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Introductory

This PhD thesis belongs to the area of real harmonic analysis. In particular, the objects we
are interested in are the so called oscillatory integrals, that is integrals of functions that oscillate
between their positive and negative values. The result of these oscillations is the cancellation of
positive and negative values. A suitable implementation of this heuristic principle leads to ”good”
estimates for the integrals in question.

The primordial example of an oscillatory integral is the Fourier transform:

F(F)(€) = / e f () do.

R

A classical result that takes advantage of the oscillation of the factor e~2™#*¢ is Riemmann-Lebesgue
Lemma which for f € L*(R) says that limg_ o F(f)(§) = 0.

¢ Already, the Fourier transform plays a central role when someone wants to study the bound-
edness properties of singular integral operators like the Hilbert transform

1@ =po [ feny =tm > [ e
y|>e

as well as the corresponding maximal operator

H*(f)(x) =supl/|| -y
y|>e

e>0 T Yy

The central role of the interplay between these three objects (Fourier transform, singular integrals
and corresponding maximal operators) is already well known from the beginning of the development
of the real methods in harmonic analysis. The successive generalizations and refinements of singular
integral operators and corresponding maximal operators created the need to study more general
oscillatory integrals. These integrals come in multiple forms (Fourier integral operators, convolution

xi



xii Introductory

operators as well as variants of the Fourier transform ) which makes their classification quite difficult
and generates a whole new study area in harmonic analysis.
In this thesis we study three problems coming from this study area:

Problem A Let P be a polynomial of degree at most d. Consider the integral

I(P) = p.v./ eiP(t)@.
R t

Stein and Wainger showed in [I6] that |I(P)| < ¢4, where the constant c¢; depends only on the
degree d of the polynomial and is independent of its coefficients. We want to determine the optimal
dependence of I(P) on the parameter d.

This problem finds the answer in theorem and in particular we have

sup |I(P)| ~ logd.
PePy

Theorem answers positively to the corresponding conjecture stated by Carbery, Wainger and

Wright in [5].

Problem B This is the n—dimensional analogue of problem A. Let P be a real polynomial on R",

of degree at most d and K a homogeneous function on R" of degree —n, havirtg/‘zei§o mean value
Qz/|x

on the unit sphere S"~!. The function K can be written in the form K(z) = e where (2 is a

real function defined on the unit sphere S"~!. We now consider the integral

I,(P) = p.v./ eP@ K (1)da.

n

Here we wish to obtain estimates of the form
11 (P)] < call|sn-1,

where ||Q| gn-1 is a suitable norm of the function  on the unit sphere S"~1. Again, the constant
cq depends only on the parameter d.

Stein proved in [14] that if Q is bounded and has zero mean value on the unit sphere then
suppep,,, [In(P)| < cal|Q Lo (sn-1)-

We improve Stein’s result in theorem where we prove that if the function €2 has zero mean
value and belongs to the class Llog L on the unit sphere, then

[In(P)| < clog d[|Q| 10 £(5m-1)

where c is an absolute positive constant.
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Problem C Let P be a real polynomial of degree at most d on R™ and @ = [0, 1]" be the unit cube
on R™. The writers in [4] prove that, if the polynomial P has zero mean value on the unit cube @,

then
‘ / P gy
Q

On the other hand Carbery Wright have conjectured in [6] that the constant ¢g, could be replaced
by c¢min(n,d) for some absolute constant ¢. In theorem we show that

‘ / iP@) g
Q

for some absolute positive constant c. This result answer positively to the conjecture in the case
n 13 ¢? for some absolute positive constant ¢ while it misses the conjectured constant by the factor
n2d in the general case.

_1
< cd,nHP”le(Q)-

=

< cmin(d, n)n24 || P[]

There are three chapters in this thesis. The first chapter is a general introduction to oscillatory
integrals and contains some general results and techniques. Several known results are presented
here that will either be used in what follows, or are there in order to give a flavor of the type of
results we are interested in. This chapter does not contain any new result.

In the second chapter, we study oscillatory integrals with polynomial phase. Here, the analytic
properties of polynomials allow us to obtain precise estimates for the corresponding oscillatory
integrals. This is being done by using well known estimates contained in the first chapter as well
as other results that cant be found in the bibliography. The analysis of chapter 2 leads to theorem
which is a new result and partially answers the question raised in problem C. At the same
time it provides us with a series of tools that come in handy when one wants to study oscillatory
integrals with polynomial phase.

In chapter 3 we study singular oscillatory integrals. These usually come up as multipliers
of singular integral operators like the generalized Hilbert transform f — p.v. [ f(z — P(y))d?y.
Theorems [3.3] and [3.9 answer problems A and B respectively and are both new results.
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CHAPTER 1

Oscillatory integrals in harmonic analysis

Oscillatory integrals have always played a central role in harmonic analysis. We won’t try here
to give an extensive review of the relative results. We refer the interested reader to [14] and [15] for
a more thorough description of the theory. Following the terminology introduced in [14], we divide
oscillatory integrals into those of the first and those of the second kind.

For oscillatory integrals of the first kind, we study the behavior of only function which typically
can be written in the form

Iy(\) = / @) () d.

Here, we want to study the behavior of I;(\) as the real parameter A tends to infinity.
We also consider oscillatory integrals of the first kind, related to some singular integrals. More
precisely, if we consider the Hilbert transform along a polynomial curve

[z — Py
Hp(f)(x) = p'v-/ ( ( ))dy,
R Y
where P is a real polynomial of degree at most d, then the corresponding multiplier can be written

in the form "
mp(§) :p.v./ P =,
R t

We want to estimate the L°°-norm of the multiplier by a constant depending only on the degree d
of the polynomial and independent of its coefficients.

1



1.Oscillatory integrals in harmonic analysis

In oscillatory integrals of the second kind, we are dealing with the boundedness of an operator
which carries an oscillatory factor in its kernel. Oscillatory integrals of the second kind can be
usually written in the form

T\(f) () = / AU (2, y)dy.

The purpose here is the description of the norm of the operator T as A — +oo.

1.1  Oscillatory integrals of the first kind, one variable

We are interested in the behavior of the integral

Iy(\) = /b ey (t)dt (1.1)

for large positive A. Here, ¢ is a real-valued smooth (phase) and 1 is complex-valued and smooth
on (a,b). Often, but not always, one assumes that ¢ is compactly supported in (a,b).

In one variable the theory is complete. There are three basic principles that govern the behavior
of I;(\), as A — 4o00. These are: the main contributions to I;(\) come from the critical points of
the phase ¢; in addition, supposing there is only one critical point, there is a complete description of
the asymptotic behavior of I,;(\) which is determined by the order of vanishing of ¢’ at this critical
point; finally, there is a universal estimate for the decay of I;(\), consistent with the asymptotic
description, in terms of some uniform lower bound for some derivative of the phase function ¢.

The principle that is studied and exploited here is the last one. Suppose we only know that

dFo(t)
dtk

‘21, t € la,b],

for some fixed k, and we wish to obtain an estimate for the integral

b
I\) = / et

independent of' a, b as well as any other quantitative attribute of the function ¢. The change of
variable ¢t — AT#%t’ shows that the only possible estimate for I(\) is

I(\) <O\ ).

The fact that this is indeed the case goes back to van der Corput, and is the content of the following
proposition:
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Proposition 1.1. Let ¢ : [a,b] — R be a C*—function and suppose that |¢*)(t)] > 1 for some
k>1 and all t € [a,b]. If k =1 suppose in addition that ¢’ is monotonic. Then, for every A > 0,

k
’/ ’M’t)dt’ e (1.2)
)\k

where ¢ is an absolute positive constant, independent of a,b,k and ¢.

Before we proceed to the proof of Proposition several remarks are in hand.

One way to obtain estimates for the integral in is to successively integrate by parts. This
was the original idea of van der Corput, which proves Proposition [1.1] with the factor ck being
replaced by some constant c;. The proof of Proposition [1.1| with thls method is contained foe
example in [15].

Let us suppose that for functions ¢ satisfying the condition

d*(t) ‘

Ik >1

we know ((good)) estimates for the Lebesgue measure of the sublevel set
Bo={t € [ab): 6(t)] < a}, (1.3)

in terms of a > 0. Then, the estimate is a direct consequence of the sublevel set estimate. This
principle first appears in [I] while it’s fully exploited in [4]. Using this principle we will next prove
Proposition following the proof that can be found in [I] and which proves the linear dependence
on k on the right hand of . It is also worth noting that this argument will be frequently used
in the present work, in the chapters that follow.

The ((good)) estimate for the sublevel set is the content of the following Proposition:

Proposition 1.2. Let ¢ : [a,b] — R be a C*¥—function and suppose that |¢F)(t)] > 1 for some
k>1 and allt € [a,b]. Then

{t € [a,8] : |6(1)] < a}| < 2kak (1.4)

Proof. Let E, = {t € [a,b] : |¢(t)| < a}. E, is a finite union of closed intervals. We slide them in
order to create a single interval I of length |E,| and then pick k + 1 equally spaced points in I. If
we bring back the interval in their original position, we end up with k 4+ 1 points zq, 1, z2, ..., Tg
in F, which satisfy

—x\>\E\|7 4 (1.5)



1.Oscillatory integrals in harmonic analysis

Consider the Lagrange interpolation polynomial h(x), which interpolates ¢(z¢), ¢(z1), ..., p(zk):

k

h(z) = Z¢($n) (x—xo) (. —xp_1)(x —Tpy1) - (& — xg)

(Tn —20) -+ (0 — Tp—1)(Tn — Tny1) -+ (Tn — 1)

n=0

The function F(z) = h(z) — ¢(z) is k times differentiable and vanishes at each of the points
g, T1,...,TE. Thus, there are k points £1,&s,...,&k, where g < &1 < 21 < & < -+ < & < g, such
that F'(&) = F/'(§2) = -+ = F'(&) = 0. Using the same argument k times we conclude that there
is a point & € (a,b) such that F®) (&) = hF)(£) — ¢(F)(£) = 0. We therefore have that

o) (€) i; ()

R = (xn — 0)+ (Tn — Tn—1)(Tn — Tny1) -+ (20 — 2r)

Now, from the hypothesis |¢*)(¢)| > 1 and the property (1.5) of the points zq, 21, za, . . ., T1, We get
that

(k) k
1 < ‘¢ (f)‘ < a Z 1
k! k! = |zn, — x0| - X — Tp—1||Tn — Tpta] - |20 — Tk
k
< 2k
—Gizm ﬂMWk—um%é:<> wwm’
and thus
|EL|F < akkok.
Taking k—th roots in both sides of the above estimate, completes the proof. ]

The proof of Proposition is now immediate.

Proof of Proposition 1.1, We will first prove the Proposition in the case k = 1. We have

/ ’ oA g — eAo0) _ o) 1 / ’ ei,\qb(t)i 1 dt
a A (b) A (a) i, dt\¢'(t))

i ()|

11
¢'(b)  ¢'(a)

Therefore

b, 1 1
A1) g 1
le 4§ MWW+AW@\A/

By the monotonicity of ¢/ we now get
b
d 1
/ — dt| = 1
. a\egm)" "

1 [°ld/ 1 1
v a(wwﬂ“‘x

1
< —.
A
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From the last estimates now give:

b . 2 1 1 2
Z)x(]ﬁ(t)dt‘ < Z < > < =

e max , < <.

/a A |9’ (a)|” [¢'(b)] A

This proves the proposition in the case k£ = 1 with ¢ = 2.
Suppose now that k > 2. For some « > 0 to be defined later, we write

b
/ eW(t)dt‘ < / P gt + / dt = I + I.
a {t€la,b]:|¢! (1) >a} {t€]a,bl:|¢! ()| <a}

In order to estimate Iy = |{t € [a,b] : |¢/(t)] < a}| we use Proposition for the function ¢’

to get Io < 2(k — 1)ak%1. For Iy, observe that the hypothesis ‘gb(k) (t)’ > 1 means that the set
{t € [a,b] : |¢/(t)] > a} is a union of at most 2k intervals on each of which ¢’ is monotone. Using
the result for £ = 1 in each of these intervals we get that I; < 4%. Thus

b
. k 1
PO gt < 4" 1+ 2(k — 1)aF1.
/ae ‘_ )\a+ ( )

Optimizing in «, yields that

b
. 4k
/ ewwdt' <
a N

O

Remark 1.3. The linear dependence of the constants on k in Propositions and[1.9 is optimal
as may be seen by testing them against the function ¢(t) = %,

The estimate leads to the corresponding estimate for integrals of the form (1.1]).
Corollary 1.4. If ¢ satisfies the hypotheses of Proposition and v is a C'-function, then

/ b ewt)w(t)dt‘ < A"C{ [ (b)| + / b v/ (1)) dt} (1.6)

a

Proof. We just write F(t) = f(f e dz. Then, from Proposition ! we have that

/b eAqu(t)?ﬁ(t)dt' —

a

[ Fowoa] = ropo - [ o

ol | oo at

IN



1.Oscillatory integrals in harmonic analysis

1.2 Oscillatory integrals of the first kind, many variables

In many variables we are interested in the behavior of the integral

Ipy(\) = / ) @y (1) da (1.7)

as A — +oo, where the phase function ¢ is real and smooth and 1 is a complex-valued smooth
function with compact support. The situation in many variables is far from being as clear as in one
variable and the corresponding results are quite far from being optimal.

The first step here is to consider the integral

/ @) gy (1.8)

and then try to estimate integrals of the form . However, in dimensions greater than one,
satisfactory results for are generally valid only for functions ¢ defined on suitable bounded
subsets of R"™. For simplicity we work on the unit cube of R", @ = [0,1]", and we study integrals
of the form

I\ = /Q @) g, (1.9)

Ideally here we would like to suppose that for some multi-index 5 € N2 with |3| > 0 we have

IDP(x)| > 1 (1.10)

‘ / SiA(@) g
Q

uniformly for all ¢ satisfying (1.10)). This means that the constant ¢, g and the exponent e should
depend only on the dimension n and the multi-index 3. The seemingly ((natural)) exponent in

on () and conclude that

< Cnﬂ)\_e, (1.11)

41.11 is € = b

i 18]

he main idea is the one already developed in the first section of this chapter in the case of one
variable. If we know ((good)) estimates for the sublevel sets of the function ¢,

{zeQ:|ox) <a},

then we can get respectively good estimates for the integrals of the form (1.9)). For example, we
have the following Theorems.
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Theorem 1.5. For each multi-index 3 € N} with |3| > 0 there is an € = eg,, > 0 and some positive
constant cg ., depending only on B and n, such that for every real function ¢ € C"Bl(Q) satisfying
|Dﬁd>(x)| >1 on Q and every a > 0:

Hex € Q:|o(x)] < a}| < cgnat. (1.12)

Theorem 1.6. Let 3 = ($1,...,0n) # 0 be a multi-index and suppose that B > 2 for at least one
j € {1,2,...,n}. Then, there exists an € = eg,, > 0 and some positive constant cg,, depending
only on B and n, such that for every real function ¢ € CIPN(Q) satisfying !Dﬁgb(x)! >1onQ and

every A > 0:
‘ / GN@) g
Q

The results above were stated and proved in [4]. The writers in [4] also prove the above theorems
with the stronger exponent € = L‘ under some additional ((convexity)) hypotheses for the phase
function ¢. This is the content ofl the following Theorems.

< epadE (1.13)

Theorem 1.7. Let ¢ € CI81(Q), ‘D@b(m)‘ > 1 on Q, and moreover that for some indices Ny >
B2, N3 > B3,..., N, > B, the partial derivatives

D(0,07--~,Nn)¢’ D(O,O,m,O,anl,ﬁn)(ﬁ’ o D(07N27/33:-~~7ﬁn)¢)

)

are all single-signed. Then, there exists a constant cg n,,.. N, which depends only on (3, Na,..., Ny
such that for every o > 0,

Hz € Q:|o(x)] < a}] < cgn,,.. N, 17T (1.14)

Proof. We prove the theorem by induction on n. The case n = 1 is Proposition [I.2] and therefore
we suppose that the statement of the theorem holds true for dimensions up ton —1. Let £ = {x €
Q : |¢(z)| < a}, for some v > 0 to be defined later we write

B = [ e@edo= [ [ a)ddds,
Q 1 n—1

= // xe(@', x,)da dx,,
VS {2'eQn=1:|08n ¢(x) 0z |27}

+ / / xe(@' xy)da'de, =1+ I1.
1 J{a/eQn—1:|08n ¢(z)/0xan | <~}

We also write 8 = (3, 3,). For II we use the inductive hypothesis for D" and (0/0x,,)P ¢ replacing
1
¢ and we get IT < cg N, N, ,7?T. For I, the fact that the partial derivative 8N"¢/8:1:£1V” has
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constant sign assures that [0,1] can be written as a union of boundedly many intervals on each

of which |05 ¢(x)/ 8m§"| > ~. Using the one dimensional estimate, that Proposition we get

1 1 1 M
I < ¢cn,(a/y)Pn. We thus have |E| < cgn,,.. N, (VT + (o/v)Pn). Optimizing in v, v = a 17T,

completes the proof. []

As before, Theorem implies implies the corresponding estimate for the integral (1.9). This
is the content of the following Theorem.

Theorem 1.8. Under the hypotheses of Theorem there exists a constant cg n,....n, such that

1(0)] = ‘ [ e
Q

< o Ng, Np A (1.15)

Proof. We have that

II(N)] < M@ de| + o e Q : |(0¢(x))0xn)’ | <~} =T +I1.

/{IEQZI(%@)/@%)B" =7}

L

To estimate 11 we use Theorem |1.7| to get IT < cg N, .N,7!?'I. For I we use Proposition since

for every 2/ € Q™! the set {xn |gﬂ2f @y, | > ~} consists of boundedly many intervals.
6
We thus get I < ey, (Ay)~ e . Choosing v = X" Bl we get (|1.15]). O

Finally, it is worth mentioning a result of Stein for estimating integrals of the form (1.7)) which
can be found in [I5]. Stein gives the optimal estimate as far as the exponent € = \ll is concerned

, but his result is not uniform over all ¢ satisfying (1.10). More precisely, we have the following
theorem

Theorem 1.9. Let ¢y be a smooth function supported inside the unit ball of R™. We suppose that
¢ is a real-valued function, such that for some multi-index [ with |3| > 0 it satisfies

IDP¢| > 1

inside the support of 1. Then

[ @yds| < @Al + IV9]10) (1.16)

where k = |B|; the constant ci(p) is independent of X and v and remains bounded as long as the
CH*1 norm of ¢ remains bounded.
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1.3 Notes and references

1.3.1 References

The basic references for this chapter are [14],[15], [I] and [4]. The proof of propositions [L.1] and
which we presented here can be found in [I]. Essentially the same proofs are contained in [4].
In [4], Proposition is inductively exploited in order to give results like Theorems
and Theorem [1.9|is proved in [14] and [15].

1.3.2 Sublevel sets in many dimensions

The problem of estimating the n—dimensional Lebesgue measure of the set
Eq={z€Q:|¢(z)| <a},
for all ¢ with [D?¢| > 1 on @Q and no additional hypotheses, finds an answer in Theorem

Hz € Q:|o(x)] < a}| < egnat.

We don’t know if the exponent e can take the ((optimal)) value e = ‘—ll In dimension n = 2, we

have the following theorem which is proved in [4].

Theorem 1.10. Let ¢ € C*(Q?) with |8;;L(rgxy)| > 1 on Q2. Then

1 1
{z € Q*: |¢(x)| < a}| < caz|logalz.
Note that the above estimate is a logarithmic factor away from the seemingly optimal value as.

1.3.3 Connection with combinatorial problems

The problem of estimating the Lebesgue measure of a sublevel set has a natural connection with
some combinatorial problems.

Question 1.11. Let E C Q* = [0,1)® with |E| > 0. Is it true for some absolute constant c, we
can always find points A, B,C, D € E such that the quadrilateral ABCD has sides parallel to the
coordinate axes, and area at least c|E|*?

Question has an equivalent discrete formulation

Question 1.12. Let M, N be positive integers, A a N x N matriz with at least M entries equal to
1 and the rest equal to 0. Is there an absolute constant ¢ > 0 and some 2 X 2 sub-matriz of A, with
all its entries equal to 1 and ((area)) at least cM?/N??
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A positive answer to the above question would have as an immediate consequence the estimate

{z € Q:]p(x)] < a}| < caz,

for all ¢ with |6a;gy| > 1 on Q. Indeed, if there are four points (z;,v;), i,7 € {0,1} in the set
Eo={z € Q:|¢(x)| < al, such that the area of the parallelogram T they form is at least c|Eq|?,
then

0%¢(x)

dedy < 4
dzoy |7 =

il < 7)< |
T

and thus |E,| < ca2. For more details, we refer the interested reader to [4].



CHAPTER 2

Oscillatory integrals with polynomial phase on R"

In this chapter, we focus on oscillatory integrals of the first kind, where the phase function is a
real polynomial on R"™. We denote by P,,, the vector space of all real polynomial on R", of degree
at most d. The typical element P € Py, can be written in the form

E car® =co + E CaxtTy? - ah (2.1)
0<]al<d 0<]al<d

Let P € Py, and we write @ = [0, 1]" for the unit cube on R". We want to study the behavior
of the integral

I\) = /Q e @) gy (2.2)

as A — +oo.

2.1 Van der Corput estimates and polynomials

The analytic properties of polynomials will let us obtain estimates for I(\), essentially with
no additional hypothesis. For example, the additional convexity hypotheses imposed on the phase
functions of theorems [1.7] and [I.8] are automatically satisfied. Thus, we have the following.

Theorem 2.1. For every d,n there exists an absolute constant cq, such that for every multi-index
B and every P € Py, which satisfies |DPP(x)| > 1 for every x € Q, we have that

{z € Q: [P(2)] < a}| < canal. (2.3)

11



12 2.0scillatory integrals with polynomial phase on R"

Now theorem gives us a van der Corput type estimate for polynomials on R™.

Theorem 2.2. For every d,n there exists a positive constant cq, such that for every multi-index
B and every polynomial P € Py, satisfying |DPP(x)| > 1 for every z € Q, we have that

‘ / GNP(@)
Q

If P € Py, we can always find some 3 € N? with |3| = d such that |[DPP(z)| > |cs| everywhere
on R™. As a result, theorem immediately gives that for every polynomial P € Py, there exists
a multi-index (§ with || = d such that

‘ / iP@) g
Q

where the constant cq, depends only on d and n. Estimate (2.5) can be strengthened.

1
< canA 1. (2.4)

< Cd,n|c,8’7%7 (2.5)

Corollary 2.3. Let P € Py, P(z) = Zogmgd cax®. Then

[ | <can( T feal) (2.6
Q

0<|a|<d
where the constant cq, depends only on d and n.

=

Proof. We can assume, without loss of generality, that the polynomial P has no constant term,
that is P(0) = 0. Consider the space P = {P € Py, : P(0) = 0} endowed with the norm
[P]l = > 0<|a|<a |cal- The functional

6(P) = max inf |D“P(z)|
0<|a|<d z€Q
is continuous on P and homogeneous of degree 1. It is clear that for every non zero polynomial

P € P we have that §(P) # 0. As a consequence, there exists a positive constant cq, which depends
only on n and d such that 8(P) > ¢q, || P|| for all P. Theorem [2.2 now gives the desired result. [J

Remark 2.4. The writers in [4] also prove that in dimension 1 we have the estimate cq41 < cd
for some absolute positive constant c. We did not include that proof since we will prove a stronger
result in what follows.

We consider the vector space PJ, = {P € Pgp : fQ P(z)dxr = 0}, that is the space of all real
polynomials on R"of degree at most d, having zero mean value on the unit cube Q). For P € Pi.
we have that:
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Z ’ca’§2 Z |Ca|,

0<|al<d 0<|al<d
and thus, for P € P7,, corollary [2.3] gives that

'/ e P(@) g Scd,n( Z |Co¢|)_$~
Q

0<|a|<d
Since all norms in the space Pj  are equivalent, with constants depending only on d and n,
corollary can be equivalently written in the form:

Corollary 2.5. Let P € P], and || - || a norm in the space P3, . Then

’/ iP(@) g
Q

where the constant cq, depends only on d,n and the choice of the norm.

< canllP|| "1, (2.7)

The purpose of this chapter from now on is to study the constants in estimates of the form (2.7).
For that reason we will deviate a bit in order to give some basic estimates on the constants involved
in the equivalence of polynomial norms on R™.

2.2 Equivalent polynomial norms and sublevel sets

We consider the vector space of polynomials Py, and some convex body Kof volume one 1 on

R™. Since the space Pg,, is finite dimensional , the norms ([} |P(x) |pdac)%, 1 < p < oo, are all
equivalent. In this section we are going to study the constants involved in these equivalences. We
refer the interested reader to [6] and the references therein.

Let 1 < p < g < >o.Hélder’s inequality then gives

1Pl tocrey < NPl parey (2.8)

and the constant 1 in the above inequality is best possible. For the opposite inequality we have the
following theorem which is proved in [6].

Theorem 2.6. Let P : R™ — R be a polynomial of degree at most d and K a convexr body on R™ of
volume 1. Let 1 < p < q < oo. Then there exist an absolute positive constant c, such that

(i) If 2 < p < q then

1 1
1Pl < e 1Pl ey
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(ii) If p < & < q then

L
||P||Lq(}<) < cpid HP”LP(K)‘

(iii) If p < ¢ < &, then

: 4
1Pl < e 2 1P

The constants arising in the right hand sides of the above theorem are best possible modulo the
arithmetic constant ¢ when one looks for inequalities over arbitrary convex bodies K of volume
1 on R™. We do not know for example if these constants can be sharpened if we fix as our convex
body the unit cube on R", that is when K = Q.

For 0 < p <1 < q < o0, theorem has a stronger formulation in terms of distribution
inequalities. This is the content of theorem In this theorem we estimate the Lebesgue measure
of a polynomial sublevel set on a convex body in R™ in terms of the LI(K) norm of the polynomial.
From the previous discussion, we know that sublevel set estimates usually imply estimates for
corresponding oscillatory integrals. The estimates contained in the following theorem of [6] will
prove particularly useful in what follows.

Theorem 2.7. Let P: R"™ — R be a polynomial of degree at most d and K be a convex body on R™
of volume 1. Let 1 < q < co. Then there exists an absolute positive constant ¢, independent of P,
d, K, q and n, such that, for every a > 0,

. 1 -1
{x € K :|P(2)| < a}| < cmin(n, qd)at [ P|[7 - (2.9)

Again, the constant cmin(n, ¢d) in the right-hand side of is best possible in the context of
arbitrary convex bodies of volume 1.

Looking back at the discussion in chapter [} it is immediately clear that sublevel set estimates
are used for some derivative of the phase function and not for the function itself. If we look at
equation we will see that its use for some derivative of the polynomial P on R" will produce
the corresponding derivative norm on the right-hand side. For that reason we state now a simple
lemma which will allow us to compare the L?(Q)) norm of a polynomial P with the L?(Q) norm of
V P. This is a Poincaré inequality for polynomials on the unit cube of R™.

Lemma 2.8. Let P : R"™ — R be a polynomial with zero mean value on the unit cube @ = [0,1]".
Then

[Pllr2) < cllVP (@)l 12(0),

for some absolute positive constant c, independent of P and n.
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The proof of lemma, [2.8|is a simple application of Fourier series on the unit cube ) of R™.

We conclude this section by giving another application of theorem 2.7 Let 1 < g < oo and
% + % = 1. A weight function w (that is a non negative measurable function) for which there exists
some constant K < 4o0 such that

|;|/Bw(x)d,x<|;|/3w(m)_gd$>g < K < 400

for every ball B is said to belong to the weight class A;. When g = 1 the quantity (ﬁ fB w(az)fgdm)%

1
called the A, constant of the weight w and it is denoted by A,(w). For polynomials on R" we have
the following result toward that direction.

should be replaced by esssupB( ) The smallest constant K for which the above estimate holds is

Corollary 2.9. Let P : R" — R be a polynomial of degree at most d and K a convex body on R™
of volume 1. Let 1 < p < oo and 0 < € < é. Then there exists an absolute positive constant c,
independent of P, d, K, p, € and n such that

< /K |P(x)\6d:1;>i( /K |P(q;)]de>; < <cmin(n, pd); fﬁ d6>d.

Proof. LetP be a polynomial of degree at most d and K be a convex body on R” of volume 1. For
1 < p < oo and some A > 0 to be defined later, we write

o0
/ P(2)|~“dw = / {z € K : |P(2) > allda
K 0 . 1
< )Hr/ H{x € K :|P(z)| < a” < }|da.
A
Now, using theorem for the sublevel set of the polynomial P we get

_1 S
/IP(x)I‘Edm < )\+cmin(n,pd)|P||Lpd(K)/ a~ e da
K A
. 1 Aa Tl
= )\+CH11n(n,pd)HP||Lp(K)ﬁ,

since € < é. Optimizing in A the above inequality becomes,

. . de de .
[ip@lae < (emintnp 20 ) 1P,

which is the desired estimate. O
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The corollary above says that for a polynomial P € Py, the function w = |P| is a weight on
"o
R™ with
dmin(n, d) ) d
qg—(d+1)

for every ¢ > d + 1. For another application of theorem [2.9] see section

i) < (¢

2.2.1 Estimates for polynomials in dimension one
As is usually the case, the one dimensional estimates are more precise and complete. For

example, theorem says that, for 1 < p < ¢ < oo, we have that

1 1 1
Hp”zz)[o,l} < ||Pqu[0,1] < CHPHEP[QJ]-
If P(t) = by + byt + - - - + bgt?, proposition gives for the sublevel set of the polynomial P that

{z € [0,1] : [P(x)] < a}| < caid[bg| 4. (2.10)

On the other hand, theorem in the case n = 1 gives the estimate
1 1
{z € [0,1] : [P(2)] < a}] < cad [Pl - (2.11)

The ((worse)) norm, which gives the best estimate for the measure of the polynomial sublevel
set is the L* norm. We will now show that this estimate can be strengthened in dimension one ,
and the L® norm can be replaced by a bigger norm. More precisely, we have the following result
due to Vinogradov.

Lemma 2.10. Let h(t) = by + byt + - - + bgt? be a real polynomial of degree at most d. Then,

{t € [a.b] : [h(t)] < a}] < cmax(jal, |b\>(“)d.

maXQSde |bk’

Proof. The set E, = {t € [a,b] : |h(t)| < a} is a finite union of closed intervals. We slide them
together to form a single interval I of length |E,| and pick d + 1 equally spaced points in I. If we
slide the intervals back to their original position, we end up with d+1 points zg, x1,xo,...,xq € E,
which satisfy

j — K|

T — xk\ Z ‘Ea‘ d . (2.12)
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The Lagrange interpolation polynomial which interpolates the values h(zg), h(z1),..., h(zg) coin-
cides with h(z):

—ih mj a?—xo)(fc—an) (x—zjm1) (@ —zjq) - (x — zq)

= —xo)(xj —x1) - (25 — xj1) (25 — ) - (35 — za)

We thus get for the coefficients of h that

— . (_1)d_k0d_k($0,... fj,...,ibd)
bk—;)h(wg)(xg —x0)(xj — 1) (x5 —xj_1)(xj — xj41) -+ (2 — 2q)

for k=0,1,...,d. In the above equality, o4_x(zo,...,Zj,...,xq) is the (d — k)-th elementary sym-
metric function of z, . .., £}, ..., x4 where x; is omitted. Using the estimate o4_x(zo,...,Zj,...,zq) <

(dfk) max(|al, |b])4~* together with 1' we get that, for every k =0,1,...,d,

d d kid ©
(o) mox(al b -ta 2 |dZ

bk

d d-koad? @ (4max(\a|7|b|))d ' a
= 2 < —
<d_ k) max(‘a”? ’b’) d' ’E ’d > ¢ \/a d' |Ea|d7

where we have used the estimate ( dfk) < ([gl]) < c%. Consequently
2

(4max(|al, [p])? d  «
< N
oop, 10| Jd dl [Eq?

and solving with respect to |E,| we get

=

@
E,| < cmax(|al, [b|)) | ————
al < cmax(fol, ) (o)
Lemma has the following consequence

{z € [0,1]: |P(z)] < a}f < Cad{ﬂlgagdlb e, (2.13)

A moments’ reflection will now show that (2.13]) implies the estimates (2.10)) and (2.11)).
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2.3 A conjecture by Carbery and Wright

In this section we fix as our convex body the unit cube @ of R". If P € PJ . corollary @ says
that there exists some constant cg,, which depends only on d and n, such that

/ P g
Q

On the other hand, theorem gives for the sublevel set of the polynomial P that

_1
< Cd,nHPHle(Q)' (2'14)

_1
{z € Q:|P(x)] < a}| < cmin(d,n)ad |[P| il (2.15)

Comparing the estimates (2.14)) and (2.15) and baring in mind the general principle that sub-
level set estimates imply oscillatory integral estimates motivated Carbery and Wright to state the
following question in [6].

Question 2.11. Can we replace the constant cqpy in with cmin(d,n) for some absolute
positive constant c?

We partially answer question by means of the following theorem.

Theorem 2.12. Let P : R™ — R be a polynomial of degree at most d, with zero mean value on the
unit cube Q). Then, there is an absolute constant c, independent of P, n and d, such that

/ P g
Q

Proof. Let P : R™ — R be a polynomial of degree at most d with zero mean value on the unit cube
Q. There exists j € {1,2,...n} such that } %
J

_1
< cmin(n, 2d)nﬁHPHL2d(Q)'

£2Q) > ﬁ IVP[12(q)- For some a > 0 to be
defined later, we write

I= / AP (@) dgp — / AP g —i—/ AP @) g,
Q {€Qil 57 (@)|<a} {2€Qil gL (@)|>a}

2]

We thus have that

1< o € Q:loP()/os;| < o}l +| [ AP gy
{

:EEQ:\%Z(I)DO[}

Using theorem [2.7] we now get

1

{r € Q:[0P()/0z;| < a}| < emin(2(d 1), n)aT T |0P/0x;] g
_ 1

< en”@ T min(2d, n)aﬁHVP”L;(E)
_ 1

¢n @D min(2d, n)a 1| P 220y

IN
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where in the last inequality we used lemma
For f{ EQ.‘Bl 2)[>a) ¢*P(@) 4z we observe that for every (1,...,Zj—1,Zj41,...,2Tn) theset {z; €

[0,1] : ( )| > a} consists of at most O(d) interval where the function 2 5 P (1) is monotonic. Using
proposmon [L.1] we get
' / SAP(@) 1
{zeQil g (@)>al

Summing up the estimates we get

<c—.
«

1

= d
|| <c(m1n(2d n)n? T 1||1DH (bl + >

Optimizing in a completes the proof. O

Although we stated theorem for the L? norm, it is easy to see that it is equivalent with the
same statement for the L' norm. Indeed, it follows from the discussion in the section that there
is an absolute positive constant ¢ such that

1 1 1
HPHzI(Q) < HP”Z2(Q) < CHP”zl(Q)

On the other hand it is obvious that min(n, d) ~ min(n, 2d). Thus, theorem answers positively

in question in the case n < ¢? for some absolute positive constant c. In the case n > ¢?
theorem misses the constant of question [2.11| by the factor n2d. More generally, one could ask

the following question:

Question 2.13. Let P: R™ — R be a polynomial of degree at most d, with zero mean value on the
unit cube Q. Let 1 < p < oo. Corollary sat that there exists an absolute positive constant cqp p,

independent of P, such that
‘ / GiP@) g
Q

Can we replace the constant cqyp in by cmin(n,pd) for some absolute positive constant
c>0¢

_1
< Cd,n,pHPHLpd(Q)- (2.16)

For example, using lemma we can easily show that in the case of dimension n = 1, the
answer in question [2.13]is positive.

2.4 Notes and References

2.4.1 References

The basic references for the development of this chapter are [4] and [6]. Theorems [2.1| and
are contained in [4]. Theorem can also be proved by the methods in [I]. See also [12], [18] for
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a van der Corput type result for oscillatory integrals with polynomial phase. Theorems and
are contained in [6]. The basic tool used in [6] is a strong extremal result of Kannan, Lovédsz and
Simonovits [§]. Analogous estimates by using the same tool but different methods can be found in
[9]. Corollary [2.9exists in [0] since it’s an immediate consequence of the results therein. Analogous
estimates are contained in [9], which improve older results from [14] and [I3]. Lemma is due
to Vinogradov and the proof we presented here is based on [19]. Question is stated in [6] while
theorem [2.12] is a new result.

2.4.2 The KLS lemma

A central role in the proof of theorems[2.6|and [2.7] plays the following theorem which is contained
in [§].

Theorem 2.14. For a,b € R" and A > 1 we define the measures ji,p ) by means of the formula

1
< b Hapr >= /0 dla(l — 1) + bt) (A — £)"~ L.

Let f1, fo, f3, fa be continuous, non negative functions on R"™ and o, > 0. Suppose that for
a,beR” and A > 1,

(/fldﬂa,b,/\>a</f2d,ua,b,)\)ﬁ < (/f?)d,ua,b,,\)a</f4dua7b7A)ﬁ.

Then, for every convex body K on R",

(L) (o) = (o) (L)

Using theorem theorems [2.6] and reduce to one dimensional weighted inequalities.
Theorem is also used, in a different way, in [9].

2.4.3 Poincaré inequalities on convex bodies

Results like lemma [2.8] are classic when we look at functions with zero mean value on a convex
body. For example, we have that for every convex body K and a ((good)) function u with zero
mean value on K,

[ull2(x) < ¢ d(K)|[Vaul| 2k,
where d(K) is the diameter of K. This is a classical result which can be found for example in
[11],[3]. The dependence on the diameter is sharp in this case. If K = @, we have that d(Q) = \/n.

However, if we restrict ourself in functions on the unit cube, the corresponding estimate holds with
an absolute constant replacing d(Q).
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2.4.4 Polynomials and BMO
We consider the following definition of the norm of the space BMO:

1

ul||pypo = sup inf/ u(x) — c|dx.
e KCRr K convex c€R |K| Jx [ul=) |

It is a classical result that, if a function w is an A, weight, then log |w| € BMO. More precisely, if

we know estimates like the one in we can estimate the BMO norm of log |w|. For polynomials,

it is well known that log|P| € BMO. See for example [14] and [13]. Using estimates analogous to

the ones in [6], the writers in [9] show that if P € Py, then ||log|P|||Bmo ~ d.






CHAPTER 3

Singular oscillatory integrals

If v(t) is a ((nice)) curve, we can define the Hilbert transform along ~,

H, (@) =p. [ fo =205

A classical question in harmonic analysis is the following.

Question 3.1. Can we have an estimate of the form

I1Hy fllze < cpllflps
for some p?

Following the standard argument, one is first going to show the L? bound. On the level of the
Fourier transform, this amounts to showing that the multiplier of H.,,

m.(€) :p.v./ eiﬁw(t)@7
R t
belongs to L. In what follows, we will estimate the L>° norm of the multiplier mp (&), in the case
where v = P, is a real polynomial of degree at most d.

Let Py be the vector space of all real polynomials of degree at most d in R. For P € Py we
consider the principal value integral

I(P) = ’p.v./ eiP(t)dt‘.
R t

23
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We wish to estimate the quantity I(P) by a constant C(d) depending only on the degree of the
polynomial d. This amounts to estimating the integral

Ly(P) = ‘ / eiP(t)dt‘
’ e<|t|<R t

by some constant C'(d) independent of €, R and P.

This problem is quite old and in fact has been answered some thirty years ago by Stein and
Wainger in [16] and [20]. They showed that the quantity I(P) is bounded by a constant Cy depending
only on d. Their proof is very simple and uses a combination of induction and Van der Corput’s
lemma.

On the other hand, Carbery, Wainger and Wright stated in [5] the following conjecture.

Conjecture 3.2. The order of magnitude of the principal value integral 1(P) is logd.
The main result of this chapter is the proof of this conjecture. This is the content of

Theorem 3.3. There exist two absolute positive constants c¢1 and co such that

c1logd < sup
PePy

i d
p.v./ ezp(x)l" < o logd.
R X

3.1 The lower bound in theorem 3.3

In this section we will construct a real polynomial P of degree at most d such that the inequality

I(P) = ‘p-v./ eiP(t)it‘ > clogd. (3.1)
R

holds. The general plan of the construction is as follows. We will first construct a function f (which
will not be a polynomial) such that I(f) > clogn. We will then construct a polynomial P of degree
d = 2n? — 1 that approximates the function f in a way that |I(f) — I(P)| is small (small means
o(logn) here). Since logn ~ logd this will yield our result.

Lemma 3.4. For n a large positive integer, let f(t) be the continuous function which is equal to
1 for % <t<1- %, equal to —1 for —1 —}-% <t< —%, equal to 0 for |t| > 1 and linear in each
interval (-1, =1+ =], [ 1) and [1 — L 1]. Then,

n’n

I(f) = ‘p.v./ eif(t)a;t’ > clogn. (3.2)
R
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Proof. The proof is more or less straightforward.

1) = 2‘/lsmf(t)dt’

> ‘/ nsmf dt‘—Q’/}lsmf 2/1 Sinf(t)dt’
1 l t

> 2sinllog(n —2/ f / f —=dt

= 2sinllog(n —1) —2 — inog

> 2sinllog(n—1)—4 > clogn.

O

We now want to construct a polynomial which approximates the function f. We will do so by
convolving the function f with a ”polynomial approximation to the identity”. To be more specific,
for £k € N and x € R define the function

o) = (1~ 4)k (33)

where the constant ¢ is defined by means of the normalization

2
/ or(x)dx = 1. (3.4)
—2
2 x2 K 1 2 1
1 :ck/ <1 — ) da::4ck/ (1 —332)]“ dm:2ckB<,k:2+1>,
L 4 ; 2

where B(-,-) is the beta function. Using standard estimates for the beta function we see that ¢ ~ k.
Define, next, the functions P, in R as

Observe that

1
= /_1f(:c)¢k(t—x)d:c, (3.5)

where f is the function of Lemma ?7?. It is clear that the functions Pi are polynomials of degree at
most 2k2. The following lemma deals with some technical issues concerning the polynomials P.

Lemma 3.5. Let Py be defined as in (??7) above.
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(i) Py is an odd polynomial of degree 2k* — 1 with leading coefficient
2cyk? 1
ap = (_1)k2+1 Ckk (1 . > )

4k? n
That s ,
Pi(t) = apt®™ 1 4 ...

(ii) As a consequence of (i) we have for all t
PPEI ()] = e(2k? — 1)) s
(iii) For t € [—1,1] we have
Py(t) = /02 (ft+z)+ f(t — x))o(z)d
Proof. (i) Using we have
[ twat-t-na = [ st

1
/;ﬂ—@mu—xmtz _Pu(t).

Next, from (3.5)) we have that

o = g S (-

>dac
m=0

= <k2> —" /1 f(x)(t — x)*dx

4m 1

:%Mf/ﬂm

k2—1 12
+ CkZ(m) qm /f )" dz.
m=0

It is now easy to see that the two highest order terms come from the first summand in the above
formula. Therefore,

-1 k2 1 k22]{72 B
PO = ol [ e £ - o S0P /f Jad 21 ¢

2,1 201k 1 2_
_ ( l)k-i-l 4k2 <1_n>t2k 1+_“'
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(ii) We just use the result of (i) and that ¢; ~ k.
(iii) Fix a t € [~1,1]. Then,

2
/ [t =z)pp(z)de = / F(t — 2)dp(x)X[_29)(x)d
s i
1
- /_1 f(@)on(t — x)x[_2721(t — 2)dz

1
- / @)t = )iz
Py(t)

However, since ¢ is even,

2 2
Py(t) = / St = a)on(z)dn = /0 (F(t+2) + f(t - 2))bp()da.

We are now ready to prove the lower bound for I(P).

Proposition 3.6. Let P, be the polynomial defined in where n is the large positive integer
used to define the function f in Lemma ??. Then P, is a polynomial of degree d = 2n*> — 1 and

I(P,) = p.v./ eiP”(t)dt‘ > clogd.
R t
Proof. Since P, is odd,
+00 &
I(P,) =2 / Sm}:"(t)dt :
0

and it suffices to show that for all R > 1

R ..
sin P, (1
/ mt()dt‘ > clogd ~ clogn. (3.6)
0

By part (ii) of Lemma (ii) of lemma [3.5[ and corollary we see that

R .
/ sin P, (t) dt’ <e
1 t

for every R > 1. As a result, the proof will be complete if we show that

Lsin P, (t
L(P,) = ‘/ Smt()dt‘ > clogn. (3.7)
0
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Using lemma [3.4] and the triangle inequality we get
I(Pn) = clogn — [I1(FP,) — I(f)]

and, in order to show (3.7)), it suffices to show that

(11 (Py) — I(f)] = o(log n).
We have that
(L(P) = I()] =
1 _
< / [2a(t) = FO)I 4
= .

Using part (iii) of lemma and (3.4), we get

2
Pa(t) — F(8)] < /0 F(t+2) + f(E—2) — 2 (1) 6n(x)da

for 0 <t < 1. Hence,

2 1 " ) -
L(Py) — 1(f)] < /0 /0 bihs ”ff ) =20 4y 4. ()

Now, the desired result, condition(3.9)), is the content of the following lemma.

Lemma 3.7. Let A(z,t) = |f(t+z)+ f(t —x) — 2f(t)|. Then,

2 /1
/ / A(i’t) dt ¢n(x)dx = o(logn).
0o Jo

Proof. Firstly, it is not difficult to establish that

A(z,t) < 4min(nz,nt, 1)

1 1
A(z,t) = 0, when — <t—z<t+zx<1--—.
n n
Indeed,
Az,t) < [ft+z) = fOI+|f(t—=z) = f()
< nrx+nx < 2nz.

(3.8)

(3.9)
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On the other hand,

Afz,t) = |ft+2) = f(2) + [t —=) = f(=2) = 2f(1)]
< [ft+2) = f@) + [t —2) = f(==)] + 2[f )]
< nt+nt+2nt = 4nt.

Inequality (3 now follows by the fact that |f| is bounded by 1 and ( is trivial to prove.
We split the integral fo fo - dtdx into seven integrals:

2 1 oz 2 21 Loyl
/ / ---dtdx+/ / ---dtd:v—i—/ / ---dtdx+/ / -+ dtdx
0 J3 o Jo L-Jo 0 Ja

-1 31 pard I
—I—/ / ~--dtdac+/ / ---dtdm+/ / - dtdx.
0 e TS -1/

We estimate each of the seven integrals separately.

2 1 2
/ / A@Y s ()dw < 410g2/ dn(z)dr = 2log?2.
o Ji 0

t

[ [ A ag@n < [* [ g, e

- /0 dnzén(z)de < 2.

[ tanir

_ / dm(x)dz < 2.

0

/On/:ﬂ A(;;' t>dt¢n() - / /x+ M—xdtd)n (2)de

= / 4nz log <1+)¢n( Ydx < 2.
0

IN

/12 /0’11 A(”;’t) dt () dz
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11
For f02 " f2 we have % <t—z<t4+zx<1- % and, from (3.11f), A(z,t) = 0. Hence

T+
11 1
/2 "/2 A@Y 1y (5)d = 0.
0 e+l 1

1
n

Next,
2 n n z7 t) 2 n n 4
/1 /1 " dtpp(z)dr < . /1 ;dt(j)n(a:)dx
1
< 4/ log(nx + 1) ¢y (x)dx.
1
Now, fix some a € (0,1). Write
1 n% 1
/ log(nx + 1)¢,(x)dx = / N +/ oo dr
1 1 1
1 l—a 4 q 1 2\ n?
< Og(n—i_)—kcnlog(n—l—l)/ 1-2) d
2 1 4
1 11—« 1 w
< log(n " +1) 5 +1) + cnlog(n + 1) em i

Therefore,
fll log(nz + 1)¢p(x)dx . 1— o

n

I
1713Lso%p logn - 2

and, since « is arbitrary in (0,1),

ITw o [THn A
/1 /1 (Sg’t)dtqbn(:x)dx = o(logn).

n

Finally,

2 % A(LL‘,t) 2 % 4
[_1/1 fdtﬁbn(ﬂf)dSC < [_1/1 Zdtqf)n(x)dgj
2 2 n n
2
n

z2\"
4log§ C”/1_1 (1—4> dx

< cnlogne*%” = o(1).

IN
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3.2 The upper bound in theorem

/ (Pt (3.12)
e<|t|<R t

We take any real polynomial P of degree at most d which we can assume has no constant term,
that is, P(0) = 0. We set k = [4] and we write

We set

Kg= sup
PePy,e,R

P(t) = ait+agt® + -+ apt’ + ap t" 4+ agt?
= Q)+ R(1),
where Q(t) = art+ast® +- - - +axtk and R(t) = ak—s—ltkﬂ +- - +agt?. Let lai| = ma$k+1ﬁj§d|aj| for

some k + 1 <[ < d. By a change of variables in the integral in (3.12)) we can assume that |q;| =1
and thus that |a;| < 1 for every kK 4+ 1 < j < d. Now split the integral in (3.12) in two parts as

follows
dt dt
’/ et ‘/ t)’ b =1+ Is. (3.13)
e<|t|<R <|t|<1 <|t\<R
For I we have that
I o< [(iP) _ Q)] dt' N ‘ / it
e<[t|<1 t e<|t|<1 t
P() _ i) 9t
< |e’ —é' ‘— + Kia
= < ¢ (5]
e<Jt|<1
R(t
0<|t|<1 t 2
1
< < — < .
< 22 < QIZ ;K s et Ky
j=k+1 j=k+1
For the second integral in (3.13) we have that
pdt
L < ’ / et ’ / =1+ 1.
1<t<R R<t<— 1 t
For some a > 0 to be defined later, split I;’ into two parts as follows:

I+ < / ’ / ‘P(t)dt'
2 = .
{tell+o0) P/ ()] <a} T {t€[L,R]:|P'(1)[>a} t
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Since {t € [1,R] : |P'(t)| > a} consists of at most O(d) intervals where P’ is monotonic, usin
g

Corollary [I.4] we get the bound
pp dt d
’/ eZP(t)‘ <c—.
{t€[1,R]:|P' (t)|>a} t o

For the logarithmic measure of the set {t € [1,+00) : |P'(t)] < a}, observe that

/ ‘o dt
{te[1,+00):P/(t)|<a} t 0 J {tel2m 2+ P ()| <a} T
o dt
B Z /2mte[2m 2m+1: P (2mt)|<a} ?
B dt
a Z /27"{t€[1 2| P (2mt)|<a} t
B dt
B Z /te[l 2):| P’ (2mt)|<a} t

We have thus showed that

t [o¢]
/ dt Z {t € [1,2] : |P'(2™)] < o} (3.14)
{t€[l,400): \P’(t)|<a} —0

In order to finish the proof we need a suitable estimate for the sublevel set of a polynomial.
This is the content of lemma 2.10
Consider the polynomial P’'(2™t) with coefficients janm(j —1) 1 < j <d. Clearly,

d d
m(j—1) > m(l—1) > ([= m[g]
max, lja;2 | > [la 2] ([51+1)2™=

Using lemma and (3.14)), we get

(%) 1
/ @ Scaﬁ Z <1d>d ' Scaﬁ
{te[L+00):|P'(t)|<a} t (14] + 1)2ml2]

m=0

Obviously, a similar estimate holds for 7, . Summing up the estimates we get

d
<c+c—+cad 1 —|—K[ -
e<[tI<R t
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Optimizing in o we get that

gy dt
‘ / e’P(t)‘ <c+ K (3.15)
e<|t|<R t 2

and hence

In particular we have
KQn S c+ Kzn—l.

Using induction on n we get that Kon < cn. It is now trivial to show the inequality for general d.
Indeed, if 271 « @ < 2" then Kj < Kon < cn < clogd.

3.3 Singular oscillatory integrals on R”

In this section we want to generalize theorem in many variables. The problem is stated as
follows. Let K : R™ — R be a —n homogeneous function on R™. The function K can be written in

the form
Q)
K(z) = —+ 3.16
(@) = - (3.16)
where 2/ = z/|z| € S"~! and the function 2 is S"~1. Let P € P4,. We are interested in estimates
of the form

I,(P) = ’p.fu./ eP@ K (2)dx| < cql||gn-1, (3.17)

where the constant ¢4 depends only on the degree d of the polynomial and |||/ gn-1 is a suitable
norm of the function 2 on the unit sphere. This problem was also studied by Stein who showed in
[14] that holds for some constant ¢4, depending only on d and [|Q||gn-1 = ||| o (gn-1y-

In the case where 2 is an odd function, is an immediate consequence of the one dimensional
estimate. We introduce the notation

Wr = {Q 8l R, Q is odd, HQHLl(S”ﬂ) < 1}.

Corollary 3.8. There exists an absolute positive constant ¢ such that

p'v_/ (iP@ 2/ 2]) .

sup 7’3; ‘ n

PPy n,2€W,

< clogd.
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Proof. We simply write

R
/ P@ /), / / eP(rx’)ﬁQ(x')dan_l(xf)
e<|z|<R ‘x’n Sn=1 Je r

R
= 5 [ [ ) - o o)
2 Sn—1 J¢ r
2 Jsn=1 Je<pri<r "

and use theorem O

For the general case we will follow Stein’s proof from [I4], incorporating the ideas that gave the
proof in dimension one. Here, the suitable class of functions §2 on the unit sphere is

WLlogE = {Q S — R, /
S

n—1

') 1) = 0. [ aog s < 1}
where
192 L10g L —/S Q@) +log™ [Q(2))dop-1(2').
For functions €2 € Wr1og £ We have the analogue of corollary
Theorem 3.9. There exists an absolute positive constant ¢ such that

p.v./ (@) de

sup ’$|

Pepd,anEWC log £

< clogd.

The proof of theorem [3.9]is based on corollary 2.9 and on the following lemmas.

Lemma 3.10. Let P(t) = ag + a1t + - -- + aqt? and suppose that for some % <j<d, |aj| > 1.
Then, there exists an absolute positive constant ¢ such that for every R > 0,

/ ¢iP0 4t <ec. (3.18)
1 t
Proof. The proof is contained in the proof of theorem [3.3]in section O

Lemma 3.11. Let P,(t) = ait + aot? 4+ - -+ agt?, Py(t) = byt + bat® + - - -+ bgt? be real polynomials
of degree at most d = 2™, with a;,by # 0 for every l € {1,2,...,d}. Then there exists an absolute
positive constant ¢ such that

/ {ezPa o sz ’ <e,

for every 0 < e < R and ¢, < cn.

1
maXg;—1.<oi |ar|?

(3.19)

1
maXo;—1j<oi |bi|?
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Proof. We prove the lemma by induction on n. For n = 0 the estimate

log \b[

tat zbt} ‘ <c+

is classical. Suppose now that 1j holds for n — 1. We set § = maXQn_1<l§2n(|al|%, \blﬁ) By the
change of variables ¢ — ¢/J in the integral in (3.19) we get

dt ko : dt
iPa(t) zP e _ 1P, (t/8) _ iPy(t/o)\ &Y
[ e —enayd] | [7 garn _ anos 4]

L iPass)  ipyt)s)y B
< {ettelt/o) — A = +
€

= L+ Is.

(Palt/) _ gibyit/9)y 9t
t

We write Qq(t) = 31 cjcon—1 ait!, Qp(t) = Y1 <jcqn-1 bit!. For I; we have that

iQu(t/3) _ cinia/) ) ‘
t

L Pt iQa(t/5) 9
/{ez a</>_€zQa(/>}t’+
€

GPHt/8) _ LiQu(t/0) }Ci’f'

From the inductive hypothesis we now have

/ {iQult/D) _ iu(e/o)y ¢ ‘_

On the other hand,

1
/ { oiPa(t/8) _ eiQa(t/é)} % ‘
€d

(3.20)

1
maXzﬂ'—1<lg2j |ag| T |

1
maX2j—1<l§2j |be| 7

IN

1 dt 1o
/O\Pa(t/é)—Qa(t/éﬂtg 3 S

2n—lgi<on
>

2n—lg<on

<c

~|

Similarly, we show that ‘fi; {eipb(t/‘s) - ein(t/‘s)}%‘ < ¢, and thus that

1
MaXg;—1j<gi |ar|?

n—1
11§0n71+6+z log
=0

1
MaXo;—1j<oi |bi|?
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Observer that I» is symmetrical with respect to P,, P,. Hence we can assume that 6 =
maxyn—1j<on |b|7 and thus that one of the 2"~! last coefficients of the polynomial P,(t/) is equal

to 1. Lemma [3.10] now gives
RS
/ ez’Pb(t/é)dt‘ <e
1 Ll

Bstw Py(t) = Pu(t/d) = dit + - + dgt?. We set 6, = maxgn-1_j<on ]dlﬁ. Then

RS RS 1 R6Sa .
/ GiPalt/®) 0| _ / il M| / ¢iPalt/0a) B | / ¢iPa(t/02) B |
1 t 1 U] s, t 1

t
Now, one of the last 2"~ coefficients of the polynomial P,(t/d) is equal to 1 and thus, using lemma

[3.10] again

Ro dt 1 1 maXon—1 by|T
iP n—1cj<on |0]
/ e’ “(t/‘s)t’<log5+6—_log - +c=log i | ’1 +c.
1 e} maXon—1,j<gn |al| l maXon—1cj<on |Cll| l

We have supposed that

max \bl\l> max \alﬁ.
2n—ll<on 2n—1lgi<on

A moment’s reflection will let us write

maX2n71<lS2n ’bl |%

I, < c+ |log

maX2n71<l§2n |(Il | %

Summing up the estimates for I; and I we get

/ {ezPa . sz ’

and thus that ¢, < ¢,_1 + ¢. This also proves that ¢, < cn. ]

MmaXoj—1.<]<2i |au

maXgj—1«<|<9j |bu ]

Proof of theorem[3.9. Let P € Pg, and Q € Weigge. It is enough to prove the theorem for
polynomials of degree d = 2", by using the same argument we used in the proof of theorem For
0 < € < R we have that

/ il m)Q(m/T‘;ﬂ / / P(m: d’l” )dO’nfl(LE,).
e<|z|<R |z gn—1

We write
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where the polynomials P; are homogeneous polynomials of degree j. We set m; = || Pj||foc(gn—1).
Using the zero mean value condition on ) we can write

R _ .
/ oiP(@) Q(x/]x\)dw / / {eiZ?_l Pj()r? _ eiZ?:l mjr }WQ(:E/)dgn_l(x’)
e<|z|<R Sn—1Je

| r

1
[

R
< /Snl / {612?_1 Pj(2)r? _ 622?:1 mjr! }: |Q(£B,)|d0'n71(l‘/)
n 1
maxey;— iyt
< CTLHQ||L1(Sn—1) + Z/Snl log 20-1<1<27 | l‘ |Q(:E/)|d0'n71(l'/),
7=0

MmaXxgj—1.«<j<2i |Pi(2)]
where in the last inequality we used lemma Now take any j € {0,1,...,n}. Observe that

1
MaXy;j—1 <9 |ml|% > MaXyj—1.1<9 \Pg(az’)ﬁ We have that maxgj—1j<o; |ml|% = |my, |l for some
2=t <1, < 2. Then

/Snl

1
2lo
= 2/ llogW\Q(x’)]dan_l(m’)

1
maxy;—1.j<gi [My|T

1
1o

06 o) < [ tog "0 fdoy 12
s R )

log

1
]

maXxgj—1.«<j<2i |Pi(z")]

A
o
—__
[
< |E
s
&
QL
Q
3
L
&,
+
o

/S”_l 1Q(2")| log (|| + 1)doy—1.

To see the last line observe that the functionsg(t) = e! — 1, 1(t) = log(t + 1) both vanish at 0, they
are non negative and monotonic, and the one is the inverse of the other for £ > 0. From Young’s
inequality we get that for every a,b > 0,

a b
ab < / o(t)dt + / P(t)dt < e+ blog(b+1).
0 0

1
[, | 2o

— and b = |Q(2')|. Furthermore, observer
[P ()] 2o

The last inequality now follows if we set a = log
that

[ 190 1oB(192(/)| + )1 < cl 1o

For the first term in the last inequality we have the following lemma:
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Lemma 3.12. Let P : R™ — R be a homogeneous polynomial of degree k. Then, there erists an
absolute positive constant ¢ such that

1
1P 75 (gn-
/ A P o (3.21)
s [P()|%

We postpone the proof of lemma until the end of the proof of theorem Summing up
the estimates we get that

n
/ o Hz/lz) ) < en|Qpisn-1y + > (L+ 12 L1og )
e<|z|<R | =0
< CTLHQ||L1(Sn—1) + CnHQHLlogL +cn < cn,
since ||Q||LlogL < 1. L]
Proof of lemma[3.13 Let B = B(0, p) be the ball of volume 1 in R”. The radius of B satisfies the
equation p" = F(Egl). Now, from corollary we have that

_1 &+ 1
| IP@I el P ) < (o).

Using polar coordinates we get

3 3 n
1 1 n2 n2mz
Pl P(2)| 2*do, 1(2)) < c— =c—ri—v
HEDE
nz(em
c(n )n+1 S C,
LT A
2
from Stirling’s formula. O

3.4 Notes and references

3.4.1 References

The problem of estimating the principal value integral I(P) is posed for the first time in [16] and
then in [14] and [20]. The corresponding problem on R™ is also contained in [I4]. In these earlier
results, the known estimates didn’t describe the dependence of the constants on the degree d of the
polynomials. Theorem is contained in [10] and it is a new result as well as its n—dimensional
analogues. In the proof of theorem we follow the argument in the proof of Stein from [14],
improving all the lemmas therin. The argument used in the proof of theorem [3.9]in order to pass
to the Llog L norm of the function €2 is classical. Young’s inequality can be found for example in
[21].
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3.4.2 Singular oscillatory integrals with rational phase
Let P,Q € P;. We consider the principal value integral

; P() dt
I(P,Q) = p.v./ e —,

R t
The following theorem is contained in [7].

Theorem 3.13. Let P,Q € Py. Then there exists an absolute positive constant cq depending only

on d such that
P dt
pu. [ ety —| < cq.
R t

3.4.3 A descreet analogue
For P € P, let us consider the symmetrical sums

etP(n)

S(P)=>"
n#0

The correspondind symmetrical partial sums are then

6iP(n)

Sn(P) =
0<|n|<N

We have the following theorem.

Theorem 3.14. Let d > 2. Then

sup  sup [Sy(P)| < ca.
N=1,2,... PEPy

Whatsmore, for every polynomial P € Py the sequence {Sn(P)} converges as N — oo and thus the
series S(P), considered as the limit of the symmetrical partial sums Sy(P) is everywhere defined
and bounded on the space Py.

This theorem is proved in [2] and independently in [I7]. The dependence of the constant ¢; apo
to d den €’inai gnwst’h.
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