mass of the pair UU is |P”|/2). Define the statistics

mass(P) := sum of masses over all occurrences of UU

dr(P) := number of double rises UU in P.

The part of the Dyck path below contributing to the mass associated with the first
double rise is highlighted in red.

In Paper D we give a bijection ® : D,, — D,,, mapping stun to mass+ dr. Finally
via Knuth’s standard bijection A : S,,(231) — D,, defined recursively by kojog —
UA(01)DA(03) where 01 < k < 03, we map the 3-Mahonian statistic mad to
mass + dr. Combining all mentioned bijections we obtain the following theorem.

Theorem 3.31. For anyn > 1,

Z qan (o) _ Z qspea(P Z qstun(P)i Z qmass(P +dr(P)

oeS(321) PeD,, PeD,, PeD,

— Z qmad( o)

€S8, (231)

As an aside we find several other related equidistributions with inv and mad over
Sn(321) and S,,(231) respectively.
Consider the statistic

inc:=¢; + Z(—l)k_12k_2wC

where 1,—1 = (12...k) is the statistic that counts the number of increasing subse-
quences of length k in a permutation. Using the Catalan continued fraction frame-
work of Bréndén, Claesson and Steingrimsson[18] we prove the following equidis-
tribution.
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Theorem 3.32. For anyn > 1,

Z qmad(a) _ Z qinc(o) )

0€8,(231) 0€S, (132)
Let Up(P) := {i : s; = U} denote the indices of the up-steps in P = s1 - - So,.
Define
sups(P) := » _ [htp(i)/2].
1€Up(P)

By constructing a bijection © : D,, — D,,, mapping sups to mass + dr, we deduce
via Theorem 3.31 the following equidistribution.

Proposition 3.33. For anyn > 1,
Z qinv(a) _ Z qsups(P).
c€S,(321) PeD,

If (P,Q) € H, is a shortened polyomino, then the area statistic, area(P, Q) is
defined as the number of boxes enclosed by (P, Q).

P

It is finally worth mentioning the following equidistribution.

Theorem 3.34 (Cheng-Eu-Fu). For anyn > 1,

Z qinv(a) _ Z qarea(P,Q)'

€S8, (321) (P,Q)EHn

See Paper D for the full table of established and conjectured Mahonian 3-function
equidistributions.

Paper E [1]

Given a cyclic action of C,, on the set X, Reiner, Stanton and White [58] showed
that the polynomial f(g) in (2.3) always makes (X, C,, f(¢)) into a CSP triple.
Many natural CSP triples occurring in the literature have the additional property
that f(q) = 3 ,cx ¢***® for some combinatorial statistic stat : X — N. Con-
versely it is natural to ask under what circumstances a combinatorial polynomial
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fla) = X e x @@ can be complemented with a cyclic action to a CSP? In Paper
E we give a necessary and sufficient criterion for this to be the case. In particular
the converse is not trivial in the sense that if f(q) € N[g] is a polynomial such
that f(w?) € N for all 1 < j < n, then one cannot always find a cyclic action
complementing f(g) to a CSP. Our main theorem is the following.

Theorem 3.35. Let f(q) € N[q] and suppose f(wl) € N for each j = 1,...,n.
Let X be any set of size f(1). Then there exists an action of C,, on X such that
(X, Ch, f(q)) exhibits CSP if and only if for each k|n,

> ulk/)f(wi) > 0. (3.3)

ilk

The action complementing f(g) to a CSP in Theorem 3.35 is given by the following
generic construction.

Construction 3.36. Let X = O U0 U ---U O, be a partition of a finite set
X into m parts such that |O;| divides n for i =1,...,m. Fix a total ordering on
the elements of O; fori=1,...,m. Let C,, act on X by permuting each element
x € O; cyclically with respect to the total ordering on O; fori=1,...,m.

We call the action in Construction 3.36 an ad-hoc cyclic action. The action lacks
combinatorial context and merely depends on the choice of partition and total
order. By ordinary Mdbius inversion, the sums Sy = >, u(k/j)f (w?) represent
the number of elements of order k£ under the action of C),. Thus the only non-trivial
issue in the proof of Theorem 3.35 is whether k divides Sy, for all k. This is required
for the elements to be evenly partitioned into orbits. Rather surprisingly it turns
out that the divisibility property always hold as long as f(w?) € Z forall 1 < j < n.

Although we would generally not consider a CSP “interesting” unless both the
action and the polynomial are combinatorially meaningful, we think that our crite-
ria serves a useful purpose in the way that a candidate polynomial can be quickly
tested for CSP without having a combinatorial cyclic action at hand. A combina-
torial polynomial passing the test may be a likely indication that a combinatorially
meaningful cyclic action is present explaining the CSP.

Example 3.37. Let f(q) = ¢°+3¢*+¢+9. Then f(w}) takes values 7,11,4,11,7,14
forj=1,...,6. On the other hand S, =, u(k/)f(wl) takes values 7,4, —3,0,0,6
for k =1,...,6. Since we cannot have a negative number of elements of order 3,
there is no action of Cs on a set X of size f(1) = 14 such that (X, Cs, f(q)) is a
CSP-triple.

Thus even if f(q) € N|q| satisfies f(w)) € N for all j = 1,...,n, we may not
have an associated cyclic action complementing f(q) to a CSP.

In the second part of Paper E we consider CSP from a more geometric perspective.
Let stat : X — N be a statistic and denote stat,, (z) = stat(z) (mod n). Consider
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the joint distribution

n—1 n
D @@ = NN a4t
zeX =0 j=1

where o(z) denotes the order of x € X under C,,. We can now restate CSP as
follows.

Proposition 3.38. Suppose X is a finite set on which C,, acts and let f(q) =
S ex @) where stat : X — N is a statistic. Then the triple (X,Cy, f(q))
exhibits CSP if and only if A(x,c, stat) = (aij) satisfies the condition that for each

1<k<n,
Z aijwff = Z Zai]‘. (34)
0<i<n 0<i<n jlk
1<j<n

where wy 18 a primitive nth root of unity.

We call a matrix A = (a;;) € RZ;" a CSP matrix if it satisfies the linear
equations in (3.4). Let CSP(n) denote the set of n x n CSP matrices.

Example 3.39. Consider all binary words of length 6, with group action being
cyclic right-shift by one position and stat being the the major index statistic (sum
of all descent indices). Then

21 0 0 0 11
00200 7
0 000 0 11
01200 7
0 000 0 11
0 0 200 7

is the corresponding CSP matrix. The above matrix can be checked to satisfy (3.4)
with n = 6. The entry in the upper left hand corner correspond to the two binary
words 000000 and 111111. These have major index 0 and are fixed under a single
shift, so they have order one. The words corresponding to the second column are
010101 and 101010. These have major index 6 = 0 (mod 6) and 9 = 3 (mod 6)
respectively and are fixed under a minimum of two consecutive shifts, so they have
order two etc.

Define the hyperplanes

n—1
Hi(x) := Z Zaijkxij € Z[x],

=0 j|n
ji>1
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where
-n+%, ifi=kand k=0 (mod %),
- —n, if i =k and k # 0 (mod %),
LA Z if i # k and k=0 (mod %),
0, ifi#kand k #0 (mod Z).

<

Theorem 3.40. We have
CSP(n) = {x € RL VT Hy(x) > 0},
where d denotes the number of divisors of n.

Thus we see that CSP(n) forms a convex rational polyhedral cone of dimension
n(d — 1) + 1. The cone CSP(n) has several notable properties as summarized
below.

e The integer lattice points CSP(n) NZ"*™ correspond to distributions that are
realizable by a CSP triple (X, Cy, f(q)).

e Suppose that ¢ and ¢’ are indices such that ged(n,i) = ged(n,d’). Then the
operation of swapping rows 7 and i’ preserves the property of being a CSP
matrix.

e Adding a matrix B with zero row and column-sum to a CSP matrix A pre-
nxn

serves the property of being a CSP matrix provided A + B € RYj™.

About the joint paper contributions of the author

Papers A and E in this thesis are a result of joint collaboration with two different
coauthors. The contribution of the author in each of these papers is described
below.

Paper A was written together with the author’s advisor Petter Brandén. While
the author participated in all aspects of the project, many of the key breakthroughs
regarding the symmetric function inequalities were made by the advisor. Initially
the hyperbolicity of the matroids in our family was proved only for graphs. The
main contribution of the author pertains to the generalization of the inequalities
in the graphical case to strengthen the main result to matroids derived from hy-
pergraphs. This later turned out to have consequences for the generalized Lax
conjecture and produce instances of non-representable hyperbolic matroids with-
out a Vamos minor. Some smaller results regarding the minor closure of the matroid
family and facts regarding representability of matroids derived from tree-like hy-
pergraphs was also contributed by the author. Paper E was written jointly with
Per Alexandersson where both authors contributed approximately equal amounts
to all aspects of the work.
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NON-REPRESENTABLE HYPERBOLIC MATROIDS
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ABSTRACT. The generalized Lax conjecture asserts that each hyperbolicity cone is a linear
slice of the cone of positive semidefinite matrices. Hyperbolic polynomials give rise to a class
of (hyperbolic) matroids which properly contains the class of matroids representable over
the complex numbers. This connection was used by the second author to construct coun-
terexamples to algebraic (stronger) versions of the generalized Lax conjecture by considering
a non-representable hyperbolic matroid. The VAmos matroid and a generalization of it are,
prior to this work, the only known instances of non—representable hyperbolic matroids.

‘We prove that the Non—Pappus and Non-Desargues matroids are non-representable hyper-
bolic matroids by exploiting a connection between Euclidean Jordan algebras and projective
geometries. We further identify a large class of hyperbolic matroids which contains the
Vamos matroid and the generalized Vamos matroids recently studied by Burton, Vinzant
and Youm. This proves a conjecture of Burton et al. We also prove that many of the matroids
considered here are non-representable. The proof of hyperbolicity for the matroids in the
class depends on proving nonnegativity of certain symmetric polynomials. In particular we
generalize and strengthen several inequalities in the literature, such as the Laguerre-Turan
inequality and an inequality due to Jensen. Finally we explore consequences to algebraic
versions of the generalized Lax conjecture.
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1. INTRODUCTION

Although hyperbolic polynomials have their origin in PDE theory, they have during re-
cent years been studied in diverse areas such as control theory, optimization, real algebraic
geometry, probability theory, computer science and combinatorics, see [35, 36, 39, 40] and
the references therein. To each hyperbolic polynomial is associated a closed convex (hyper-
bolicity) cone. Over the past 20 years methods have been developed to do optimization over
hyperbolicity cones, which generalize semidefinite programming. A problem that has received
considerable interest is the generalized Lax conjecture which asserts that each hyperbolicity
cone is a linear slice of the cone of positive semidefinite matrices (of some size). Hence if the
generalized Lax conjecture is true then hyperbolic programming is the same as semidefinite
programming.

Choe et al. [11] and Gurvits [20] proved that hyperbolic polynomials give rise to a class
of matroids, called hyperbolic matroids or matroids with the weak half-plane property. The
class of hyperbolic matroids properly contains the class of matroids which are representable
over the complex numbers, see [11, 41]. This fact was used by the second author [7] to
construct counterexamples to algebraic (stronger) versions of the generalized Lax conjecture.
To better understand, and to identify potential counterexamples to the generalized Lax
conjecture, it is therefore of interest to study hyperbolic matroids which are not representable
over C, or even better not representable over any (skew) field. However previous to this
work essentially just two such matroids were known: The Vamos matroid Vg [41] and a
generalization Vig [10]. In this paper we first show that the Non-Pappus and Non-Desargues
matroids are hyperbolic (but not representable over any field) by utilizing a known connection
between hyperbolic polynomials and Euclidean Jordan algebras. Then, in Theorem 6.5, we
construct a family of hyperbolic matroids which are parametrized by uniform hypergraphs,
and prove that many of these matroids fail to be representable over any field, and more
generally over any modular lattice. The proof of the main result is involved and uses several
ingredients. In order to prove that the polynomials coming from our family of matroids are
hyperbolic we need to prove that certain symmetric polynomials are nonnegative. The results
obtained generalize and strengthen several inequalities in the literature, such as the Laguerre—
Turan inequality and an inequality due to Jensen. Finally we explore some consequences to
algebraic versions of the generalized Lax conjecture.

2. HYPERBOLIC AND STABLE POLYNOMIALS

A homogeneous polynomial h(x) € R[zy,...,x,] is hyperbolic with respect to a vector
e € R" if h(e) # 0, and if for all x € R™ the univariate polynomial ¢ — h(te — x) has only
real zeros. Note that if h is a hyperbolic polynomial of degree d, then we may write

—a

h(te —x) = h(e) [ | (t — A;(x)),

=1
where
/\max(x) = )\1 (X) > e > )‘d(x) = )\min(x)

are called the eigenvalues of x (with respect to e). The hyperbolicity cone of h with respect
to e is the set Ay(h,e) = {x € R" : A\yin(x) > 0}. We usually abbreviate and write A, if
there is no risk for confusion. We denote by Ay, the interior A,.
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Example 2.1. An important example of a hyperbolic polynomial is det(X), where X =
n+1
2

n x n matrix and I, is the identity matrix of size n x n, then ¢t — det(¢tl, — X) is the
characteristic polynomial of a real symmetric matrix, so it has only real zeros. Hence det(X)
is a hyperbolic polynomial with respect to I,,, and its hyperbolicity cone is the cone of positive
semidefinite matrices.

The real linear space of complex hermitian matrices of size n is parametrized by matrices
X in n? variables, and as above it follows that det(X) is a hyperbolic polynomial.

(zij)} ;=1 is a symmetric matrix with ( ) indeterminate entries. If X is a real symmetric

The next theorem follows from a theorem of Helton and Vinnikov [22], see [29]. It proved
the Lax conjecture, after Peter Lax [28].

Theorem 2.2. Suppose that h(x,y,z) is of degree d and hyperbolic with respect to e =
(e1,e2,e3)T. Suppose further that h is normalized such that h(e) = 1. Then there are sym-
metric d X d matrices A, B,C' such that e; A+ eaB + e3C' = I and

hz,y,z) = det(zA +yB + 2C).

Remark 2.3. The exact analogue of the Helton-Vinnikov theorem fails for n > 3 variables.
This may be seen by comparing dimensions. The space of degree d polynomials on R™ of the

form det(z1A; + -+ - 2, A,) with A; symmetric for 1 < i < n, has dimension at most n(dgl)

whereas the space of hyperbolic polynomials on R" has dimension (”*(j*l).

A convex cone in R™ is spectrahedral if it is of the form

n
{X e R": inAi is positive semideﬁnite}
i=1
where A;, i = 1,...,n are symmetric matrices such that there exists a vector (yy,...,y,) € R"
with Y7, y;A; positive definite. It is easy to see that spectrahedral cones are hyperbolicity
cones. Indeed if A;,..., A, are real symmetric d X d matrices and e € R" is a vector such
that 321" | e;A; is positive definite, then h(x) = det (X1 x;4;) € Rlx1,. .., x,] is a hyperbol-
ic polynomial with respect to e, since for all x € R™ we have that det (t/; — Y1 x;4;) €
R[t] is the characteristic polynomial of a real symmetric matrix and hence real-rooted.
Therefore the hyperbolicity cone of h(x) is precisely the spectrahedral cone {x € R" :
S7 ., a;A; is positive definite}. A major open question asks if the converse is true.

Conjecture 2.4 (Generalized Lax conjecture (geometric version) [22, 39]). All hyperbolicity
cones are spectrahedral.

We may reformulate Conjecture 2.4 as follows, see [22, 39)].

Conjecture 2.5 (Generalized Lax conjecture (algebraic version) [22, 39]). If h(x) € R[x] is
hyperbolic with respect to € = (e1,...,e,) € R", then there exists a polynomial ¢(x) € R[x],
hyperbolic with respect to e, such that Ay, (h,e) C Ay, (q,e) and

q(x)h(x) = det (i xiAi> (2.1)

for some real symmetric matrices Ay, ..., A, of the same size such that Y1 | e;A; is positive

definite.

Here is an overview of known facts regarding Conjecture 2.4.
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e Conjecture 2.4 is true for n = 3 by Theorem 2.2,

e Conjecture 2.4 is true for homogeneous cones [13], i.e., cones for which the automor-
phism group acts transitively on its interior,

e Conjecture 2.4 is true for quadratic polynomials, see e.g. [32],

e Conjecture 2.4 is true for elementary symmetric polynomials, see [§],

e Conjecture 2.4 is true for certain multivariate generalizations of matching and inde-
pendence polynomials, see [1],

e Conjecture 2.4 is true for the first derivative relaxation of the positive semidefinite
cone, see [38],

o Weaker versions of Conjecture 2.4 are true for smooth hyperbolic polynomials, see
[27, 31].

e Stronger algebraic versions of Conjecture 2.4 are false, see [7].

A class of polynomials which is intimately connected to hyperbolic polynomials is the
class of stable polynomials. Below we will collect a few facts about stable polynomials
that will be needed in forthcoming sections. A polynomial P(x) € Clzy,...,,] is stable if
P(z1,...,2,) # 0 whenever Im(z;) > 0 for all 1 < j < n. Stable polynomials satisfy the
following basic closure properties, see e.g. [40].

Lemma 2.6. Let P(xq,...,x,) be a stable polynomial of degree d; in x; fori =1,...,n.
Then for alli=1,...,n we have
(i) Specialization: P(xy,...,2;1,(,Tiv1,...,x,) is stable or identically zero for each

¢ € C with Im(¢) > 0.
(i) Scaling: P(xy,..., %1, \x;j, Tiy1,...,x,) is stable for all A > 0.
(iit) Inversion: o P(xy, ..., xi1, =i, Tis1, ..., Ty) is stable.
(iv) Permutation: P(z,qy, ..., %Towm)) is stable for all o0 € &,,.
(v) Differentiation: (0/0x;)P(z1, ..., x,) is stable.

Hyperbolic and stable polynomials are related as follows, see [5, Prop. 1.1] and [11, Thm.
6.1].

Lemma 2.7. Let P € Rlzy,...,x,] be a homogenous polynomial. Then P is stable if and
only if P is hyperbolic with R, C A.

Moreover all non-zero Taylor coefficients of a homogeneous and stable polynomial have the
same phase, i.e., the quotient of any two non-zero coefficients is a positive real number.

Lemma 2.8 (Lemma 4.3 in [7]). Ifh € Rly1, ..., ys] is a hyperbolic polynomial, v1,...,v,, €
A, and vy € R™, then the polynomial

P(x) =h(vo+21vi + -+ T Vi)

is either identically zero or stable.

3. HYPERBOLIC POLYMATROIDS

We refer to [34] for undefined matroid terminology. The connection between hyperbol-
ic/stable polynomials and matroids was first realized in [11]. A polynomial is multiaffine
provided that each variable occurs at most to the first power. Choe et al. [11] proved that if

P(x)= Y a(B)]] z: € Clzy,..., )] (3.1)

BC[m)] i€eB
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is a homogeneous, multiaffine and stable polynomial, then its support
B={B:a(B)#0}

is the set of bases of a matroid, M, on [m]. Such matroids are called weak half-plane
property matroids (abbreviated WHPP-matroids). If further P(x) can be chosen so that
a(B) € {0,1}, then M is called a half-plane property matroid (abbreviated HPP—matroid).
If so, then P(x) is the bases generating polynomial of M. Here are a few known facts
regarding WHPP or HPP matroids.

e All matroids representable over C are WHPP, [11].
e A binary matroid is WHPP if and only if it is HPP, and if and only if it is regular,
[9, 11].
e No finite projective geometry PG(r,n) is WHPP, [9, 11].
e The Vamos matroid Vg is HPP (but not representable over any field), [41].
We shall now see how weak half-plane property matroids may conveniently be described
in terms of hyperbolic polynomials.
Let E be a finite set. A polymatroid is a function r : 2¥ — N satisfying
(i) r(0) =0,
(ii) r(S) < r(T) whenever S C T C E,
(iii) = is semimodular, i.e.,
r(S)+r(T)>r(SNT)+r(SUT),
for all S, T C E.
Recall that rank functions of matroids on E coincide polymatroids r on E with r({i}) <1
foralli € FE.
Let V = (vi,...,Vy) be a tuple of vectors in Ay (h,e), where e € R". The (hyperbolic)
rank, tk(x), of x € R™ is defined to be the number of non-zero eigenvalues of x, i.e., rk(x) =
deg h(e + tx). Define a function 7y : 2" — N, where [m] := {1,2,...,m}, by

ry(S) = rk <Z Vi> .
€S
It follows from [20] (see also [7]) that 7y is a polymatroid. We call such polymatroids
hyperbolic polymatroids. Hence if the vectors in V have rank at most one, then we obtain the
hyperbolic rank function of a hyperbolic matroid.

Example 3.1. Let A; = wjuj, ..., 4, = u,u;, be PSD matrices of rank at most one in C™.

m

By Example 2.1 the function r : 2"/ — N defined by

r(S) =tk (z Ai>

=
is the rank function of a hyperbolic matroid. It is not hard to see that r(S) is equal to the
dimension of the subspace of C™ spanned by {u; : i € S}. Hence r is the rank function of
the linear matroid defined by uy, ..., u,,.

Proposition 3.2. A matroid is hyperbolic if and only it has the weak half-plane property.

Proof. Suppose B is the set of bases of a matroid, M, with the weak half-plane property
realized by (3.1). By Lemma 2.7 we may assume that a(B) is a nonnegative real number for
all B C [m]. Then P(x) is hyperbolic with hyperbolicity cone containing the positive orthant
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by Lemma 2.7. Let V = (04, ..., 0m), be the standard basis of R™, andlet 1 = (1,...,1) € R™
be the all ones vector. Then

rk (Z(SL) =deg P <1 +L‘Z5i>
€S €8

degz )(1+1)5 = max{|BN S| : B € B},

Tv(S)

and hence ry is the rank function of M.

Conversely, assume that h is hyperbolic, that V = (vy,...,v,) € A;(h,e)™, and that
ry is the rank function of a hyperbolic matroid of rank r. We may assume h(e) > 0. The
polynomial g(zg,x1,...,2Z,) = h(xee + z1vy + - - - + 2, Vv,,) is stable by Lemma 2.8 and has
only nonnegative coefficients by Lemma 2.7. Since v; has rank at most one for each i we see
that g has degree at most one in x; for all ¢ > 1. Tt follows that

=) ZgL (1, Tm) Tl

where ¢;(x) is a homogeneous and multiaffine polynomial of degree i for 0 < i < r < d =
deg h. By dividing by z0~" and setting zo = 0, we see that g,(x) is stable by Lemma 2.6.
Moreover B is a basis of the matroid defined by V if and only if |B| = r and g(do +t > ;cp 0i)
has degree d. This happens if and only if g,(> ;e d;) # 0, that is, if and only if B is in the
support of g,(x). O

4. PROJECTIONS AND FACE LATTICES OF HYPERBOLICITY CONES

Let C be a closed convex cone in R™. If x,y € C'and y — x € C, we write x <y. Recall
that a face F' of a convex cone C' is a convex subcone of C' with the property that x,y € C,
x <y andy € F implies x € F. Equivalently a face is a convex subcone of C' such that for
each open line segment in C' that intersects F, the closure of the segment is contained in F.
The collection of all faces of C' is a lattice, L(C'), under containment with smallest element
{0} and largest element C. Clearly FAG = FNG and VG = Ny H, where H ranges over
all faces containing F' and G. The collection of all relative interiors of faces of C' partitions
C. If Fy is the unique face that contains x € C' in its relative interior, then Fy V Fy = Fiiy.
See [37] for more on the face lattices of convex cones.

The rank of a face F' of the hyperbolicity cone A, is defined by

tk(F) = max rk(x).
Note that if L(A;) is a graded lattice, then the above hyperbolic rank function is not neces-
sarily the rank function of L(A,).

Lemma 4.1 (Thm 26, [36]). Let I be a face of Ay and let x € F. Then rk(x) = rk(F) of
and only if X is in the relative interior of F.

By Lemma 4.1 and the semimodularity of hyperbolic polymatroids we see that rk :
L(A4) — Nis semimodular, that is,

tk(F V G) +tk(F A G) < 1k(F) + 1k(G)
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for all F,G € L(A;). We may therefore equivalently define a hyperbolic polymatroid in
terms of the face lattice of the hyperbolicity cone as follows: If F = (Fy,..., Fy,) is a tuple
of elements of the face lattice L(A), then the function rx : 20" — N defined by

rr(S) =rk <\/ E)
€S
is a hyperbolic polymatroid.
The following theorem collects a few fundamental facts about hyperbolic polynomials and
their hyperbolicity cones. For proofs see [21, 36].

Theorem 4.2 (Garding, [21]). Suppose h is hyperbolic with respect to e € R".

(i) Ay(e) and Ay (e) are convex cones.
(i) Ayt (e) is the connected component of

{x e R": h(x) # 0}

which contains e.
(iil) Amin : R™ = R is a concave function, and Apax : R™ — R is a convex function.
(iv) If & € Aiy(e), then h is hyperbolic with respect to € and Aii(€') = Aiy(e).

Recall that the lineality space of a convex cone C is C'N —C), i.e., the largest linear space
contained in C. It follows that the lineality space of a hyperbolicity cone is {x : \;(x) =
0 for all i}, see e.g. [36]. Also if x is in the lineality space, then \;(x +y) = \;(y) for all
1 <i<dandyeR"[36]

By homogeneity of h

sAj(x) +t if s >0 and

4.1
SAg—jri(x)+t  ifs<0 ’ (4.1)

Aj(sx +te) = {
for all s, € R and x € R™.
In analogy with the eigenvalue characterization of matrix projections we define projections
in A, as follows.

Definition 4.3. An element in A is a projection if its eigenvalues are contained in {0, 1}.

Remark 4.4. Note that 0, e and appropriate multiples of rank one vectors in A, are always
projections.

Lemma 4.5. Suppose x,y € Ay are such that Fyx < Fy and tk(y) = r. If Mi(x) < A (y),
then x <y.
In particular if X,y € Ay are projections, then Fx < Fy if and only if x <Yy.
Proof. Suppose x,y € Ay are such that Fx < Fy, 1tk(y) = r and A (x) < A\ (y). Consider
the polynomial
g(u, s,t) = h(ue + sy + tx),

which is hyperbolic with respect to (1,0, 0) and whose hyperbolicity cone contains the positive
orthant. Since x € Fy, we know that rk(ax + by) = r for all a,b > 0. Since all non-zero

Taylor coefficients of g(u, s,t) have the same sign, by Lemma 2.7, we may write

glu,s,t) = u'"go(u, s,t), d=degh,
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where go(u, s,t) is hyperbolic with respect to (1,0,0) and also (0,1, 0), and its hyperbolicity
cone contains the positive orthant. Let X:(a,b, ¢), j=1,...,r, denote the eigenvalues of gq
(with respect to (1,0,0)). Then by (4.1) and the concavity of A (Theorem 4.2):
X(0,1,—1) > X(0,1,0) + A.(0,0, 1) = A\ (y) — Ai(x) > 0.
By construction Ay, (y — x) = min{0, \/.(0,1,—1)}, and the lemma follows. O
Lemma 4.6. Ifx,y € A, are projections with x <y, then y — x is a projection with
rk(y — x) = rk(y) — rk(x).

Proof. Suppose first that Fy, = A, = F,. Then y —e,e —y € A by Lemma 4.5, and hence
y — e is in the lineality space of A,. Then

Xy —x) = Ni(e —x) =1 — i1 (x),

for all 1 <i < d=degh, and hence y — x is a projection of rank d — rk(x).
If Fy, # F,, then r :=rk(y) < d. Consider the hyperbolic polynomial

glu,s,t) = h(ue + sx + ty) = u"go(u, s, 1),

where ¢y is hyperbolic with respect to ¢ = (1,0,0). It follows that x’ = (0,1,0) and
y' = (0,0,1) are projections with F = Fy,. The lemma now follows from the first case
considered. O

Remark 4.7. Note that if x < y and y < x, then y — x is in the lineality space of A,.
Moreover x <y if and only if e —y < e — x. Since F, = A, we have by Lemma 4.5 that
x < e for all projections x € A,. Hence by Lemma 4.6 it follows that x is a projection if
and only if e — x is a projection.

The following proposition gives a sufficient condition for two faces in A, to be modular with
respect to the hyperbolic rank function.

Proposition 4.8. If x,y € Ay are projections such that Fx N Fy, FxV Fy, Fe_x N Fo_y, and
Fe « V Fo_y all contain a projection in their relative interiors, then

rk(Fx) 4+ rk(Fy) = rk(Fx A Fy) + rk(Fx V Fy).

Proof. Let v, w,v',w' be the projections in the relative interiors of Fx A Fy, Fx V Fy, Fe_x A
Fe_y and Fo_x V Fe_y, respectively. Then e —w < e—-x and e —w < e —y, so that
e — W € Fox N Fo_y by Lemma 4.5. By Lemma 4.5 again, e — w < v/. We also have
e—v >xand e— v >ysothat e — v > w, that is, e — w > v'. Thus F,, = F,_,, and
analogously Fy = F,_. Since rk : L(A;) — N is semimodular we have

rk(x) + rk(y) > rk(v) + rk(w),
and also
tk(e — x) + k(e —y) > rk(e — w) + k(e — v),

and so the proposition follows from Lemma 4.6. (|

Corollary 4.9. Let A (h,e) be a hyperbolicity cone with trivial lineality space. Suppose
all extreme rays of Ay have the same hyperbolic rank, and that each face of Ay contains a
projection in its relative interior. Then L(Ay) is a modular geometric lattice.
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(A) Non-Pappus (B) Non-Desargues

FicUure 1. The Non-Pappus and Non-Desargues configurations.

Proof. Since each face of L(A) except {0} is generated by extreme rays, see e.g. [37, Cor.
18.5.2], it follows that L(A4) is atomic with all atoms (extreme rays) having the same hy-
perbolic rank by hypothesis. Suppose rk(a) = ¢ for all atoms a € L(A,). By modularity of
the hyperbolic rank function (Proposition 4.8) and induction we see that ¢ divides rk(F") for
all F e L(Ay). It follows that the function defined by rk(F')/c is the proper rank function
of L(A4), since it is modular and equal to one on each atom. g

5. HYPERBOLIC MATROIDS AND EUCLIDEAN JORDAN ALGEBRAS

In light of the generalized Lax conjecture it is of interest to find hyperbolic but non-linear
(poly-) matroids. Until present the only known instances of non-linear hyperbolic matroids
are the Vamos matroid [41] and a generalization of it [10]. The generalized Vdmos matroids
introduced in the following section provide an infinite family of such matroids. In this sec-
tion we identify two further types of matroids that are hyperbolic but not linear through a
connection with Euclidean Jordan algebras and projective geometry.

Some classical examples of non-linear matroids are obtained by relaxing a circuit hyperplane
in a matroid that comes from a geometric configuration. In fact the Non-Fano, Non-Pappus
and Non-Desargues matroids (see Fig 1) are all derived from the family n; of symmetric con-
figurations on n points and n lines, arranged such that 3 lines pass through each point and 3
points lie on each line [19]. Note that such configurations need not be unique up to incidence
isomorphism for given n. The Non-Fano, Non-Pappus and Non-Desargues matroids are all
rank three matroids corresponding respectively to instances of the configurations 73,93 and
105 after removing one line. It is interesting to note how representability diminishes as we
move upwards in this hierarchy: The Non-Fano matroid is representable over all fields that
do not have characteristic 2 [34]. The Non-Pappus matroid is skew-linear but not linear
[23], which is to say that it only admits representations over non-commutative division rings
e.g. the quaternions H. Moreover it is known that the Non-Desargues matroid is not even
skew-linear [23]. On the other hand, it is known that the Non-Desargues matroid can be
coordinatized by rank one projections over the octonions O, see e.g. [18]. The octonions
form a non-commutative and non-associative division ring over the reals.

An algebra (A, o) over a field K is said to be a Jordan algebra if for all a,b € A

aocb=boa and ao((aca)ob)=(aoa)o(aob).
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Note in particular that Jordan algebras are not necessarily associative. A Jordan algebra is
FEuclidean if
al+ - +aj =0impliesa; = - =a =0
for all ay,...,a;, € A. By a theorem of Jordan, von Neumann and Wigner [25] the simple
finite dimensional real Euclidean Jordan algebras classify into four infinite families and one
exceptional algebra (the Albert algebra) as follows:
(i) Hy(K) (K =R, C,H) - the algebra of Hermitian n x n matrices over K with Jordan
product a o b = $(ab+ ba).
(ii) R"@®R - the real inner product space with inner product (u® X, v® p) = (u, v)gn + A
and Jordan product (u @ A) o (v @ p) = (pu+ M) & ((u, v)rn + Ap).
(ii) H3(O) - the algebra of octonionic Hermitian 3 x 3 matrices with Jordan product
aob=i(ab+ ba).
Let A be a real Euclidean Jordan algebra of rank r with identity e. A Jordan frame is a
complete system of orthogonal idempotents of rank one, that is, rank one elements ¢y, ..., ¢, €
A such that ¢? = ¢;, ¢; 0 ¢; =0fori# jand ¢ +---+ ¢ =e. A characteristic property of
finite dimensional real Euclidean Jordan algebras is the following spectral theorem, see [17,
Theorem II1.1.2].

Theorem 5.1. Let A be a real Euclidean Jordan algebra of rank r. Then for each x € A
there exists a Jordan frame cy, ..., ¢, € A and unique real numbers A (x),..., \.(z) (the
eigenvalues) such that

z=> \(x)c.

=1

Moreover

is uniquely determined for each eigenvalue \.

A finite dimensional real Euclidean Jordan algebra is equipped with a hyperbolic determinant
polynomial det : A — R given by

det(z) = ljl ().

Let P be a set of points and L a set of lines. Recall that a pair G = (P, L) is a projective
geometry if the following axioms are satisfied:
(i) For any two distinct points a,b € P there is a unique line ab € L containing a and b.

(ii) Any line contains at least three points.

(iii) If a,b, ¢, d € P are distinct points such that abNcd # 0 then ac N bd # ().
Each projective geometry is a (simple) modular geometric lattice, and each modular geometric
lattice is a direct product of a Boolean algebra with projective geometries, see [2, p. 93].
The following proposition is essentially a known connection between Jordan algebras and
projective geometries, which we prove here in the theory of hyperbolic polynomials.

Proposition 5.2. Let A be a finite dimensional real Euclidean Jordan algebra and let A,
denote the hyperbolicity cone of det : A — R. Then L(Ay) is a modular geometric lattice.
In particular if A is simple, then L(A) is a projective geometry.
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Proof. By Theorem 5.1 the extreme rays of A, are multiples of rank one idempotents. Also,
a face F, contains the projection
c= > g
7 (2)#0
in its relative interior. The proposition now follows from Corollary 4.9. (]

The Non-Pappus and Non-Desargues configurations are depicted in Fig 1. The configurations
give rise to rank 3 matroids where three points are dependent if and only if they are collinear.
The Non-Pappus and Non-Desargues matroids are not linear but may be represented over
the projective geometries associated to the Euclidean Jordan algebras Hz(H) and H3(0),
respectively. This may be deduced from the coordinatizations in [34, Example 1.5.14] and
[18]. Hence by Proposition 5.2 we have

Theorem 5.3. The Non-Pappus and Non-Desargues matroids are hyperbolic.

6. GENERALIZED VAMOS MATROIDS WITH THE (WEAK) HALF—PLANE PROPERTY

In this section we provide an infinite family of hyperbolic matroids that do not arise from
modular geometric lattices. Suppose that L is a lattice with a smallest element 0, and
f L — Nis a function satisfying

(i) f(0)=0,
(i) if 2 <y, then f(z) < f(y),
(iii) for any z,y € L,

f@)+ fy) = flaVy) + flzAy).
If z1,...,2m € L, then the function r : 2™ — N defined by
1)=1 (V)
icS
defines a polymatroid. All polymatroids arise in this manner. Indeed if r : 2" — N is a

polymatroid, we may take L = 20" f = r and z; = {i} for each i € [m]. However if f is
modular, i.e.,

f@)+fly) =favy) + flzAy), forallzyelL,
we say that r is modularly represented. Hence all linear matroids as well as all projective

geometries are modularly represented. Although Ingleton’s proof [23] of the next lemma only
concerns linear matroids it extends verbatim to modularly represented matroids.

Lemma 6.1 (Ingleton’s Inequality, [23]). Suppose r : 2P — N is a modularly represented
polymatroid and A, B,C, D C E. Then

r(AUB) +r(AUCUD)+r(C)+r(D)+r(BUCUD) <
r(AUC)+r(AUD)+r(BUC)+r(BUD)+r(CUD,).

The Vdmos matroid Vg is the rank-four matroid on E = [8] having set of bases

B(Vs) = <f> \ {{1,2,3,4},{1,2,5,6},{1,2,7,8},{3,4,5,6},{5,6,7,8}}.

The rank function of the Vamos matroid fails to satisfy Ingleton’s inequality (see [23]),
and hence it is not modularly represented. Nevertheless Wagner and Wei [41] proved that
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4
(A) G (Diamond graph) (B) Vo = Vs (Vamos matroid)

Vs has the half-plane property, and hence V3 is hyperbolic. This was used in [7] to provide
counterexamples to stronger algebraic versions of the generalized Lax conjecture.

Burton, Vinzant and Youm [10] studied an infinite family of generalized Vamos matroids,
{Van }n>1, and conjectured that all members of the family have the half-plane property. They
proved their conjecture for n = 5. Below we generalize their construction and construct a
family of matroids; one matroid for each uniform hypergraph. We prove that all matroids
corresponding to simple graphs are HPP, and that all matroids corresponding to uniform
hypergraphs are WHPP. In particular this will prove the conjecture of Burton et al.

Recall that a rank r paving matroid is a matroid such that all its circuits have size at least
r. Paving matroids may be characterized in terms of d-partition. A d-partition of a set F
is a collection § of subsets of E all of size at least d, such that every d-subset of F lies in a
unique member of §. The d-partition S = {E} is the trivial d-partition. For a proof of the
next proposition see [34, Prop. 2.1.21].

Proposition 6.2. The hyperplanes of any rank d+1 > 2 paving matroid form a non-trivial
d-partition.

Conversely, the elements of a non-trivial d-partition form the set of hyperplanes of a paving
matroid of rank d + 1.

A paving matroid of rank r is sparse if its hyperplanes all have size r — 1 or r.
Recall that a hypergraph H consists of a set V/(H) of vertices together with a set E(H) C
2VUH) of hyperedges. We say that a hypergraph H is d-uniform if all hyperedges have size d.

Theorem 6.3. Let H be an d-uniform hypergraph on [n], and let E = {1,1',... ,n,n'}. Let

BV = () \ (U c € BUm)

in which € = {i' : i € e} for each e € E(H). Then B(Vy) is the set of bases of a sparse
paving matroid Vg of rank 2d.

Proof. Let

S={eUe':e€E(H)}U{S€< >:SCeUe'fornoe€E(H)}.

E
2d —1
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(A) A simple graph G (B) The matroid Vg

5

1
(A) A 3-uniform hypergraph H (B) The matroid Vg

Then S is a (2d — 1)-partition, and so it defines a sparse paving matroid with set of bases
(25;) \{eUé' :ee E(H)} by Proposition 6.2. O

Let V = {Vy : H is a d-uniform hypergraph on [n] with 0 < d < n,n € N}.

Example 6.4. If G is the diamond graph (Fig 2a) then Vi = V5, the Vamos matroid.
Moreover Vg = Uy a,, where K, denotes the complement of the complete graph on n vertices
and Uy, denotes the uniform rank 4 matroid on 2n elements. The family {V5,},>4 studied
by Burton et al. [10] corresponds to Vg, where Gy, is an n-cycle with edges {1,i}, i =2,...,n,
adjoined.

We postpone the proofs of the next two theorems until Section 9.

Theorem 6.5. All matroids in V are hyperbolic, i.e., they all have the weak half-plane
property.

Theorem 6.6. For each simple graph G, Vg has the half-plane property.

If G contains the Diamond graph as an induced subgraph then the rank function of V{; fails
to satisfy Ingleton’s inequality, and thus Vi is hyperbolic but not modularly represented.

There is no full analogue of Theorem 6.6 in the hypergraph setting. To see this let H be
the complete 3-uniform hypergraph on [6]. The bases generating polynomial of Vi is given
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by
hy, (x) = eg(x1, 217, . .. 26, ¢ ) — e3(T1217, . ., TeZgr).
By Lemma 2.7 we have that hy,, (x) is stable if and only if Ay, (x) is hyperbolic with Ri? C
Ay(hy,). Take e = (1,1,0,...,0) € R} and x € R with 21 = 21/ = 0, 29 = 2y = 23 =
vy =2 and x; = vy = —1 for ¢ > 3. Then
hy,, (te — x) = —4t* — 36t — 160

is a quadratic polynomial with non-real zeros ¢t = % + %\/@z Hence Vi does not have
the half-plane property. Clearly if V5 is a minor of Vi then Vi cannot be representable.
Below we give an example of a non-representable matroid Vg with no Vamos minor. Hence
this constitutes a genuinely new instance of a hyperbolic matroid in the family which is not
representable.

Example 6.7. The following linear rank inequality in six variables was identified by Dougher-
ty et al. [15]
r(AUD)+r(BUC)+r(CUE)+r(EUF)+r(BUDUF)+r(AUBUCUD)+
T(AUBUCUE)+T(AUCUEUF)+T(AUDUEUF) <
T(AUBUC’)+T(AUBUD)+T(AUCUE)+T(AUDUF)+T(AUEUF)+
r(BUCUD)+r(BUCUE)+r(CUEUF)+r(DUEUF).
This inequality is satisfied by all polymatroids r representable over some field, where r : 2% —
N, n e Nand A, B,C,D,E,F C [n]. We proceed by designing a 3-uniform hypergraph H
on [6] such that Vj violates the above inequality. Let
A= {17 1,}7 B = {272l}7 C= {37 3/}7 D= {47 4,}7 E= {575/}7 F= {676/}
By taking the hypergraph H with edges
{1,2,3},{1,2,4},{1,3,5},{1,4,6},{1,5,6},{2,3,4},{2,3,5},{3,5,6},{4,5,6}

we see that Vy violates the above inequality. One checks that Vg is not a minor of Vy.

7. CONSEQUENCES FOR THE GENERALIZED LAX CONJECTURE

Helton and Vinnikov [22] conjectured that if a polynomial h € R[zy,...,x,] is hyperbolic
with respect to e = (eq,...,e,) € R™ then there exist positive integers M, N and a linear
polynomial £(x) € R[zy,...,x,] which is positive on A, (h,e) such that

L(x) M h(x)Y = det <i y:iAi>

for some symmetric matrices Ay, ..., A, such that e;A; + -+ + e, A, is positive definite. In
[7] the second author used the bases generating polynomial hy, of the Vdmos matroid to
prove that there is no linear polynomial ¢(x) € R[zy,...,z,] which is nonnegative on the
hyperbolicity cone of hy, and positive integers M, N such that

()M Ty (x)N = det (28: .riAl)

i=1
for some symmetric matrices Ayg, ..., Ag with e;A; + - -+ + egAg positive definite. We will
here construct further “counterexamples” that preclude more general factors ¢(x) in (2.1).
First we prove two lemmata of matroid theoretic nature. If 7 : 2% — N is a polymatroid and
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A C E, we say that A is spanning if r(A) = r(E). Moreover A C E is a hyperplane if it is a
maximal non-spanning set.

Lemma 7.1. Forn,r,c > 1, let P(n,r,c) be the family of all polymatroids of rank at most r
on n elements such that each hyperplane has at most r — 1+ ¢ elements. If a(n,r,c¢) denotes
the mazximal number of non-spanning sets of size r taken over all polymatroids in P(n,r,c),
then

a(n,r,c) §c< " ) (7.1)

r—1

Proof. If r =1, then each hyperplane has at most ¢ elements, i.e., there are at most ¢ loops
so that a(n,r,¢) = ¢ as desired. The proof is by induction over n > 1 where r > 1. The
lemma is trivially true for n = 1.

Let P € P(n,r,c), where n,r > 2. If n < r, then (7.1) is trivially true. Assume n > r. Let
i be a non-loop of P. If r(E\i) < r(E), then F\i is a hyperplane and hence n—1 < r—1+-¢,
so that (’:) < c(T:). Hence we may assume r(E \ i) = r(E) > 0.

If S is a non-spanning r-set of P, then either S is a non-spanning r-set of P \ 4, or S\ i is
a non-spanning (r — 1)-set of P/i. Hence P\ i € P(n—1,7,¢) and P/i € P(n—1,r — 1,¢),
and thus

aln,r,e) <aln—1,rc)+an—1,r—1,c)

P 1 n n—1) n

=Nr-1 Nr—2) o)
by induction. (|
Lemma 7.2. Let P;, i = 1,...,s, be polymatroids on [n] of rank at most k — 1 such that no

hyperplane has more than k elements. If n > (2s + 1)k — 1, then there is a set S of size k
such that there are at least two (k — 1)-subsets of S that are spanning in all P;, i =1,...,s.

Proof. Suppose the conclusion is not true. Let

A= {(S, T)e <k[n] > X <M> : S C T and S is not spanning in P; for some i € [5]}

-1 k
a1z -1}

Furthermore by Lemma 7.1 we have

|A| = # {S € <k[i} 1) : S is not spanning in P; for some i € M} (n—k+1)

Then

<sa(n,k—1,2)(n—k+1)

zs<kf2>(n—k+1).

(k-—l)(Z) §23<kn2>(n—k’+1).

Solving for n gives n < (2s + 1)k — 2, which proves the lemma. O

IN

Hence
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Given positive integers n and k, consider the k-uniform hypergraph H,, j on [n+2] containing
all hyperedges ¢ € ([":20 except those for which {n + 1,n + 2} C e. By Theorem 6.5 the
matroid Vg, , is hyperbolic and therefore has a stable weighted bases generating polynomial
hVHM by Proposition 3.2. The polynomial h,; € R[zy,..., %, 2] obtained from the multi-
affine polynomial hVHM by identifying the variables x; and x; pairwise for all i € [n + 2] is
stable. Hence by Lemma 2.7 we have ]RTQ C Ay (hng) SO hny is hyperbolic with respect to
1.

Theorem 7.3. Let n and k be a positive integers. Suppose there exists a positive integer N
and a hyperbolic polynomial q(x) such that

q(X) i (x)N = det <_i12 xiAl) (7.2)

with Ay (hn i) C Ar(q) for some symmetric matrices Ay, ..., Anig such that Ay + -+ + Apio
is positive definite and

4(x) = H py(%)"

for some irreducible hyperbolic polynomials py, ... ,ps € Rlxy, ..., xn2] of degree at most k—1
where aq, ..., o, are positive integers. Then

n<(2s+ 1)k —1.

Proof. Suppose the hypotheses are satisfied and n > (2s + 1)k — 1. Let r : 2 — N be
the hyperbolic polymatroid defined by h,x and V = (01,...,0,), where d;, i € [n] are the
standard basis vectors. Hence 79(S) is the rank of SU {i’ : # € S} in the matroid Vy, ,.

Moreover, for i € [s], let r; : 2[" — N be the hyperbolic polymatroid defined by p; and
V = (d1,...,0,). Any subset S of [n] of size at least k + 1 is spanning for 7o, and thus
Yics0i € Apy(hny). Hence Yicq0; € Ayt (p;), and thus S is spanning with respect to r; for
all i € [s]. By Lemma 7.2, since n > (2s + 1)k — 1, there exists a subset T" C [n] of size
k containing at least two distinct subsets X, Y of size k — 1 with full rank with respect to
all hyperbolic polymatroids r;, © = 1,...,s. Let z,y € T be the unique elements in X,V
respectively, not contained in Z = X NY. Define
A=ZU{n+1}, B=ZU{n+2}, C=ZU{z}, D=ZU{y}

Now AUB,AUCUD and BUC U D have full rank with respect to ry. Since A (hn ) C
Ayi(p;) for all i, we see that AUB, AUC U D and BU C U D have full rank with respect
to r; for all . Hence the rank of each set to the left in the Ingleton inequality have full rank
with respect to r;, so that

ri(AUB)+r,(AUCUD)+1,(C)+r(D)+r(BUCUD) >
ri(AUC)+r(AUD)+r(BUC)+r(BUD)+r,(CUD)
fori=1,...,s. Note also that
ro(AU B) +ro(AUCUD) +19(C) +ro(D) +10(BUCU D) =
2k +2k+ 2k —2)+ 2k —2)+2k> 2k—-1)+ 2k-1)+2k-1)+(2k—-1)+ (2k—1) =
To(AUC) +190(AUD) +ry(BUC)+19(BUD)+10(CUD,).
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Thus 7y violates the Ingleton inequality. Let R denote the representable polymatroid with
rank function

rr(S) = rank (Z Ai> .

ics
for all S C [n]. Then, by (7.2),

rr(S) = rank <;S Ai> = Zz;airi(S) + Nro(S).

Hence rr violates Ingleton’s inequality, a contradiction. O

Hence, for n sufficiently large, ¢ in (2.1) either has an irreducible factor of large degree or is
the product of many factors of low degree.

Example 7.4. Consider

}LQ’Q = ZL'%{L’% —+ 4({51 + T + I3 + ZL'4)({L‘1ZL'2{L'3 —+ T1T2Ty + T1X3T4 + {EQ$3.’E4).
The polynomial hsy comes from the bases generating polynomial of the Vamos matroid
under the restriction x; = xy for i = 1,...,4. Kummer [26] found real symmetric matrices
Ay i=1,...,4 with A; + Ay + A3 + Ay positive definite and a hyperbolic polynomial ¢ of
degree 3 with A (heo) C A4 (g) such that

(](X)hQ,Q(X) = det (.1'1141 + .TQAQ + .7}3145 + .T4A4) s

where

q(x) = 32(2x1 + 329 + 3wz + day) (X102 + X123 + 20124 + ToTy + T324).
If s =2 and k = 3 in Theorem 7.3 it follows that there exists no linear and quadratic hyper-
bolic polynomials ¢(x), ¢(x) € R[z1, ..., z6] respectively such that hiy3(x) € Rz, ..., 6]
has a positive definite representation of the form

0(x)q(x)h1a3(x) = det (2} fz'Ai>
with Ay (hia3) C Ay (lg).

8. NONNEGATIVE SYMMETRIC POLYNOMIALS

Recall that a polynomial P(x) € R[zy,...,z,] is nonnegative if P(x) > 0 for all x €
R™ and it is symmetric if it is invariant under the action (permuting the variables) of the
symmetric group of order n. In this section we prove that certain symmetric polynomials
are nonnegative. This is needed for the proof of Theorem 6.5. The results are interesting in
their own right, and they generalize several well known inequalities in the literature.

Recall that a partition of a natural number d is a sequence A = (A1, Ay, ...) of natural
numbers such that \y > \o > -+ and \; + Ao+ -+ = d. We write A - d to denote that A is a
partition of d. The length, £()\), of A is the number of nonzero entries of A. If X is a partition
and ¢(\) < n, then the monomial symmetric polynomial, m,, is defined as

ma(z1,...,T,) = melmgz b

where the sum is over all distinct permutations (51, 52, ..., 0n) of (A1,..., ). If (X)) > n,
we set my(x) = 0. If ky, ..., k; are distinct positive integers and ay,...,a, € N we denote by
Ey*k3? - - - kg the unique partition of a; 4 - - - 4+ a, with exactly a; coordinates equal to k; for
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1 < j < (. The dth elementary symmetric polynomial is e4(Xx) = mqa(x), and the dth power
symmetric polynomial is pa(x) = my(x).

Nonnegative symmetric polynomials have been studied in several areas of mathematics, see
[3, 12, 16] and the references therein. We will initially concentrate on nonnegative polynomials
of the form

Z akek 627" k )7 X € Rm, (81)

where 7 is a positive integer and ar € R for 0 < k < 2r. Hence these are the nonnegative
symmetric polynomials spanned by {maqrj2¢—r : 0 < k < r}. A classical family of such
nonnegative and symmetric polynomials was found already by Newton [33]:

er(xg2 _er1(X) erpa(x) >0,
(7)

(m) (h)

for x € R™ withm <mnand1<r <n-—1. Letting n — oo in Newton’s inequalities we
obtain the Laguerre-Turdn inequalities (see e.g. [14]):

re.(x)? — (r + De,_1(x)e,1(x) >0, x € R™ m > 1.

A different but equivalent view on nonnegative symmetric polynomial is that of inequalities
satisfied by the derivatives of a real-rooted polynomial: Let {a;}7™, be a sequence of real
numbers. Then the polynomial (8.1) is nonnegative if and only if

i ay <2]:> O fER @)y >0, teR, (8.2)
k=0

holds for all real-rooted polynomials f of degree at most m. Indeed by translation invariance
(8.2) holds for all real-rooted polynomials f of degree at most m if and only if (8.2) holds at
t = 0 for all real-rooted polynomials f of degree at most m. Hence if f(t) = ITjL, (1 + z;t),
then the left-hand-side of (8.2) at t = 0 is the same as (8.1) up to a constant factor (2r)!.
The following inequality is due to Jensen.

Theorem 8.1 (Jensen [24]).

S (1) (2) FO@FEP@ 20, teR, (83)

k=0 k
for all real-rooted polynomials f.

The inequality (8.3) follows easily from a symmetric function identity as follows

Z mar (X" =" e (a7, ..., ap )t
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Clearly mar(x) > 0 for all x € R, so that inequality (8.3) follows from
2r

mor(X) = Z(—l)k+rek(x)ezr,k(x). (8.4)

k=0
Lemma 8.2. Ifr is a positive integer and 0 < t < 2/r, then
Mar (X) + tmagr-112(X)
is a sum of squares (sos for short), and in particular nonnegative.

Proof. Since mar(x) is a sos it suffices to consider ¢t = 2/r, by convexity. Note that
mar1p2(x) = Y ea(x¥) [] 27,
|S|=r—1 €S
where x° = x \ {7, : i € S}. Using ea(x) = €1(x)%/2 — pa(x)/2
1 1
Magr-112(X) = 3 S oax*)? ] 7 - 3 S pe(x%) [ 27
|S|=r—1 i€S |S|]=r—1 i€S

=9S(x)— gmy(x),

where S(x) is a sum of squares. Indeed

% Z pa(x) H 2 = Cmyr (x)

|S]=r—1 €S
for some C, and setting x = (1,...,1) one sees that
1/ n n
- _ 1) =
2<r_1>(n r+1) C(r)’
so that C' = r/2. The lemma follows. O

Let P(x) be a symmetric polynomial. Suppose P(x) = Q(e1(x), ..., en(x)) is the unique
expression of P in terms of the elementary symmetric polynomials. If @) is of degree d, let
H(zg,21,...,%m) = 23Q(21/%0, . . ., Tm/To) be its homogenization, and let

L(P) := H(e1(x),2es(x), ..., (m~+ 1)epmi1(x))
be the lift of P. This operation enables us to lift symmetric nonnegative polynomial inequal-
ities to higher degrees.
Lemma 8.3. If P is a symmetric and nonnegative polynomial, then so is its lift L(P).

Proof. Note first that if P is nonnegative and symmetric, then the degree of ) above is even.
Indeed if x(t) = (¢, 2, ...,x,) where za,...,z, € R are generic and ¢ is a variable, then we
obtain a univariate nonnegative polynomial ¢ — P(x(¢)) of degree d. Hence d is even. Now if
x € R" is such that e;(x) # 0, then there is a y € R" such that e,(y) = (k4 1)eg+1(x)/e1(x)
for all k. Indeed
L4y =TI ). wh 0

— xt) = yt),  where y, =0,

ex(x) dt k=0
since the operator d/dt preserves real-rootedness. Thus

L(P)(x) = P(y)



20 NIMA AMINI AND PETTER BRANDEN

and the proof follows.

Lemma 8.4. The lift of mor—1(x) is
2mgr (X) + 2mgr-112(X).

Proof. By (8.4), the lift of mgr—1(x) is

L= i (=77 G+ 1)(2r — 1= j)ejua (X)ear—1-5(x)
= S ey e ).

The coefficient in front of mye2¢—r (X) in the expansion of e;(x)es,—;(x) in the monomial
2;:2 ) (Look at how many times we get the monomial 22232 - - - 2321 Tp 10 - - -

in the expansion of the e;(x)es—;(x).) Hence the coefficient infront of mgki2¢—r (x) in the
expansion of L in the monomial basis is

ar = i(fl)jﬂj(% 5 (2; B ik>

Jj=0

bases is seen to be (

Now a, = r%,a,_1 = 2, and a; = 0 otherwise. This follows from the fact that if p is a
polynomial of degree d, then

n ) ) n
1)) =0
=0 J
whenever n > d. O

Our next lemma is a refinement of the Laguerre-Turan inequalities and may be formulated
as the Laguerre=Turdn inequalities beat Jensen’s inequalities (8.3). Lemma 8.5 is also a
generalization of [16, Theorem 3], where the case r = 2 was proved. If P,Q € R[x], we write
P < Q if Q — P is a nonnegative polynomial.

Lemma 8.5. Ifr > 1, then
mar (x) < rep(x)? — (1 + 1)eq_1(X)er1(xX).
Proof. The proof is by induction over r. For r = 1 we have equality. Let r > 2 and assume
the inequality in the case r — 1 by induction. Taking the lift of this inequality and applying
Lemmas 8.3 and 8.4, we find that
2 mgr (X) + 2mgr-112(x) < (r — Dre, (x)* — r(r — 1)(r + Dep_1(x)erp1(x).
By Lemma 8.2
(r? — r)mar (x) < r*mar (x) + 2mgr-112(x),
and the lemma follows. O

Lemma 8.6. Ifr > 2 is an integer, then
(arer—1(x)er(x) — er—2(X)erta (X))2 > Crep—a(x)er(x)mar (x), (8.5)

where 1 1
! and C,=9 !

=3 L
“ r+1 (r+1)2
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Proof. We prove the inequality by induction over r > 2. Assume r = 2. The polynomial
(t,x) > eq(t,t, 21,21, ..., Ty, x,) is stable, this may for instance be deduced from the Grace-
Walsh-Szegé theorem (see Remark 9.3). It specializes to a real-rooted (or identically zero)
polynomial when we set x = (zy,...,2,) € R™

(dea(x) + pa(x))t* + 4(e1(x)ex(x) + e3(x))E + maa (x) + 4ep (x)es(x).
Hence its discriminant is nonnegative, which gives
(e3(x) + ex(x)ea(x))* > (ea(x) + pa(x)/4) (ma2(x) + e (x)es(x)).
To prove (8.5) for = 2 we may assume es(x) > 0. Rewriting (8.5) as
(e3(x) + e1(x)ea(x))* = ea(x) (maz (x) + de1 (x)e: ( );
we may assume also mg2(x) + 4e;(x)ez(x) > 0. Then, since py(x) >
(e3(x) + e1(x)ea(x))* = (e2(x) + pa(x)/4) (ma2(x) + 461( Jes(x))
> e3(x)(ma (x) + de1(x)es(x))

which proves the lemma for r = 2.
Assume that the inequality is true for a given r > 2. We lift the inequality for r and use
Lemma 8.4 to get

(a7 (r + Dep(x)ersa(x) = (r = 1)(r + 2)e,1(x)ers2(x))* >
2
Co(r = 1)(r +1)%e, 1 (X)ery1(x ( Mar+1( ) m2,.12(x)>

We may exchange the factor mayr1 4 (2/(r + 1)?)mar2 by something nonnegative and smaller
and still get a valid inequality. By Lemma 8.2 we obtain the inequality

(arr(r + e (x)ersa(x) = (1 = 1)(r + 2)er1(X)eria(x))* >
T
Co(r —1)(r+ 1)36T,1(X)6T+1(x)mm2r+1 (x).
Dividing through by (r — 1)%(r + 2)2 we obtain

we X)e,. x)—e X)e N 2
(ar(r—l)(TJrQ) r(X)eria(x) = er1(X)ertal )> >

r(r+1)>2
Crmer—l (X)eyp1 (X)mgrs1 (x),

which simplifies to the desired inequality for r 4 1. O
9. PROOF OF THEOREM 6.6

The next tool for the proof of Theorem 6.6 is a lemma that enables us to prove hyperbolicity
of a polynomial by proving real-rootedness along a few (degenerate) directions.

Lemma 9.1. Let h € Clxy,...,x,] and vi,va € C". Define d to be the mazimum degree of
the polynomial t — h(tve +y), where the mazimum is taken over all y € C". Let further

P(x) := tlirgo t=h(tvy +x) € Clzy, . .., ).

Suppose S C C" and xqg € S are such that
(i) S+ Rvy =S, i.e., S is closed under translations by real multiples of v,.
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(ii) S is pathwise connected.

(iii) The polynomial (s,t) — h(svi + tve +Xo) is stable and not identically zero.

(iv) For each x € S, the polynomials s — h(svy +x) and s — P(svy +x) are stable and
not identically zero.

Then the polynomial (s,t) — h(svy + tve + X) is stable for all x € S.

Proof. The proof is by contradiction. Suppose x; € S and £, n € C are such that Im(§) > 0,
Im(n) > 0 and

h({vl + nvy + Xl) =0.
Let x(¢) : [0,1] — S be a continuous path such that x(0) = x; and x(1) = x; and let
po(t) = h(Evy +tve +x(0)) = t*P(Evy +x(0)) + O™,

where P({vy +x(0)) # 0 by (iv). By assumption all zeros of po(t) are in the closed lower
half-plane, while p;(n) = 0 where Im(n) > 0. Hence, by continuity using Hurwitz’ theorem
on the continuity of zeros (see e.g., [11, Footnote 3, p. 96]), a zero will cross the real axis as
0 runs from 0 to 1. In other words

0 = po(a) = h(§vy + avs + x(0)),
for some o € R and 0 € [0,1]. Since avy +x(0) € S, by (i), this contradicts (iv). O

The next theorem is a version of the Grace-Walsh-Szeg6 coincidence theorem, see [4, Prop.
3.4].

Theorem 9.2 (Grace-Walsh-Szeg6). Suppose P(xy,...,x,) € C[x] is a polynomial of degree
at most d in the variable x;:
d
P(xy,...,x,) = Z Pz, ..., x,)zh.
k=0

Let Q be the polynomial in the variables To, ..., T, Y1, Yn

d
er(yry .-y
Q = Z.Pk(l'g,...,l‘n)M.
k=0 (k)
Then P is stable if and only if Q) is stable.

Remark 9.3. Note that e(z1,...,x,) is stable, by the Grace-Walsh-Szegé theorem applied
to the polynomial 2% considered as a polynomial of degree at most 7.

Lemma 9.4. Ifx € R" and e,(x) = ex11(x) = 0 where 0 < k < n, then x has at most k — 1
nonzero coordinates.

Proof. 1t is well known that if e (x) = egy1(x) = 0, then e;(x) = 0 for all £ < j < n, see
e.g., [6, Example 3.6]. Hence the number of non-zero coordinates of x is equal to

max{0 <i <n:e(x)#0} <k
(]

The following theorem provides families of stable polynomials which are closed under
convex sums.
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Theorem 9.5. Let r > 2 be an integer, and let
M(x)= > a(S) [[ 2} € Rz, ..., 2],
|S|=r ics
where 0 < a(S) <1 for all S C [n], where |S| =r. Then the polynomial

3

de, .
er1(x)e,1(x) + i

M(x) (9.1)
is stable.

Proof. Let x = (x1,...,x,) and X' = (x9,...,2,) where n > 2r + 4. Suppose M is of the

form described in the statement of the theorem and that additionally no z;, i =1,...,2r+3
appears in M. We will prove, by applying Lemma 9.1, that polynomials of the form
3
() = Aaraer () + er (X)) (@16r-2(X) + €01 (X)) + — M (9.2)

are stable, where a, is defined as in Lemma 8.6. Since any polynomial of the form (9.1)
may be obtained from some polynomial of the form (9.2) by setting variables to zero and
relabelling the indices, the stability of polynomials of the form (9.1) follows from Lemma 2.6.

Recall the notation of Lemma 9.1. Let vy = 61, vo = dg + 03 + - - - + J,.2, and let S be the
set of all x € R™ such that at least r + 1 of the coordinates {x, 3, ..., 2, } are nonzero. Note
that S is pathwise connected and S+ Rvy = S. Let xg = 0,43+ -+ - + d2,43. The polynomial

q(x) = da,zie:(x') + 1 (X)) (T16,-2(X) + €,1(x'))
= 46T+1(a7“$17 T2, 7_’L’n)€7‘71((1:1’ L2y evy I?l)
is stable by Remark 9.3 and Lemma 2.6. Since ¢(xg) > 0 we know, by Lemma 2.8, that the
bivariate polynomial h(svy +tve +xg) = q(svy +tve +Xg) is stable and not identically zero.
This verifies (iii) of Lemma 9.1. Note that P(x) is a non-zero constant. Consider
h(svi +x) = da,e.(x)e,_o(X) (s + 21)?
+d(are,(X)e, 1 (X') + eppr(X)ero(x)) (s + 1)

+ e, (x)er1 (X)) + %]W.
We now prove that h(sv;+x) # 0 for each x € S, as a polynomial in s. Assume h(svi+x) =0
for some x € S. Then e,(x')e,_2(x") = 0, so suppose first e,(x’) = 0. If e, (x)e,—_1(x') =0,
then either e,_;(x') = e,(x') = 0 or ¢,41(x’) = e,(x") = 0, which implies x’ has at most r — 1
non-zero coordinates by Lemma 9.4. This contradicts x € S. Hence e,,1(x')e,_1(x') < 0 by
Lemma 8.5. Then h(—z1vy + x) is equal to

3 3
467.+1(X,)€T,1(X,) + m]\/[ < 3€T+1(X,)€r,1(xl) -+ . 1M
3
< 3er (X)er1 (%) + mmw (x') <0,

by Lemma 8.5, a contradiction. If e,.(x’) # 0, then e,_»(x’) = 0. But then also e, ;(x’) =0,
since h(svy +x) = 0. Hence x" has at most 7 — 3 non-zero coordinates Lemma 9.4, which
contradicts x € S. We conclude that h(svy; +x) £ 0 for x € S.
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To apply Lemma 9.1 and prove that h(svy + tvy + x) is stable for all x € S it remains
to prove that h(svy + x) is real-rooted. However h(svy + x) is of degree at most two so it
suffices to show that its discriminant A is nonnegative. Now

% = (are,1(xX)er(X) — e, _a(X)er1(X))? — H_ila,>eT(x’)eT,2(x/)]V[.
If e, (x")e,—2(x') < 0, then clearly A > 0, so assume e, (x')e,_2(x’) > 0. Then, since M (x') <
maor (x'), it follows that A > 0 by Lemma 8.6.

Since S is dense in R™ we have by Hurwitz’ theorem that h(svy + tve + x) is stable or
identically zero for all x € R™. However h(vs) # 0 so that h(svy 4 tvy + x) is stable for all
x € R™. In particular A is hyperbolic with respect to v,. Since all Taylor coefficients of h are
nonnegative we see that the hyperbolicity cone contains the positive orthant, i.e., h is stable,
by Lemma 2.7.

O
Lemma 9.6. Let r > 2. Then
627‘(‘/1;17 Lyy-eoy T, ln) - 'erQT(X) =
4(er_1(x)ery1(x) + eps(X)erys(x) + ers(X)erys(x) + -0 ).
Proof. Note that
2n n 2n 2
Z er(x1, 21, ..oy X, a2 )tF = H(l + ;1) = (Z ek(x)tk> .
k=0 j=1 k=0
The coefficient of t* is
2r
eor(T1, 1, o, T, ) = D €j(X)ea—j(X).
j=0
The proof follows by combining this with (8.4). O

We are now in a position to prove Theorem 6.6 and Theorem 6.5.
Proof of Theorem 6.5. By definition the bases generating polynomial of Vi € V is given by

hVH = Z Hl'i:62r($17x1’7---7xn7$n’)_er(xlxl’u--wxn‘rn’)+N(X)-
BeB(Vy) i€B

where
T
N(x) = > 11 T, Ty
(i1,0yir )€ B(H) j=1
The polynomial hy,, is clearly multiaffine and symmetric pairwise in z;, 2y for all i € [n]. Set
xy = x; for all 1 <14 < n and obtain the polynomial
Tvy = e (T, 20, 0y 20) — ep(@d, o 22) + N(21, 21,0y Ty ).
By Lemma 9.6

[r/2]-1

fVH =4 Z €,.+2j+1(X)€T72]‘,1(X) + N(Q}l, Tlyee-s Ty, .Z’").
7=0
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The support of e, ;(x)e,_;(x) is contained in the support of e, (x)e,_;(x) for each 1 < j <
r. Hence fy,, has the same support as the polynomial

Wy, = derpi(x)e—1(x) +

r+ 1N($1,I1, .. 7$7L7I7L)
which in turn is stable by Theorem 9.5. Hence if we replace xf for k =0,1,2, in Wy, with
er(zi, xi)/ <Z), we obtain a polynomial which is stable by the Grace-Walsh-Szegd theorem
(Theorem 9.2), and has the same support as hy,,. Hence Vi is a WHPP-matroid so Vy is
hyperbolic by Proposition 3.2. (]

Proof of Theorem 6.6. Recall the notation in the proof of Theorem 6.5. If r = 2, then
Wy, = fv,, so that Vi has the half-plane property by the proof of Theorem 6.5. O

10. REPRESENTABILITY AND MINOR CLOSURE

The following amended section is not part of the published research article. We begin the
section by proving some facts related to the representability of the matroids in the class V.
The class V is not closed under taking minors. Therefore in the final part of the section we
determine the minor closure of V.

Let H be a d-uniform hypergraph on [n]. Let H; denote the hypergraph with vertex set
V(H;) =V (H)\jand edges E(H;) ={e\j:e€ E(H), j € e}. Moreover let H* denote the
(n — d)-uniform hypergraph on [n] with E(H*) = {[n]\e: e € E(H)}. Recall that the dual of
a matroid M on E, denoted M*, is the matroid on E whose bases are the complements of the
bases of M. The free extension of a matroid M of rank k with rank function 7y, : 264 — N,
by an element e ¢ F (M), is given by the matroid, denoted M + e, on E(M) U e with rank
function

ra(S), ifedS,
Tage(S) =ru(S\e)+1, ifeeSandry(S\e) <k
k, if 7'@1(3\6) =

The free coextension of M by e is given by the matroid M x e = (M* + e)*. For i € [n]
we shall also use the convention that (i)’ = i. Below we list some basic properties of the
matroid class V.

Proposition 10.1. If H, H, and Hy are d-uniform hypergraphs on [n], then

(i) Vi, = Vi, if and only if H; = Ho,
(11 ([’I’L] U [H}I,I(VHI) ﬁI(VHQ)) = VH1UH27
(i) ([ U [n). Z(Vi,) UZ(Vir,)) = Vi s
(iv) Vi = V. In particular Vi is self-dual if and only if H = H*,
(V Vi \j =V, + 7',
) Vu/j=Vu, xj,
(Vu Vi has Tutte-polynomial,

n—1i— ) 2n—2d 2”7]71 )
Trao) = By =2+ (' )M )

ooz
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Proof. For (i), suppose that ® : E(Vy,) — E(Vy,) is a an isomorphism between Vg, and
Vi,. Then we have ®(i) = ®(¢)’ for all ¢ € [n] since 7 is included in a circuit hyperplane of
Vg, if and only if 7/ is included in a circuit hyperplane of V,. Hence

¢ . V(Hl) — V(HQ)
i [ 120 =4

J, i e@) =7,
is a hypergraph isomorphism between H; and Hj since {iy,...,i.} € E(H;) if an only if
{i1,4},...,ip,4.} is a circuit hyperplane in Vg, if and only if {®(41), ®(#)), ...,
O (i), P(i))} is a circuit hyperplane in V, if and only if {¢(i1),...,¢(i,)} € E(H,). Con-
versely if ¢ : V(H;) — V(H3) is a hypergraph isomorphism, then clearly

D - E(VHl) — E(VHZ)

i ¢(i)

o oli)
is an isomorphism between the sparse paving matroids Vi, and Vy, since @ bijectively maps
circuit hyperplanes to circuit hyperplanes.

The statements (ii) and (iii) are clear since both sides are readily seen to have the same
independent sets.

For (iv), we use the circuit-hyperplane correspondence between a matroid M on E and its
dual M*. Namely, C' is a circuit in M if and only if £ — C is a hyperplane in M* and H is
a hyperplane in M if and only if £\ C is a circuit in M* (see [34, Prop. 2.16]). This shows
that sparse paving matroids are closed under duality. In particular C'is a circuit hyperplane
in Vy if and only if E(Vy)\ C is a circuit hyperplane in the sparse paving matroid V;. Hence
Vi = Vi« which proves (iv).

For (v),let S C E(Vy)\ j. If j/ €S, then

V43 (S) = v, (8) = v (9).
Suppose therefore j' € S. If ry,, 15(S\ j') <k, then
Vi3 (S) = v, (SN F) + 1 =1y (S\ 57) + 1= ry0(5).
Otherwise if 7y, 1;(S\ j') = k, then
k=1 ,450(8) = v 4 (SN J) = v, (SN J) = rvupni (S '\ ),

80 Ty (S) = k. Hence 7y, +j/(S) = 1v;0;(5) for all S € E(Vyr) \ j which establishes (v).
Statement (vi) now follows from (iv) and (v) via

Vi/i=VE\J) = Vi \§)" = (Vi + 3 = Vi X 5" = Vi) X §' = Vi, x §'.

For (vii), note that the uniform matroid Us, 24 on 2n elements of rank 2d is obtained from
Vi via a sequence of |E(H)| circuit hyperplane relaxations. Hence (vii) follows from the fact
that

Ty(z,y) =ay —x—y+ Ty (z,y)
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where M’ is the matroid obtained from M by relaxing a circuit hyperplane, and

n—i—1\ , wdin—j -1\
TUv:,,{i(:E’y)_Z( _d_1>]7 +Z( d—l >y]7

i=1 \" =
see [30]. O

Remark 10.2. The class V is seen not to be closed under minors, direct sums and matroid
unions.

Although Vp does not have the half-plane property for hypergraphs H in general, a simple
consequence of Proposition 10.1 (iv) is the following.

Proposition 10.3. Let H be a d-uniform hypergraph on [n]. If n < d + 2, then Vg has
half-plane property.

Proof. Suppose n = d + 2. By Proposition 10.1 (iv) we have that V} = Vi« where H* is a
2-uniform hypergraph on [n] (i.e. a graph). Thus V has half-plane property if and only if
Vi has half-plane property by closure under duality [11]. Hence Vj has half-plane property
by Theorem 6.6. Finally if n < d + 2 then via free extension Vj is a minor of a matroid Vi
with |V/(H’)| = d + 2. Since the half-plane property is closed under taking minors [11], the
result follows. O

Clearly any matroid Vi € V in which the Vamos matroid Vg is a minor cannot be repre-
sentable (and necessarily fails to satisfy Ingleton’s inequality). Hence Theorem 6.5 provides
an infinite family of hyperbolic matroids which are not representable. By Proposition 10.1
we have that V7 \ j and Vir/j are representable if and only if Vi\; and Vi, are respectively
representable. It follows that every non-representable matroid Vy has a minimal excluded
minor for representability of the form Vj in its minor hierarchy for some hypergraph H'.

A natural question is which matroids in V are representable/non-representable? Below we
identify a class of matroids in V which are guaranteed to be representable over any infinite

field.

Theorem 10.4. Let H be a d-uniform hypergraph on [n] and let F be an infinite field.
Suppose j € [n] such that j € e for at most one e € E(H). Then Vi is F-representable if
and only if Vi is F-representable.

Proof. If Vi is F-representable, then Vi ; is F-representable by Proposition (v) since repre-
sentability is closed under taking minors. Conversely suppose Vi j is representable over F. If
j¢eforallee E(H), then Vi = (Vi\;+7) + ' so the statement follows since representabil-
ity is closed under taking free extensions. Therefore suppose j € [n] belongs to a unique
e € E(H). If n < d then the proposition is clear so we may assume n > d. By relabelling if
necessary we may assume j = n. Let uy, uy ..., Up—1,Umn_1y be vectors in a 2d-dimensional
vector space V' over F representing the elements £,y = {1,1',...,n — 1, (n — 1)’} of Vip;.
Since I is infinite, V' cannot be a union of finitely many proper subspaces, so we may choose

Uy, € V'\ U (Wiys ooy Uigy o),

i1,yi2d—2€ B0 1
where (u;,, ..., u,, ,) denotes the linear span of the vectors u,, ..., u;, , over F. Let

U = (un) ® (uj,up 11 € e\ n).
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F1GURE 5. The matroid Vi in the figure is representable since H is a tree graph.

By modularity we have
dim (U 0 (i, -ty ,)) = dim(U) + dim (s, gy, ) = dm(U + ()
<(2d—1)+(2d—1)—2d <2d—1.
for all 41,...,i2g-1 € E. Thus U # (u;,, ..., usy, ,) for all {iy, ... i0q 1} # {n}U{i,7 i€
e\ n}. Therefore we may choose

Up € U\ U <ui17"-7u7§2d—1>'

i15esi2d—1€En—1U{n}
{i1,e.yi0q—1 }#{n}U{i,i"ice\n}
It follows that (u;,uy : i € e) has rank 2d — 1, and for any other subset containing u,
or u, of size at most 2r the rank is equal to the cardinality of the spanning set. Hence
Uy, Upry . ..y Uy, Uy are vectors in V' representing V. [l

Corollary 10.5. If G is a forest then Vi is F-representable for any infinite field F.

Proof. If G is the empty graph forest then Vi = Uy, 4 which is representable over F. If G is
non-empty then the statement follows by removing a leaf in any tree-component and arguing
by induction applying Theorem 10.4. (]

If A is a class of matroids, then denote by A the minor closure of the class A, that is, the
smallest class that contains all minors of matroids in A. Consider the following class:

Definition 10.6. Let C denote the class of sparse paving matroids M with E(M) C [n]U[n]’
having circuit hyperplanes Cy,...,Cy and a set S € NF_; C, such that

(i) i € S implies ¢ ¢ E(M),

(i) i € Cy\ S'ifand only if / € Cy\ S forall t =1,... k.

Remark 10.7. Note that the definition implies that S is unique. Indeed suppose Si, S C
NF_, C; both satisfy conditions (i) and (ii). If j € S; \ Sz, then on one hand j' ¢ E(M), and
on the other hand j € C;\ Sy forallt =1,... k,s0j' € C;\ S C E(M) forallt=1,... k.
This gives a contradiction. Hence S; = Ss.

Lemma 10.8. The matroid class C is minor closed, i.c., C = C.
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Proof. Let M € C be a matroid with circuit hyperplanes C1,...,Cy and let i € E(M). We
distinguish between three cases:

Case 1. Suppose i € E(M)\ U, C;. Clearly M \ i is a matroid with the same set of circuits
and therefore belongs to C. The matroid M /i has no circuit hyperplanes since ¢ belongs to
no circuit hyperplane of M. Hence M /i is a uniform matroid which again belongs to C.

Case 2. Suppose ¢ € S. Then M \ i has no circuit hyperplanes since ¢ belongs to every circuit
hyperplane of M. Thus M \ ¢ is a uniform matroid and therefore belongs to C. Since i € S
the circuit hyperplanes of M/i are given by C, \ i for t = 1,..., k. Hence the axioms of C
remain intact with S\ i € N5, C, \ i.

Case 3. Suppose i € C;\ S for t € I where I C [k]. The remaining circuit hyperplanes in
M\ i are given by {C; : t € [k]\ I} which are easily seen to satisfy the axioms of the class C.
The circuit hyperplanes in M /i are given by {C;\i : t € I'} and the axioms of C are satisfied
with S U{i'} € Mies G \ i

Hence C is minor closed. O

Theorem 10.9. The minor closure of V is C, i.e., V = C.

Proof. Certainly ¥V C C since the matroids in V are instances of matroids in C with S = 0.
Hence by Lemma 10.8 we have V C C = C. Conversely let M € C and suppose M has circuit
hyperplanes C4,...,Cy. Let T = (SUS)N[n] and ¢, = (C,UC)) N [n] for t =1,...,k. By
definition |Cy \ S| = 2l for all t = 1,...,k for some [ € N. Thus |e;| = --- = |eg| = |T| + L.
Consider the matroid Vi € V where H is the (|T'] + [)-uniform hypergraph on [n] with edges
e1,...,e,. It follows that M is a minor of V. Indeed since S U S’ C ﬂle(et Ue;), we find
that the circuit hyperplanes of Vi /S" are given by C1, ..., Cy. Finally delete all elements in
Vi /S’ belonging to U = [n] U [n)' \ E(M). Then M = (Viz/S")\ U. Hence V 2 C. O

Remark 10.10. We remark that C is also closed under taking duals. Indeed if M € C with
circuit hyperplanes Cj, ... C, then M* has circuit hyperplanes E(M)\ C, for t = 1,... .k
which together with the unique maximal subset S C E(M)\ U, C, such that i € S = i’ ¢
E(M) satisfies the axioms of C.

Corollary 10.11. The class C consists of hyperbolic matroids.

Proof. By Theorem 6.5 the class V consists of hyperbolic matroids. Since the class of hyper-
bolic matroids is minor closed the statement follows by Theorem 10.9. O
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SPECTRAHEDRALITY OF HYPERBOLICITY CONES OF
MULTIVARIATE MATCHING POLYNOMIALS

NIMA AMINI

ABSTRACT. The generalized Lax conjecture asserts that each hyperbolicity cone is a linear
slice of the cone of positive semidefinite matrices. We prove the conjecture for a multivariate
generalization of the matching polynomial. This is further extended (albeit in a weaker
sense) to a multivariate version of the independence polynomial for simplicial graphs. As
an application we give a new proof of the conjecture for elementary symmetric polynomials
(originally due to Bréndén). Finally we consider a hyperbolic convolution of determinant
polynomials generalizing an identity of Godsil and Gutman.

1. INTRODUCTION

A homogeneous polynomial h(x) € Rlzy,...,x,] is hyperbolic with respect to a vector
e € R" if h(e) # 0, and if for all x € R™ the univariate polynomial ¢ — h(te — x) has only
real zeros. Note that if & is a hyperbolic polynomial of degree d, then we may write

d
hite —x) = h(e) [ [(t = A (%)),
j=1
where
)\max(x) = )\1 (X) > 2> )\d(x) = )\min(x)

are called the eigenvalues of x with respect to e. The (hyperbolic) rank of x € R™ with respect
to e is defined as rk(x) = #{\i(x) # 0}. The hyperbolicity cone of h with respect to e is the
set Ay(h,e) = {x € R": A\pin(x) > 0}. If v € Ay(h,e), then h is hyperbolic with respect to
v and Ay (h,v) = A (h,e). For this reason we usually abbreviate and write A (h) if there
is no risk for confusion. We denote by A, (h) the interior of A, (h). The cone Ay, (h) is
convex and can be characterized as the connected component of the set {x € R™ : h(x) # 0}
containing e. These are all facts due to Garding [17].

Example 1.1. An important example of a hyperbolic polynomial is det(X), where X =
(ij)} =1 is a matrix of variables where we impose x;; = x;;. Note that ¢ +— det(t/ — X) where
I = diag(1,...,1), is the characteristic polynomial of a symmetric matrix so it has only real
zeros. Hence det(X) is a hyperbolic polynomial with respect to I, and its hyperbolicity cone
is the cone of positive semidefinite matrices. Note that the hyperbolic rank of a symmetric

matrix X with respect to I coincides with the usual notion of rank for matrices.

Denote the directional derivative of h(x) € R[zy, ..., ,] with respect to v = (vy,...,v,)T €
Rn by
- oh
D,h(x) = —
0= 3 v )

The following lemma is well-known and essentially follows from the identity Dyh(t) =
Lh(tv + x)|i—o together with Rolle’s theorem (see [17] [35]).
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Lemma 1.2. Let h be a hyperbolic polynomial and let v € Ay be such that Dyh £ 0. Then
Dy h is hyperbolic with Ay (h,v) C AL (Dyh,v).

A class of polynomials which is intimately connected to hyperbolic polynomials is the class
of stable polynomials. A polynomial P(x) € Clzy,...,x,] is stable if P(z1,...,2,) # 0
whenever Im(z;) > 0 for all 1 < j < n. A stable polynomial P(x) € Rzy,...,,] is said to
be real stable. Hyperbolic and stable polynomials are related as follows, see [3, Prop. 1.1].

Lemma 1.3. Let P € Rlxy,...,z,] be a homogenous polynomial. Then P is stable if and
only if P is hyperbolic with Ry C A (P).

The next theorem which follows (see [27]) from a theorem of Helton and Vinnikov [21] proved
the Lax conjecture (after Peter Lax 1958 [25]).

Theorem 1.4 (Helton-Vinnikov [21]). Suppose that h(z,y,2) is of degree d and hyperbolic
with respect to e = (ey,ea,e3)T. Suppose further that h is normalized such that h(e) = 1.
Then there are symmetric d x d matrices A, B, C such that e;A + eaB + e3C = I and

h(z,y,z) = det(zA + yB + 2C).

Remark 1.5. The exact analogue of Theorem 1.4 fails for n > 3 variables. This may be seen
by comparing dimensions. The set of polynomials on R" of the form det(x1A4; + - - - z,A4,)
with A; a d x d symmetric matrix for 1 <4 < n, has dimension at most n(d;rl) (as an algebraic
image (Ay,...,A,) — det(x1 A1+ - x,A,) of a vector space of the same dimension) whereas
the set of hyperbolic polynomials of degree d on R™ has non-empty interior in the space of
homogeneous polynomials of degree d in n variables (see [34]) and therefore has the same
dimension (”+3_1).

A convex cone in R" is spectrahedral if it is of the form

n
{x cR": Z x;A; s positive semideﬁnite}
i=1
where A;, i = 1,...,n are symmetric matrices such that there exists a vector (yy,...,y,) € R"
with >0 | y;4; positive definite. It is easy to see that spectrahedral cones are hyperbolicity

cones. A major open question asks if the converse is true.

Conjecture 1.6 (Generalized Lax conjecture [21, 37]). All hyperbolicity cones are spectra-
hedral.

Remark 1.7. An important consequence of Conjecture 1.6 in the field of optimization is that
hyperbolic programming [35] is the same as semidefinite programming.

We may reformulate Conjecture 1.6 as follows, see [21, 37]. The hyperbolicity cone of h(x)
with respect to e = (ey, ..., e,) is spectrahedral if there is a homogeneous polynomial ¢(x)
and real symmetric matrices Ay, ..., A, of the same size such that

q(x)h(x) = det (Z xiAi) (1)

where Ay, (h,e) € Aii(g,e) and >, e;A; is positive definite. If we can choose ¢(x) = 1,
then we say that h(x) admits a definite determinantal representation.



e Conjecture 1.6 is true for n = 3 by Theorem 1.4,
e Conjecture 1.6 is true for homogeneous cones [9], i.e., cones for which the automor-
phism group acts transitively on its interior,
e Conjecture 1.6 is true for quadratic polynomials, see e.g. [33],
e Conjecture 1.6 is true for elementary symmetric polynomials, see [5],
o Weaker versions of Conjecture 1.6 are true for smooth hyperbolic polynomials, see
[23, 32].
e Stronger algebraic versions of Conjecture 1.6 are false, see [1, 4].
The paper is organized as follows. In Section 2 we prove Conjecture 1.6 for a multivariate
generalization of the matching polynomial (Theorem 2.16). We also show that this implies
Conjecture 1.6 for elementary symmetric polynomials (Theorem 2.19). Our result may there-
fore be viewed as a generalization of [5]. In Section 3 we generalize further to a multivariate
version of the independence polynomial using a recent divisibility relation of Leake and Ry-
der [26] (Theorem 3.9). The variables of the homogenized independence polynomial do not
fully correspond combinatorially (under the line graph operation) to the more refined ho-
mogeneous matching polynomial. The restriction of Theorem 3.9 to line graphs is therefore
weaker than Theorem 2.16. Finally, in Section 4 we consider a hyperbolic convolution of
determinant polynomials generalizing an identity of Godsil and Gutman [14] which asserts
that the expected characteristic polynomial of a random signing of the adjacency matrix of
a graph is equal to its matching polynomial.
Unless stated otherwise, G = (V(G), E(G)) denotes a simple undirected graph. We shall
adopt the following notational conventions.
e Sym(S) denotes the symmetric group on the set S. Write &,, = Sym([n]).
o Ng(u) ={v e V(Q) : (u,v) € E(G)} (resp. Nglu] = Ng(u) U {u}) denotes the open
(resp. closed) neighbourhood of u € V(G).
o If S C V(G), then G[S] denotes the subgraph of G induced by S.
e (LI H denotes the disjoint union of the graphs G and H.
o RY = {(a,).es : a; € R} = RIS
e RY =RV x R¥(O,

2. HYPERBOLICITY CONES OF MULTIVARIATE MATCHING POLYNOMIALS

A k-matching in G is a subset M C E(G) of k edges, no two of which have a vertex in
common. Let M(G) denote the set of all matchings in G and let m(G, k) denote the number
of k-matchings in G. By convention m(G,0) = 1. We denote by V(M) the set of vertices
contained in the matching M. If |V(M)| = |V(G)], then we call M a perfect matching. The
(univariate) matching polynomial is defined by

p(Gt) = (=1)fm(G, k)t @2,

Note that this is indeed a polynomial since m(G, k) = 0 for k > ‘V(Q—G)‘ Heilmann and Lieb

[20] studied the following multivariate version of the matching polynomial with variables
x = (x;);ev and non-negative weights A = (A\o)ecr,

ua(G,x) = Z (—1)!MI H NijTiZj.

MeM(G) ijeM

Remark 2.1. Note that V@, (G, t711) = u(G,t), where 1 = (1,...,1).
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FIGURE 1.

Theorem 2.2 (Heilmann-Lieb [20]).
If X = (Ao)eer 18 a sequence of non-negative edge weights, then px(G,x) is stable.

Remark 2.3. A quick way to see Theorem 2.2 is to observe that

MAP I =iz | =ua(G %)
e=(i.j)€E(G)
where MAP : Clzy,...,2,) — Clz1,...,2,] is the stability preserving linear map taking a
multivariate polynomial to its multiaffine part (see [2]). Since real stable univariate poly-
nomials are real-rooted the Heilmann-Lieb theorem (together with Remark 2.1) implies the
real-rootedness of u(G,1).

We will consider the following homogeneous multivariate version of the matching polynomial.

Definition 2.4. Let x = (x,)yey and w = (w,)ecr be indeterminates. Define the homoge-
neous multivariate matching polynomial 1(G,x @ w) € R[x, w] by

pGxow) = > (=DM J] = []w?

MeM(G) vV (M) eeM
Example 2.5. The homogeneous multivariate matching polynomial of the graph G in Figure
1 is given by
WG, X B W) = 21090374 — T3T4W. — T1T4W] — ToTgW2 — T1ToW] — ToTzw? + wiw} + wiw?.

Remark 2.6. Note that p(G,t1 @ 1) = p(G,t) and that u(G,0 & w) is the multivariate
matching polynomial restricted to perfect matchings.

In this section we prove Conjecture 1.6 in the affirmative for the polynomials u(G,x ® w).
We first assert that u(G,x @ w) is indeed a hyperbolic polynomial.

Lemma 2.7. The polynomial u(G,x @ w) is hyperbolic with respect to e =1 @ 0.
Proof. Clearly u(G,1®0) =1#0. Let x®w € RY and A\, = w? for all ¢ € E(G). Then

w(G te —xdw) = (H(t - mv)> pa(G, (1 —x)7h).
veV
Since ux(G,x) is real stable by Heilmann-Lieb theorem it follows that the right hand side is
real-rooted. Hence p(G,x @ w) is hyperbolic with respect to e = 1 @ 0.
O
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Analogues of the standard recursions for the univariate matching polynomial (see [13, Thm
1.1]) also hold for p(G,x @ w). In particular the following recursion is used frequently so we
give details.

Lemma 2.8. Let u € V(G). Then the homogeneous multivariate matching polynomial sat-
isfies the recursion

WG, x®w) =z,u(G\u,x &wW) — Z w2 u((G\ u) \ v,x ®w).

vEN (u)

Proof. The identity follows by partitioning the matchings M € M(G) into two parts depend-
ing on whether u € V(M) or u & V/(M). Let fo(M) = [T,gvan 2o [Leem w?. Then

G xow)= > (=1)Mfa(M)
MeM(G)
= > )M+ > (—)Mife(M)
MeM(G) MeM(G)
ugV (M) ueV (M)
=zu Yy ()Mfau M)+ > Z )M e (M)
MeM(G\u) vEN(u) MeM(G
uueM
=z,u(G\uxdw)— > w > DM fauwne(M)
vEN (u) MEM((G\u)\v)
=z,p(G\u,xOW) = > wl, p((G\u)\v,x O W),

vEN (u)

d

Let G be a graph and u € V(G). The path tree T(G,u) is the tree with vertices labelled by
simple paths in G (i.e. paths with no repeated vertices) starting at « and where two vertices
are joined by an edge if one vertex is labelled by a maximal subpath of the other.

Example 2.9.
e T(G,1)
1356 —— 13564—135642
P
135
1 3 5 13 1346 — 12465
/ \134<
{ 1342
\ 1243 ——12435—124356
12—124

2 4 6 1246 ——12465——124653
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Definition 2.10. Let G be a graph and u € V(G). Let ¢ : RT(@% — RS denote the linear
change of variables defined by
Tp — Tjy s
Wpp > Wiyigtrs
where p =iy - -i and p’ =iy - - - iigq1 are adjacent vertices in T(G,u). For every subforest
T C T(G,u), define the polynomial
(T, x&w) = u(T,¢(x' &w))
where x' = (@) pev () and W' = (We)ecp(r)-
Remark 2.11. Note that n(T,x @ w) is a polynomial in variables x = (2y)yev () and w =
(wc)eeE(G)-

For the univariate matching polynomial we have the following rather unexpected divisibility
relation due to Godsil [12],

wG\ut)  p(T(G,u) \ u,t)

(G, t) w(T(G,u),t)
Below we prove a multivariate analogue of this fact. A similar multivariate analogue was
also noted independently by Leake and Ryder [26]. In fact they were able to find a further
generalization to independence polynomials of simplicial graphs. We will revisit their results
in Section 3. The arguments all closely resemble Godsil’s proof for the univariate matching
polynomial. For the convenience of the reader we provide the details in our setting.

Lemma 2.12. Let u € V(G). Then
pG\uxsw) (TG u)\uxow)

G xaow) — (T(G u),xd W)

Proof. If G is a tree, then p(G,x®w) = n(T(G,u),x®w) and p(G\u,x®dw) = n(T(G, u)\
u, X ®w) so the lemma holds. In particular the lemma holds for all graphs with at most two
vertices. We now argue by induction on the number of vertices of G. We first claim that

WG, 0\ {wu},x8w) _ n(T(G\u,0)\v,x& W)
(TG u)\u,xew)  nT(G\u,v),xew)
Let v € N(u). By examining the path tree T(G, u) we note the following isomorphisms
TG u\u= || TG \un),

neN (u)

T(G,u) \ {u,uv} = |_| T(G\u,n) | UT(G\ u,v)\wv,

neN (u)
n#v

following from the fact that T'(G\u, n) is isomorphic to the connected component of T(G, u)\u
which contains the path un in G. By the definition of ¢ and the general multiplicative identity

wWGUH,xdw)=pu(G,xdw)u(H,x dw),



the above isomorphisms translate to the following identities

N(T(G,u) \ u,x ®w) H n(T(G\ u,n),x dw),

neN (u)
N(T(Gu) \ {u,uo}, x @ w) = n(T(G\uw,v) \v,x®w) [[ 0(T(G\un)xow)
neN (u)
n#v

from which the claim follows. By Lemma 2.8, induction, above claim and the definition of ¢
we finally get

HGx®w) G\ U X B W) — Ty WG\ {0}, x 8 W)
WG\ u,xdw) w(G\ u,x dw)

IR ((ARAT L
=Ty Z uv U(G\U,X@W)

- w2 (T (G\u,v)\v,x®Ww)
Z “on(T(G\ u,v),xdw)

= — w? TZ(T(G, U) \ {U, uv},x @ W)
2 TG

n(T(G,u),x Dw)
n(T(G,u) \ u,x ®w)

which is the reciprocal of the desired identity.

Lemma 2.13. Let u € V(G). Then u(G,x ® w) divides n(T(G,u),x ® wW).

Proof. The argument is by induction on the number of vertices of G. Deleting the root u of
T(G, u) we get a forest with | N (u)| disjoint components isomorphic to T'(G \ u, v) respectively
for v € N(u). This gives

TG uw)\uxow) =[] n(T(G\uv),xow). (2)

vEN (u)

Therefore n(T(G \ u,v),x ® w) divides n(T(G,u) \ u,x ®w) for all v € N(u). By induction
;L(G\u x @ w) divides n(T(G\ u,v),x®w) for all v € N(u). Hence (G \ u,x @ w) divides

n(T(G,u) \ u,x ® w), so by Lemma 2.12, u(G,x @& w) divides n(T(G,u),x ® w).
O

In [14] Godsil and Gutman proved the following relationship between the univariate match-
ing polynomial ;(G,t) of a graph G and the characteristic polynomial x(A, t) of its adjacency
matrix A

(A1) = (-2 Ou(@ o),
C

where the sum ranges over all subgraphs C' (including C' = ) in which each component is a
cycle of degree 2 and comp(C') is the number of connected components of C. In particular if
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T is a tree, then the only such subgraph is C' = () and therefore
X(A, 1) = u(T,1).
Next we will derive a multivariate analogue of this relationship for trees.

Lemma 2.14. Let T = (V,E) be a tree. Then u(T,x & w) has a definite determinantal
representation.

Proof. Let X = diag(x) and A = (4;;) be the matrix

Az] = .
0 otherwise

for all 4,5 € V(T). If o € Sym(V(T)) is an involution (i.e 62 = id), then clearly Aj, ;) =
Wje(j) = Ao(j)o2(j) since A is symmetric. Hence by acyclicity of trees we have that

det(X +A4) = > sen(o) [ Kiow + Aio)

oceSym(V(T)) i€V (T)
= > I = > s[4
SCV(T) eV (T)\S o€Sym(S) jes
o(j)#iViES
o?=id
= > H > EOMT wi
SCV(T)ieV(T MGM(T[S]) jkeM
M perfect
SRS )
MeM(T) igV(M)  jkeM
=T, x®w).

Write
€V (T) ijeE(T)

where {E;; : 1,7 € V(T')} denotes the standard basis for the vector space of all real |V (T)| x
|V(T)| matrices. Evaluated at e = 1 @& 0 we obtain the identity matrix I which is positive
definite.

]

Remark 2.15. The proof of Lemma 2.14 is not dependent on T being connected so the
statement remains valid for arbitrary undirected acyclic graphs (i.e. forests).

We now have all the ingredients to prove our main theorem.
Theorem 2.16. The hyperbolicity cone of u(G,x @ w) is spectrahedral.

Proof. The proof is by induction on the number of vertices of G. For the base case we have
WG, x®dw) = x,, so Ay = {z € R: 2 > 0} which is clearly spectrahedral. Assume G
contains more than one vertex. If G = G U Gy for some non-empty graphs Gp, Go, then



Ay (u(Gi, x @ w)) is spectrahedral by induction for i = 1,2. Therefore
Api (G xdw)) = Ay ((G1U Gz, x ® W)
=Asy (WGLx B W)u(Gr,x & W)
= Ay (1(Grx & W) N AL (1(Ga, x & W)

showing that A, (1(G,x @ w)) is spectrahedral. We may therefore assume G is connected.
Let u € V(G). Since G is connected and has size greater than one, N(u) # §. By Lemma
2.13 we may define the polynomial

n(T(G,u),x dw)
G, xew)
for each graph G and v € V(G). We want to show that
A (G xd W) € Ay (gou(x @ w)).
By Lemma 2.12 we have that
GeuX®W)u(G\u,x®w) =nT(G,u)\ u,x®w).
Fixing v € N(u) it follows using (2) that

qG,u(x (&) W) =

JouXOW) _ gau(x O W)(G\ ux @ w)
I\up(X B W) gerun(X O W)p(G \ u,x © W)
_ n(T(G,u) \ u,x dw)
n(T(G\u,v),x®w)
— [I TG\ ww)xew)

weN (u)\v

= H deru,w(X®W)u(G\ u,x ®w).
weN (u)\v

Note that

0
5 MG xOW) = u(G\u,x D W).

Therefore by Lemma 1.2,
Ay (G x@w)) C AL (G \u,x @ W) C Ay (ge\uw(x @ W)
for all w € N(u) where the last inclusion follows by inductive hypothesis. Hence

Ay (u(G xdw)) C m A i (geruw(x @ W) N AL (u(G\ u,x © w))
weN (u)

= A++ qG\u,w (X @ W) H 4 \u,w (X 5] W)M(G \ U, X 2] W)
weN (u)\v

=N (gou(x D W)).
Finally by Lemma 2.14, n(T(G, u), x ®w) has a definite determinantal representation. Hence

the theorem follows by induction.
O
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Tn T1
Wn,
w1
. Ws p
5 T2
nt1 W2
wq

w3

T4 T3

FIGURE 2. The star graph S, labelled by vertex and edge variables

Remark 2.17. To show that a hyperbolic polynomial h has a spectrahedral hyperbolicity
cone it is by Theorem 2.16 sufficient to show that h can be realized as a factor of a matching

polynomial p(G,x @ w) with A, (h,e) C Ay (Lﬂaw) e) (possibly after a linear change

of variables).

The elementary symmetric polynomial eq(x) € R[zy,...,x,] of degree d in n variables is
defined by
=2 =
SC[n] i€S
|S|=d

The polynomials e4(x) are hyperbolic (in fact stable) as a consequence of e.g Grace-Walsh-
Szegd theorem (see [31, Thm 15.4]).

Example 2.18. The star graph, denoted S, is given by the complete bipartite graph K,
with n 4+ 1 vertices. As an application of Theorem 2.16 we show that several well-known
instances of hyperbolic polynomials have spectrahedral hyperbolicity cones by realizing them
as factors of the multivariate matching polynomial of S,, under some linear change of variables.
With notation as in Figure 2, using the recursion in Lemma 2.8, the multivariate matching
polynomial of S,, is given by

n+1

w(Sp,x W) = HTL Zw HT]

J#Z

(i) For h(x) = e,_1(x) consider the linear change of variables z, — —z, and w; — =,
fori=1,...,n—1. Then u(S,_1,x® W) — —x,e,_1(x). Clearly A, (e,_1(x),1) C
Ay (z,,1). The spectrahedrality of Ay, (e,—1(x),1) was first proved by Sanyal in
[36].

(ii) For h(x) = e2(x) consider the linear change of variables x; — ey (2, ..., z,) and w; —
z;fori=1,...,n+ 1. Then p(S,,x & w) — 2e1(x)" 'ea(x). Since Dies(x) = (n —
e (x), Lemma 1.2 implies that A, (e2(x),1) C A (e1(x),1). Hence Ay (ea(x),1)
is spectrahedral.

(iii) Let h(x) = 22 —22_, — -+ — 22, Recall that A, (h,e) is the Lorentz cone where

n—1
e = (0,...,0,1). Consider the linear change of variables z; — =, and w; — x;
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Lin—1p\1,k,n—1

Lin—1)\2,k,3

L 1p\3,k,n-1

FIGURE 3. The length k-truncated path tree T, of K, labelled by linear
change of variables.

for i = 1,...,n. Then u(S, 1,x ®w) = 2 — ' 2072 = 27 2h(x). Clearly
Aty (h,e) C A,y (272 e). Hence the Lorentz cone is spectrahedral. Of course this
(and the preceding example) also follow from the fact that all quadratic hyperbolic
polynomials have spectrahedral hyperbolicity cone [33].

Hyperbolicity cones of elementary symmetric polynomials have been studied by Zinchenko
[39], Sanyal [36] and Briandén [5]. Brandén proved that all hyperbolicity cones of elementary
symmetric polynomials are spectrahedral. As an application of Theorem 2.16 we give a new
proof of this fact using matching polynomials.

Theorem 2.19. Hyperbolicity cones of elementary symmetric polynomials are spectrahedral.

Proof. For a subset S C [n] we shall use the notation

er(S) = Z ij.

TCS jeT
|T|=k

We show that ey(x) = ex([n]) divides the multivariate matching polynomial of the length
k-truncated path tree T, ;. of the complete graph K, rooted at a vertex v after a linear change
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of variables. Let (C)r>0 denote the real sequence defined by

lk/2]-1 k—2j
Ch=10C,=1. C,. = — fork>2
0 , U1 , Uk 11) k—2j—1 or v = 2,

so that
CpCry =k forall k > 1.
Consider the family
Ms ki = (Tis)k, Pspi(X ©W))

of multivariate matching polynomials where i € S, kK € N and ¢g; is the linear change of
variables defined recursively (see Fig 3) via

(1) ¢s,0, is the map x, — e;(S) for all S C [n] and i € S.

(i) @y = Lgg; if & > 1 where

1
LS,k,i = 761(5 \ Z) + C’kxl
Ck—l

and z, is the variable corresponding to the root of T}, .
(iii) we; + w; for j € S\ i where w,, are the variables corresponding to the edges e;
incident to the root of T}, .
(iv) For each j € S\ i make recursively the linear substitutions ¢g\;x—1,; respectively to
the variables corresponding to the j-indexed copies of the subtrees of T}, ; isomorphic
t0 D1 k—1-
We claim

Ckek
Mgy = Ms\ig-1,
s 11 o

for all $ C [n], i € S and k € N by induction on k. Clearly Mgp,; = e1(S) since pu(Th0,x P
w) = 2,. By Lemma 2.8 and induction we have

Ms i
=Lsp: H Mg\ig—1,6 — Z x? H Msvik—1,0 Ms\fi jy b—2.s
seS\{i} jes\i  seS\{i.j}
! - exa(S\ (i)
= =——ei(S\i)+ Crzx; — Z xf— H Meyipois
G st Gemren(SND |6l
57 | (gmas 0+ G ) a5\ - g= ¥ sl i
= - € 7 x; | e l‘ e i
vl o R N
X H Mg\i k-1,
seS\{i}
_;(k RS\ 1) + Craserr (S \ i ) I1 &
er_1(S\ 1) \ Cr1 kLiCk—1 S\ik—1,

seS\{i}
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Unwinding the above recursion it follows that Mgy ; is of the form
Mspi=Cer(S) [ ereprs(T)

TCS\i
[T|>|S|—k

for some constant C' and exponents ar € N . Taking S = [n] we thus see that e;(x) is a
factor of the multivariate matching polynomial M) s ,. It remains to show that

]\/[[n]kn )
A CA ko)
.1 € A (1

for all £ < n. By Lemma 1.2 above inclusion follows from the fact that
Avi(en(5),1) € Apy(er-1(5), 1)

for all & > 1 since Dqex(S) = (|S| — k)ex—1(S), and from the fact that
Ay (er(9),1) C Ay (ex(T),1)

for all T C S since ex(T) = (HieS\T %) er(S). Hence Aiy(er(x),1) is spectrahedral by
Theorem 2.16.

O

3. HYPERBOLICITY CONES OF MULTIVARIATE INDEPENDENCE POLYNOMIALS

A subset I C V(G) is independent if no two vertices of I are adjacent in G. Let Z(G) denote
the set of all independent sets in G and (G, k) denote the number of independent sets in G
of size k. By convention i(G,0) = 1. The (univariate) independence polynomial is defined by

I(G,1) =) (G, k)t*

k>0

The line graph L(G) of G is the graph having vertex set E(G) and where two vertices in
L(G) are adjacent if and only if the corresponding edges in G are incident. It follows that
w(G,t) = tVOI(L(G), —t=2). Therefore the independence polynomial can be viewed as
a generalization of the matching polyomial. In contrast to the matching polynomial, the
independence polynomial of a graph is not real-rooted in general. However Chudnovsky and
Seymour [10] proved that I(G,t) is real-rooted if G is claw-free, that is, if G has no induced
subgraph isomorphic to the complete bipartite graph K; 3. The theorem was later generalized
by Engstrom to graphs with weighted vertices.

Theorem 3.1 (Engstrom [11]). Let G be a claw-free graph and X = (Xy)vev(q) @ sequence
of non-negative vertex weights. Then the polynomial

ING,t) = Z (HA> M

IeZ(G) \vel

is real-rooted.
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A full characterization of the graphs for which I(G, t) is real-rooted remains an open problem.
A natural multivariate analogue of the independence polynomial is given by

I(G,x) = Z Hxv.

1€Z(GQ) vel

Leake and Ryder [26] define a strictly weaker notion of stability which they call same-phase
stability. A polynomial p(z) € Rz, .., 2,] is (real) same-phase stable if for every x € R},
the univariate polynomial p(¢x) is real-rooted. The authors prove that (G, x) is same-phase
stable if and only if G is claw-free. In fact the same-phase stability of I(G, x) is an immediate
consequence of Theorem 3.1.

The added variables in a homogeneous multivariate independence polynomial should prefer-
ably have labels carrying combinatorial meaning in the graph. For line graphs it is addi-
tionally desirable to maintain a natural correspondence with the homogeneous multivariate
matching polynomial p(G,x @ w). Unfortunately we have not found a hyperbolic definition
that satisfies both of the above properties. We have thus settled for the following definition.

Definition 3.2. Let x = (z,),ev and t be indeterminates. Define the homogeneous multi-
variate independence polynomial I(G,x & t) € R[x,t] by

I(Gxat)= > (-1 (Hﬁ) 2V(@)|=2l1]

I€Z(G) vel

Lemma 3.3. If G is a claw-free graph, then I(G,x®t) is a hyperbolic polynomial with respect
toe=(0,...,0,1) e RV x R.

Proof. First note that I(G,e) =1#0. Let x@t € RV(@ xR and ), = 22 for all v € V(G).
Then
I(G,se —x®t) = (s — )2V OL(G, —(s — t)7?).
By Theorem 3.1 the polynomial Ix(G, s) is real-rooted. Clearly all roots are negative which
implies I5(G, —s7?) is real-rooted. Hence the univariate polynomial s — I(G, se — x &) is
real-rooted which shows that I(G,x @ t) is hyperbolic with respect to e.
O

An induced clique K in G is called a simplicial clique if for all u € K the induced subgraph
NN (G\ K) of G\ K is a clique. In other words the neighbourhood of each u € K is a
disjoint union of two induced cliques in G. Furthermore, a graph G is said to be simplicial
if G is claw-free and contains a simplicial clique.

In this section we prove Conjecture 1.6 for the polynomial I(G,x®t) when G is simplicial.
The proof unfolds in a parallel manner to Theorem 2.16 by considering a different kind of
path tree. Before the results can be stated we must outline the necessary definitions from
[26].

A connected graph G is a block graph if each 2-connected component is a clique. Given a
simplicial graph G' with a simplicial clique K we recursively define a block graph T%(G, K)
called the clique tree associated to G and rooted at K (see Figure 4).

We begin by adding K to T®(G, K). Let K, = N[u]\ K for each v € K. Attach the
disjoint union | ], K, of cliques to T%(G, K) by connecting u € K to every v € K,,. Finally
recursively attach T%(G \ K, K,) to the clique K, in T®(G, K) for every u € K. Note that
the recursion is made well-defined by the following lemma.
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f d
(G, {a,b,c})

FiGURE 4. A simplicial graph G and its associated relabelled clique tree
T¥(G, K) rooted at K = {a,b, c} (highlighted in red).

Lemma 3.4 (Chudnovsky-Seymour [10]). Let G be a clawfree graph and let K be a simplicial
clique in G. Then Nu]\ K is a simplicial clique in G\ K for allu € K.

It is well-known that a graph is the line graph of a tree if and only if it is a claw-free
block graph [19, Thm 8.5]. In [26] it was demonstrated that the block graph T®(G, K) is the
line graph of a certain induced path tree T“(G, K). Its precise definition is not important
to us, but we remark that it is a subtree of the usual path tree defined in Section 2 that
avoids traversed neighbours. This enables us to find a definite determinantal representation
of I(T®(G, K),x @ t) via Lemma 2.14. The second important fact is that I(G,x) divides
I(T®(G, K),x) where T®(G, K) is relabelled according to the natural graph homomorphism
or : T®(G, K) — G. Hence using the recursion provided by the simplicial structure of G we
have almost all the ingredients to finish the proof of Conjecture 1.6 for I(G,x @ t).

Lemma 3.5 (Leake-Ryder [26])).
For any simplicial graph G, and any simplicial clique K < G, we have

L(T4(G,K)) = T%(G, K).
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The following theorem is a generalization of Godsil’s divisibility theorem for matching poly-
nomials. It can be proved in a similar manner by induction using the recursive structure of
simplicial graphs and removing cliques instead of vertices. For the proof to go through in
the homogeneous setting we must replace the usual recursion by

I(Gxat)=MIG\Kxot) - Y #NUI2I(G\ N],x o).
veEK
Theorem 3.6 (Leake-Ryder [26])). Let K be a simplicial clique of the simplicial graph G.

Then
I(Gxet)  I(T%G,K),x&t)
IG\K,x®&t) I(T¥G K)\K,xat)
where T®(G, K) is relabelled according to the natural graph homomorphism ¢ : T2(G, K) —
G. Moreover I(G,x @ t) divides [(T®(G,K),x ® t).
The following lemma ensures the hyperbolicity cones behave well under vertex deletion.
Lemma 3.7. Letv € V(G). Then AL (I(G,x®t)) CA L (I(G\v,xDt)).

Proof Let x @t € RV xR and e = (0,...,0,1). By Lemma 3.3 the polynomials s
I(G,se —x @ t) and s — I(G \ v,se —x @ t) are both real-rooted. Denote their roots by
Qq,. .. 00, and By, ..., fa,_o respectively where n = |[V(G)|. We claim that

mina; < min §; < max f§; < maxq;
2 1 2 K2

by induction on the number of vertices of G. Indeed the claim is vacuously true if |V (G)| = 1.
Suppose therefore |V (G)| > 1. If G is not connected, then G = G; U G; for some non-empty
graphs G, Go. Without loss assume v € Gy. Then G\ v = (G; \ v) U G2. By induction
the claim holds for the pair G; and Gp \ v. This implies the claim for G and G \ v since
I(G,x @ t) is multiplicative with respect to disjoint union. We may therefore assume G is
connected. Thus G\ N[v] is of strictly smaller size than G \ v. We have

I(Gx@t) =21(G\v,x®t) — 222N [(G\ N[v],x D). (3)

By induction, the maximal root v of I(G'\ N[v], se —x@®1) is less than the maximal root 3 of
I(G\v,se —x&t). Since I(G \ N[v],se —x @ t) is an even degree polynomial with positive
leading coefficient we have that I(G\ N[v],se —x @ t) > 0 for all s > v. By (3) this implies
that I(G, e —x @ t) < 0. Hence max; §; < max; o; since I(G,se —x @ t) = 00 as § — 00.
Since each of the terms involved in the polynomials I(G, se—x®t) and I(G\v, se —x®t) have
even degree in s—t, their respective roots are symmetric about s = t. Hence min; o; < min; f;
proving the claim. Finally if xq @t € Ay (I(G,x @ t)), then min; o; > 0 so by the claim
min; 5; > 0 showing that xo ® to € A ([(G \ v,x @ t)). This proves the lemma.

]

Remark 3.8. Since
I(G,x&t) =1I(G\v,xDt),

2, =0
we see by Lemma 3.7 that setting vertex variables equal to zero relaxes the hyperbolicity
cone.

Theorem 3.9. If G is a simplicial graph, then the hyperbolicity cone of I(G,x @) is spec-
trahedral.
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Proof. Let K be a simplicial clique of G. Arguing by induction as in Theorem 2.16, using
the clique tree T%(G, K) instead of the path tree T(G,u), and invoking Theorem 3.6 we get
a factorization

o k(X ®t) = go\k Kk, (XD 1) H ok, k., XOI(G\ K, xDt), (4)
weK\v

where v € K is fixed, K,, = Nw] \ K and

ex(xet) (G xat)=ITYG, K),x®t),

Goni i, XOOI(G\ K, x®t) = (TG \ K,K,),x®t)

for w € K. Repeated application of Lemma 3.7 gives

A (I(Gxdt) CALUT(G\ K, xdt)).
By the factorization (4) and induction we hence get the desired cone inclusion

A (I(Gox @ t) C Ay (gex(x D).

Since L(T“(G, K)) 2 T®(G, K) by Lemma 3.5 we see that

I(TH(G,K),x@t) = p(T*(G, K), 11 & x).

Hence I(T®(G, K),x®t) has a definite determinantal representation by Lemma 2.14 proving

the theorem.
O

4. CONVOLUTIONS

If G is a simple undirected graph with adjacency matrix A = (a;;), then we may associate
a signing s = (s;;) € {£1}F( to its edges. The symmetric adjacency matrix AS = (a5;) of
the resulting graph is given by a; = s;;a;; for ij € E(G) and af; = 0 otherwise. Godsil and
Gutman [15] proved that

E  det (I — A%) = u(G,1). (5)

SE{L1}EG)

In other words, the expected characteristic polynomial of an independent random signing of
the adjacency matrix of a graph is equal to its matching polynomial. Therefore the expected
characteristic polynomial is real-rooted. This was one of the facts used by Marcus, Spielman
and Srivastava [28] in proving that there exist infinite families of regular bipartite Ramanujan
graphs. Since then, several other families of characteristic polynomials have been identified
with real-rooted expectation (see e.g. [30][18]). Such families are called interlacing families,
based on the fact that there exists a common root interlacing polynomial if and only if every
convex combination of the family is real-rooted. The method of interlacing families have
been successfully applied to other contexts, in particular to the affirmative resolution of the
Kadison-Singer problem [29].

In this section we define a convolution of multivariate determinant polynomials and show
that it is hyperbolic as a direct consequence of a more general theorem by Brandén [6]. In
particular this convolution can be viewed as a generalization of the fact that the expectation
in (5) is real-rooted. Namely, we show that the expected characteristic polynomial over any
finite set of independent random edge weightings is real-rooted barring certain adjustments
to the weights of the loop edges.



18 NIMA AMINI

Recall that every symmetric matrix may be identified with the adjacency matrix of an
undirected weighted graph (with loops).

Definition 4.1. Let W C R be a finite set. Given a real symmetric matrix A and a vector
w E W(TZL), define a weighting of A to be a symmetric matrix A" = (a}}) given by

v — {’LUZJGZJ if 4 < j

U\ S ik g whaw ifi=j
Definition 4.2. Let X = (zj;)7,—; and Y = (y;;)i;—, be symmetric matrices in variables
x = (45)i<; and y = (y;j)i<; respectively. Let W C R be a finite set. We define the
convolution

det(X) xy det(Y) = E det(X™ 4+ Y™?) € R[x,y].
w1,w2€W(g)

We have the following general fact about hyperbolic polynomials.

Theorem 4.3 (Brandén [6]). Let h(x) be a hyperbolic polynomial with respect to e € R”,
let Vi, ..., Vi, be finite sets of vectors of rank at most one in Ay. For V. = (vy,...,v,,) €
Vix- - xV,, let

g(V;t) =h(te+u—a1vy — -+ — Qp Vi)

where u € R and (o, ..., 0n) € R™. Then E g(V;t) is real-rooted.
VeVix XV

Proposition 4.4. Let W C R be a finite subset. Then det(X) sy det(Y') is hyperbolic with
respect to e = I ® 0 where I denotes the identity matrix.

Proof. Let h(X ®Y) = det(X) xy det(Y"). We note that h(e) =1 # 0. Let d1,...,0, denote
the standard basis of R™. Put

‘/ij = {Vijw LW e W}
where vij, = (6 + wd;)(0; + wd;)T for i < j and w € W. Note that v;j, is a rank one
matrix belonging to the hyperbolicity cone of positive semidefinite matrices (with non-zero

cigenvalue w® + 1). Letting u = 0 and a5 = x5, a}; = y;; for i < j we see that

hte— X®Y)= E det(t] — XV —Y™?)

Wi1,W2

= E det (t] +u-— Z(afj(-vijwl + agvijw?)> ,

Vijwy Vijwg €Vij i<i
i<j J

where the right hand side is a real-rooted polynomial in ¢ by Theorem 4.3. Hence det(X) xy det(Y)
is hyperbolic with respect to e.
O

Remark 4.5. Taking W = {£1} we see that a}fy = > ,_,ay forallw € W andi=1,...,n.
Therefore setting u = diag(dy, . .., d,) where d; = Z#i(xij + ;) in the proof of Proposition
4.4, we get that

E det(X® 4+ V™) (6)

S1,82
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is hyperbolic, where the expectation is taken over independent random signings of the ma-
trices X and Y as in (5) without weighting the diagonal. This shows in particular that the
expectation in (5) is real-rooted.

Corollary 4.6. Let W C R be a finite subset and A a real symmetric n X n matriz. Then
E det(t] — AY)
weWw 2

1s real-rooted.
Proof. By Corollary 4.4 the polynomial det(Y') sy det(X) is hyperbolic, so in particular ¢ +—
Edet(t — AY) is real-rooted with X =0 and Y = A.
w

O
Next we see that the convolution (6) over independent random signings can be realized as
a convolution of multivariate matching polynomials. The proof is similar to that of the
univariate identity (5) (cf [15]). Let Gx and Gy denote the weighted graphs corresponding
to the symmetric matrices X and Y.
Proposition 4.7. Let X = (z;)};=; and Y = (yi;)i;—; be symmetric matrices in variables

E det(X*" + V)

s(1) s(2)
= DPT [ +va) DY w(Gx[S1]),0@x)u(Gy[S], 0B y)
SC[n] ig¢s S1US>=S

where the expectation is taken over independent random signings as in (5).
Proof. Expanding the convolution from the definition of the determinant we have

E det(Xx*" + =)

s 5@
n
SO ys®

B S ()

s 5@ ; gn( E io (i)

1

= E » Z [M@i+v) > sgn(U)H(S( o) iot) + S y]am)

sts n| i¢S o€Sym(S) JjeSs

o(4)#j Vi€S

2 lwatud 3 i) 3 E T soprwn E T oo

SCln] igS o€Sym(S) S1USy=, ]651 ]ESZ
o)) Vies

Note the following regarding the random variables s” ,k=1,2:

(i) s (") appears with power at most two in each of the products.

Sij
(ii) The random variables sg-c)

(iii) Esi = 0.
(iv) E(s§)))? = 1.

As a consequence, permutations with the following characteristics may be eliminated since
(k)

are independent.

they produce factors s;;” of power one making the term vanish:
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(i) o € &, having no factorization o = 0,09 for o; € Sym(S;), i = 1, 2.
(ii) o € &,, such that o is not a complete product of disjoint transpositions.

This leaves us with products of fixed-point-free involutions in Sym(S;) and Sym(Sz). Thus
the non-vanishing terms are those corresponding to perfect matchings on Gx[S;] and Gy [Ss].
Hence

B det(X*" + V) = 3" [[@i+va) Y. Px)P(y)

1 2
(s SCln] igS S1US,=S8
where

Pi(x)

Z Sgn 0'1 E H 5201(1 Lioy (i)

1)
01E€Sym(S1) st i€S1
o1(j)#j Vi€S

Z \51\/2 H E (s

1
MeM(Gx [sl] iem s

M perfect

—nEe S

MeM(Gx|[S1]) ijeM
M perfect

= (=) (Gx[S1],0 & x)

and similarly for P(y).

Remark 4.8. The expression in Proposition 4.7 may also be written

Edet(x*" + v = Z (—1)lM H (25 + yii) H(x?k—&—yfk).

s(1) 5(2) MeM(Ky) igV (M) jkeM
Example 4.9.

(i) Let A be the adjacency matrix of a simple undirected graph G. Under the special-
ization X =tI and Y = —A in Proposition 4.7 we recover the identity (5) of Godsil
and Gutman.

(ii) Let A and B both be adjacency matrices of the complete graph K. It is well-known
(see e.g. [13]) that the number of perfect matchings in K, is given by (n — 1)!l'if n
is even and 0 otherwise, where (n)!l = n(n —2)(n —4)---. By Proposition 4.7 and a
simple calculation it follows that

[n/2)
Edet(tl + 4"+ BY) = " e (1) S 2k (2i — 1)11(25 — !
s() () 2k 24

k=0 i+j=k

z SR (g)k

= t"ugl(Kn, till).
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FINAL REMARKS

In Theorem 3.9 we proved Conjecture 1.6 for I(G,x@®t) whenever G is a simplicial graph.
An extension of the divisibility relation in Theorem 3.6 to all claw-free graphs would imme-
diately extend Theorem 3.9 to all claw-free graphs.

An interesting extension of this work would be to study a family of stable graph polynomials
introduced by Wagner [38] in a general effort to prove Heilmann-Lieb type theorems. Let
G = (V,E) be a graph. For H C E, let degy : V — N denote the degree function of the
subgraph (V, H). Furthermore let

u(’u) _ (u(()v)7 ugu)7 o u&u))

denote a sequence of activities at each vertex v € V where d = degq(v). Define the polyno-
mial
Z(G, A w;x) = Z(—l)lH‘)\HudengdegH
HCE

where A = {\.}ecr are edge weights and

AH = H )\87 udegH = H 1L£]1(])LH(U)7 XdegH = H "I"gegH“))‘

ecH veV ve.V
Wagner proves that Z(G, A, u, x) is stable whenever A\, > 0 for all ¢ € F and the univariate
key-polynomial K,(z) = 27:0 (‘;)u;.v)zf is real-rooted for all v € V (cf [38, Thm 3.2]).
We note in particular that if u((]v) =u =1, u;:) =0forall k> 1and v € V, then
Z(G, A\, u;x) = pua(G,x) where px(G,x) is the weighted multivariate matching polynomial
studied by Heilmann and Lieb [20]. An appropriate homogenization of Z(G, A, u;x) could
be defined as
W(Guxdw) = Z (= 1)y, w2 xdoee =~ degn
HCE

Since W (G, u;x®w) = x%8¢ Z(G, w?, u; x 1) we see that W (G, u;x@ w) is hyperbolic with
respect to e = 1 ® 0 whenever K,(z) is real-rooted for all v € V. We also note the following
edge and node recurrences for e € E and v € V,

W(G, u;x dw)
=x*W(G\e,;x @ w) — w*W(G \e,u < e;xdw)
= Z (_1)\Slu‘(;fWZE(S,v)xgegc(v)f\S\XN<v)\SW(G \v,u < S;x B w)
SCN(v)
@, ... ul), ves
u®, vgS
Although it is not clear in general how to find a definite determinantal representation of
W(G,u;x & w), it may be possible to consider special form activity vectors and obtain a
reduction by constructing divisibility relations in the spirit of Lemma 2.12 and Theorem

3.6. This may also be of independent interest for studying root bounds of their univariate
specializations.

where E(S,v) = {sv € E:s€ S} and (u< 5)® =

Acknowledgements. The author would like to thank Petter Brandén and the two anony-
mous reviewers for their comments.
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STABLE MULTIVARIATE GENERALIZATIONS OF MATCHING
POLYNOMIALS

NIMA AMINI

ABSTRACT. The first part of this note concerns stable averages of multivariate matching
polynomials. In proving the existence of infinite families of bipartite Ramanujan d-coverings,
Hall, Puder and Sawin introduced the d-matching polynomial of a graph G, defined as
the uniform average of matching polynomials over the set of d-sheeted covering graphs of
G. We prove that a natural multivariate version of the d-matching polynomial is stable,
consequently giving a short direct proof of the real-rootedness of the d-matching polynomial.
Our theorem also includes graphs with loops, thus answering a question of said authors.
Furthermore we define a weaker notion of matchings for hypergraphs and prove that a family
of natural polynomials associated to such matchings are stable. In particular this provides
a hypergraphic generalization of the classical Heilmann-Lieb theorem.

1. INTRODUCTION

The real-rootedness of the matching polynomial of a graph is a well-known result in al-
gebraic graph theory due to Heilmann and Lieb [12]. Slightly less quoted is its stronger
multivariate counterpart (see [12]) which proclaims that the multivariate matching polyno-
mial is non-vanishing when its variables are restricted to the upper complex half-plane, a
property known as stability. Other stable polynomials occurring in combinatorics include
e.g. multivariate Eulerian polynomials [10], several bases generating polynomials of matroid-
s (including multivariate spanning tree polynomials) [6] and certain multivariate subgraph
polynomials [22]. In the present note we consider several different stable generalizations of
multivariate matching polynomials. Hall, Puder and Sawin prove in [11] that every connect-
ed bipartite graph has a Ramanujan d-covering of every degree for each d > 1, generalizing
seminal work of Marcus, Spielman and Srivastava [16, 18] for the case d = 2. An important
object in their proof is a certain generalization of the matching polynomial of a graph G,
called the d-matching polynomial, defined by taking averages of matching polynomials over
the set of d-sheeted covering graphs of G. The authors prove (via an indirect method) that
the d-matching polynomial of a multigraph is real-rooted provided that the graph contains
no loops. We prove in Theorem 3.7 that the latter hypothesis is redundant by establishing a
stronger result, namely that the multivariate d-matching polynomial is stable for any multi-
graph (possibly with loops). In the final section we consider a hypergraphic generalization
of the Heilmann-Lieb theorem. The hypergraphic matching polynomial is not real-rooted in
general (see [24]) so it does not admit a natural stable multivariate refinement. However by
relaxing the notion of matchings in hypergraphs we prove in Theorem 5.6 that an associated
“relaxed” multivariate matching polynomial is stable.

2. PRELIMINARIES

2.1. Graph coverings and group labelings. In this subsection we outline relevant def-
initions from [11]. Let G = (V(G), E(G)) be a finite, connected, undirected graph on [n].
1
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FIGURE 1. A Sy-labeling v of a graph G with v = (01,09,03,04,05) =
((12), (12)(34), (132), (1234), (123)).

In particular we allow G to have multiple edges between vertices and contain edges from a
vertex to itself, i.e., G is a multigraph with loops.

A graph homomorphism f : H — G is called a local isomorphism if for each vertex v in
H, the restriction of f to the neighbours of v in H is an isomorphism onto the neighbours
f(v) in G. We call f a covering map if it is a surjective local isomorphism, in which case we
say that H covers G. If the image of H under the covering map f is connected, then each
fiber f~1(v) of v € V(@) is an independent set of vertices in H of the same size d. If so, we
call H a d-sheeted covering (or d-covering for short) of G.

Although G is undirected we shall dually view it as an oriented graph, containing two
edges with opposite orientation for each undirected edge. We denote the edges with positive
(resp. negative) orientation by E*(G) (resp. E~(G)) and identify E(G) with the disjoint
union EF(G)UE~(G). If e € EX(G), then we write —e for the corresponding edge in ET(G)
with opposite orientation. Moreover we denote by h(e) and t(e), the head and tail of the edge
e € E(G) respectively. A d-covering H of a graph G can be constructed via the following
model, introduced in [1, 7]. The vertices of H are defined by V(H) = {v; : v € V(G),1 <
i < d}. The edges of H are determined, as described below, by a labeling o : E(G) — Sy
(see Figure 1) satisfying o(—e) = o(e)~!. For notational purposes we write o(e) = o.. For
every positively oriented edge e € E*(G) we introduce d (undirected) edges in H connecting
h(e); to t(e)s, ) for 1 < i < d, that is, we replace each undirected edge e in G' by the perfect
matching induced by o, see Figure 2. We shall interchangeably refer to the map ¢ and the
covering graph H which it determines, as a covering of G. Let Cq¢ denote the probability
space of all d-coverings of G endowed with the uniform distribution.

Instead of labeling each edge in G by a permutation in S; we may label the edges with
elements coming from an arbitrary finite group I'. A T'-labeling of a graph G is a function ~ :
E(G) — T satisfying v(—e) = v(e)™'. Let Cr ¢ denote the probability space of all I-labelings
of G endowed with the uniform distribution. Let 7 : I' — GL4(C) be a representation of I.
For any I'-labeling v of G, let A, » denote the nd x nd matrix obtained from the adjacency
matrix Ag of G by replacing the (i,7) entry in Ag with the d x d block ZceE(G) m(y(e))
(where the sum runs over all oriented edges from 7 to j) and by a zero block if there are no
edges between i and j. The matrix A,  is called a (I', 7)-covering of G.

Consider the d-dimensional representation 7 : Sy — GL4(C) of the symmetric group Sy
mapping every o € Sy to its corresponding permutation matrix. The representation 7 is
reducible since the 1-dimensional space (1) < C¢, where 1 = (1,...,1), is invariant under
the action of 7. The action of 7 on the orthogonal complement (1)* is an irreducible (d —1)-
dimensional representation called the standard representation, denoted std : Sq — GLg_1(C).
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F1GURE 2. The 4-sheeted covering graph H corresponding to the Sy-labeling
v of G in Figure 1.

As outlined in [11], every d-covering H of G corresponds uniquely to a (S, std)-covering of

G.

2.2. Stable polynomials. A polynomial f(x) € C[zy,...,,]is said to be stable if f(z1,...,x,) #
0 whenever Im(z;) > O for all j = 1,...,n. By convention we also regard the zero polynomial
to be stable. A stable polynomial with only real coefficients is said to be real stable. Note that
univariate real stable polynomials are precisely the real-rooted polynomials (i.e. real polyno-
mials in one variable with all zeros in R). Thus stability may be regarded as a multivariate
generalization of real-rootedness. Below we collect a few facts about stable polynomials which
are relevant for the forthcoming sections. For a more comprehensive background we refer to
the survey by Wagner [21] and references therein.

A common technique for proving that a polynomial f(x) is stable is to realize f(x) as
the image of a known stable polynomial under a stability preserving linear transformation.
Stable polynomials satisfy several basic closure properties, among them are diagonalization
f = f(X)|a;=e, for i,j € [n] and differentiation f +— 0;f(x) where 09; == a%i. The following
theorem by Lieb and Sokal provides the construction for a large family of stability preserving
linear transformations.

Theorem 2.1 (Lieb-Sokal [14]). If f(x1,...,2n) € Clz1,...,2,] is a stable polynomial, then
f(On,...,0,) is a stability preserving linear operator.

Borcea and Brandén [3] gave a complete characterization of the linear operators preserv-
ing stability. The following is the transcendental characterization of stability preservers on
infinite-dimensional complex polynomial spaces. Define the complexr Laguerre-Pdlya class to
be the class of entire functions in n variables that are limits, uniformly on compact sets of
stable polynomials in n variables. Throughout we will use the following multi-index notation

n

n n
x5 = sz x% = Hm?’, al = Hai!’
i=1

i€s i=1
where S C [n] and o = (e;) € N™.

Theorem 2.2 (Borcea-Bréndén [3]). Let T : Clzy,...,z,] = Clzy,...,x,] be a linear oper-
ator. Then T preserves stability if and only if either
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(i) T has range of dimension at most one and is of the form

T(f) = ()P,

where a is a linear functional on Clxy, ..., x,] and P is a stable polynomial, or
(i)
aq(gay Yo
Gr(x,y) = Y (=1)"T(x*)>=

ol
aENTI,

belongs to the Laguerre-Pdlya class.

A polynomial f(zy,...,x,) is said to be multiaffine if each variable z; occurs with degree at
most one in f(z1,...,,), and is called symmetric if f(xoqy, ..., Tow) = f(@1,...,2,) for
all ¢ € 5,. The Grace-Walsh-Szego coincidence theorem is a cornerstone in the theory of
stable polynomials frequently used to depolarize symmetries before checking stability. One
version of it is stated below, see [3, 21] for modern references and alternative proofs.

Theorem 2.3 (Grace-Walsh-Szeg6 [9, 20, 23]). Let f(x1,...,2,) € Clxy,...,2,] be a sym-
metric and multiaffine polynomial. Then f(x1,...,x,) is stable if and only if f(x,... x) is
stable.

3. STABILITY OF MULTIVARIATE d-MATCHING POLYNOMIALS

A matching of an undirected graph G is a subset M C E(G) such that no two edges in
M share a common vertex. Let V(M) = Uy, j;en{i,j} denote the set of vertices in the
matching M. For d € Z>4, the d-matching polynomial of G is defined by

/’Ld,G(x) = EHEC(]7G/'LH(‘/L.)3

where
[n/2]
ug(z) = Z (—1)'ma" % € Z[z]
=0
and m; denotes the number of matchings in G of size i with my = 1. In particular if d = 1,
then pgc(x) coincides with the conventional matching polynomial pe(x). The following
results are proved in [11].

Theorem 3.1 (Hall-Puder-Sawin [11]). Let T' be a finite group and m : I' — GL4(C) be an
irreducible representation such that w(T') is a complex reflection group, i.e., (') is generated
by pseudo-reflections. If G is a finite connected multigraph, then

E.ecer e det(x] — Ay x) = pac(x). (3.1)

Remark 3.2. Remarkably the expected characteristic polynomial in (3.1) depends only on
the dimension d of the irreducible representation = and not on the particular choice of group
I", nor the specifics of the map w. Real-rooted expected characteristic polynomials have seen
a surge of interest recently in light of the Kadison-Singer problem and Ramanujan coverings,
see e.g. [2, 11, 16, 17, 18, 19].
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FIGURE 3. A Ss-labeling v = (01,02) = ((123),(12)) of the bouquet graph
By (left) and the Cayley graph of S3 with respect to {(123),(12)} (right).

Example 3.3. A classical result due to Godsil and Gutman [8] states that if A = (a;;) is
the adjacency matrix of a finite simple undirected graph G, then

Esdet(x] — A%) = pg(z),

where A, := sca;; for all e = {4, j} € E(G) and s = (s¢)cer(c) € {£1}P© . In other words,
the expected characteristic polynomial over all signings of GG equals the matching polynomial
of G. In the language of Hall, Puder and Sawin this corresponds to taking I = Z/2Z and
7w =sgn : Z/27Z — GL;(C) to be the sign representation in Theorem 3.1.

Generalizing and extending the following theorem will be the main focus of this section.

Theorem 3.4 (Hall-Puder-Sawin [11]). If G is a finite multigraph with no loops, then pqc(x)
18 real-rooted.

Remark 3.5. Hall, Puder and Sawin also showed that the roots of 14(x) are contained inside
the Ramanujan interval of G (see [11]).

Define the multivariate d-matching polynomial of G by

pa,c(X) = Epecy ot (X),

pe(x) = Z(—l)lMl H x;,
M i€[n]\V (M)
and the sum runs over all matchings in G.

The real-rootedness of pgc(z) was proved indirectly in [11] by considering a limit of in-
terlacing families converging to the left-hand side in Theorem 3.1. In this section we use a
more direct approach for proving the real-rootedness of 4 ¢(x). In fact we prove something
stronger, namely that 14c(x) is stable. Our proof also holds for graphs with loop edges, thus
removing the redundant hypothesis in Theorem 3.4.

Coverings of graphs with loop edges have interesting properties. In particular, consider the
|I'|-dimensional regular representation reg : I' — GLjp|(C) sending an element g € I' to the
permutation matrix afforded by ¢ acting on I' through left translation h — gh. The bouquet
graph B, is the graph consisting of a single vertex with r loop edges. A (I',reg)-covering
A, reg of B, is equivalent to the Cayley graph of ' with respect to the set v(E(B,)). In this
sense (I', reg)-coverings of finite multigraphs with loops generalize Cayley graphs of finite
groups.

where
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Example 3.6. Let ' = S35, G = By and 7 = reg : S5 — GLg(C). Consider the Ss-labeling
v = (01,02) = ((123),(12)) of By as in Figure 3 (left). Then

v (12) (13) (23) (123) (132)
, 0 1 0 0 1 0
(12) f1 0 1 0 0 0
13 lo o o 1 0 1
A = reg(o1) + reg(o2) = gg 3; 0 1 0 0 1 0 7
230 0 0o 1 0 !
32\t 0 1 0 0 0

is the adjacency matrix of the Cayley graph of S3 with respect to the set {71, 02}, see Figure
3 (right), and the (53, reg)-covering A, o is given by A + AT.
Choe, Oxley, Sokal and Wagner [6] (see also [4]) consider the multi-affine part operator
MAP : Clzy,...,z,) = Clzy, ...,z
Z a(a)x® — Z alo)x™
aeN? a:a;<1,i€[n|

and note that it is a stability preserving linear operator. Indeed the symbol

n

Gaar(x,y) = > (-1)&1\/1AP(XQ)§ = > (-nxy* =[] - zaw),

aeN? : aeN” i=1
;<1

is stable being a product of stable polynomials. Since the range of MAP has dimension
greater than one, it follows that MAP preserves stability by Theorem 2.2. Given the identity

Pox)= 3 ()P = T (- way), (3.2)

ECE(G) {i.7}€E(G)
where G[E] is the subgraph of G induced by ' C E(G) and degg (i) denotes the degree of
i in G[E], we have that

MAP[Pg(x)] = pa(x),
and hence that ug(x) is stable being the image of a stable polynomial under MAP. This
result is also known as the Heilmann-Lieb theorem [12].
By using Theorem 2.3 and the stability preserving linear operator MAP we will show below
that pgc(x) is stable.

Theorem 3.7. If G is a finite multigraph (possibly with loops), then pqc(x) is stable for all
d>1.

Proof. For a d-covering o : E(G) — Sy, let

d

Pra(x) = H (1 = ZherTe(e)oe k) | *
ecE+(G)\ET (G) k=1

IT I O-=ewrmoew) |

e€EL (G) kioe(k)#k
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where Ef (G) = {e € ET(G) : h(e) = t(e)} denotes the set of positively oriented loops in
G. Since no matching may contain loops we have excluded the factors (1 — x%,) from the
subgraph generating polynomial Py (x) in (3.2) where H is the covering graph corresponding
to o. This explains the form of P, (x). It follows that

MAP[F(x)] = pr(x).

‘We have

1
IEUGCKLGPU,G(X) = Z 7P0,G(X)

o€Cy,c ‘Cd‘G|

d
L H Z H(l = Th(ehTi(e)oe (k) | X

ecET(G)\EZ(G) €54 k=1

IT > 11 O-=erruom)

ecET (Q) 0cE€Sd kioe(k)#k

For e € ET(G) \ Ef(G) the polynomials

d
= > TI0 = znerziero.m);

0e€Sq k=1
are symmetric and multiaffine polynomials in the two sets of variables
{Zher : 1<k <d} and  {zyep: 1 <k <d},

respectively. By Theorem 2.3 we have that f.(x) is stable if and only if

ZHl—xy d\(1 — zy)?,

€Sy k=1

is stable, the latter of which is clear. Similary if e € EX(G), then f.(x) is symmetric
and multiaffine in the set of variables {z;) : 1 < k < d}, so checking stability of f.(x)
reduces by Theorem 2.3 to checking the stablhty of d!(1 — z?)?, which is again clear. Hence
Eoecs, o Prc(x) is stable being a product of stable polynomlals. Finally we have

N[AP I:EUEC,LGPO',G(X)} = IEO'EC[LGI\/IAP[PU,G(X)]
= Enec,oprm(x)
= pg,c(x).

Hence f1q,(x) is stable. O

Corollary 3.8. If G is a finite multigraph (possibly with loops), then pqc(x) is real-rooted
foralld>1.

Proof. Follows by putting x = (x,...,z) in Theorem 3.7 d
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4. STABLE EXPECTED MATCHING POLYNOMIALS OVER INDUCED SUBGRAPHS

In the previous section we considered stable averages of multivariate matching polynomials
over the set of d-sheeted covering graphs of G. In this section we consider stable averages
over (vertex-) induced subgraphs of G. To this end, if S C [n], let G[S] denote the subgraph
of G induced by the vertices in S. Let P be a probability distribution on the power set
P([n]) = {S: S C [n]}. The polynomial

Zp(x) = Z P(S)x% € Rlxy,. .., o),
SC[n]
is called the partition function of P. The probability distribution P is called Rayleigh if
GQZP(X) < aZ]p(X) QZP(X)
81281] - &cl a:Uj
for all x € R%, 1 < 4,5 < n and is called strong Rayleigh if (4.1) holds for all x € R”,
1<4,5<n.

Zp(x) (4.1)

Theorem 4.1 (Briandén [5]). A probability distribution P is strong Rayleigh if and only if
Zp(x) is stable.

Proposition 4.2. Let G = (V(G), E(G)) be a finite undirected graph on [n] and let P be a
probability distribution on P([n]). If P is strong Rayleigh, then EEQ[H]NG[S] (x) is stable.

Proof. By Theorem 2.1 the linear operator
TG = H (1 - 818])
{iJ}eB(G)
preserves stability. Moreover it is easy to see that for S C [n],
Te(x%) = pas) ().
If P is strong Rayleigh, then Zp(x) is stable by Theorem 4.1. Hence
Ta(Ze(x) = ) P(S)T6(x)

SC[n]
=Y P(S)ucs)(x)
S
= ESccpmticrs) (%),
is stable. O

Corollary 4.3. If P is a strong Rayleigh probability distribution, then E“;C[n]ug[s](x) 1s real-
rooted. h

Example 4.4. The following example demonstrates that the converse to Proposition 4.2
is false. Consider the graph G = e—e on two vertices and one edge. If P is a probability
distribution with P({1,2}) = a, P({1}) = b, P({1,2}) = ¢ and P(f) = d, then
EEQ[Q]/J,G[S] (x) = ape(x) + buap(x) + cuap (%) + duge (x)
= a(—1+ z1x9) + bx1 + c2 + d,
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which is stable if and only of bc — a(—a + d) > 0. On the other hand

Zp(x) = axyxe + by + cxo + d,
is stable if and only if bc — ad > 0. Hence there exists probability distributions P which are
not strong Rayleigh for which ]E]gg[n] pars)(x) is stable. An interesting question would be to
characterize the probability distributions for which Egg[n] ficrs) (%) is stable.

Example 4.5. A natural probability distribution P on the set of induced subgraphs of G is
the Bernoulli distribution B where a vertex ¢ € [n] is selected independently with probability
p; and not selected with probability 1 — p;. Note that B is a strong Rayleigh probability

distribution since
n

Zp(x) = Z Z sz H (1—p)x® = H((1 —pi) + pixi),

SC[n] SC[n] i€S  i€n]\S i=1

is stable. Hence ]E]gg”]uG[S] (x) is stable by Proposition 4.2.

Next we shall provide bounds for the real roots of Egg[n] pars) ().
Let i € V(G) and define a graph U;(G) with vertex set being the set of all non-backtracking

walks in G starting from i, i.e., sequences (ig,11,...,%) such that i = i, i, and 4,1 are
adjacent and 7,1 # i,_1. Two such walks are connected by an edge in U;(G) if one walk
extends the other by one vertex, i.e., (ig, ..., ix+1) is adjacent to (ig,...,7). The graph

thus constructed is a tree that covers G. It is called the universal covering tree of G. The
universal covering tree U;(G) of G is unique up to isomorphism and has the property that
it covers every other covering of G. Thus we henceforth remove reference to the root i and
write U(G) for the universal covering tree of G. The tree U(G) is countably infinite, unless
G is a finite tree, in which case U(G) = G.

The spectral radius r(G) of a finite graph G is the largest absolute eigenvalue of the
adjacency matrix Ag of G. By a theorem of Mohar [15] the spectral radius of an infinite
graph U can be defined as follows,

r(U) == sup{r(G) : G is a finite induced subgraph of U}.
If G is a finite undirected graph, then let p(G) = r(U(G)) denote the spectral radius of its
universal covering tree. Say that a probability distribution P on P([n]) has constant parity

if the set {|S|: S C [n], P(S) > 0} consists of numbers with the same parity (i.e. are either
all odd or all even).

Proposition 4.6. Let G be a finite undirected graph with n vertices and P a probability
distribution on P([n]). Then the real roots of ]E]Egn]p@[s](x) are bounded above by p(G).

Moreover if P has constant parity, then the real roots of Egg[n]ﬂg[s] (x) are contained in
[=p(G), p(G)].

Proof. Let S C [n]. There is a clear injective embedding of U(G[S]) into U(G) such that any
finite induced subgraph of U(G[S]) is an induced subgraph of U(G). Therefore p(G[S]) <
p(G). Heilmann and Lieb [12] showed that for any finite graph G, the roots of ug(z) are
contained in [~p(G), p(G)]. Therefore E (pigis)(z) > 0 for all 2 € (p(G),00), being a
convex combination of monic polynomials with the same property. Hence the real roots of
the expectation are bounded above by p(G). If P also has constant parity, then Egg[n] pas) ()
is a convex combination of monic polynomials with same degree parity and are therefore, by
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above, strictly positive or strictly negative on the interval (—oo, —p(G)). Hence the real roots
are contained in [—p(G), p(G)]. O

Corollary 4.7. Let G be a finite undirected graph on n wvertices and k € [n]. Then the
uniform average of all matching polynomials over the set of induced size k-subgraphs of G is
a real-rooted polynomial with all roots contained in the interval [—p(G), p(G)].

Proof. Let P be the probability distribution on P([n]) with uniform support on ([Z]). Then

Zo(x) = i),
(%)
where ex(x) denotes the elementary symmetric polynomial of degree k. The polynomial e (x)
is stable, e.g. by Theorem 2.3. Therefore P is a strong Rayleigh probability distribution by
Theorem 4.1, so the statement follows by Corollary 4.3 and Proposition 4.6. ]

5. STABLE RELAXED MATCHING POLYNOMIALS

A hypergraph H = (V(H), E(H)) is a set of vertices V(H) = [n] together with a family of
subsets E(H) of V(H) called hyperedges (or edges for short). The degree of a vertex i € V(H)
is defined as degy (i) == |{e € E(H) : i € e}|. In analogy with graph matchings, a matching
in a hypergraph consists of a subset of edges with empty pairwise intersection. Although
the matching polynomial ug(z) of a graph G is real-rooted, the analogous polynomial for
hypergraphs is not real-rooted in general, see e.g. [24]. From the point of view of real-
rootedness we consider a weaker notion of matchings that provide a natural generalization
of the real-rootedness property of ps () to hypergraphs.

Let H = (V(H), E(H)) be a hypergraph. Define a relaxed matching in H to be a collection
M = (S.)eer of edge subsets such that £ C F(H), S. Ce, |S.| > 1 and S. NS = O for all
pairwise distinct e, e’ € E (see Figure 4).

Remark 5.1. If H is a graph then the concept of relaxed matching coincides with the con-
ventional notion of graph matching. Note also that a conventional hypergraph matching is a
relaxed matching M = (S,)ecr for which S, = e for all e € E.

Remark 5.2. The subsets S, in the relaxed matching are labeled by the edge they are chosen
from in order to avoid ambiguity. However if H is a linear hypergraph, that is, the edges
pairwise intersect in at most one vertex, then the subsets uniquely determine the edges they
belong to and therefore no labeling is necessary. Graphs and finite projective geometries
(viewed as hypergraphs) are examples of linear hypergraphs.

Let V(M) := g, cpr Se denote the set of vertices in the relaxed matching. Moreover let
mi(M) = |{S. € M : |S.| = k}| denote the number of subsets in the relaxed matching of
size k. Define the multivariate relazed matching polynomial of H by

(%) =Y (~)™Mw@an [

M i€n]\V (M)

where the sum runs over all relaxed matchings of H and
n—1

W(M) = [ e,
k=1

Let ny(x) = ng(x1) denote the univariate relaxed matching polynomial.
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Ty

FIGURE 4. A relaxed matching M = (S,,, Se,, Se,) in a hypergraph H with
S, ={1,2}, S., = {4.5} and S,, = {6,7.8}.

Remark 5.3. Note that ng(x) = pp(x) if H is a graph.

Our aim is to prove that ny(x) is a stable polynomial. In fact we shall prove the stability
of a more general polynomial accommodating for arbitrary degree restrictions on each vertex.

Define a relazed subgraph of H to be a hypergraph K = (FE(K), V(K)) with edges E(K) =
(Se)ecr such that £ C E(H), S, C e and |S| > 1 for e € E with V(K) := (J,cp Se. Again if
H is a graph, then the notion of a relaxed subgraph coincides with the conventional notion
of a (edge-induced) subgraph of H. Let k = (k1,...k,) € N". Define a relazed k-subgraph
of H to be a relaxed subgraph K* of H such that degg«(i) < k; for i € V(K*). Let
mi(K*) = |{S. € E(K*) : |S.| = k}| and let (n), = n(n —1)---(n — k + 1) denote the
Pochhammer symbol.

Define the multivariate relazed k-subgraph polynomial of H by

() = S ()P T e,
K~ i€[n]\V (K*)

where the sum runs over all relaxed k-subgraphs K* of H and

n—1
W(K*) = H k1 (K7) H (Ki)dEgKm(i)'
k=1 ieV(K*)
Remark 5.4. Note that a relaxed matching in H is the same as a relaxed (1,...,1)-subgraph
of H and that ng """ 1)(x) = ng(x).

In the rest of this section we will adopt the following notation,

85 = Z@, 6S = HB,, 0% = H@f”,
€S €S i=1
where S C [n] and a = («;) € N™.
With abuse of notation we shall let the multiaffine part operator MAP act analogously on
polynomial spaces of differential operators as follows,

MAP : C[d, ..., 0] — C[dy, ..., ,]

> a(@d* > a(e)d”.

aeNn a:a;<1,i€[n]
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The following lemma follows from Theorem 2.1.

Lemma 5.5. If P(9) € C[0y,...,0,] is a linear operator such that P(x) € Clzy,...,x,] is
stable, then MAP[P(8)] preserves stability.

Proof. Write P(8) = 3y a(0)@®. Since MAP : Clxzy, ..., z,] = Clzy, ..., 2, is a stability

preserver we have that MAP [Y . a(a)x®] = Y cvas<iicln X* 18 stable and hence by
Theorem 2.1 that 3., <1, 0% = MAP [>enn a(a)@%] is a stability preserving linear
operator. [l

Theorem 5.6. Let H = (V(H),E(H)) be a hypergraph and & = (r;) € N". Then the
multivariate relazed Kk-subgraph polynomial % (x) is stable with

Ny (x) = H MAP e

ecE(H)

1-a)[J+a)|x

i€e

Proof. Let e € E(H). Then

1-a)JJa+a)=0-8,) |1+ > &°

i€e P#£SCe

=1+ > 98- Y 8.9°
0#SCe 0#SCe
[S|>1

S Y Y| Y Y o
0#£SCe i€e | 0#£SCe 0#£SCe
[S|>1 i€S S

N SR b oLy
0#SCe i€e (#£SCe
IS|>1 i€S

Thus since

(1 - Zz) [T+,

ice i€e

is a stable polynomial, being a product of stable linear factors, it follows by Lemma 5.5 that

MAP

a-a)[[a+a

ice

=1- Y (IS|-1a°

0#£SCe
IS|>1
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is stability preserving. Hence

H MAP

1-a)]Ja+a) I1 [1- > gsi-ves |«

ecE(H) ice ecE(H) 0#£SCe
|S|>1
= Z (_1)|E\ Z H(|Se| _ l)asexn
ECE(H) (Se)ecr e€E
SeCe
[Se|>1
_ Z |E(K" ‘W (K" H x?—degm(i)
ien]\V(K*)
is a stable polynomial. O

The following corollary is immediate from Theorem 5.6.

Corollary 5.7. The multivariate relazed matching polynomial ng(x) is stable with

m() = [T (1= JJ(1+0) o Ox!
e€E(H) i=1
In particular the univariate relaxzed matching polynomial
() = 3 (D)W () O,
M
is a real-rooted polynomial for any hypergraph H.

Below follows a generalization of the standard identities for the multivariate matching poly-
nomial pg(x). Let ¢ € V(H). Recall that the (weak) vertez-deletion H \ i is the hypergraph
with vertex set V(H) \ ¢ and edges {e N (V(H) \ i) : e € E(H)}. Let e € E(H). The
edge-deletion H \ e is the subhypergraph of H with vertex set V(H) and edges E(H) \ e. Let
Iy(i) = {e € E(H) : i € e} denote the incidence set of i € V(H). The following identities
are straightforward to verify.

Proposition 5.8. Let H = (V(H), E(H)) be a hypergraph, i € V(H) and e € E(H). Then
N (X) satisfies the following identities:
() nar(x) = nme(x) = > (IS| = Dngnens(x),

SCe
\S\>1

(i) mrr(x) = winmi(x) = D2 > (18] = Dinenens (%),
eely(i) SCe
€S
|S[>1
(lll) NH\UH, (X) = NH, (X)UHQ (X)7
(iv) Oimu (%) = nm(x).-
It would be interesting to understand what parts of the matching theory for graphs can be
extended to relaxed matchings.

Acknowledgements: The author would like to thank Petter Brandén for helpful discussions
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ABSTRACT. A Mahonian d-function is a Mahonian statistic that can be expressed as a linear
combination of vincular pattern functions of length at most d. Babson and Steingrimsson
classified all Mahonian 3-functions up to trivial bijections and identified many of them with
well-known Mahonian statistics in the literature. We prove a host of Mahonian 3-function
equidistributions over permutations in S, avoiding a single classical pattern in Ss. Tools
used include block decomposition, Dyck paths and generating functions.
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1. INTRODUCTION

A combinatorial statistic on a set S is a map stat : S — N. The distribution of stat
over S is given by the coefficients of the generating function ) ¢ Let S, be the
set of permutations o = ajas - - - a, of the letters [n] = {1,2,...,n} and let o(k) denote the
entry ay. Let S = U,»Sn- The inversion set of o € S, is defined by Inv(o) = {(4, ) :
i < jand o(i) > o(j)}. A particularly well-studied statistic on S, is inv : S, — N, given
by inv(c) = |Inv(o)|. An elegant formula for the distribution of the inversion statistic was
found in 1839 by Rodrigues [27]

0 = [l

oE€Sy
where [n],! = [1]42];--[n]; and [n], = 1+ ¢+ ¢* + -+ + ¢"'. The descent set of o is
defined by Des(c) = {i : 0(i) > o(i + 1)}. In 1915 MacMahon [25] showed that inv has
the same distribution as another statistic, now called the major indez (due to MacMahon’s
profession as a major in the british army) [17], given by maj(o) = 3 ;cpey, - We also
write imaj(c) = maj(c™!). In honor of MacMahon any permutation statistic with the same
distribution as maj is called Mahonian. Mahonian statistics are well-studied in the literature.
Since MacMahon’s initial work, many new Mahonian statistics have been identified. Babson
and Steingrimsson [1] showed that almost all (at the time) known Mahonian statistics can be

expressed as linear combinations of statistics counting occurrences of vincular patterns. They
1
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made several further conjectures regarding new vincular pattern-based Mahonian statistics.
These have since been proved and reproved at various levels of refinement by a number of
authors (see e.g., [4, 7, 18, 33]). Two sequences of integers ajas - - - a,, and b1bs - - - b, are said
to be order isomorphic provided a; < a; if and only if b; < b; forall 1 <i < j < n. A
vincular pattern (also known as generalized pattern) of length m is a pair (7, X') where 7 is a
permutation in S, and X C {0,1,...,m} is a set of adjacencies. Adjacencies are indicated
by underlining the adjacent entries in 7 (see Example 1.1). If 0 € X (respectively, m € X),
then we denote this by adding a square bracket at the beginning (respectively, end) of the
pattern w. If X = ), then (m, X) coincides with the definition of a classical pattern. A
permutation o = ajay - - - a, € S, contains the vincular pattern (m, X) if there is an m-tuple
1< <ig < -+ <1y < nsuch that the following criteria are satisfied

® a; a;, - --a;, is order-isomorphic to ,

e i, =14;+ 1 for each j € X'\ {0,m} and

ey =1if0e Xand i, =nifmeX.
We also say that a;,a;, - - - a;,, is an occurrence of win 0. We say that o avoids 7 if o contains
no occurrences of m. We denote the set of permutations in S, avoiding the pattern 7w by
S, (m). Moreover if IT is a set of patterns, then we set S,(IT) = (. Sn(7).

In this paper we shall also need an additional generalization of vincular patterns, allowing
us to restrict occurrences to particular value requirements. Let v = (vy,...,v,) where
v; € NU{-}. Define a value-restricted vincular pattern (7T.,X)|U to be a triple (7, X,v)
where (m, X) is a vincular pattern. We say that a;a;, - --a;,, is an occurrence of (7T7X)|v
in o if it is an occurrence of the vincular pattern (7, X) and a;, = v; whenever v; € N for
,,,,, -)
pattern (7r.,X)|U gives rise to a permutation statistic (W,X)’U : S, — N called a pattern
function counting the number of occurrences of (, X)|U in a given permutation o € S,, (see
Example 1.1). The length of (W,X)‘v : S, — Nis defined as the length of the underlying
vincular pattern (m, X).

j=1,...,m. Note in particular that (r, X)|(_ = (7, X). Every value-restricted vincular

Example 1.1. Let 0 = 246153.

Pattern w X Occurrences in o
231 0 241,261,461, 463, 453
[231 {0} 241,261
231 {1} 241, 461, 463
231 {2} 261,461,453
231 {1,2} 461
231] {2,3} 453
ﬁl|(_76’_) {1} 461,463

We also have (231)c = 5, [231)0 = 2, (231)0 = 3, (231)0 = 3, (231)0 = 1, (231]c = 1
and (ﬁl)|(_ 690 = 2. On the other hand, the permutation ¢ = 215346 avoids the pattern
m = 231 (and hence all the patterns in the table above).

In this paper we mainly study equidistributions of the form

Z ) — Z g2 (1.1)

0€S,(I11) oS, (112)
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where IIy, I, are sets of patterns and stat, staty are permutation statistics. We will almost
exclusively focus on the case where II; consists of a single classical pattern of length three and
stat; is a Mahonian statistic. The equidistributions we prove are summarized in §5, Table 2.
Although Mahonian statistics are equidistributed over S,,, they need not be equidistributed
over pattern avoiding sets of permutations. For instance maj and inv are not equidistributed
over S, () for any classical pattern m € S;. Neither do the existing bijections in the literature
for proving equidistribution over S, necessarily restrict to bijections over S,(m) (cf. [1, 4,
7, 18, 33]). Therefore whenever such an equidistribution is present, we must usually seek
a new bijection which simultaneously preserves statistic and pattern avoidance. Another
motivation for studying equidistributions over permutations avoiding a classical pattern of
length three is that |S,(7)| = C, for all 7 € S35 where C,, = #1(2:) is the nth Catalan
number (see [22]). Therefore equidistributions of this kind induce equidistributions between
statistics on other Catalan objects (and vice versa) whenever we have bijections where the
statistics translate in an appropriate fashion. We prove several results in this vein where an
exchange between statistics on S,(m), Dyck paths and polyominoes takes place. In general,
studying the generating function (1.1) provides a rich source of interesting g-analogues to
well-known sequences enumerated by pattern avoidance and raises new questions about the
coefficients of such polynomials.

Equidistributions such as (1.1) has been studied in the past. For instance, Burstein and
Elizalde proved the following result involving the Mahonian Denert statistic

den(o) = inv(Exc(0)) + inv(NExc(o Z i,
LE[n
o(i)>i

where Exc(0) = (0(4))s()> and NExc(o) = (0(7))s@)<i-
Theorem 1.1 (Burstein-Elizalde [5]). For anyn > 1,

Z qmaJ (o) — Z qden(a

0€8,(231) 0€85,(321)

Two sets of patterns IT; and Il are said to be Wilf-equivalent if |S,,(II;)| = |S,(Ilz)] for all
n > 0. Sagan and Savage [28] coined a g-analogue of this concept. Two sets of patterns
I1; and IIy are said to be st- Wilf equivalent with respect to the statistic st : S — N if (1.1)
holds with stat; = st = staty for any n > 0. Let [[I]s denote the st-Wilf class of the set
II. This concept have been studied at several places in the literature. An overview of the
st-Wilf classification of single and multiple classical patterns of length three can be found in
the table below.

st Reference
mayj, inv Dokos-Dwyer-Johnson-Sagan-Selsor [14]
charge Killpatrick [20]
fp, exc, des Elizalde [15, 16]
peak, valley Baxter [2]

peak, valley, head, last, lir, rir,

Irmin, rank, comp, ldr Claesson-Kitaev [11]

In particular it was shown in [14] that 1,,(132;¢q) = 1,(213;q) = C,(¢) and I,(231;q) =
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(@}

1,,(312; q) = Cy(g) where

Z qinv(a)7

o€8Sn ()
n—1
Colg) =Y _ q* N C(q)Crii(g), Colg) =1

k=0

n—1

= ¢*Ci(q)Crr-1(q), Colq) =1.

k=0
The polynomial C,,(q) is known as the Carlitz-Riordan q-analogue of the Catalan numbers
and have been studied by numerous authors (though no explicit formula is known). Similar
recursions for maj have been studied in [8, 14].

To decompose pattern avoiding permutations we will require some notation. Given per-
mutations 7 € S and 01,05 ...,0r € S, the inflation of T by 01,05 ..., 0} is the permutation
Tlo1, 09, .. ., 0 obtained by replacing each entry 7(i) by a block of length |o;| order isomor-
phic to o; for i = 1,... k such that the blocks are externally order-isomorphic to 7.

Example 1.2. 231[21, 1, 213] = 546213.

Let 0 € S,. Recall that the descent set of o is given by Des(o) = {i : o(i) > o(i + 1)}.
The set of descent bottoms (resp. descent tops) of o is given by DB(0) = {o(i + 1) : i €
Des(o)} (resp. DT(0) = {o(i) : i € Des(0)}). Likewise the ascent set of o is given by
Asc(o) = {i: 0(i) < o(i+ 1)} and we define the set of ascent bottoms (resp. ascent tops)
of o to be AB(0) = {o(i) : i € Asc(o)} (resp. AT(0) = {o(i + 1) : i € Asc(o)}). An
entry o(j) is called a left-to-right mazima if o(j) > o (i) for all i < j. Let LRMax(o) denote

the set of left-to-right maxima in ¢ and let Irmax(c) = |LRMax(o)|. Similarly an entry
o(j) is called a left-to-right minima if o(j) < o(i) for all ¢ < j. Let LRMin(c) denote the
set of left-to-right minima in ¢ and let Irmin(o) = | LRMin(c)|. We call o(i) a pinnacle if

o(i—1) <o(i) >o(i+ 1) and o(i) a trough if o(i — 1) > o (i) < o(i + 1).

Example 1.3. Let ¢ = 271985346. Then Des(oc) = {2,4,5,6}, DB(0) = {1,3,5,8},
DT(0) = {5,7.8,9}, Asc(0) = {1,3,7,8}, AB(0) = {1,2,3,4}, AT(c) = {4,6,7,9}, LRMax(0) =
{2,7,9}, LRMin(c) = {2,1}. The pinnacles of ¢ are given by {7,9} and the troughs of ¢ by
{1,3}.

If 0 = a1ay---a,_1a,, then the reverse of o is given by ¢" = a,a,_1---asa; and the
complement of 0 by 0¢ = (n—a;+1)(n—ay+1)---(n—ap_1+1)(n —a, +1). The inverse
of o (in the group theoretical sense) is denoted by o~!. The operations complement, reverse
and inverse are often referred to as trivial bijections and together they generate a group
isomorphic to the Dihedral group Dy, of order 8 acting on S,,. If 7 is a classical pattern and
g € Dy, then it is not difficult to see that o € S,(7) if and only if 09 € S,,(79). However if 7 is
a non-classical pattern, then avoidance is not necessarily closed under inverse in any similar
way. E.g. o = 6274251 avoids the vincular pattern 7 = 123, but o~! = 7254613 avoids no
vincular pattern (7, X) of length three with X = {1} or X = {2}. Therefore taking the
inverse should not be viewed as a ‘trivial bijection’ in the same sense as complement and
reverse when it comes to vincular patterns.

In Table 1 we list the vincular pattern definitions of the Mahonian statistics that we shall
consider from [1]. The references in Table 1 indicate where the Mahonian nature of the



Name Vincular pattern definition Reference

maj (132) + (231) + (321) + (21) MacMahon [25]

inv  (231) 4 (312) + (321) 4 (21) MacMahon [25]

mak (132) + (312) + (321) + (21) Foata-Zeilberger [19]
makl (132) + (231) + (321) + (21) Clarke-Steingrimsson-Zeng [13]
mad (231) + (231) + (312) + (21) Clarke-Steingrimsson-Zeng [13]
bast (132) + (213) + (321) + (21) Babson-Steingrimsson|[1]
bast’ (132) + (312) + (321) + (21) Babson-Steingrimsson|[1]
bast” (132) + (312) + (321) + (21) Babson-Steingrimsson|[1]
foze  (213) 4 (321) + (132) + (21) Foata-Zeilberger [18]
foze!  (132) + (231) + (231) + (21) Foata-Zeilberger [18]
foze” (231) 4 (312) + (312) + (21) Foata-Zeilberger [18]

sist  (132) + (132) + (213) + (21) Simion-Stanton [28]

sist’  (132) + (132) + (231) + (21) Simion-Stanton [28]

sist”  (132) + (231) + (231) + (21) Simion-Stanton [28]

TABLE 1. Mahonian 3-functions.

statistics was first proved. Some of these statistics where originally defined in a slightly
different form. See [1] for their translation into vincular pattern functions.
For example, Foata and Zeilberger introduced the Mahonian statistic mak in [18] where it

was essentially defined as
mak(o) =

Z a+ (312)0.

aeDB(0)

(1.2)

It is easy to see that
S o= ((182) + (321) + (2D)o
aeDB(o)
The statistic mad introduced by Clarke-Steingrimsson-Zeng in [13] is defined similarly by
replacing the sum of descent bottoms by the sum of descent differences, i.e., the sum of the
differences between the two letters of a descent.

According to [1], Table 1 is the complete list of Mahonian 3-functions (up to trivial bijec-
tions), i.e., Mahonian statistics that can be written as a sum of vincular pattern functions of
length at most three. Since some of these statistics have received no conventional name in
the literature, we will take the liberty of naming them according to the initials of the authors
who first proved their Mahonian nature.

2. EQUIDISTRIBUTIONS VIA DIRECT BIJECTION

The equidistributions proved in this section are shown by directly exhibiting a bijection.
The bijections are based on standard decompositions of pattern avoiding permutations, or
rely on specifying data by which pattern avoiding permutations are uniquely determined. In
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many cases we are able to find a more refined equidistribution. We begin by proving that maj
and mak are related via the inverse map over certain pattern avoiding sets of permutations.
This may seem unexpected given that vincular patterns do not behave as straightforwardly
under the inverse map as they do under complement and reverse.

Proposition 2.1. Let 0 € S,(m) where m € {132, 213, 231, 312}. Then
mak(o) = imaj(o).

Z qmaj(a)tdcs(a) — Z qmak tdcs(o’)

o€Sn () o€Sp(r~1)
Proof. Let 0 € S,(231). If Des(U) {i1,...,i}, then by [32, Lemma 3.1] we have that
Des(o™ *{O’ i) —1,...,0(ix) — 1}
In particular des(c) = des(c~!). Note that
o(ij) =o0(i; +1)+ (£2)‘(a(i]),a(i]+1),—)

for j = 1,...,k. Indeed if o(i; + 1) < a < o(i;), then o must appear to the right of
the descent i; in o, otherwise ao(i;)o(i; + 1) is an occurrence of 231 (which is forbidden).
Therefore o(i;)o(i; + 1)a is an occurrence of (Q2)|( (i)olisin)-) DO for every « such that
o(ij),0(ij+1),
o(ij+1) < o < 0o(i;). Thus (2.1) follows.
Hence by (2.1) and (1.2) we have

Moreover for anyn > 1,

o+1, (2.1)

imaj(o

‘M»EM

( (4 +1) + 312)|a<ij>,a<ij+1>,—))

Z a+ (312)0
a€eDB(o)
= mak(o).
The statement is proved similarly for remaining choices of m and those analogous arguments
are omitted. O

Remark 2.2. By Proposition 2.1 and [32, Corollary 4.1] it follows that

Z qmaj(a)+mak(a) _ 1 |:2nj| (22)
€S8, (231) [n + 1}’1 "l
where [Z]q = % The right hand side of (2.2) is known as MacMahon’s g-analogue of

the Catalan numbers [26].

The following lemma regarding the structure of S,,(321) is part of the folklore of pattern
avoidance (see e.g., [22]).

Lemma 2.3. We have o € S,(321) if and only if the elements of [n] \ LRMax(c) form an
increasing subsequence of o.



Theorem 2.4. For anyn > 1,

Z qmaj(o)xDB(a)yDT(a) — Z qmak(o')XDB(cr)yDT(a)7
0€SL(321) o€SL(321)

Z qmaj(o')XAB(a)yAT(a) _ Z qmak(a)XAB(a)yAT(a) )
€8, (123) 0€85,(123)

Proof. Let o € S,(321). By Lemma 2.3 we may decompose o as
0 = U1V1UQV2 * * - Uy,

where ug, ..., u; are non-empty factors of left-to-right maxima in ¢ and vy, ...,v; are non-
empty factors (except possibly v;) such that vyvs - - - v, is an increasing subword. Assume first
that v, # 0. Let M; = max(u;) and m; = min(v;) for i = 1,...,t. Clearly DB(o) = {m;, :
1<i<t}and DT(0) ={M,;:1<i<t}. Let u; =u; \ M; and v; = v; \ m; fori =1,... ¢t
Write & = @y -+ -u; and 0 = vy - - - 0.

We now define an involution

¢ 8,(321) = S,(321) (2.3)

such that maj(¢(c)) = mak(c), preserving all pairs of descent top and descent bottoms. For
convenience, set My = —oo and M1 = oo. Let uj, denote the unique increasing word of the
letters in the set

{a€v: M1 <a< M},

with M;, adjoined at the end and let v;, denote the unique increasing word of the letters in
the set

{ﬁeﬂlmk<ﬂ<]\4k+1},
with my, adjoined at the beginning for k = 1,...,¢. Define
6(0) = TR TR A ifo, 0
¢(U1U1 e 'ut—lvt—l)ut ifo, =10

Thus ¢ effectively swaps « = LRMax(o) \ DT(¢) with © = [n] \ (LRMax(c) UDB(0)) (when
vy # () and DB(¢(0)) = DB(o), DT(¢(0)) = DT(0). Hence ¢ is an involution. We have

(QQ)O— = Z (2£)|( __)g

)
Beu

= Z (max{k : my < f} —min{k : M, > S} +1)

Beu

= (max{k : my, < ¢(8)} — min{k : My > ¢(8)} +1)

Beu

= Z (QQ) |(_7_7 (5))925(0)

Beu
= (312)¢(0),

since under the involution ¢, each § € LRMax(c) \ DT(0) precisely passes the number of
descent bottoms that are less than it to its right. Therefore g is involved in the same number
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of 231 occurrences in o as ¢(/3) is involved in 312 occurrences in ¢(o). Hence
mak(¢(0)) = ((132) + (321) + (21))¢(0) + (312)¢(0)
= > a+(312)¢(0)

€DB(¢(v))
= Z a+ (231)0
a€DB(0)
= maj(o).
The statement is proved analogously over S(123). (|
Example 2.1. Let ¢ be the involution (2.3) in Theorem 2.4 and let o = 561237948 € Sy(321).

Then

561237948 g 236189457,

where the black letters indicate the fixed pairs of descent tops and descent bottoms, red let-
ters denote non-descent top left-to-right maxima and blue letters denote non-descent bottom
non-left-to-right maxima. The involution swaps the role of red and blue letters while keeping
consecutive pairs of black letters together in the same relative order.

Proposition 2.5. We have

[123] e = {123},

[321] ek = {321},

[132]max = {132, 312} = [312]mak,
[213]

213] i = {213, 231} = [231]mac
Proof. As shown in [14, Theorem 2.6] the map ¢ : S,,(132) — 8,(231) recursively defined by

¢(231[017 17 02]) = 132[¢(01)7 17 ¢(0—2)]7
is a descent preserving bijection implying that [132]maj = [231]maj. Thus by Proposition 2.1

we have
Z mak(o _ Z qmaJ Z qma_] Z qmak(a)

0€SA(132) 0ESA(132) 08 (231) 0€S,(312)
Hence [132]mak = [312)mak. The remaining mak-Wilf equivalence is proved similarly invoking

Proposition 2.1. The inequivalences between the four classes is easily verified by hand or
with computer. O

Remark 2.6. The charge statistic is also a Mahonian statistic related to maj via trivial
bijections by maj(c) = charge(((c")¢)~!) (see [20]). It is worth noting that the mak-Wilf
classes in Proposition 2.5 coincide with the charge-Wilf classes identified in [20].

Remark 2.7. Tt can be checked that maj, inv and mak are the only statistics in Table 1 with
non-singleton st-Wilf classes for single classical patterns of length three.

The bijection (2.3) in Theorem 2.4 induces an interesting equidistribution on shortened
polyominoes. A shortened polyomino is a pair (P,Q) of N (north), E (east) lattice paths
P = (P)r, and Q = (@), satisfying

(i) P and @ begin at the same vertex and end at the same vertex.



(ii) P stays weakly above @ and the two paths can share E-steps but not N-steps.
Denote the set of shortened polyominoes with |P| = |Q| = n by H,. For (P,Q) € H,, let
Projg(i) denote the step j € [n] of P that is the projection of the i step of Q on P. Let

Valley(Q) = {i : QiQit1 = EN}
denote the set of indices of the valleys in @ and let nval(Q) = | Valley(Q))|. Moreover for
each i € [n] define

area(p,g)(t) = #squares between the i*™™ step of @ and the 5% step of P,

where j = Projg(i), Consider the statistics valley-column area and valley-row area of (P, Q)
given by

vearea(P, Q) = Z area(p,o) (),

1€ Valley (Q)
vrarea(P, Q) = Z area(pg) (i + 1).
i€Valley(Q)
P P
Q Q

(a) vearea(P,Q) =2+3+2=7 (b) vrarea(P,Q) =2+4+3=9

9
8 8
P
67 7
9
5
3 4 5 0
2 2
1 16
3 4

The bijection Y. Here T(P, Q) = 341625978 € Sy(321).

Theorem 2.8. For anyn > 1,

Z qvcarea(P,Q)tnval(Q) _ Z quarea(P,Q)tnval(Q) )
(PQ)EHR (PQ)EHA

Proof. We begin by recalling a bijection T : H,, — S,(321) due to Cheng-Eu-Fu [9]. Given
(P,Q) € H,, set Labelp(i) = i and Labelg(i) = Labelp(Proj%(i)). Then

T(P,Q) = Labelg(1) - - - Labelg(n) € S,(321)

is a bijection.
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Let (P, Q) € H, and ¢ € Valley(Q). The definition of T immediately gives
Valley (P, Q) = Des(YT(P,Q)).

In particular Labelg(i + 1) < Labelg(é). Let s = Proj%(i + 1) and t = Proj%(i). Then s < ¢
and

areapo)(i) = [{j : P =N, s < j < t}]
= |{j : Labelg(i + 1) < Labelg(j) < Labelg (i), j > i}
=1+ 312 |(1 abelg (i), Labelg (i+1), - (R Q)
Similarly,
areapg)(i+ 1) ={j: P, =E, s <j <t}
= |{j : Labelg(i + 1) < Labelg(j) < Labelg(i), j < i}

=1+ (2ﬂ)|(—,LabelQ(i),LabelQ(i+l)) (P, Q).

Let ¢ : $,(321) — S,(321) be the bijection (2.3) from Theorem 2.4. Recall that (312)¢(0) =
(231)0 and des(¢(o)) = des(o) for all o € S,,(321). Let ® : H,, — H,, be the bijection

d="TlogoT,
and set (P, Q') = ®(P, Q). Then

vearea(®(P, Q)) = Z area pr,on (1)

i€ Valley(Q')

Z (1 + (QQM (Labely (i), Label o/ (i+1), )T(P/ Q/))
i€Valley(Q’)

= . Z ( 312 |(¢>(LabelQ( i), ¢(Label(g(i+l)),—)¢(T(P’ Q)))

i€Valley(Q)

= Z area(pq) (i + 1)
i€Valley(Q)

= vrarea(P, Q).

Since Valley(P, Q) = Des(T(P,Q)) and des(¢(c)) = des(o) it follows that nval(Q’) =
nval(@). This concludes the proof. d

Below we provide a brief account for a well-known lemma due to Simion and Schmidt which
will be used to justify the bijection in the next theorem.

Lemma 2.9 (Simion-Schmidt [29]). A permutation o € S§(132) is uniquely determined by
the values and positions of its left-to-right minima.
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Proof. Tt is clear that the left-to-right minima are positioned in decreasing order relative to
each other. Now fill in the remaining numbers from left to right, for each empty position ¢
choosing the smallest remaining entry that is larger than the closest left-to-right minima m
in position before i. If the remaining numbers are not entered in this unique way and y is
placed before x where y > x, then myz is an occurrence of the pattern 132. ]

Theorem 2.10. For anyn > 1,

Z qmaJ(U LRMin(o) _ Z qfoze(a)xLRMin(a)
0eS(132) 0eS(132)

Proof. Let o0 € §,(132). It is not difficult to see that LRMin(c) = DB(c) U{c(1)}. Indeed if
o(i) € DB(0) and o(j) < (i) for some j < 4, then o(j)o(i — 1)o(i) is an occurrence of 132.
Hence by Lemma 2.9 we have that o is umquely determined equivalently by its first letter,
Des(o) and DB(o). We define a map ¢ : S,(132) — S,(132) by requiring

DB(¢(0)) = DB(0),
Des(¢(0)) ={n—0(i)+1:i € Des(o)}.

We claim that a permutation ¢(o) € S,(132) with the above requirements exists. If the
claim holds, then the image of ¢ is uniquely determined by the data above and therefore ¢
is well-defined. It also immediately follows that ¢ is a bijection.

Let 4; < -+ <4, be the descents of 0. Suppose

n—o(,)+1<---<n-o(i,)+ 1L

To show that ¢ is well-defined we show that the insertion procedure from Lemma 2.9 is always
valid. Given a descent bottom (i.e. left-to-right minima) o (it + 1) in position n — o(i;,) + 2
we must show that there exists enough remaining numbers greater than o (i + 1) to fill in
the gap to the next descent bottom o (ix1 4+ 1). Within the filling procedure, next after the
descent bottom o (i + 1), there exists

n—o(iy+1)—(n—0(y)+1)=0(i) —oir+1)—1
numbers remaining that are greater than o (it + 1). There are
(n - U(ijk+1) + 2) - (n - g(ijk) + 2) -1= J(ijk) - a—(ijk+1) -1

positions to fill in the gap between the descent bottoms o(ix + 1) and o(igy1 + 1). By
minimality

U(ijk) - U(ijk+1) < U(ijk) - U(Zk) < U(ijk) - U(ik + 1)7
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so there are enough numbers remaining to fill in the gap. Hence ¢ is well-defined. Finally,

maj((0) = Y

i€Des(¢ (o))

> (n—a(i)+1)

i€Des(o)

D" (n—a)+des(o)

aeDT(0)
((213) + (321))0 + (21)0
= foze(o).
Since also ¢(LRMin(o)) = LRMin(c), the theorem follows. d

Below we provide an additional list of information uniquely determining permutations in
S,.(231).

Lemma 2.11. A permutation o € S,(231) is uniquely determined by any of the following
data:

(i) The values and positions of right-to-left minima.
(it) The last letter, ascents and ascent bottoms.
(i1i) The pairs P(c) = {(p,t) : p pinnacle and t its following trough}.
(iv) The pairs Q(o) = {(«, B) : a descent top and f3 its following descent bottom}.

(v) The pairs R(o) = {(a, (Q?){ a) s« descent top}.

(=057)
Proof.

(i) Suppose the values and positions of right-to-left minima are fixed in 0. Then 0" €
8,(132) and the values and positions of the left-to-right minima in ¢” are fixed. By
Lemma 2.9 this information uniquely determines o”. Hence o is uniquely determined.

(ii) Follows directly from (i) since the positions and values of right-to-left minima are
given by the positions and values of the ascents and ascent bottoms together with
the last letter.

(iii) Consider the pinnacle-trough decomposition

g = alpldltl e am—lpm—ldm—ltm—lampkdm

where p; and t; are pinnacles resp. troughs and a; and d; are (possibly empty)
increasing resp. decreasing words for i = 1,...,m.

We claim that the pairs in P are relatively positioned in increasing order of the
valleys. Indeed let (p,t), (p/,t') € P(o). Without loss assume ¢ < ¢'. Suppose (for a
contradiction) that (p/,t) is ordered before (p,t) in o. Note that ¢ < p, otherwise
t'ap is an occurrence of 231, where « is the ascent top following '. This in turn
implies that ¢'pt is an occurrence of 231 giving a contradiction. Therefore (p,t) is
ordered before (p/,t') proving the claim.

Next we claim that the decreasing words d; are uniquely determined. Going from
right to left, let d; be the unique decreasing word of all remaining letters (in value)
between p; and t; for j = m,...,1. If we do not insert the letters this way and
t; < o, < p;, where o; is positioned before p; (and hence t;) then o;p;t; is an
occurrence of 231 which is forbidden.
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Finally we show that the increasing words a; are uniquely determined. Suppose
a; contains a letter a such that o > ¢;. Since av < p; it follows that ap;t; is an
occurrence of 231. Therefore all letters of a; are smaller than ¢;. Hence a; is given by
the unique increasing word of all letters « such that t;_; < a < t¢; for j=1,...,m.
Hence o is uniquely determined.

Partition the letters in DB(o)UDT(0) into maximal consecutive decreasing subwords

dy,...,d, based on the pairs in Q(o). The top element of each decreasing subword

d; must be a pinnacle and the bottom element trough. This information uniquely

determines o as per part (iii).

(v) Note that o € DT(0) is the largest letter in an occurrence of 132 in o if and only if «
is a pinnacle. Therefore the pinnacles are the descent tops a with (§2)| Can)? > 0.
Given a pinnacle p and the closest trough ¢ to its right, any letter o; such that
t < o; < p must be in position after v, otherwise o;pt is an occurrence of 231. Hence

(132) |( )7 precisely represents the difference between p and ¢. In other words

~—

(iv

t= 132 ‘ A Hence o is uniquely determined by part (iii).
O

Theorem 2.12. Forn > 1,

Z qmak(a)tdes(a) _ Z qfoze(a)tdes(a) )

0€85,(231) 0€85,(231)

Proof. Let 0 € §,(231). Note that for a« € DT (o) we have (132)| an)? S o= 2 since
there are at most o — 2 numbers between « and its immediately prcccdlng ascent bottom (if

present). Thus the function
fo : DT(0) — [n]
am (n—a+2)+132)]_, o

is well-defined.

We claim that f, is injective by induction on n. Consider the inflation form o = 1320y, 1, 03]
where o1 € 8§,(231) and 09 € S,-1(231). Let DT<x(0) = {a € DT(0) : @ < k} and
DT.x(c) = {a« € DT(0) : @ > k}. By induction f,, : DT(0y) — [k] is injective and
fola) =n —k+ fs,(«) for every o € DT<(c). Hence fU|DT<k(J) is injective. By induction
foy : DT(09) — [n — k — 1] is injective and f,(a) = 1 + f,,(a — k) for every a € DT (o).
Hence fU‘DT>k(G) is injective. Finally note that f,(n) = 2 + |oo| if 01 # 0 and f,(n) = 2 if

= . Therefore for all « € DT<(c) and 8 € DTsx(c) we have

fol@) = (n=k+2)> fo(n) >n—k = f-(8),
if 01 # 0 and
fd( ) (n7k+2)>fo(/6)>2:fd(n)>
if o1 = (). Hence f, is injective on all of DT (o).
Define a map ¢ : S,(231) — S,(231) by setting the pairs of descent tops and descent
bottoms in ¢(0) to Q(é(0)) = {(fs(a),n —a+1): @ € DT(0)}. By Lemma 2.11 (iv) this

data uniquely determines ¢ (o). Note that the pairs are well-defined since f, is injective and
fola) >n—a+1 for all @ € DT(0).
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We claim that ¢ is a bijection. By Lemma 2.11 (iv) we may uniquely associate o with a
set of pairs R(c) = {(a, (§2)|(_J1 _)O') T € DT(O’)}. It suffices to show that ¢ is injective.
Let 71, m2 € §,,(231) such that m # me. If DT(m;) # DT(m2), then DB(¢p(m1)) # DB(p(ma)),
80 ¢(m1) # P(ma). Assume therefore DT(m) = DT (7). Since 7 # 72 we have by uniqueness
that R(m) # R(m2). Therefore there exists @ € DT(m;) = DT (mq) such that fr, (o) # fr, ().
Thus Q(¢(m1)) # Q(p(ms)) which again implies that ¢(m1) # @(ms). Hence ¢ is injective and
therefore a bijection.

It remains to show that mak(¢(c)) = foze(o). Note that

((182) + (321) + L))o = > B.
BEDB(0)

Since there are no occurrences of 231 in o by assumption, the letters between each pair of
descent top and descent bottom occur to the right of the pair. Therefore the number of
occurrences of 312 in ¢ is given precisely by

Z (a—p—1).

(a,8)€Q()

mak(c) = Z (a—1).

aeDT(0)

Hence

On the other hand note that

(@) + (321 + 2o = > (n—a+1).

a€eDT(0)
Thus
foze(c) = Y (n—a+1)+(132)0
aeDT(0)
= 3 (n-—a+1+032), 0)
aeDT(o)
= Z (fﬂ(a) - 1)
aeDT(o)
Hence
mak(¢(co)) = Y (@'=1)= Y (f(a)=1)=foze(s).
o’ eDT(p(0)) aeDT(0)
Finally since des(¢(c)) = des(o), the theorem follows. O

Remark 2.13. By combining Theorem 2.12 with Proposition 2.1 we may deduce further
equidistributions between maj and foze, see Table 2 in §5 for a summary.

3. EQUIDISTRIBUTIONS VIA DYCK PATHS

A Dyck path of length 2n is a lattice path in Z? between (0,0) and (2n,0) consisting of
up-steps (1,1) and down-steps (1, —1) which never go below the z-axis. For convenience we
denote the up-steps by U and the down-steps by D enabling us to encode a Dyck path as
a Dyck word (we will refer to the two notions interchangeably). Let D,, denote the set of
all Dyck paths of length 2n and set D = |J,»o Pn. For P € D,, let |P| = 2n denote the
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length of P. There are many statistics associated with Dyck paths in the literature. Here we
will consider several Dyck path statistics that are intimately related with the inv statistic on
pattern avoiding permutations.

Let P = s1---89, € D,,. A double rise in P is a subword UU and a double fall in P
a subword DD. Let dr(P) (resp. df(P)) denote the number of double rises (resp. double
falls) in P. A peak in P is an up-step followed by a down-step, in other words, a subword
of the form UD. Let Peak(P) = {p : spspr1 = UD} denote the set of indices of the
peaks in P and npea(P) = | Peak(P)|. For p € Peak(P) define the position of p, posp(p),
resp. the height of p, htp(p), to be the x resp. y-coordinate of its highest point. A walley
in P is a down step followed by an up step, in other words, a subword of the form DU.
Let Valley(P) = {v : $ySp41 = DU} denote the set of indices of the valleys in P and
nval(P) = | Valley(P)|. For v € Valley(P) define the position of v, posp(v), resp. the height
of v, htp(v), to be the x resp. y-coordinate of its lowest point. For each v € Valley(P), there
is a corresponding tunnel which is the subword s; - - - s, of P where i is the step after the first
intersection of P with the line y = htp(v) to the left of step v (see Figure 2). The length,
v — 4, of a tunnel is always an even number. Let Tunnel(P) = {(¢,7) : ;- s; tunnel in P}
denote the set of pairs of beginning and end indices of the tunnels in P. Cheng et.al. [§]
define the statistics sumpeaks and sumtunnels given respectively by

spea(P)= 3 (tp(p) - 1),

pEPeak(P)
stan(P) = Y (G —1)/2
(4,j) €Tunnel (P)

Let Up(P) = {i : s;, = U} denote the indices of the set of U-steps in P and Down(P) = {i :
s; = D} the set of indices of the D-steps in P. Given ¢ € [2n] define the height of the step
i in P, htp(i), to be the y-coordinate of its lowest point. Define the statistics sumups and
sumdowns by

sups(P) = 3" [ht(i)/2]

i€Up(P)
sdow(P)= > [htp(i)/2]
i€Down(P)

Define the area of P, denoted area(P), to be the number of complete v/2 x v/2 tiles that fit
between P and the z-axis (cf [21]).

AN

FIGURE 1. area(P) = 8.

Burstein and Elizalde [5] define a statistic which they call the ‘mass’ of P. We will define
two versions of it, one pertaining to the U-steps and one to the D-steps. For each i € Up(P)
define the mass of i, massp(i), as follows. If s;;1 = D, then massp(i) = 0. If ;11 = U,
then P has a subword of the form s;UP,DP,D where Py, P, are Dyck paths and we define
massp (i) = | P|/2. In other words, the mass is half the number of steps between the matching



16 NIMA AMINI

D-steps of two consecutive U-steps. The part of the Dyck path P contributing to the mass
of each of the first three U-steps is highlighted with matching colours in Figure 2. Define

massy (P) = Z massp(i).
i€Up(P)
The statistic massy coincides with the mass statistic defined by Burstein and Elizalde [5].
Analogously if ¢ € Down(P), define massp(i) = 0 if ;.4 = U. If s;_1 = D, then P has
subword of the form UP,UP,Ds; where Pi, P, are Dyck paths and we define massp(s)

|P1|/2. In other words, the mass is half the number of steps between the matching U-steps
of two consecutive D-steps. Define

massp(P) = Z massp (7).

i€Down(P)

o

FIGURE 2. The tunnel lengths of a Dyck path (indicated with dashes) and
the mass associated with the first three up-steps is highlighted with matching
colours.

Next we give a description of the various Dyck path bijections that will be referenced. The
standard bijection A : §,(231) — D,, can be defined recursively by

A(0) = UA(01) DA(0),

where o = 213[1, 01, 02]. We will also (with abuse of notation) define the standard bijection
A S,(312) — D, recursively by

A(U) = A(O’l)UA(Uz)D,
where o = 132[01, 02, 1]. There is also a non-recursive description of A due to Krattenthaler,
see [23].

We now define another well-known map I' : S,(321) — D,, due to Krattenthaler [23]
which also appears in a slightly different form in the work of Elizalde [15]. Let o € S,,(321)
and consider an n X n array with crosses in positions (i, ;) for 1 < i < n, where the first
coordinate is the column number, increasing from left to right, and the second coordinate is
the row number, increasing from bottom to top. Consider the path with north and east steps
from the lower-left corner to the upper-right corner of the array, whose right turns occur at

F1cure 3. The Dyck path I'(¢) corresponding to o = 341625978.
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the crosses (i,0;) with o; > i. Define I'(0) to be the Dyck path obtained from this path
by reading a U-step for every north step and a D-step for every east step of the path. The
bijection is illustrated in Figure 3.

Theorem 3.1 (Krattenthaler [23], Elizalde [15]).
For each n > 1 the map I : §,,(321) — D,, is a bijection.

Theorem 3.2 (Cheng-Elizalde-Kasraoui-Sagan [8]).
We have inv(c) = spea(I'(0)) and lrmax (o) = npea(I'(o)) for all o € S,(321).

Next we define a Dyck path bijection ¥ : D,, — D,, due to Cheng et.al. [8] that is weight
preserving between the statistics spea and stun.
First we define a bijection ¢ : |_|Z;S Dy X D, __1 — D, as follows. Given two Dyck paths
Q=U“D"U=D"...U%D% € D}, and R =UDUU2D®...U*D* ¢ D,_;_4
where all exponents are positive, define §(Q, R) by
(5(@ R) — gatlpbhitigraz pba o pras pHbs
if R =0 and define
§(Q,R) = U DU D" U D2 ... U Dh+1y e Dl e Dz e D
if R# 0. If Q = 0 the same definition works with the convention that a; = b; = 0.
Let P € D, and (Q,R) = 6 '(P). Define ¥(0) =0 and for n > 1
UDY(Q) ifR=10
U(P) =< UY(R)D it Q =0,
UV(Q)DY(R) otherwise.

Theorem 3.3 (Cheng-Elizalde-Kasraoui-Sagan [8]). The map ¥ : D,, — D, is a bijection
such that spea(P) = stun(V(P)) and npea(P) = n—nval(¥(P)) for all P € D,,. In particular

Z qspea(P)tnpea(P) _ Z qstun(P)tn—nval(P)
PeDy PeDn
for all P € D,,.

We will now interpret mad over both §,,(231) and S,,(312) in terms of Dyck path statistics
under A. The following theorem is a straightforward modification of Theorem 3.11 in [5].

Theorem 3.4. For all o € §,(231), m € §,(312) and P € D,, we have
(i) mad(c) = massy(A(c)) + dr(A(0)),
(ii) mad(7) = 2massp(A(nm)) + df (A(7)),
(i11) a bijection © : D,, — D,, such that sups(P) = massy(O(P)) + dr(6(P)).
Proof.

(i) Let 0 € S,(231) and decompose o = 213[1,0y,05]. If we assume o7 # 0, then
we may further decompose o1 and write o = 42135[1,1, 03,04, 09). In particular

(QQ)‘(U(D,U(Z),-)U = |o4]. Since

A(o) = UUA(03)DA(04) DA(03),
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we have by induction that
massy(A(c)) = massy(A(os)) + massy(A(oy)) + massy(A(o2)) + |Aoy)]/2
= (312)03 + (312)0y + (312)03 + |0y
= (312)o.
and
dr(A(e)) = dr(A(oq)) + dr(A(o2)) + 1
= des(o1) + des(o9) + 1
= des(o).
Hence massy(A(0)) + dr(A(o)) = mad(o).

Let 7 € 8,(312) and decompose m = 132[my, 72, 1]. Assuming mo # () we may write
7 = 13542[my, 73, my, 1, 1]. In particular (2£)|(_ﬂ(n71) AT = |7s]. Since

A(r) = A(m)UA(ms)UA () DD,

(ii

~—

it follows by an induction similar to part (i) that massp(A(r)) = (231)7 and
df(A(7)) = des(n). Hence 2massp(A(w)) + df(A(r)) = mad(r).

Construct a recursive bijection © : D,, — D,, as follows. Let P € D,,. If P= P, --- P,
where P; is a Dyck path returning to the x-axis for the first time at its endpoint,
then define ©(P) = O(F,)--- O(F,). Assume therefore r = 1 and write

P=UUQDUQ:D---UQ:DD,
provided P # UD, where Yy, ..., Qs are Dyck paths. Define
) it P =10,
O(P)=<UD if P=UD,
Ust1DO(Q1)DO(Q2)D - --©(Q,)D  otherwise.

(iii

~

The map © is clearly a bijection. Note that

sups(P Z sups(Qi) + Z Qil + s,

s

massy(O(P)) + dr(O(P)) = > (massy(6(Q:)) + dr(© Z 10(Q:)| + s.

i=1

Hence by induction it follows that massy(0O(P)) + dr(©(P)) = sups(P).

Theorem 3.5. There ezists a bijection ® : D,, — D,, such that stun(P) = massy(P(P)) +
dr(®(P)). In particular, for anyn > 1,

stun(P) __ massy (P)+dr( )
D =2
PeDy PeDy

Proof. Let P € D,, and consider the decomposition
P: UPlDUmelDUP'mD7
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where Py, ..., Py_1, Py, are (possibly empty) Dyck paths. Define ® : D,, — D,, recursively
by

0, ifP=10
(P) = UDD(P), ifm=1
vuu™2Dm=2D&(Py) -+ ®(Pp1)DP(Py), ifm>1

It is not difficult to verify by induction that @ is a bijection from the recursion. It remains to
show that stun(P) = massy(®(P)) + dr(®(P)). We argue by induction on n. The statement
holds for P = (. If m = 1, then by induction

stun(P) = stun(P;)
= massy(®(P)) + dr(®(F))
= massy(UD®(P,)) + dr(UD®(P))
= massy(®(P)) + dr(®(P)).
Suppose m > 1. Note that

massy(UUPyDP, --- P,,_1DP,,) j{:rnabbU P)+ > |Pi/2

and that massy(U*D*) = 0 for all £ > 0. Hence by induction

stun(P) = stun(P,,) + 3: stun(P) + (|P)] +2)/2)
= massy(®(Py,)) + dr(® +Z massy(®(F)) + dr(®(F)) + (| +2)/2)]

i=1

+ ((m -1+ Zdr@(ﬂ)))

= massy(®(P)) + dr(®(P)),

as required. O

- (massU(Um_QDm_2) + ZmassU )+ Z |D(P, /2)

Corollary 3.6. For anyn > 1,

Z qmad(a) _ qinv(a).

€5, (231) 0€S8,(321)

Proof. By Theorem 3.1, Theorem 3.2, Theorem 3.3, Theorem 3.4 (i) and Theorem 3.5 we
have the following diagram of weight preserving bijections

(8,(321),inv) —— (D, spea) ——— (D,,,stun)

l [

(8,(231), mad) 2 (D,,, massy +dr)
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Thus
p=A"odoWol
is our sought bijection with inv(c) = mad(¢4(e)) for all o € S,,(321). O
The following corollary answers a question of Burstein and Elizalde in [5].

Corollary 3.7. There exists a bijection A : D,, — D,, such that spea(P) = sups(A(P)). In

particular for any n > 1,
Z qspea(P) _ Z qsups(P).
PED,, PED,,

Proof. By Theorem 3.3, Theorem 3.4 (iii) and Theorem 3.5 we have the following diagram
of weight preserving bijections

(D, spea) —~— (D,,, stun)

I l
(D, sups) —>— (D,,, massy + dr)

Hence
A=0"1odo VT
is the required bijection. O

Example 3.1. The below diagram shows an example of the intermediate images under the
bijections ¢ and A from Corollary 3.6 and Corollary 3.7.

451623897 —L LN %ZW&FH
[ o

615324978 A

For each Dyck path P € D,, Kim et.al. [21] construct two bijections DTS(P,-) and
DTR(P,-) from the set of linear extensions of the chord poset of P to the set of cover-
inclusive Dyck tilings with lower path P (see [21] for terminology). In the special case
where P = (UD)" and the set of linear extensions is restricted to S,(312), it follows from
[21, Theorem 2.3] that DTS(P,-) and DTR(P, -) induce bijections Oprs : S,,(312) — D,, and
Oprr : $n(312) = D,,. We remark that the restriction is over S,(231) in [21] due to difference
in notation. By [21, Theorem 2.4] and [21, Theorem 6.1] it moreover follows that

inv(c) = area(fprs(0)), (3.1)
mad(c) = area(fprr(0))
for all o € §,(312). Therefore we get a bijection 6 : §,(312) — S, (312) given by

—1
0= GDTS o GDTRv
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satisfying mad(6(o)) = inv(o). Hence we obtain the following theorem.

Theorem 3.8 (Kim-Mésaros-Panova-Wilson [21]).

For anyn > 1,
Z qmad(v) — Z qinv(a).
€S, (312) €S8, (312)

Corollary 3.9. For anyn > 1,

Z qarea(P) _ Z q2massD(P)+df(P).

PeD, PeD,,
Proof. Combine Theorem 3.4 (ii) with (3.2). d

Below we find an interpretation of Theorem 1.1 in terms of Dyck path statistics. Part of the
answer is given by a bijection Q : S,(231) — D,, due to Stump [32] which we now define.
Let 0 € S,(231). Suppose Des(c) = {i1,...,ix} and iDes = {i} € Des(c~')} such that
ip < -+ < iy and i} < .-+ < @} (recall that des(c) = des(c™!) via e.g. the argument in
Proposition 2.1). For notational purposes set 41 = n = i}_,. Define a Dyck path (o)
by starting with ) U-steps, followed by i; D-steps, followed by 5 — i} U-steps, followed by
ig — i1 D-steps, followed by 5 — i5 U-steps, and so on, ending with i, — i D-steps. Define

the statistic
B(P)= Y |{j<pospv):s; =D},
vEValley(P)
for each Dyck path P = s;1--- 89, € D,,.

Theorem 3.10 (Stump [32]). The map Q2 : S,(231) — D, is a well-defined bijection such
that maj(o) = (o)) for all o € 8,(231).

Proposition 3.11. For all 0 € §,(231) and 7 € S,,(321) we have

. POSq (& (U) — htg(a)(v)
i = 3 Momolt) Mae()
veValley(Q(0))
08 — htrer
den(r) = npea(T(m)) + 3 p r(ﬂ)(;v)2 v (p)
pePeak(I'())

Proof. As in [5, Theorem 2.5], observe that

den(rm) = Z i,

i€n]
(i)>i

for all 7 € §,(321). In the definition of Krattenthaler’s bijection T', each ¢ € [n] such that
7(i) > i corresponds to a column 4 in the array containing a box above the main diagonal.
In other words it corresponds to the number of east steps in the lattice path that occur to
the left of the box. In the Dyck path I'(m) = s1 - - - $9,, this is reflected in the statistic

i < posrry(p) : s = DY + 1,
associated with each p € Peak(I'(7)). We have the following two obvious relations
H{J < posp(a () : 85 = U} — {j < pospr(p) : 85 = D}| = htrqx)(p),
{j < pospm) () : 55 = U + {j < posp)(p) : 55 = D} = posp () (p),
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for each p € Peak(I'(7)). Hence

den(r) = Z ({7 < posp(m(p) : 55 = D} + 1)
pePeak(I'(7))
B POSt () (P) — htr(x (p)
= npea(D'(7)) + Z 5 .

pePeak(I'(7))
The first statement in the proposition follows from Theorem 3.10 and a similar observation
to above. |

Remark 3.12. By Theorem 1.1, the Dyck path statistics in Proposition 3.11 are equidistribut-
ed over D,,.

4. EQUIDISTRIBUTIONS VIA GENERATING FUNCTIONS

In this section we use generating functions to derive the equidistributions (albeit non-
bijectively) between Mahonian statistics over S,(m). We also provide a recursion for a more
general statistic involving arbitrary linear combinations of vincular pattern functions of length
three. This recursion generalizes for instance the recursions in [14].

Theorem 4.1. We have

1
Z qmad \0| _ Z q51st \0| _ - (41)
ceS(231) ceS(132) 1—
z
1— q
z
-
q-z
1= 2
z
=
mad(o) |a\ sist(o \d\ 1
DR C . az
o€8(312) €S5(213) 1
z
1— =
q -z
1= 3
q°z
1= 4
z
e

Proof. Note that over §(231) we have mad = (312) + (21). The reverse of sist (i.e. the
statistic obtained by reversing all vincular patterns) is given by rsist = (312) + (12). Hence
(4.1) is equivalent to proving

S gl = 3 g el
o€S8(231) 0€S(231)
Let o € §(231) and decompose o = 2131, 01, 03). Then we obtain the recursion
rsist(0) = [12)o1 + gy + rsist(oq) + rsist(o2),
[12)0 = |03,
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where ¢ denotes the Kronecker delta. Let

F(q7 t, Z) _ Z qrsist(a)t[m)az\a\.
0€S(231)

Then

F(q., t, Z) =142z Z qrsist(a1)q[12)alz|ol|

01€8(231)
+qz Z qrsist(dl)q[m)dl Z\al\ Z qrsist(nz) (Zt)ldzl -1
g1€85(231) 02€S8(231)

=1+2F(q,q,2) + q2F(q,q,2)(F(q,1,2t) — 1).
Substituting ¢t = 1 and ¢ = ¢ we obtain the equation system
F(q,1,2) =1+ 2F(q,q,2) + ¢zF(q,¢,2)(F(q,1,2) — 1)
F(q,q,2) =1+ 2F(q,q,2) + qzF(q.4,2)(F(¢,1,q2) = 1)
Eliminating F(q, ¢, z) and solving for F(q, 1, z) we obtain
1

F(q,1,2) = .

VTR e
which gives the continued fraction in the theorem. Similarly letting
Glgzt)= 3 gma)hnlol,
ceS(231)
then we obtain the recursive relation
G(gq,t,2) =14 2G(q, 1, zt) + q2G(q, 1, 2t)(G(q, q, 2) — 1).

Substituting ¢t = 1 and t = ¢ as before and solving for G(q, 1, z) we obtain the same continued
fraction expansion as above, proving the desired equidistribution.

The second statement in the theorem is proved similarly. Over §(312) we have mad =
(231) + (231) + (21). Let 0 € S(312) and decompose o = 132[0y, 02, 1]. Then we obtain the
recursion

mad (o) = 2 - (12]og + 00,29 + mad(o1) + mad(oy),
(120 = |oy].
Letting F(q,t,2) = 3 css12) gr2d(@)¢(12)o 210l we thus obtain

Putting t = 1 and ¢t = ¢2, eliminating F(q, ¢?, 2) from the resulting equation system and
solving for F(q, 1, z) we obtain the continued fraction expansion in the theorem.

A similar argument for rsist over S(312) gives a matching continued fraction expansion.
We leave the details to the reader. (|
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Remark 4.2. In [8, Corollary 8.6] it was proved that the continued fraction expansion of the
generating function of inv over §(321) matches that of (4.1). This gives an alternative proof
of Corollary 3.6.

Remark 4.3. For mad, the continued fractions (4.1) and (4.2) may also be deduced from the
following more refined continued fraction in [12, Theorem 22] by specializing (x,y,p,q) =
(1,4,0,q) = 1 resp. (x,y,p,q) = (1,p,p* 0) and using the fact that o € S(231) if and only if
o € 8§(231) (see [10, Lemma 2]),

a1 e @30 @107 ol L
ves 1— z[lpqz
1— y[lpqz
1_ z[2)pqz
1- y[2lp.q?
1- z[3]pqz

where [n],, = ¢ +pg" 2+ -+ p" 3¢+ p"! and § denotes the Kronecker delta.

Using almost identical arguments to Theorem 4.1 we may moreover prove the following
equidistributions.

Theorem 4.4. For anyn > 1

Z qmad(cr) _ Z qsist'(ﬂ) — Z qsist”(o) ’

0€8,(231) 0eSn(132) 0€8,(231)
Z qmad(a) _ Z qfoze’(a) _ Z qsist’(a) _ Z qsist”(a).
o€ (312) o€, (132) o€, (231) 0eSn(132)

By combining Theorem 4.1 and Theorem 4.4 with Theorem 3.8 and Corollary 3.6 we may
deduce further equidistributions between inv and the statistics foze’, sist, sist’ and sist”, see
Table 2 in §5 for a summary.

For each k > 1, let 11 = (12---k) denote the statistic that counts the number of
increasing subsequences of length k in a permutation. Define ¢t by t_1(c) =1foralloc € S
(i.e. we declare all permutations to have exactly one subsequence of length 0). We will now
find a statistic expressed as a linear combination of ¢;’s which is equidistributed with the
continued fraction (4.1). We will derive this statistic using the Catalan continued fraction
framework of Brandén-Claesson-Steingrimsson[3]. Let

A={A:NxN—=Z: A, =0 for all but finitely many & for each n}

be the ring of infinite matrices with a finite number of non-zero entries in each row. Note in
particular that the matrices in A are indexed starting from 0. With each A € A associate a
family of statistics {(¢, Ag) x>0 where ¢ = (g, 01, ...), A is the k' column of A, and

(¢, Ap) = Z At
i=0



Let 9 = (g0, q1, - - - ), Where qo, g1, ... are indeterminates. For each A € A define
A
Fa(q) = Z qu(;, k>(0)7
0€8(132) k>0
1
o
Mo
O™
A.
L T
H Agk
e

1—

Theorem 4.5 (Brandén-Claesson-Steingrimsson([3]). Let A € A and B = ((;))

Fa(q) = Cpala),
and conversely
Ca(a) = Fp-14(q).

25

. Then

In particular, all continued fractions C4(q) are generating functions of statistics on S(132)

expressed as (possibly infinite) linear combinations of v’s.

Define the permutation statistic
o0
inc = + 2(71)1“12’“’2%.
k=2
Note that inc is not a Mahonian statistic.
Proposition 4.6. We have

Z qinc(a)z\d\ _
z

€5(132) 1—

Proof. Comparing (4.3) with the definition of C4(q) we get
010

h

Il
B I IS
Y e
L oococo
L oocococo
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Note that B™! = ((71)"’*1' (J‘)) . In B7'A we see that columns 2,3, ... are zero columns
0,520
and that column 1 is equal to (1,0,0,...)" since 37, (=1)"7* (1) = 6n0 where d;; denotes
the Kronecker delta. The entries (B~1A)yo in column 0 are given by

i 0, ifk=0
(B = Sl + 17200 () = S ith=1
>0 (—D)F12k=2 0 if k> 1.

Hence the proposition follows from Theorem 4.5. 0

Remark 4.7. Applying the same argument to the continued fraction (4.2) it is easy to see
that Theorem 4.5 gives equidistribution with

Z qL1 (o) \a\ _ Z qmv (o) \o’\

0eS(132) 0eS(312)

Corollary 4.8. For anyn > 1,

Z qinc(o) _ Z qinv(a)
0€8,(132) 0€8,(321)
Proof. Follows by combining Corollary 3.6, Theorem 4.1 and Proposition 4.6. ]

Proposition 4.9. Let A : S(132) — D denote the standard bijection defined by A(c) =
UA(01)DA(0q) where o = 231[oy, 1,09] € S(132). Then

inc(o) = sdow(A(o))
for all o € §(132).
Proof. In [23] (see also [3]) Krattenthaler shows that
e 5, (7).
i€Down(A(c))
for all o € §(132). Hence

win = 3 (e g ()

i€Down(A(0))
> [htae(i)/2]
i€Down(A(0))
= sdow(A(0)),
for all o € §(132). O

Since the Mahonian statistics in Table 1 are linear combinations of vincular patterns of
length at most three, it is natural to consider the following more general statistic.

Definition 4.1. Let P = {abc : abc € S3} U {abc : abc € S3} U {21} and a = (a,) € NP,
Define the statistic staty, : S — N by

stateq Z oe,, )o,

pEP

forall o € S.
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Let head and last be the statistics defined by head(o) = o(1) and last(c) = o(n) for all
o € S,. We associate to stat, the following generating function for each set II of patterns
Fo(IL, a; g, tu, v) = Z tata(®) des(9)  head(0), last().
oS, (1)
Theorem 4.10. We have
F,(312, a5 q, t,u,0)
=¢“OwF, (312, a3 ¢, ¢, qBQ,U) + ¢ ViwwF, 4 (312, a3 ¢, gV, qu)
n—2
+ Z qc(k)tuka;c (3127 «;q, qu(k)t, u, qu) Fora (3127 a;q, qAZ(k)t, q3271)) ,
k=1
where
Ar(k) = oz — g1 + (n— k — 1) (0213 — 0uas)
Ay(k) = (k4 1) (o132 — ongs)
B1 = agz1 — asan,
By = aug2 — ans,
C(k) = (kagas — agrz)(n —k — 1) — Open_10132 + Sp=0(n — k — 1)ais
+ 00k — L)agg + Spen—1(k+1)(n — k — 2)aizs
+ Oren—1kao13 — dpsoro31 + ks + drso0ar,
and § denotes the Kronecker delta.

Proof. Let o € §,(312) and consider the inflation form o = 213[01, 1, 9] where o1 € S;(312)
and o9 € S,,_1-1(312). Then for each p € P we get the recursive relations

(p)a = (p)or + (p)oz +m,,

where
Mz = [12)02 + |02[(12)0, migs = (|o1] + 1)(12)0,
magy = [21)0a, Mgz = (|o1] +1)(21) o2,
my1z = ((21) + 0o,20)|02], Mo = [01]05,20,
Mog1 = (2)017 Ma31 = (12}01>
mgz = (21)o7, Mmao1 = (21]oy

and mg1 = 0, 29. It follows that stat, satisfies the following recursion

staty (o) = staty(o1) + state(o1) + Z m,.
peP
We note that |o7| = k, |oo] = n—k—1, (21)0 = des(0), (12)0 = dyzp(|o|—1)—des(0), [21)0 =
head(o) — 0,9, [12)0 = |o| —head(o), (12]0 = last(0) — do¢ and (21]o = |o| —last(o) for all
o € §,(312). Converting these statements into generating functions proves the theorem. [

Remark 4.11. If cp31 = agis = agar = ag1 = 1 and o, = 0 otherwise, then stat, = inv

and F(312,a;q,1,1,1) = I,,(¢) = Cy(q). Similarly if we choose a such that stat, = maj,
then we recover the recursion in [14, Theorem 3.4] via the recursion for F'(312, a; ¢,¢,1,1) in
Theorem 4.10.
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Recall the Simion-Schmidt bijection ¢ : S,(123) — S,(132) which maps ¢ € S,(123) to
the unique permutation in S,(132) with the same left-to-right minima in the same positions
as o (cf Lemma 2.9). As explicitly noted by Claesson and Kitaev [11] this bijection clearly
preserves the head statistic and hence [123]hcad = [132]head- Although head is not a Mahonian
statistic we complete its st-Wilf classification below for all subsets of Sz of size at most
three. Equivalences for subsets of larger size can easily be found using similar analysis on the
inflation forms. These are less interesting and omitted for brevity. We note in particular that
the single pattern distributions with respect to the head statistic are given by well-known
refinements of the Catalan numbers.

Proposition 4.12. We have

[123]hcad = {123,132} = [132cad,
[321)head = {321,312} = [312]pcad,
[231]head = {213,231} = [213]peaa
[123, 213t = {{123,213}, {132,213}, {132,231} }
(231, 321 = {{231,321}, {213,312}, {231,312} }
213,231, 321]heaa = {{213, 231,321}, {213,231, 312}}
132,213, 231]peaq = {{132, 213,231}, {123,213, 231}}
[132, 213, 321]peaa = {{132, 213,321}, {132, 213, 312}, {132,231, 321},
{132,231, 312}, {123,213, 312} }.

Remaining subsets II C Sy of size at most three have singleton head- Wilf class. Moreover for
anyn > 1

Z thad(a) _ i Cnflﬁkflqka
k=1

o€S,(123)
n
> @O =3O Coid
€8, (213) k=1
n
Z qhead(a) =q+ Z 2k72qk.
0€5,(123,213) k=2
where Cp, = (") and C i = EEL("FF) (4009766 [31]).

Proof. The map ¢ : 5,(321) — S,,(312) given by ¢(0) = ¢(c¢)¢, where ¢ : S,,(123) — S,,(132)
is the Simion-Schmidt bijection, clearly satisfies head(i(¢)) = head(o). Hence [321]peaa =
[312]peaa- Let 0 = arag - - a, € S,(132). According to the non-recursive description of the
standard bijection A : §,,(132) — D,, (due to Krattenthaler [23]), when q; is read from left
to right we adjoin as many U-steps as necessary to the path obtained thus far to reach height
hj+1, followed by a D-step to height h;. Here h; is the number of letters in a;; - - - @, which
are larger than a;. As such, the number of permutations o € §,,(132) with head(c) = k is
given by the number of Dyck paths starting with exactly n — k+ 1 number of U-steps. These
are equivalently enumerated by the number of lattice paths with steps (1,0) and (0, 1) from
(I,n — k4 1) to (n,n) staying weakly above the line y = 2. By [24, Theorem 10.3.1] the
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number of such paths are given by

n+n—-1-(m—-k+1)\ (n+n—-1-(n-k+1) _c
n—(mn—-k+1) n—1+1 T

The map ¢ : §,(231) — S,(213) recursively defined by

@(213[17 01, UQD = 231[17 (1‘9(01)7 (1‘9(02)}7

where 0; € 8;-1(231) and 0y € S,(231), is clearly a head-preserving bijection. Hence
[231]head = [213]neaa- Since |Sk(231)| = Cy it follows from the inflation form that there are
Cy-1C,— permutations o € S,,(231) with head(o) = k.

If 0 € 8,(132,231), then o is either decomposed as 12[o1,1] or as 21[1,04] where oy €
S,-1(132,231). Thus the letters 1,2,...,n are in reverse order recursively placed at the
beginning or at the end of the permutation. For o to have head(o) = k, the letters k+1,...,n
must be placed in increasing order at the end and k at the beginning. Remaining k—1 letters
may be placed on either end giving two choices each (except for the last letter). Hence there
exists 2872 permutations ¢ € S,(132,231) with head(c) = k for k > 1.

Let ¢y =12+ -k and 0 = k---21 for k > 1. If 0 € §,(123,213) and head(o) = k, then
o = 231[1,8,_, 01] for some o1 € S;_1(123,213). It is easy to see that |S;,(123,213)| = 2k~!
by induction. Hence [132,231]peaq = [123, 213]1cad-

If o € §,(132,213), then o = 231[1, t;,_,01] where o1 € Sk_1(132,213). The map x :
S,(132,213) — S,(123,213) recursively given by

X(231[17 ln—k, 01]) = 231[17 6n7k7 X(UI)]7

is clearly a head-preserving bijection. Hence [132,213]peaa = [123, 213]head. Remaining equiv-
alences and their distributions may be deduced from the fact that head(c¢) = n—head(c)+1.
The equivalences between the size three subsets can be proved similarly via bijections be-
tween their corresponding inflation forms (the inflation forms can be referenced in [14]). The
details for these are left to the reader.

5. SUMMARY AND CONJECTURES

In Table 2 we summarize the equidistributions proved in this paper (highlighted in black).
In a given cell corresponding to stat.., and stat.,, a pair of patterns m,m denotes the

equidistribution
Z qstat;-OW(U) Z qstatw](a) .
o€Sn (1) cE€Sn(m2)

The equidistributions in Table 2 highlighted in blue were established in [14, 21]. The e-
quidistributions between maj, bast’ and bast” can be proved in a similar way to Proposition
2.1, since the inverse map is the right bijection in two of the cases and the rest can be
deduced via the maj-Wilf equivalences from [14]. Remaining equidistributions were either
proved directly or follow by combining equidistributions proved in this paper. For instance
Zaesn(ﬂs) gmaile) — Zaesn(%l) ¢©*(@) is deduced by combining Proposition 2.1 and Theorem
2.12.

Conjecture 5.1. Table 2 is the complete table of Mahonian 3-function equidistributions over
permutations avoiding a single classical pattern of length three.
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We have verified all entries in Table 2 by computer for n < 10. Other than than the entries
in Table 2 there are no additional equidistributions (over permutations avoiding a single
classical pattern of length three) between the statistics in Table 1.

maj inv mak makl mad bast bast’ bast” foze foze! foze” sist sist/ sist”
123,123
132,132
132,213 132,132
. 132,231 213,231 | 132,132 | 213,231 | 213,231
maj 913 312 231,213 | 231,132 | 312,231 | 231,132
312,231 312,231
26 o1- 23 2 231,132 231,213 | 2¢ 231,132
inv . ;zi i}j : 2 312,132 312,213 | 312 312,132
o 321,231 321,213 | 321,213 | 321,132 321,231
132,
ak . o 213, 2: 132,132 | 213,231
ma 231,231 | 312,132 | 231,231
312, 21:
132, 13:
makl . . . 231, 21:
312, 2:
231,213 | 231,213 | 231,132 | 132,213 | 213,213
mad . . . . 312 132 | 312, 132 312' 213 231,132 231,231
e 7771312,231 | 312,132
bast . . . . .
bast’ . . . . . .
bast” . . . . . .
foze . . . . . . . .
foze! . R . . o . . o . 32,132 132,213 | 132,231 | 132,132
- 213,213 | 2 B R
foze” . . . . . . . . . .
sist . . . . . . . . . . . 213,132
231,312
sist/ . . . . . . . . . . . . 132,231
Sis 231,132
sist” o B . . . . . . . . . . .

TABLE 2. Previously established equidistributions in blue, equidistributions
proved in this paper in black and conjectured equidistributions in red.

Note. The conjectured equidistributions in Table 2 between maj and bast (and conse-
quently between mak and bast) were recently established by J. N. Chen [6].

Acknowledgements. The author is grateful to Petter Brandén, Samu Potka and Bruce
Sagan for comments and discussions.
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THE CONE OF CYCLIC SIEVING PHENOMENA

PER ALEXANDERSSON AND NIMA AMINI

ABSTRACT. We study cyclic sieving phenomena (CSP) on combinatorial objects from an
abstract point of view by considering a rational polyhedral cone determined by the linear
equations that define such phenomena. Each lattice point in the cone corresponds to a
non-negative integer matrix which jointly records the statistic and cyclic order distribution
associated with the set of objects realizing the CSP. In particular we consider a universal
subcone onto which every CSP matrix linearly projects such that the projection realizes a CSP
with the same cyclic orbit structure, but via a universal statistic that has even distribution
on the orbits.

Reiner et.al. showed that every cyclic action give rise to a unique polynomial (mod ¢" —1)
complementing the action to a CSP. We give a necessary and sufficient criterion for the
converse to hold. This characterization allows one to determine if a combinatorial set with
a statistic give rise (in principle) to a CSP without having a combinatorial realization of
the cyclic action. We apply the criterion to conjecture a new CSP involving stretched Schur
polynomials and prove our conjecture for certain rectangular tableaux. Finally we study
some geometric properties of the CSP cone. We explicitly determine its half-space description
and in the prime order case we determine its extreme rays.
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2 PER ALEXANDERSSON AND NIMA AMINI

1. INTRODUCTION

1.1. Background on cyclic sieving phenomena. The cyclic sieving phenomenon was
introduced by Reiner, Stanton and White in [RSW04]. For a survey, see [Sag].

Definition 1.1. Let C, be a cyclic group of order n generated by o,,, X a finite set on which
C, acts and f(q) € N[g|. Let X9 := {2 € X : g-x = z} denote the fixed point set of X under
g € C,,. We say that the triple (X, C,, f(q)) exhibits the cyclic sieving phenomenon (CSP) if

f(wh) = |X%|, for all k € Z, (1.1)

where w,, is any fixed primitive n'® root of unity.

Since f(1) is always the cardinality of X, it is common that f(q) is given as f,(q) =
Yrex ¢"@ for some statistic on X. With this in mind, we say that the triple (X, C,,7)
exhibits CSP if (X, C,,, f-(q)) does.

Here is a short list of cyclic sieving phenomena found in the literature (see [RSW04, Sag]
for a more comprehensive list):

e Words X = W, ;, of length n over an alphabet of size k, C, acting via cyclic shift,

n+k—1 e w
O s I S
q weWny i

e Standard Young tableaux X = SYT(A) of rectangular shape A = (n™), C,, acting via
jeu-de-taquin promotion [Rho10],

f(q) — [n}q' _ q—n(?) Z qmaj(T)7

i yerlhijly TESYT(N)

this expression being the g-hook-length formula [Sta71].
e Triangulations X of a regular (n+2)-gon, C,, 2 acting via rotation of the triangulation,

flg) = [%11] Bﬂ , MacMahon’s g-analogue of the Catalan numbers [Macl6]. Note
alnlg

that through well-known bijections (see [Stal5]) we get induced CSPs with the sets
X = Dyck(n), the set of Dyck paths of semi-length n, and X = &,(231), the set of
permutations in &,, avoiding the classical pattern 231. Moreover one has

f(q) — 1 |:2’rl:| o Z qmaj(P) _ Z qrn'rlj(7r)+rnaj(7-r*1)7
q

[TL + 1]¢1 n PeDyck(n) TEGR(231)

where the last equality is due to Stump [Stu09)].
1.2. Outline of the paper. The examples presented in the previous subsection have one or
more of the following pair of common features:

e The action of C,, on X has a natural definition.
e The polynomial f(q) is generated by a natural statistic on X.

What is natural largely lies in the eyes of the beholder, but broadly it could be taken to mean
a definition with combinatorial substance.
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The following equivalent condition for a triple (X, C,, f(q)) to exhibit the cyclic sieving
phenomenon was given by Reiner—Stanton-White in [RSW04]:

_ qn -1 n
f(Q) = Z n/l0] _q (mOd q — 1)7 (12)
0e0rbe, (X) 4

where Orbg, (X) denotes the set of orbits of X under the action of C,.

Therefore the coefficient of ¢’ in f(g) (mod ¢™ — 1) is generically interpreted as the number
of orbits whose stabilizer-order divides i. This alternative condition also means that every
cyclic action of C), on a finite set X give rise to a (not necessarily natural) polynomial f(q),
unique modulo ¢" — 1, such that (X, C,, f(¢)) exhibits the cyclic sieving phenomenon.

In this paper we consider when the converse of the above property holds. Given a combina-
torial set X with a natural statistic T : X — N, when does it give rise to a (not necessarily
natural) action of C,, on X such that (X, C,,T) exhibits the cyclic sieving phenomenon?

Having a necessary and sufficient criteria for the existence of such a CSP adds a couple of
benefits:

e Given a polynomial f(q) = Y,cx ¢"® generated by a natural statistic 7: X — N, we
can determine if a CSP exists in principle without knowing a combinatorial realization
of the cyclic action. The criteria thus serves as a tool for confirming or refuting the
existence of cyclic sieving phenomena involving a candidate polynomial.

e Generic evidence that a CSP exists provides motivation to search for a combinatorially
meaningful cyclic action on the set X.

The main result in Section 2 is the following: Theorem 2.7 provides the necessary and
sufficient conditions for (X, C,,, f(¢)) to exhibit CSP. The natural (necessary) condition is
that f(q) € Z[q) take non-negative integer values at all n'" roots of unity, which is evident
from the definition of a cyclic sieving phenomena.

We prove the following: Define
Sk = _u(k/j)f(w)),  where k|n.
Jlk
Then (X, Cy, f(q)) exhibits CSP for some C,, acting on X if and only if Sy > 0 for all k|n.
We warn that merely having a polynomial f(q) € N[g] that takes non-negative integer values

at all n** roots of unity is no guarantee for the existence of a cyclic action complementing
f(q) to a CSP. A polynomial demonstrating this is given in Example 2.9.

In Section 3, we conjecture a new cyclic sieving phenomena involving stretched Schur
polynomials. In a special case, we prove this conjecture by applying Theorem 2.7, see
Theorem 3.7 below. That is, we prove existence of CSP without having to provide a natural
cyclic group action.

Section 4 and onwards treat the cyclic sieving phenomenon from a more geometric per-
spective. We record the joint cyclic order and statistic distribution of the elements of X
in a matrix and reformulate the CSP condition in terms of linear equations in the matrix
entries. The set of matrices that satisfy these linear equations we call CSP matrices and we
prove via Theorem 7.1 that they form a convex rational polyhedral cone whose integer lattice
points correspond to realizable instances of CSP. Inspired by [AS17], we further proceed
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to identify a certain subcone which we call the universal CSP cone containing all matrices
corresponding to realizable instances of CSP with evenly distributed statistic on all its orbits.
We prove that all integer CSP matrices can be obtained from a universal CSP matrix through
a sequence of swaps without going outside of the CSP cone (Proposition 6.4). The swaps
can be interpreted as a sequence of statistic interchanges between pairs of elements in the
corresponding CSP-instance.

Finally we explicitly determine all extreme rays of the universal CSP cone (Corollary 7.4)
and in Section 5 we prove some general properties for all CSP cones.

1.3. Notation. The following notation will be used throughout the paper.

e [n] ={1,...,n}.
o R denotes the set of non-negative real numbers.
o K™*™ denotes the set of n X n matrices over the set K.

0, if n is not square-free,
e u(n) =

denotes the classical Mébius function.
® w, denotes a primitive n™ root of unity

(=1, if nis a product of r distinct primes,

e D,(q):= [ (-} *) denotes the n'" cyclotomic polynomial.
sedn) -1
-1 n [n]y!
e [n], = , [nlg! = [nlyn — 1], [1],, =
= S bt = =t [2] = g

denotes the g-integer, ¢-factorial and g-binomial coefficients respectively.

2. INTEGER-VALUED POLYNOMIALS AT ROOTS OF UNITY

In the context of discovering cyclic sieving phenomena, one may sometimes have a candidate
polynomial (e.g. a natural g-analogue of the enumeration formula for the underlying set) that
takes integer values at all roots of unity, but the cyclic action complementing it to a CSP
is unknown. In such situations one may like to know if a CSP could exist even in principle.
In this section we characterize the set polynomials f(q) € Z[z] of degree less than n such
that f(w?) € Z for all j =1,...,n and show that they are indeed Z-linear combinations of
polynomials of the form

n/d—1

-1
Ci/d Z ¢ for d|n.

Using the characterization one can quickly determlne if a CSP is present and get the count of
the number of elements of each order in terms of evaluations of the polynomial at roots of
unity. Often it is much simpler to determine the evaluations at roots of unity than it is to
write the polynomial in terms of the above basis.

Finally note that not all polynomials f(q) € Ng] such that f(w’) € N for all j = 1,.
may necessarily be paired with a cyclic action to produce a CSP, see Example 2.9.

The set
M(n) = {f(q) € Z[q] : deg(f) <n, f(w}) € Zfor j=1,...,n}



THE CONE OF CYCLIC SIEVING PHENOMENA 5

forms a Z-module. First we identify two useful bases for M (n) using the following proposition
and Lemma 2.2.

Proposition 2.1 (Désarménien [Dé89]). Let f(q) € Z[q|] be a polynomial of degree less than
n. Then the following two properties are equivalent:

(i) For every d|n,
f(q) = rq (mod ®4(q)) for some ry € Z,
where ®4(q) denotes the d™ cyclotomic polynomial.
(it) The polynomial f(q) has the form

n—1

flq) = E ajqj, where a; = Gged(n, j)- (2.1)

=0
Lemma 2.2. For each n € N, the following sets form Z-bases for M(n):

(i) Bi(n) = {g4(q) : d|n} where
gala) = > o,

0<j<n
ged(j,n)=d

(ii) Ba(n) = {h4(q) : d|n} where

n/d—1

ha(q) = Z q%.

Proof. Let f(q) € M(n) and suppose dln. Then w™? is a d' root of unity. Note that
f(q) — f(w?%) vanishes at ¢ = w™? so it is divisible by the minimal polynomial of w?/¢ over
Z, that is, ®4(q). Hence f(q) = rq4 (mod ®4(q)) where 74 = f(w?/?) € Z. By Proposition 2.1
it follows that f(g) has the form (2.1). Such polynomials are clearly spanned by B;(n).

Now, the elements in By(n) are linearly independent, since the lowest-degree terms of
hq(q) — 1 are all different. By inclusion-exclusion we see that for each d|n,

94(q) = u(r/d)h,(q)
djr

and hence By (n) and By(n) both form bases of M (n). O

We may in fact extend the characterization in Lemma 2.2 to multivariate polynomials
f €Zq,-..,qn] of degree less than n; in variable ¢; for ¢ = 1,...,m taking integer values at
all points (wﬁl,,..,wﬁ;’s;) eCrforj;=1,....n5,0=1,...,m.

Theorem 2.3. Let M(ny,...,ny) = {f € Z{q,...,qm) : degf < ni, f(wl,... ,win) e
Zforji=1,....n; i =1,...,m} where ny,...,nm € N and deg,f denotes the degree of x;
in f. Then the following sets form Z-bases for M(nq, ..., ny):

(7/) Bl(n17 .. -7nm) = {Hzl QEZ)(QZ) : dl‘nlu 1= 17 .. '7m} U]h@?"@
W)= Y d.

0<j<n;
ged(jni)=d;
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(it) Bo(na,...,ny) = {H;’;l hg?(qi) tdilng, =1, ... ,m} where

() ni/d;,fl

i dij

hdi (QZ) = Z q; 7
=0

Proof. We prove that By(ni,...,n,) is a Z-basis of M(ny,...,n,) by induction on m. The
proof for By is similar and therefore omitted. The base case m = 1 follows from Lemma 2.2.
Let f € M(ny,...,npyy1). Write

Nm+1—1
= Frm—1(@ - @)@+ i@ @)@ + folar, - am),
where fo, f1, - famii—1 € Zq1, - - -, qm) With fr(wil, ... wim) € Zforallk =0,... g1 —1,
ji=1,...,n;and i = 1,...,m. The univariate polynomials
sz;,llwvwg:% (QT7L+1) = f(lellv s 7“'}?.;:;7 QT7L+1) € Z[qurﬂ,
take integer values at ¢p,11 = wﬁ;mﬂ forall j =1,...,nm,y1. By Proposition 2.1 we therefore
have that
fk(ngllv cee 7“5{,’;) = fgcd(Wan+17k) (Wfﬁv cee 7{"}1]’:;)7

for all (wi,... ,wim) € C™. Since the [T/, n; points (wl,...,wim) € C™ lie in general

position the polynomials must coincide on all points in C™. Hence

fk(‘]h cees Qm) = ,fgcd(n,,,,+1,k)(q17 e 7Q’m)

for all k = 0,...,n441 — 1. It follows that f is uniquely spanned by Bj(nm,1) over
Z[q,...,qn]. By induction fi(q,...,qn) is uniquely spanned by Bi(ny, ..., n,) over Z for
all k=0,...,n,+1 — 1. Hence f is uniquely spanned by Bi(ni, ..., nm11) over Z completing
the induction. O

Lemma 2.4. Let f(q) € Z[q] such that f(w)) € Z for all j = 1,...,n. Then for each
m, p,e € N where p is prime we have

@) = fwi™) (mod pf).
In particular if p fn, then f(wm") = f(wm™").

n

Proof. Since we are only concerned with evaluations of f(g) at n'® roots of unity, we may
assume f(g) € M(n). Furthermore by Lemma 2.2 and linearity it suffices to show the
statement for the basis elements B, of M(n). For each d|n and k € Z we have

nfd—1 ‘ d, if k=0 (mod n/d)
ho(wk) = koVi = nfd, B 7
1a(wy) jgo (wna) {07 otherwise.

Now suppose k = mp°® for some m, p,e € N with p prime, and consider the different cases:
Suppose first mpe~! = 0 (mod n/d). This implies that mp® = 0 (mod n/d), so ha(w™") =
n/d = hg(w™ ). Secondly, suppose mp®~' # 0 (mod n/d). If mp® # 0 (mod n/d), then
ha(w) = 0 = he(w™ ). On the other hand if mp® = 0 (mod n/d), then n/d = p/a for
some f > e and a € N. Therefore hy(w™) — hy(w™ ") = p/a — 0 = 0 (mod p°). Hence the
lemma follows. g
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Lemma 2.5. Let f(q) € Z[q] such that f(w)) € Z for all j = 1,...,n. Then for each
k=1,...,n we have that

3 u(k/5) f(wh) = 0 (mod k).
lk
Moreover if k fn, then 3 ;. (k/j) f(w}) = 0.

Proof. Let 1 < k < n and write k = mp® where p,m € N, p prime and p fm. By Lemma 2.4
we have

S /) F ) = 3 /G ) A + X /G ) F )

Jjlk jlm jlm
= ;M(k/(jpe’l))f(wf{pefl) + ;M(k/(jpe))f(wffm) (mod p°)
=0 (mod p°).

If & fn, then we may write k = mp® for some m,p € N with p prime such that p fn. Then
by the second assertion in Lemma 2.4 the congruences above hold with equality and we are
done. (|

Construction 2.6. Let X = O; U O, U --- O, be a partition of a finite set X into m
parts such that |O;| divides n for i = 1,...,m. Fix a total ordering on the elements of O; for
t=1,...,m. Let C), act on X by permuting each element x € O; cyclically with respect to
the total ordering on O; fori =1,...,m.

This ad-hoc cyclic action in Construction 2.6 lacks combinatorial context and depends only
on the choice of partition and total order.

Theorem 2.7. Let f(q) € N[q] and suppose f(wi) €N for each j =1,...,n. Let X be any
set of size f(1). Then there exists an action of C, on X such that (X, C,, f(q)) exhibits CSP
if and only if for each kin,

> ulk/i)f(w]) = 0. (2:2)

Jlk

Proof. The forward direction follows from [RSWO04, Prop. 4.1]. Conversely if we put

Se =Y u(k/j)fw)) (2.3)
Jlk
for each k = 1,...,n and consider X of size f(1), then by Mobius inversion
1X| = flwp) =>_5;
il

Thus by hypothesis and Lemma 2.5, we may partition X into orbits, such that for each k|n,
there are %Sk orbits of size k. We then let C,, act on X as in Construction 2.6. The fixed
points of X under o* € C, are given by the elements of order dividing k. This gives (by
Mobius inversion)

X

=>"8; = f(wh).

Jlk
Hence (X, Cy, f(q)) exhibits CSP. O
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Remark 2.8. The sums Sy in (2.3) represent the number of elements with order & under the
action of C,,.

Example 2.9. The following example demonstrates that even if f(q) € N[q] satisfies f(w?) €
N for all j = 1,...,n, there might not be an associated cyclic action complementing f(q) to a

CSP.

Let f(q) = ¢® + 3¢° + ¢ + 10. Then f(w}) takes values 8,12,5,12,8,15 for j = 1,...,6. On
the other hand Sy = 37, w(k/5) f(wi) takes values 8,4, —3,0,0,6 for k =1,...,6. Since we
cannot have a negative number of elements of order 3, there is no action of Cg on a set X of
size f(1) = 15 such that (X, Cg, f(¢)) is a CSP-triple.

Rao and Suk [RS17] generalized the notion of cyclic sieving to arbitrary groups with finitely
generated representation ring, so called G-sieving. In particular, Berget, Eu and Reiner
[BER11] considered the case where G is an Abelian group, whence G = Cy, X -+ x C,,, |
acting pointwise on a set X; x -+ x X,,,. Unfortunately G-sieving depends in general on
the particular choices of representations p; of G over C generating the representation ring.
However, given the characterization in Theorem 2.3 it would be interesting to understand
what conditions are necessary and sufficient for a polynomial f € M(n;,...,n,) to be
complemented to a G-sieving phenomenon for an Abelian group G = C,,, x --- x C,, with
respect to the canonical representations sending the generator o, of C,,; to wy,.

3. APPLICATIONS

In this section we demonstrate how one can use Theorem 2.7 to find new cyclic sieving
phenomena arising from natural polynomials.

By Theorem 2.7 any polynomial f(q) € N[g|] such that f(w?) € N for j = 1,..., n satisfying
the positivity condition (2.2), can be completed to a CSP with an ad-hoc cyclic action.
Although this action lacks combinatorial context, it often helps to know that a CSP can
exist even in principle, particularly if one is considering a combinatorial set where the cyclic
action is not immediately apparent. The following example illustrates this point for the
[n-&l]q [27?
(Catalan) objects, but where the naturalness of the action varies depending on the object
under consideration.

polynomial C,(q) = ] which is generated by statistics on multiple combinatorial
q

Example 3.1. Stump [Stu09] showed that C;(q) = Yyee, (231) ¢+ ™). There is no
obvious natural cyclic action on &,,(231) that is compatible with C,,(¢). However we can check
the positivity condition (2.2) in Theorem 2.7 to reveal that a CSP is nevertheless present for

C,(q) with an ad-hoc cyclic action on &,,(231). Indeed rewriting C,(q) = [Qnil]q [2::11] and
q
using [RSW04, Prop. 4.2 (iii)] we have for j|n,

Ol = {(2;) if j <n,

#1(277) if j =n.
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By Wallis formula, [15° (1 1 ) = %7 the sequences

T an?

2
2n\ 1 12 1
2n — | == 1+—,
((”)4") 2]1_12< 4](3—1)>
2
2n\ 1 n 1
2n +1 — | = 1-—
e (D)) ~I(-45)
monotonically increase and decrease respectively towards % as n — oo. Thus
4n < <2n> < 4n
Tn+1/2) ~ \n)

A trivial bound for the number of divisors of n, excluding n, is given by 24/n — 1. Hence for
each divisor £ < n we have

3 ulk/3)Cnh) = - (k) @

ilk Jlk
2k> <2j>
> >0
(k ik \J
i<k
4k 4k/2

> _(2Vk-1)——>0
Jrlk +1/2) ( ) 7(k/2)

Moreover for kK = n we have by a similar calculation that

) qn 4n/2
(n/5)Cn(w}) = - (2vn—1)—=—= >0,
ﬂznu ! (n+1)/m(n+1/2) w(n/2)

for n > 5. The required inequality can be verified explicitly by hand for n < 5. Hence C,(q)
exhibits CSP with an ad-hoc cyclic action on &,,(231).

With this evidence one could now either proceed to search for a natural cyclic action on
GS,,(231) matching the orbit structure of the ad-hoc cyclic action, or find a natural cyclic action
on an object in bijection with &,,(231). In this case there happens to exist known candidates
e.g. the set of Dyck paths Dyck(n) of semi-length n where C,, acts by changing peaks to
valleys (and vice versa) from left to right whenever possible, or the set of triangulation of a
regular (n+2)-gon where C,, 5 acts by rotating the triangulation. In the latter case we instead
lack a simple natural statistic (as opposed to a natural action) on the set of triangulations
that generates C,(q).

3.1. A new CSP with stretched Schur polynomials. In this section we conjecture a new
cyclic sieving phenomenon involving stretched Schur polynomials. We prove our conjecture in
the case of certain rectangular shapes for which it is straightforward to explicitly compute the
data needed to verify the positivity condition (2.2) in Theorem 2.7. We begin by recalling
the basic definitions required to state the conjecture.

A partition X = (M, ..., \,) is a finite weakly decreasing sequence of non-negative integers
AL > Xy >+ >\ > 0. The parts of A are the positive entries and the number of positive
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FIGURE 1. The abacus representation of A = (5,32 2,13) with m = 7 beads
and d = 3 runners, next to the Young diagram representation of A.

parts is the length of A\, denoted I()\). The quantity |A| == A; + -+ + A, is called the size
of \. The empty partition {) is the partition with no parts. We use exponents to denote
multiplicities e.g. A = (5,3,3,2,1,1,1) = (5,32,2,13). Scalar multiplication on partitions is
performed elementwise e.g. with n € N and A as above we have nA = (5n, (3n)?, 2n,n?). If
w= (p1,..., 1) is a partition such that \; > p; for alli = 1,... r then we say that u C A.
This is called the inclusion order on partitions.

Partitions are commonly visualized in at least two different ways. The first and most common
way to represent a partition is via its Young diagram. A skew Young diagram of shape \/p is
an arrangement of boxes in the plane with coordinates given by {(,7) € Z? : u; < j < A}
The first coordinate represents the row and the second coordinate the column. If y = 0,
then we simply write A instead of A/u and refer to the corresponding skew Young diagram
as the (regular) Young diagram of X. A border strip (or rim hook) of size d is a connected
skew Young diagram consisting of d boxes and containing no 2 x 2 square. The height of a
border strip is one less than its number of rows. A border strip tableau of shape A/ and type
a=(aq,...,0q) is asequence = A' C A2 C --- C A" = X such that Ai/A\""! is a border strip
of size ;.

A second way to visually represent a partition \ is via an abacus with m > r beads: Let
deN. Fori=1,...,m, write \; + m —i = s+ dt, with 0 < s < d — 1, and place a bead on
the s™ runner in the t** row. The operation of sliding a bead one row upwards on its runner
into a vacant position corresponds to removing a border strip of size d from A. Sliding all
beads up as far as possible produces an abacus representation of the d-core partition of A, a
partition from which no further border strip tableaux of size d can be removed. It is worth
mentioning that the d-core of A is independent of the way in which border strip tableaux are
removed. For i =0,1,...,d — 1, let )\;-Z) be the number of unoccupied positions on the "

runner above the j%* bead from the bottom. Then X' = (/\gi)7 /\éi), R )\g)) is a partition and
the d-tuple [A@ XD X{4=1] i5 called the d-quotient of \.

A semi-standard Young tableau (SSYT) is a Young diagram whose boxes are filled with
non-negative integers, such that each row is weakly increasing and each column is strictly
increasing. Denote the set of SSYT of shape A with entries in {0,...,m — 1} by SSYT(A, m).
Given T' € SSYT(A, m), the type of T'is the vector a(T) = (ao(T), a1 (T), ..., am—1(T)) where
a(T) counts the number of boxes of T' containing the number k.

The Schur polynomial is defined as

_ ao(T) .a1(T) am—1(T)
sx(zoy .oy Xpmo1) = S g™ ettt g
TeSSYT(A,m)
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The polynomial s)(zo, ..., Zm_1) is symmetric and has several alternative definitions, see
[Sta99]. The principal specialization of sy(xg, . ..,2,_1) is given by

= > 4"

TESSYT(A,m)

5/\(17q7q27 s 7qm71)

where |T| denotes the sum of all entries in 7. The following explicit formula is referred to as
the g-hook-content formula and is due to Stanley (see [Sta99, Thm 7.21.2]),

m— m + CZ! j
L) = ¢ [ Il ; il (3.1)
(i,5)E€X [ i,j]q
where b(\) = 30 (i — 1)\, ¢;; = j — i (the content) and h;; is defined as the number of

boxes in A to the right of (¢, ) in row ¢ plus the number of boxes below (i, j) in column j
plus 1 (the hook length). In particular

m + Cij

[SSYT(A,m)| = s,(1™) = (3.2)

(i.d)EX hi g

If G is a group and V a (finite-dimensional) vector space over C, then a representation of
G is a group homomorphism p : G — GL(V') where GL(V') is the group of invertible linear
transformations of V. A representation p : G — GL(V) is drreducible if it has no proper
subrepresentation p|y : G — GL(W), 0 < W < V closed under the action of {p(g) : g € G}.
The character of G on V is a function x : G — C defined by x(g) = tr(p(g)). Note that
characters are invariant under conjugation by G. A character x is said to be irreducible if
the underlying representation is irreducible. If G = &,,, then the irreducible characters x* of
G,, are indexed by partitions A of weight m and may be computed combinatorially (on each
conjugacy class of type « in &,,) using the Murnaghan—Nakayama rule [Sta99, Thm 7.17.3]

Xa= > (=)D, (3:3)
TeBST(\ )

where the sum runs over all border strip tableaux BST(), o) of shape A and type o and ht(7T")
is the sum of all heights of the border strips in 7'. In particular this implies x* takes integer
values.

The following theorem provides an expression for the root of unity evaluation of the principal
specialization s(1,q,...,q™!).

Theorem 3.2 (Reiner-Stanton-White [RSWO04]). Let d|m and wq be a primitive d** root of

unity. Then sx(1,wq, ... .,w;’“l) is zero unless the d-core of X is empty, in which case
d-1
sa(L,wa, w3, - wi ™) = sgn(xgaa) [] sy (17,
i=0

where x* is the irreducible character of the symmetric group G,y indexed by .

Lemma 3.3. Suppose wy is a primitive d™ root of unity with d|m,n, then

-1
sia(Lwg,wl, . wi Y =1] s(n/\)(,,)(lm/‘i) eN.
i=0
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Proof. By Theorem 3.2 we only need to verify that XZ;L\W/d > 0. A result by White [Whi83,
Cor. 10] (see also [Pak00, Thm. 3.3]), implies that the Murnaghan-Nakayama rule (3.3) is
cancellation-free in this instance. Furthermore, it is clear that there is a border-strip tableau
of shape n\ with border-strips of size d with positive sign. For example, take all strips to be
horizontal — this is possible since d|n. 0

We are now ready to state our conjecture.
Conjecture 3.4. Let n,m € N and let X be a partition. Then the triple
(SSYT(nX\, m), Cu,5un(1,4, 6%, - ., ¢™ )
exhibits a CSP for C,, acting on SSYT(nA,m) in some fashion.

We believe that a natural action is realized by some type of promotion on semi-standard
Young tableaux similar to [Rho10]. In the case A = (1) we have

n

m n+m-—1
Sn)\(17q7q27"'7q ): |: :|
q

and this polynomial exhibits a cyclic sieving phenomenon under C,,, see [RSW04].

We have verified Conjecture 3.4 using Theorem 2.7 for all partitions A such that |A| < 6,
all m <6 and all n < 12.

Below we prove the conjecture for certain rectangular shapes A.

Lemma 3.5. The n-quotient of the rectangular shape (na)™*" with 0 < r < n is given by

b b b b+l bl b+1
[@’ a’, ... a° a" " a”™ o a”T.

n —r times T times

)™+ with m = nb + r beads and d = n runners

Proof. The abacus representation of A = (na
is given via

na+ (nb+r) —i=s+nt,
fori =1,...,nb+r where 0 < s < n — 1, see Figure 2. Thus we see that each of the n
runners have no bead in the first a rows. Since all parts of A are the same, we also note that
the nb + r beads are distributed evenly from right to left on the n runners with no vacant
positions in between the beads on each runner. Thus there are b beads on the first n — r
runners and b + 1 beads on the last r runners. Moreover each bead have exactly a vacant
positions above it on its runner, so the n-quotient is given as in the lemma. O

=T (") (5)

Proof. By the hook-content formula (3.2) we have

Lemma 3.6. We have

m+j—1

S(ab (1m) = - ) 5
@ (i,5)E(ab) ((L - J) + (b - Z) +1
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brrr rty 11

n—r r

*e—0o o606 o

FIGURE 2. The abacus representation of A = (na)™*" with m = nb + r beads
and d = n runners.

which after rearrangement equals

' m+j—i:“71 (m + j)! H<m+j>(b+j>l
iZoiZo b+ - o (m—b+7)! (bJrj ' b

j=0

Theorem 3.7. Let n,m,a,b € N with b < m and n|b,m. If A = (a’), then the triple
(SSYT(nX\, m), Cr, sir(1, 4,42, ..., ¢™ 1))
exhibits a CSP for some ad-hoc action of C,, on SSYT(\,m).

Proof. By Lemma 3.3 it follows that s,\(1,w?,w¥, ... w™ ) e Nforall j=1,...,n. By

’ n? n

Theorem 2.7 it therefore remains to show that for all k|n,
ST uk/)san (LWl w, LWy > 0. (3.4)
Jlk

Note that w? is a (n/5)™ root of unity. By Lemma 3.3 and Lemma 3.5 the left hand side of
(3.4) rewrites as

n/j—1

m, TL m, n 71/
2 uk)3) T oy @ 7y =37 (k3 (Sgayparn (17/M) ™ (3.5)

k _’_’ k
Jl independent of ¢ Jl

Using Lemma 3.6, this equals

s (T ("0 ) () )
which is greater or equal to
() P (E ) ) e

j<k

<3
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By Lemma 8.4 and the fact that the number of divisors of k, excluding k, is bounded above
by 2vk — 1 we get that (3.7) is greater than or equal to

ka—1 (méck//n;ri)”/k i Ka—1 (m:k//n;l)"/ R e (m;;///v:ti)"/ K

where k' = |k/2]. The remaining steps needed are given in the appendix Section 8, where it
is shown that the left factor in (3.8) is non-negative by Lemma 8.6 and the right factor is
non-negative by Lemma 8.4 for all k|n. This concludes the proof of the theorem. O

4. THE CSP CONE

In the following sections we offer a geometric perspective on the cyclic sieving phenomenon
by associating a polyhedral cone that captures joint information about the cyclic action and
statistics on the object X. The cone has the property that all cyclic sieving phenomena with
a polynomial generated by a choice of statistic (modulo n) on the set X corresponds to a
lattice point in the cone.

As presented in the introduction, the polynomial f(q) is often given by some natural
statistic 7: X — N on X. Define

fr(@)=> .
reX

Moreover for each n € N, define 7,, : X — Z,, by
To(z) = 7(z) (mod n).

More than understanding the individual components of the CSP triple (X, C,,, f-(¢)), one is
also interested in the behaviour and distribution of the statistic 7 with respect to the cyclic
action. Given an action of C,, on X and a statistic 7 : X — N, we can associate a n X n
matrix Ax,c, - = (a;;) which keeps track of the coefficients of the generating function

n—1 n

3 @) = 3OS a4

zeX i=0 j=1

where o(z) == min{j € [n] : ¢J - * = z} denotes the order of z € X under C,. We remark
that the rows of A(x ¢, ) are indexed from 0 to n — 1.

We can now restate CSP as follows:
Proposition 4.1. Suppose X is a finite set on which C, acts and let 7 : X — N be a

statistic. Then the triple (X, Cy, f-(q)) exhibits CSP if and only if Axc, ) = (ai;) satisfies
the condition that for each 1 < k <n,

Z aijwwkzi = Z Zaij- (4.1)
0<i<n 0<i<n jlk
1<j<n

where wy, is a primitive nth root of unity.
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Proof. For each 1 < k < n we have that

= UU{TGX Tn )—7:7 O(T):j}

=0 jlk
Hence (X, C,, f-(q)) exhibits CSP if and only if for each 1 <k < n,

Y aywli = £ W) =X = Y Y ay. (4.2)

0<i<n 0<i<n jlk
1<j<n

This motivates the following definition.

Definition 4.2. A n x n-matrix A = (a;;) € RE§" is called a CSP-matriz if it fulfills the
conditions in Equation (4.1). Let CSP(n) donotc the set of all n x n CSP-matrices and
CSPz(n) = CSP(n) N Z"*" the set of integer CSP-matrices.

Example 4.3. Consider all binary words of length 6, with group action being shift by 1 and
7 being the the major index statistic. Then

21000 11
00200 7
0000O0°©O0 11
01200 7
0000O0°©O0T11
00200 7

is the corresponding CSP matrix. The entry in the upper left hand corner correspond to
the two binary words 000000 and 111111. These have major index 0 and are fixed under a
single shift. The words corresponding to the second column are 010101 and 101010. These
have major index 6 = 0 (mod 6) and 9 = 3 (mod 6) respectively and are fixed under two
consecutive shifts etc.

By linearity of the CSP-condition (4.1), it follows that for all A, B € CSP(n) we have
sA +tB € CSP(n) for any s,t > 0. Hence CSP(n) forms a real convex cone. In fact by
Theorem 7.1 in Section 7 we have the following corollary.

Corollary 4.4. The set CSP(n) forms a real convex rational polyhedral cone.

5. GENERAL PROPERTIES OF THE CSP CONE

Since CSP(n) is a rational cone by Corollary 4.4, its extreme rays are spanned by integer
matrices. Every element in CSP(n) is therefore a conic combination of elements in CSPz(n).
In particular, properties of CSPz(n) closed under conic combinations can be lifted to CSP(n).

A priori an integer lattice point A € CSPz(n) need not be realizable by a cyclic sieving
phenomenon with CSP-matrix A. However thanks to Lemma 5.1 we shall see that this
property does indeed hold.
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Lemma 5.1. Let A = (a;;) € CSPz(n). Then there exists a CSP-triple (X, C,, ) with
Axcnm = A

Proof. According to (4.1), the polynomial f(q) = 275 riq® where r; = Yoy aiy for i =
0,...,n — 1 defines a polynomial such that f(w¥) = YikS; € Nfor k= 1,...,n, where
S; = DD a;; for j = 1,...,n. By Mobius inversion as in Theorem 2.7 we have S, =

i t(k/ ) f(w}). Hence by Lemma 2.5, k|Si. Therefore a CSP-instance having CSP-matrix
A can be realized through any triple (X, C,, 7) with C,, acting in an ad-hoc manner on a set
X with 32, ; a;; elements divided into Sy /k orbits of size k for each k|n where 7: X — N is
any statistic distributed according to A. ]

Let {E;; : 0 <i<n,1<j<n} denote the standard basis of R™*".
Definition 5.2. Call a matrix d,(u,v) € R™*" a swap if
6(1(“7 V) = a(Eulug + Emvz - Evluz - Euwz)u
where a € R.

Lemma 5.3. Let A € CSP(n) and suppose 6,(a, v)+A € RLG". Then d,(u,v)+A € CSP(n).

Proof. Since adding d,(u,v) does not alter column nor row-sums we have that the CSP-
condition (4.1) remains intact. Hence d,(u,v) + A € CSP(n). d

The next lemma follows by repeated applications of Lemma 5.3.

Lemma 5.4. Let A = (a;;) € CSP(n). Suppose i and ' are two row indices such that
Yy ay =30 ap;. If A’ is the matriz obtained from A by interchanging rows i and i', then
A" € CSP(n).

Remark 5.5. The corresponding statement of Lemma 5.4 also holds for the column indices
instead of row indices.

Proposition 5.6. Let n € N and suppose i and i’ are row indices such that ged(n,i) =
ged(n,i"). If A € CSP(n), then A" € CSP(n) where A’ is obtained from A by interchanging
rows i and i'.

Proof. Let A € CSPz(n). Then the polynomial f(q) = 377 ¢iq' € N[g], where ¢; = ¥}, ay5,
satisfies f(w)) € Nfor all j =1,...,n. By Lemma 2.2 it follows that ¢; (mod n) = Cged(n,i) for

all i = 1,...,n. Hence A’ € CSPz(n) by Lemma 5.4. Moreover from above, row ¢ and #’
clearly have the same row sum in sA + tB for any A, B € CSPz(n) and s,t > 0. Hence the
property can be lifted to all matrices in CSP(n). d

6. THE UNIVERSAL CSP CONE

Let W, be the set of words with content «, that is, «; is the number of occurrences of
the letter 7 in the words, and let n be the length of the words. Then C,, acts on such words
by cyclic shift. In [AS17], the authors construct a statistic, flex(-), which is equidistributed
modulo n with major index on W,,. Furthermore, flex has the property that for every orbit
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O, the triple (O, C,, flex) exhibits the cyclic sieving phenomenon. They show that flex is
universal in the following sense:

Definition 6.1. A cyclic sieving phenomena (X, C,,, 7) is called universal if (O, C,,, T) exhibits
the cyclic sieving phenomenon for every orbit C,-orbit O of X. This is shown in [AS17] to be
equivalent with the property that for every C,-orbit O C X with length k, the sets

n 2n (14-—1)7;}

{Tn(z) : € O} and {O’k’k"”’ .

coincide. In other words, the statistic 7 is “evenly distributed” on each C,,-orbit modulo n.
We also refer to 7 as being a universal statistic (with respect to X and C,,).

Clearly a universal statistic is uniquely determined modulo n by the orbit structure of X
under C,, (up to a choice of total order on the orbits). We remark that most cyclic sieving
phenomena in the literature are not universal. We shall see below how a non-universal statistic
can be turned into a universal one without changing the generating polynomial.

Definition 6.2. A matrix A = (a;;) € CSP(n) is called universal if there are constants
Ky, ..., K, € Ry such that

Kj, ifi=0 (mod %),
Qi3 =
’ 0, otherwise.

forall 1 <4,j <n. Let C§P(n) denote the subset of all universal CSP-matrices. Moreover if
s = (S1,...,5,) € N" is a sequence such that j|S; for j =1,...,n and S; = 0 for j fn, then
we let U(s) € CSP(n) denote the unique universal CSP-matrix with column sums given by
Si, ..., Sn.

Remark 6.3. Note that CSP(n) forms a subcone of CSP(n) and that the lattice points
CSPz(n) are realized by universal cyclic sieving phenomena.

Every CSP-matrix can be linearly projected onto a universal CSP-matrix. Indeed the map
P : CSP(n) — CSP(n)

1 n Yo — 3
o s Sy, ifi=0 (mod %),
ij .
0, otherwise,

is clearly linear in each entry with P? = P. By Proposition 5.1 the projection P restricts to a
map P : CSPz(n) — CSPz(n).

If A € CSPz(n), then 0;(u,v) + A corresponds to swapping statistic between two elements
belonging to orbits of different size.

Next we show that every CSP matrix A € CSPz(n) can be obtained from a universal
CSP-matrix with the same column sums via a sequence of such swaps while keeping inside
CSPz(n). We prove this fact by showing a slightly more general result over the class of
non-negative integer matrices with matching row and column sums.
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Proposition 6.4. Let A = (a;;) and B = (b;;) be integer n X n matrices with non-negative
entries having matching row and column sums i.e. 371 ai, = >0 by, and 37_; ai; =

251 bigj for 1 <'ig, jo < n. Then there exists swaps 6(u,,v,) forr =1,...,t such that
t
A=B+) d6(u,v,). (6.1)
r=1

Moreover the swaps d1(u,.,v,.) can be chosen such that B + Y, 01 (u,, v,) has non-negative
entries for all 1 <ty <t.

Proof. Define A(A) to be the quantity
A(A4) = [|A- B

where ||A|| = ¥, ; la;;|. We say that an entry ag; is in deficit if a;; < by; and in surplus if
a;; > by;. We argue by induction on A(A). If A(A) =0, then clearly A = B since A and B
both have non-negative entries. Suppose A(A) > 0. Then there exists indices ¢ and j such
that a;; — b;; # 0. If a;; is in surplus, then there must exists some row index ¢’ such that a;;
is in deficit, otherwise the sum of column j in A is strictly greater than sum of column j
in B which leads to a contradiction. Therefore we may assume q;; is in deficit. Since a;; is
in deficit there exists j' # j such that a;; is in surplus, otherwise the sum of row ¢ in B is
strictly greater than the sum of row ¢ in A. Similarly, there exists a row index i’ # i such
that a;; is in surplus. It follows that

A= A= 0u((4,5), (7, 5))

has non-negative entries by construction with row and column sums matching that of A (and
hence that of B). Moreover

A(A) = A(A) -4, ifapy i‘s in deficit, .
A(A) — 2, otherwise.
Hence by induction

A=A 46,7 (7))

=B+ Zé(uﬁvr) + 61((i7j,)7 (Z,v.}))

r=1

d

Corollary 6.5. Let A = (a;;) € CSPz(n). Write S; = S0 ai; for the column sums of A for
j=1,...,n and set s = (Sy,...,S,). Then there exists swaps 61(u,,v,) forr =1,...,t such
that

t
A=U(s)+ Y d0i(u,,v,). (6.2)
r=1
Moreover U(s) + X, 61(u,,v,) € CSPz(n) for all 1 <ty < t.

Proof. Let R; = 37—y aij denote the row sums of Afort=0,1,...,n — 1. Note that the row
sums of A are determined uniquely by the column sums of A via

1
R, = Z;SJ’ fori=0,...,n—1,
ot
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since both sides count the number of orbits whose stabilizer-order divides ¢ in the corre-
sponding CSP-instance, according to (1.2) and Remark 2.8. Since A and U(s) have the same
column sums they must therefore have the same row sums. The corollary now follows from
Proposition 6.4 and Lemma 5.3. [l

Remark 6.6. Proposition 6.4 shows that every A € CSPz(n) can be uniquely expressed as
U(s)+ B where B = (b;;) € Z"™" is a matrix with zero row and column-sums and non-negative
values in all entries by, unless (k, £) = (%, j) where 0 <4 < j and j|n.

Construction 6.7. If (C,,, X, f(¢)) and (C,,Y, g(q)) are two CSP-triples, then we can
construct a new CSP-triple of the form (Cy,,, X x Y, h(q)) where h(g) is a polynomial of
degree less than mn which may be expressed as certain convolution of f and g.

Let (z,y) € X x Y and suppose o(z) = 1, o(y) = j with respect to the actions of C,, on X
and C, on Y respectively. Let Cy,, act on (x,y) via

ot (x,y) = (o}, - x,05 - y)

where 0 <t < i and s € Z. Note that (x,y) has order ij under the above action. By Remark
2.8, the number of elements of order ¢ and j with respect to the actions of C,,, on X and C,
on Y are given respectively by
S = ull/i)flwn), Ty =Y u(l/5)g(wn)-
i 43

Therefore the action of C,,, on X x Y has

Z SZ,I‘]7

ij=k

elements of order k. By (1.2) the coefficients ¢, of the unique polynomial h(q) = ;’Zlo’l cq”

(mod ¢™™ — 1) complementing the action of C,,,, on X x Y to a CSP is given by the number
of orbits whose stabilizer-order divides r, that is,

1

ke ij=k I

The above construction gives rise to a natural product on universal CSP-matrices. Given a
vector s = (Sy), we define its number-theoretical series as the formal power-series

NS(s) =Y Sax§ ... a5 (6.3)
1<d

where d = pi' ... p;* is the prime factorization of d.

Given two vectors s and t of length m and n, respectively, define the vector s X t of length
mn via the identity

NS(sKt)=NS(s) - NS(t).

In other words, coordinate k in s Xt is given by >° S;7}, where the sum ranges over all natural
numbers 4, j such that ij = k. Note that X is symmetric and transitive, and |[s X t| = |s| - |t|
where | - | denotes the sum of the entries.

Proposition 6.8. Let U(s) € CSP(m) and U(t) € CSP(n). Then
U(s) R U(t) == U(s X t) € CSP(mn).
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Proof. We have that ¢|S; and j|Tj fori =1,...,m,j=1,...,nand S;,T; =0fori fm, j fn.
It follows that

ij=k
ilm,jin

with k|(s X t), for k=1,...,mn and (sXt), =0if & fmn. O

7. GEOMETRY OF THE CSP CONE
The below theorem provides the half-space description of CSP(n), showing that it is indeed
a rational convex polyhedral cone.
Theorem 7.1. Let n € N\ {0} and A = (a;;) € R™". Let the divisors of n be given by

l=c << - <cg=n.

Let o
Hi(x) =Y > ayjpay; € Z[x],
i=0 j=2
where
—n+ %, ifi =k and k =0 (mod %),
_f-n ifi=Fkandk#0 (mod ),
Yk = o ifi#k and k =0 (mod é),
0 ifi#kandk#0 (mod 2).
Then A is a CSP matriz if and only if
A= (ai]ay--[an),
where
(wo1, H1(x . anl(X))L-,
{ N&oe, N1c, - - -, NTm—1)e)’s i ¢|n,
otherwise,

fore=2,...,n with H,(x) > 0 and x;; > 0 for alli,j, k.

Proof. For z € C"1, let

T A
2 2 21
Viz)=| . : :
2 n—1
Zn—1 Zp-1 Zn—1
I 2 n—1
Let w = (wp,w?, ..., wi ") and set

Bj = (U'|V(w)) -/,
for j=1,...,d where 1 == (1,...,1) € R*! and
1 ife
T (k. 0) = { eIk,

0  otherwise
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for1<k<n-—1and 1</ <n. Consider the matrix
B = [B1|Ba|---|B4].
Then A = (a;;) € RL;" satisfies (4.1) if and only if
Ba =0, (7.1)
where a = (aj]---|ay)’ and a; = (@1ejs -5 Qne;) for j = 1,...,d. Note that the defining

CSP-equations (4.1) immediately give that a;; = 0 for all 1 <7 <n and j tn. We claim that
the real solutions to (7.1) are of the form

To1 nxo;
H,(x) nxy;
a; = : , a; = : ! (7.2)
Hn71(X) NI (n—1)j

where zo1,2;; € Rfor 0 <i<n—-1,2<j<dand
n—1 d
Hi(x) = > > aijii

i=0 j=2

for some ayj, € Z, k =1,...,n — 1. Since B has full rank n — 1, the solutions (7.2) make up
the whole null space of B for dimensional reasons. Thus we only need to concern ourselves
with the existence of solutions of the form (7.2).

Given (7.1) and supposing (7.2) we thus require
(V(w) = ) =u, (7.3)
fori=0,...,n—1and j =2,...,d where

(i4)

o
L 1] 3 .
o) Qijo o ug o fnw,f +n, if ¢k, .
: : —nw, otherwise
aij(nfl) ngi)l
Note that
(V(w)=2)' = V(@)
Therefore
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which gives

n=1 Skt n—1 —kt
Qi = —"(—nwﬁ) + Z —n
= " =1
cjle
n_q
n—1 <54
= = > (@I 4 D (Wi
=0 s=0
—-n+ 2, ifi:kandkEO(modcﬂ),
—n if i =k and k # 0 (mod %)
)z, ifi #k and k=0 (mod ),
0 ifi;ékandki[)(modc’—;).
Hence the theorem follows. O

The following corollary follows immediately from Theorem 7.1.

Corollary 7.2. Let n € N\ {0} and d == |[{c € N : ¢|n}| denote the number of divisors of n.
Then CSP(n) has dimension n(d — 1) + 1.

Recall that a polyhedral cone is given by P = {x € R" : Ax > b} for some n X n matrix
A. A non-zero element x of a polyhedral cone P is called an extreme ray if there are d — 1
linearly independent constraints that are active at x (i.e. hold with equality at x). If x is an
extreme ray, then Ax is also an extreme ray for A > 0. Two extreme rays that are positive
multiples of each other are called equivalent. Equivalent extreme rays correspond to the same
d — 1 active constraints. Extreme rays can also be defined as points in x € P that cannot be
expressed as a convex combination of two points in the interior of P.

Below we give an explicit description of a subset of the extreme rays of CSP(n). This
subset includes all extreme rays of the universal CSP-cone CSP(n) (see Corollary 7.4). When
n = p for some prime number p, then we get all the extreme rays (see Corollary 7.5).

Theorem 7.3. Let n € N\ {0} and suppose
l=c << - <cg1<cqg=n
are the divisors of n. Let ly € [d]. Then r = (r;;) € R™" is an extreme ray of CSP(n) if

17 Zf (Z*]) = (07650)7
Tij = ﬁu ifiel and j = cq,
0, otherwise

for0<i<n—1and1l<j<n wherel C {tTZ eN:1<t<cy}. In particular the number
0
of extreme rays of CSP(n) is at least

2
— 9¢e .
2 =1

Proof. By Theorem 7.1, CSP(n) is isomorphic to the polyhedral cone
{xe R*-D+L . px > 0 and Hy(x)>0forall k=1,...,n—1}.
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Let r = (r;;) € R™™ be an extremal ray of CSP(n) such that r;; = 0 if j # ¢;,. Note that
the defining inequalities of CSP(n) imply in particular that r;; > 0 for all 0 < ¢ < n and
1<j<d

Suppose first that Toc,, = 0 Let k € [n — 1] be such that Thegy 2 Ticy, for all 1€ [n—1].

Suppose for a contradiction that Thegy > 0. The maximality of Ty,

defining inequalities of the polyhedral cone CSP(n) gives —nr., > 0 for i ;é 0 (Inod o )

which implies that 7., = 0 for i # 0 (mod 2-). Thus we may assume k = 0 (mod ). Now,
“to “t0

Hy(x) > 0 gives

ricz n
—2 < —n+—4cy—2,
Cy, i€[n—1]\k ch% Cegy
gl

1/2
which holds if and only if ¢z, < %22 — A or ¢, > 2 + A where A = <<"T+2)2 - n> . Since

2 _ A <1 and "T” + A > n for n > 0 whereas 1 < ¢j, < n this gives a contradiction.

Hence we may assume Toey, > 0. Let
n
M, = {t—eN:1§t<02}.
Ce

Suppose I C M% such that Ticyy > 0 for i € I and Tie, = 0 for i € ]\4% \ I. Since r is
an extreme ray there are by definition n(d — 1) linearly independent constraints active at r.
Since r;; = 0 for j # ¢4, and rye, =0 for i € [n— 1]\ I there are n(d —2) + 14 (n — 1) — |1|
active constraints covered. Note that we have (—n + %)rk% + ik %n% > 0 for k &€ I and
NTye, > 0 for k € M, \ I. Hence the remaining |/| inequalities must be active at r which
gives

< n+ ) Thegy T Z Ty, = (7.4)
Ceo izk Clo

for k € I. If I = (), then the only non-zero entry of r is Toc,, - Suppose I 7 (). Summing the
equations (7.4) and dividing by » e T0cy s WE get

c Tic
0=t > ((—n—&- o >7w,0 +Z Tk%) = (—cy, +|[|)Zr o 1)

nrocfo icl k;ét iel ' Ocyy
Hence we get the average ratio
Lo _ 1 (7.5)

|I| icl Tcho Cey — |I|

Suppose

chgo 1

Tocy,  Cto — |
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for some k € I. Then by dividing (7.4) with ro., and using (7.5) we have

Lo

0= (—cp+1) 2% 41 43 0 T
TchO icl TchO Tcho
r 1
T()CZO Coy — |I‘
—c 1
B R | B
cfof‘” Cfof‘ﬂ

which gives a contradiction. Hence by (7.5) we have that

7/.OC[[]

Ticy, = m

for all 7 € I proving the theorem.

O
Corollary 7.4. Let n € N\ {0} and suppose 1 = ¢; < ¢a < -+ < ¢q_1 < ¢qg = n are the
divisors of n. Let My = {t}> : 0 <t < ¢} and define r® = (7'2(]2)) € R™" by

r(g) . 1, ifi € My and j = ¢y,
o 0, otherwise,
for 1 <0< d. Then the extreme rays of CSP(n) are given by {r® : 1 < ¢ < d}.

Proof. By Theorem 7.3 the set {r¥ : 1 < £ < d} are indeed extreme rays and they clearly
generate all universal CSP matrices (cf. Definition 6.2). g

Corollary 7.5. Let p € N be a prime number. Then the extreme rays of CSP(p) are given
by Ep € RP*? and r = (r;;) € RP*P such that

17 Zf(7’7]):(07p)7
Tij = p%\l\’ ifiel and j=p,
0, otherwise,

where I C {1,...,p — 1}. In particular the number of extreme rays of CSP(p) is given by
2r71 41,

By adding a size restriction on the set X we can also talk about a natural family of polytopes
associated with cyclic sieving phenomena.

Definition 7.6. Let m € N. The m'™ CSP-polytope is the convex rational polytope defined
by

CSP(n,m) = {A € CSP(n) : ||A|| = m}.
Let CSPz(n, m) := CSP(n,m) N Z"*" denote the set of integer lattice points in CSP(n, m).
Once again, in the case where n = p for some prime number p € N we are able to make

explicit computations. In the following two propositions we compute the vertices and the
number of integer lattice points of CSP(n,m).
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Proposition 7.7. Let p € N be a prime number and m € N. Then the vertices of CSP(p, m)
are given by mEy € RP*P and v = (v;;) € RP*P such that
C, if (,5) = (0, p),
vy = p%\ll’ ifiel and j = p,
0, otherwise,

where I C{2,...,p} and
m

Top- 14

In particular the number of vertices of CSP(p,m) is given by 2P~1 + 1.

Proof. Suppose v = (v;;) € RP*P is a vertex of CSP(p, m).
If vo, = 0, then arguing as in the first part of the proof of Theorem 7.3 gives that

Vop = V1p = - -+ = Vp_1p = 0. Therefore v;; = 0, unless j = 1 by Lemma 5.1. The additional
constraint ||v|| = m thus gives
p p—1
m = Z Vij :ZUOj:IOI+ZHk(X)7 (76)
0<i<p j=1 k=1
1<j<p

which is the same as
zor+ (2p— Vzop+ (p— Dy + -+ (p— Dap_1p, = m. (7.7)
Since x;, = vy for i =0,1...,p — 1 we get that vy = xo1 = m, so that v =mEy.
Therefore suppose v, > 0. Moreover suppose I C {1,...,p— 1} such that v;, > 0 fori € I
and vy, =0 for i € {1,...,p—1}\ I. Since v is a vertex, there are by definition p + 1 linearly

independent constraints active at v. Since p of these constraints arise from the polyhedral
description of CSP(p) in Theorem 7.1 it follows, as in Corollary 7.5, that

C, if (i,7) = (0, p),
vy = p—iuv ifiel,
0, ifie{l,...,p—1}\ 1,
for some C' > 0. The remaining active constraint is Equation (7.7). Inserting the above into
Equation (7.7) and solving for C' yields
m

= on D[’
p—1+ p—|1]

from which the proposition follows. O
Proposition 7.8. Let p,m € N where p is a prime number. The number of lattice points in

CSP(p,m) is given by

CSPapm) =3 Y C(r(@—1)—2.p— 1 [r—i/nl),

I=0re[ 2,75z

Ol k) = 31y ('“) (“ e 1)-

=0 J

where
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Proof. Let © = xop, Yy = T1p + - - - + Tp_1p and z = z¢1. According to the constraint ||A|| =m
we seek non-negative integer solutions to

@2p—Dz+p-Dy+z=m
(cf. Equation (7.7)) satisfying Hy(x) > 0. We therefore consider the Diophantine equations

2p—Dz+ -y =17
for j =0,...,m which have the non-negative integer solutions
zr=j—r(p—1) andy=-2j+r2p—1),

for r € [25%1, zﬁ} N Z. The constraints H(x) >0 for k=1,...,p—1 give

.L—( — 1).Lkp+(”y—l'kp) > 0,
which implies )

J

Tpp ST — =

for k =1,...,p— 1. Hence the lattice points in CSP(p,m) are in one-to-one correspondence
with weak compositions of y = —2j + r(2p — 1) into p — 1 parts of size at most |r — j/p|. B
[Abr76] the number of such compositions are given by C(r(2p —1) —2j4,p—1,[r—j/p]). O

8. APPENDIX

In this appendix we prove inequalities needed for the estimations in Theorem 3.7. The
first inequality below gives a sufficient condition for a Riemann sum to be monotonically
increasing. A slightly weaker result appears in [BJ00, Theorem 3A].

Proposition 8.1. Let f(z) be a decreasing conver' function on Rsq, let p be a positive

integer and r > 0. Then
1& L+ AR N
! f( ) f | 81

plz1 p+1Z p+1 (8.1)

Proof. Let x; .= (i +7)/p and y; :== (i +7)/(p + 1) and note that
r

i i
(1= ) g Ly 8.2
< p) p T p(p+ 1) (8.2)

Since f is decreasing and convex, we have that
fla) < f [(1 - > Yi + ?/’Hrl} < (1 - ) Fi) + —f(Wir1)
p p p p

Now let a; = f(z;) and b; := f (y;) and note that the decreasing property implies

) 1
1——1b bz 1——— b+ ——bj i fori=1,...,p.
_( p) + +1_< +1> +p+1 +1 for e p

We add all these inequalities and obtain
P P P

1 . 1 .
Z(li S mZ(deliZ)bidFmZprrl.

i=1 i=1 i=1

I¥or all a, b we have f (“T*b) < w, or equivalently for twice differentiable functions, f” > 0.
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We then have

p p+1
(p+D(a+-+a) <Y (p+1—0)b+ ) (i —1)b;
i=1 1=2
p p p
<pY b+ > (1= i)b; + pbyyr + > (i — 1)b;
i1 =1 i—2
<p(by+ - 4 bpy).
This implies (8.1). O

Corollary 8.2. Letr,s > 0 and p € N. Then the expression
12 1

>

9= T

is increasing with p.
Proof. Choosing the decreasing convex function f(z) = 1/(s + ) in Proposition 8.1 together
with the given r yields

12 1 1 A 1

-2 < >

pos+r+0/p " pH1Zs+r+0/(p+1)

d
Corollary 8.3. Ifa, t, i, j and k are non-negative integers such that a <t and j <k, then
ka—1 1 ja—1 1
- > - - . 8.4
l_,gok:t—&-z—[? Zgojt—i-z—é (84)
Proof. Choosing p = ak, s = (t —a)/a and r =i in (8.3) gives that
1 ak 1 ka 1 ka—1 1
ak) = — - = - = —_—.
J(ak) ka/;s—&-(z—i-é)/(ak) Zzzlkt—ka—l—z—i—f ;kt—&-z—é
The fact that f(ka) > f(kj) if k > j now gives the desired inequality. O

Lemma 8.4. Ifa, b, i, j and k are non-negative integers such that a < b and j < k, then
b\ 1/F b\ 1/
(w) . ()

ka+i 1k = ja+i 15
(i) )
Proof. The inequality can be rewritten as f(b) > f(a), where

(kt+i>j

ka

. 8.6

(jt_+i)"’ (86)
ja

Thus, it suffices to show that f(¢) is increasing. Computing the derivative and factoring out

positive terms reduces to Equation (8.4). O

(8:5)

ft) =
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Remark 8.5. In the case where j|k, the binomial inequality (8.5) admits the following
combinatorial interpretation. A certain organization wants ka members to sit on its executive
committee and ja members to sit on the committee for each of its k/j factions. Then
the number of possible committee constellations with kb + ¢ candidates for the executive
committee and ja + ¢ candidates for each of the factions, is greater than the number of
committee constellations with ka + ¢ candidates for the executive committee and jb + i
candidates for each faction.

Lemma 8.6. If a,b and k are non-negative integers such that b > a, then for each 0 < i < ka

we have
Kb+ (ka+i\ " (b+a)™
ka ka ~\ 2a
Proof. If B > A, then the function f(r) = Z*% is decreasing as z increases. Thus for

J A+x
0 < ¢ < ka we have

(karz‘) <ka+i>l (kb+ i) (kb+i—1)---(kb+i—ka+1)
ka ka (ka+i)(ka+i—1)---(i+1)

(Kb ke
“ \ka+i
b+a ha
>
= (%30)
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