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EuqaristÐec

Ja  jela ed¸ na euqarist sw ton epiblèpont� mou Miq�lh Papadhmhtr�kh. Ni¸jw polÔ tuqerìc
pou èkana didaktorikì me ènan �njrwpo pou èdeixe tìso aplìqera thn empistosÔnh tou stic ikanìthtèc
mou kai moir�sthke tic gn¸seic tou qwrÐc kamÐa mataiodoxÐa. H upost rix  tou  tan apìluth tìso
se ekpaideutikì ìso kai se proswpikì epÐpedo.

Fusik�, pèra apo ton kentrikì rìlo tou epiblèpont� mou sthn olokl rwsh aut c thc ergasÐac,
up�rqoun kai �lloi �njrwpoi apo to Panepist mio thc Kr thc pou me bo jhsan me ton èna   ton �llo
trìpo. Me tuqaÐa seir� ja  jela na d¸sw tic euqaristÐec mou stouc Jemistokl  M tsh, Gi¸rgo
Kwst�kh, Miq�lh Kolountz�kh, Pètro Galanìpoulo kaj¸c kai ston Apostìlh Giannìpoulo (apì
to Panepist mio thc Aj nac).

Ta teleutaÐa eft� (7) qrìnia sthn Kr th, pèrasan polÔ pio eÔkola kai eutuqismèna q�rh stouc
Gi�nnh kai Gi�nnh, NÐko kai Leutèrh, Pètro kai 'Olga, Baggeli¸ kai Elènh kai fusik� q�rh ston
Panagi¸th kai to NÐko (pou eÐnai t¸ra sthn Aj na) kai sth SofÐa. EpÐshc pèrasan lÐgo pio dÔskola
kai lÐgo pio ìmorfa q�rh sthn Anna.

Ja  jela epÐshc na euqarist sw touc fÐlouc mou sthn Aj na pou eÐnai akìma ekeÐ gia mèna
parìti den blepìmaste tìso suqn� ìso paliìtera   tìso suqn� ìso ja èprepe. Euqarist¸ loipìn
ton Alèxandro kai th B�sia, th Dan�h kai thn Iw�nna. Ja  jela na euqarist sw idaÐtera thn
Aggelik  pou mou sumparast�jhke ìla aut� ta qrìnia kai par�olec tic antixoìthtec.

'Ola aut� ìmwc den ja  tan kan efikt� qwrÐc thn upost rixh tou RwmÔlou kai thc Diatsèntac kai
fusik� thc agaphmènhc mou jeÐac Pìphc. Se autoÔc afier¸netai, fusiologik�, aut  h prosp�jeia.
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Stouc goneÐc mou,
UakÐnjh kai RwmÔlo

kai sthn Pìph.





Eisagwgik�

H ergasÐa aut  an kei sthn perioq  thc pragmatik c armonik c an�lushc. Eidikìtera, ta anti-
keÐmena pou mac endiafèroun ed¸ eÐnai ta legìmena oloklhr¸mata tal�ntwshc (oscillatory integrals)
dhlad  oloklhr¸mata sunart sewn pou talant¸nontai èntona an�mesa stic jetikèc kai tic arnhtikèc
timèc touc. Apotèlesma aut¸n twn talant¸sewn eÐnai h akÔrwsh twn jetik¸n kai arnhtik¸n tim¸n
(cancelation). Kat�llhlh axiopoÐhsh aut c thc diaisjhtik c arq c odhgeÐ se {kalèc} ektim seic gia
ta en lìgw oloklhr¸mata.

To pio klassikì par�deigma oloklhr¸matoc tal�ntwshc eÐnai o metasqhmatismìc Fourier

F(f)(ξ) =
∫

R
e−2πix·ξf(x)dx.

'Ena klassikì apotèlesma pou axiopoieÐ thn tal�ntwsh tou par�gonta e−2πix·ξ eÐnai to L mma
Riemmann-Lebesgue pou gia f ∈ L1(R) dÐnei ìti lim|ξ|→+∞F(f)(ξ) = 0.

'Hdh, o metasqhmatismìc Fourier paÐzei kentrikì rìlo ìtan k�poioc jèlei na melet sei tic idiì-
thtec sunèqeiac telest¸n idiazìntwn oloklhrwm�twn ìpwc o metasqhmatismìc Hilbert

H(f)(x) = p.v.
1
π

∫
R
f(x− y)

dy

y
= lim

ε→0

1
π

∫
|y|>ε

f(x− y)
dy

y
.

kaj¸c kai tou antÐstoiqou megistikoÔ telest 

H∗(f)(x) = sup
ε>0

1
π

∫
|y|>ε

f(x− y)
dy

y
.

O kentrikìc rìloc thc allhlepÐdrashc aut¸n twn tri¸n antikeimènwn (metasqhmatismìc Fourier,
idi�zonta oloklhr¸mata kai antÐstoiqoi megistikoÐ telestèc) eÐnai  dh gnwstìc apo thn arq  thc
an�ptuxhc twn pragmatik¸n mejìdwn sthn armonik  an�lush. Oi diadoqikèc genikeÔseic kai ekle-
ptÔnseic twn idiazìntwn oloklhrwm�twn kai twn megistik¸n telest¸n od ghsan antÐstoiqa sthn
an�gkh melèthc ìlo kai pio sÔnjetwn oloklhrwm�twn tal�ntwshc. H poikilÐa aut¸n (oloklhrw-
tikoÐ telestèc Fourier, telestèc sunèlixhc kaj¸c kai parallagèc tou metasqhmatismoÔ Fourier)
k�noun polÔ dÔskolh thn kathgoriopoÐhs  touc kai plèon ta oloklhr¸mata tal�ntwshc apoteloÔn
mia anex�rthth perioq  melèthc sthn armonik  an�lush.
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xii Eisagwgik�

Sthn ergasÐa aut  melet�me trÐa probl mata pou proèrqontai apo thn perioq  aut :
Prìblhma A 'Estw P èna polu¸numo bajmoÔ to polÔ d. JewroÔme to olokl rwma

I(P ) = p.v.

∫
R
eiP (t)dt

t
.

Oi Stein kai Wainger apèdeixan sto [16] ìti |I(P )| ≤ cd, ìpou h stajer� cd exart�tai mìno apo to
bajmì d tou poluwnÔmou kai eÐnai anex�rthth twn suntelest¸n tou. Jèloume na prosdiorÐsoume th
bèltisth ex�rthsh tou I(P ) apo thn par�metro d.

To prìblhma autì brÐskei ap�nthsh sto Je¸rhma 3.3 kai eidikìtera èqoume

sup
P∈Pd

|I(P )| ∼ log d.

To Je¸rhma 3.3 apant�ei katafatik� sthn antÐstoiqh eikasÐa pou eÐqe diatupwjeÐ apo touc Carbery,
Wainger kai Wright sto [5].
Prìblhma B Prìkeitai gia to n−di�stato an�logo tou probl matoc A. 'Estw P èna pragmatikì
polu¸numo ston Rn, bajmoÔ to polÔ d kai K mia omogen c sun�rthsh ston Rn, t�xhc −n, me mèsh
tim  mhdèn sth monadiaÐa sfaÐra Sn−1. H sun�rthsh K mporeÐ na grafeÐ sth morf  K(x) = Ω(x/|x|)

|x|n

ìpou Ω eÐnai mia sun�rthsh orismènh sth monadiaÐa sfaÐra Sn−1. JewroÔme t¸ra to olokl rwma

In(P ) = p.v.

∫
Rn

eiP (x)K(x)dx.

Ed¸ jèloume na p�roume ektim seic thc morf c

|In(P )| ≤ cd‖Ω‖Sn−1 ,

ìpou ‖Ω‖Sn−1 eÐnai k�poia kat�llhlh nìrma thc sun�rthshc Ω sth monadiaÐa sfaÐra Sn−1. Kai p�li,
h stajer� cd exart�tai mìno apo thn par�metro d.

O Stein apèdeixe sto [14] ìti an h Ω eÐnai fragmènh kai èqei mèsh tim  mhdèn sth monadiaÐa sfaÐra
tìte supP∈Pd,n

|In(P )| ≤ cd‖Ω‖L∞(Sn−1).
To apotèlesma tou Stein belti¸netai sto Je¸rhma 3.9 ìpou apodeiknÔetai ìti an h sun�rthsh Ω

èqei mèsh tim  mhdèn sth monadiaÐa sfaÐra kai an kei sthn kl�sh L logL tìte

|In(P )| ≤ c log d‖Ω‖L logL(Sn−1),

ìpou c eÐnai mia apìluth jetik  stajer�.
Prìblhma G 'Estw P èna pragmatikì polu¸numo bajmoÔ to polÔ d ston Rn kai Q = [0, 1]n o
monadiaÐoc kÔboc ston Rn. Oi suggrafeÐc sto [4] apodeiknÔoun ìti, an to polu¸numo P èqei mèsh
tim  mhdèn sto monadiaÐo kÔbo Q, tìte∣∣∣∣∫

Q
eiP (x)dx

∣∣∣∣ ≤ cd,n‖P‖
− 1

d

L1(Q)
.



Eisagwgik� xiii

Apo thn �llh, oi Carbery kai Wright diatup¸noun sto [6] thn eikasÐa ìti h stajer� cd,n mporeÐ na
antikatastajeÐ apo cmin(n, d) gia k�poia apìluth stajer� c. Sto Je¸rhma 2.12 deÐqnoume ìti∣∣∣∣∫

Q
eiP (x)dx

∣∣∣∣ ≤ cmin(d, n)n
1
2d ‖P‖−

1
d

L1(Q)

gia k�poia apìluth stajer� c. To apotèlesma autì apant� katafatik� sthn eikasÐa gia n ≤ cd

gia k�poia apìluth stajer� c en¸ apèqei apo th stajer� thc eikasÐac kat� ton par�gonta n
1
2d sth

genik  perÐptwsh.

H ergasÐa aut  apoteleÐtai apo trÐa kef�laia. Sto pr¸to kef�laio gÐnetai mia genik  eisagwg 
sta oloklhr¸mata tal�ntwshc kai parousi�zontai k�poia basik� ergaleÐa kai teqnikèc. Tautì-
qrona katagr�fontai k�poia gnwst� apotelèsmata apo th bibliografÐa pou eÐte qrhsimopoioÔntai
sth sunèqeia, eÐte dÐnoun apl� mia geÔsh gia ton tÔpo twn apotelesm�twn pou mac endiafèrei na
melet soume. To kef�laio autì den perièqei nèa apotelèsmata.

To deÔtero kef�laio afier¸netai sta oloklhr¸mata tal�ntwshc me poluwnumik  f�sh. Oi analu-
tikèc idiìthtec twn poluwnÔmwn mac epitrèpoun ed¸ na p�roume akribeÐc ektim seic gia ta antÐstoiqa
oloklhr¸mata tal�ntwshc. Autì gÐnetai qrhsimopoi¸ntac apotelèsmata pou èqoun parousiasteÐ
sto pr¸to kef�laio kaj¸c kai �llec gnwstèc ektim seic apo th bibliografÐa. H an�lush tou ke-
falaÐou 2 dÐnei to Je¸rhma 2.12 (nèo apotèlesma) pou epilÔei merik¸c to prìblhma G. Tautìqrona
parèqei mia seir� apo qr sima ergaleÐa gia th melèth oloklhrwm�twn tal�ntwshc me poluwnumik 
f�sh.

Sto kef�laio 3 melet�me idi�zonta oloklhr¸mata tal�ntwshc. Aut� prokÔptoun sun jwc wc
pollaplasiastèc k�poiwn telest¸n idiazìntwn oloklhrwm�twn ìpwc o genikeumènoc metasqhmati-
smìc Hilbert f 7→ p.v.

∫
R f(x−P (y))dyy . Ta Jewr mata 3.3 kai 3.9 dÐnoun apant seic sta Probl mata

A kai B antÐstoiqa kai apoteloÔn nèa apotelèsmata.
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SumbolismoÐ

Ed¸ parajètoume k�poiouc basikoÔc sumbolismoÔc pou ja qrhsimopoihjoÔn sth sunèqeia. Dou-
leÔoume genik� ston Rn. H EukleÐdia nìrma ja sumbolÐzetai me | · |. An x ∈ Rn kai r > 0,

B(x, r) = {y ∈ Rn : |x− y| < r}

eÐnai h anoiqt  mp�la kèntrou x kai aktÐnac r. SumbolÐzoume me Sn−1 th monadiaÐa sfaÐra ston Rn.
To mètro Lebesgue ston Rn sumbolÐzetai me dx kai sth monadiaÐa sfaÐra Sn−1 me dσn−1. An E eÐnai
èna uposÔnolo tou Rn, sumbolÐzoume me |E| to mètro Lebesgue tou E, kai me χE th qarakthristik 
tou sun�rthsh: χE(x) = 1 an x ∈ E kai 0 an x /∈ E.

An α ∈ Nn
o eÐnai ènac poludeÐkthc kai f : Rn → C, tìte

Dαf =
∂|α|f

∂xα1
1 · · · ∂xαn

n
,

ìpou |α| = α1 + · · ·+ αn kai xα = xα1
1 · · ·xαn

n .
An (X,µ) eÐnai ènac q¸roc mètrou, me Lp(X,µ), 1 ≤ p <∞, sumbolÐzoume touc q¸rouc Banach

sunart sewn f : X → C twn opoÐwn oi p−ostèc dun�meic eÐnai oloklhr¸simec; h nìrma miac f ∈
Lp(X,µ) eÐnai

‖f‖Lp(X,µ) =
( ∫

X
|f(x)|pdµ(x)

) 1
p

.

Me L∞(X,µ) sumbolÐzoume to q¸ro Banach twn ousiwd¸c fragmènwn sunart sewn apo ton X sto
C; akribèstera, metr simec sunart seic f gia tic opoÐec up�rqei k�poia stajer� c > 0, tètoia ¸ste

µ({x ∈ X : |f(x)| > c}) = 0.

O q¸roc autìc efodi�zetai me th nìrma

‖f‖L∞(X,µ) = inf{c > 0 : µ({x ∈ X : |f(x)| > c}) = 0}.

Sun jwc X = Rn   X = K ⊂ Rn kai dµ = dx. Sthn perÐptwsh aut  ja gr�foume apl� Lp(K)
antÐ gia Lp(K, dx).
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xviii SumbolismoÐ

An K ⊆ Rn, sumbolÐzoume me Ck(K) touc q¸rouc twn k forèc suneq¸c paragwgÐsimwn sunar-
t sewn f : K → C kai me C∞(K) to q¸ro twn �peirec forèc suneq¸c paragwgÐsimwn sunart sewn
sto K. Se aut  thn perÐptwsh lème epÐshc ìti h f eÐnai omal  sto K. 'Otan to sÔnolo sto o-
poÐo orÐzetai mia sun�rthsh eÐnai safèc, lème apl� ìti h f eÐnai mia Ck−sun�rthsh   mia omal 
sun�rthsh, antÐstoiqa.

SumbolÐzoume me Q   Qn to monadaÐo kÔbo ston Rn, Q = [0, 1]n. Gr�foume Pd gia to q¸ro twn
pragmatik¸n poluwnÔmwn P : R → R bajmoÔ to polÔ d, kai Pd,n gia to q¸ro twn pragmatik¸n
poluwnÔmwn P : Rn → R bajmoÔ to polÔ d. QrhsimopoioÔme epÐshc to sumbolismì Pod,n gia ta
polu¸numa P ∈ Pd,n pou èqoun mèsh tim  mhdèn sto monadiaÐo kÔbo tou Rn:

Pod,n = {P ∈ Pd,n :
∫
Q
P (x)dx = 0}.

Me c sumbolÐzoume mia apìluth jetik  stajer�, pou den exart�tai apo kamÐa par�metro. H
stajer� c mporeÐ na all�zei kai sthn Ðdia gramm  keimènou. Ja gr�foume ck   ck,l gia na dhl¸soume
thn ex�rthsh miac stajer�c apo tic paramètrouc k   k kai l antÐstoiqa.

QrhsimopoioÔme touc klassikoÔc sumbolismoÔc A = O(B) kai A = o(B) kaj¸c k�poia par�-
metroc n → ∞, gia na dhl¸soume ìti A ≤ cB kai A/B → 0, antÐstoiqa, kaj¸c n → ∞. O
sumbolismìc A ∼ B shmaÐnei ìti up�rqoun apìlutec jetikèc stajerèc c1, c2, tètoiec ¸ste,

c1A ≤ B ≤ c2A.



KEF�ALAIO 1

Oloklhr¸mata tal�ntwshc sthn Armonik  An�lush

Ta oloklhr¸mata tal�ntwshc apoteloÔsan p�nta kentrikì antikeÐmeno melèthc sthn perioq 
thc armonik c an�lushc. Den ja epiqeir soume ed¸ mia sunolik  katagraf  ìlwn twn sqetik¸n
apotelesm�twn. Parapèmpoume ton anagn¸sth sta [14], [15] gia mia analutik  perigraf  thc sqe-
tik c jewrÐac. Akolouj¸ntac thn orologÐa pou eis�getai sto [14], diaqwrÐzoume ta oloklhr¸mata
tal�ntwshc se pr¸tou kai deÔterou tÔpou.

Sta oloklhr¸mata tal�ntwshc pr¸tou tÔpou, melet�me th sumperifor� mÐac mìno sun�rthshc
pou tupik� mporeÐ na grafeÐ sth morf 

Iψ(λ) =
∫
eiλφ(x)ψ(x)dx.

Skopìc eÐnai tìte h melèth thc asumptotik c sumperifor�c tou Iψ(λ) kaj¸c h pragmatik  par�metroc
λ teÐnei sto �peiro.

Sthn kathgorÐa aut  mporoÔme na ent�xoume kai oloklhr¸mata tal�ntwshc pou sqetÐzontai me
k�poia idi�zonta oloklhr¸mata. Eidikìtera, an jewr soume ton akìloujo metasqhmatismì Hilbert
kat� m koc miac poluwnumik c kampÔlhc

HP (f)(x) = p.v.

∫
R

f(x− P (y))
y

dy,

ìpou P eÐnai k�poio pragmatikì polu¸numo bajmoÔ to polÔ d, tìte o antÐstoiqoc pollaplasiast c
gr�fetai sth morf 

mP (ξ) = p.v.

∫
R
eiξP (t)dt

t
.

Ed¸, to antÐstoiqo prìblhma eÐnai h ektÐmhsh thc L∞-nìrmac tou pollaplasiast  apo mÐa stajer�
pou exart�tai apo to bajmì d tou poluwnÔmou kai eÐnai anex�rthth twn suntelest¸n tou.

Sta oloklhr¸mata tal�ntwshc deÔterou tÔpou, melet�me tic idiìthtec sunèqeiac enìc telest 
pou ston pur na tou fèrei k�poion par�gonta pou talant¸netai, kai pou mporeÐ na grafeÐ sth morf 

1



2 1.Oloklhr¸mata tal�ntwshc sthn Armonik  An�lush

Tλ(f)(x) =
∫
eiλΦ(x,y)K(x, y)f(y)dy.

Skopìc ed¸ eÐnai h perigraf  thc sumperifor�c thc nìrmac tou telest  Tλ, an�mesa se kat�llhlouc
q¸rouc, kaj¸c λ→ ±∞.

1.1 Oloklhr¸mata tal�ntwshc pr¸tou tÔpou, mÐa metablht 

Endiaferìmaste gia th sumperifor� tou oloklhr¸matoc

Iψ(λ) =
∫ b

a
eiλφ(t)ψ(t)dt (1.1)

gia meg�la kai jetik� λ. Ed¸ h φ eÐnai mÐa omal  pragmatik  sun�rthsh (sun�rthsh f�shc) kai h
ψ eÐnai mia sun�rthsh me migadikèc timèc kai omal  sto (a, b). Suqn�, all� ìqi p�nta, upojètoume
ìti h ψ èqei sumpag  forèa sto (a, b).

H kat�stash sth mÐa metablht  eÐnai entel¸c xek�jarh. Up�rqoun treic arqèc pou dièpoun th
sumperifor� tou Iψ(λ), kaj¸c to λ → +∞. Autèc eÐnai: h kÔria suneisfor� sto Iψ(λ) proèrqetai
apo ta krÐsima shmeÐa thc sun�rthshc f�shc φ; epiplèon, upojètontac thn Ôparxh enìc mìno krÐsimou
shmeÐou, up�rqei pl rhc perigraf  thc asumptotik c sumperifor�c tou Iψ(λ) pou poiotik� kajorÐ-
zetai apo thn t�xh mhdenismoÔ thc φ′ sto krÐsimo shmeÐo; tèloc, up�rqei mÐa kajolik  ektÐmhsh gia
ton rujmì pou fjÐnei to Iψ(λ), sunep c me thn pio p�nw asumptotik  sumperifor�, pou exart�tai
apo k�poio omoiìmorfo k�tw fr�gma gia k�poia par�gwgo thc f�shc φ.

H arq  pou melet�tai kai axiopoieÐtai se aut  thn ergasÐa eÐnai h teleutaÐa. Ac upojèsoume ìti
gia th sun�rthsh f�shc φ gnwrÐzoume mìno ìti∣∣∣∣dkφ(t)

dtk

∣∣∣∣ ≥ 1, t ∈ [a, b],

gia k�poio stajerì k, kai jèloume na p�roume mia ektÐmhsh gia to olokl rwma

I(λ) =
∫ b

a
eiλφ(t)dt

pou na eÐnai anex�rthth twn a, b kaj¸c kai opoioud pote �llou posotikoÔ qarakthristikoÔ thc
sun�rthshc φ. H allag  metablht c t 7→ λ−

1
k t′ sto olokl rwma deÐqnei ìti h mình dunat  ektÐmhsh

gia to I(λ) eÐnai
I(λ) ≤ O(λ−

1
k ).

To ìti aut  h ektÐmhsh pr�gmati isqÔei ofeÐletai ston van der Corput, kai perièqetai sthn akìloujh
prìtash:
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Prìtash 1.1. 'Estw φ : [a, b] → R mia Ck−sun�rthsh kai upojètoume ìti |φ(k)(t)| ≥ 1 gia k�poio
k ≥ 1 kai ìla ta t ∈ [a, b]. An k = 1 upojètoume epiplèon ìti h φ′ eÐnai monìtonh. Tìte, gia k�je
λ > 0, ∣∣∣∣ ∫ b

a
eiλφ(t)dt

∣∣∣∣ ≤ c k

λ
1
k

(1.2)

ìpou c eÐnai mia apìluth stajer�, anex�rthth twn a,b,k kai φ.

Prin proqwr soume sthn apìdeixh thc Prìtashc 1.1, eÐnai skìpimo na k�noume k�poiec parathr seic.
'Enac trìpoc gia na p�roume ektim seic gia to olokl rwma sthn (1.2) eÐnai na k�noume diadoqikèc

oloklhr¸seic kat� par�gontec. Aut  eÐnai kai h arqik  idèa tou van der Corput, pou apodeiknÔei
thn Prìtash 1.1 me ton par�gonta ck na antikajÐstatai apo k�poia stajer� ck. H apìdeixh thc
Prìtashc 1.1 me aut  th mèjodo up�rqei gia par�deigma sto [15].

Ac upojèsoume ìti gia sunart seic φ pou ikanopoioÔn th sunj kh∣∣∣∣dkφ(t)
dtk

∣∣∣∣ ≥ 1

gnwrÐzoume {kalèc} ektim seic gia to mètro twn sunìlwn upo-st�jmhc

Eα = {t ∈ [a, b] : |φ(t)| < α}, (1.3)

sunart sei tou α > 0. Tìte, h ektÐmhsh (1.2) eÐnai �mesh sunèpeia aut¸n twn ektim sewn. Aut  h
arq  prwtoemfanÐsthke sthn ergasÐa [1] kai axiopoi jhke pl rwc sto [4]. Qrhsimopoi¸ntac aut 
thn arq  ja apodeÐxoume sth sunèqeia thn Prìtash 1.1, akolouj¸ntac thn apìdeixh pou brÐsketai
sto [1] kai pou par�gei th grammik  ex�rthsh apo thn par�metro k sth dexÐ mèloc thc (1.2). AxÐzei
epÐshc na epishm�noume ìti autì to epiqeÐrhma ja k�nei suqn� thn emf�nis  tou kai sthn paroÔsa
ergasÐa, sta kef�laia pou akoloujoÔn.

Oi {kalèc} ektim seic gia ta sÔnola upo-st�jmhc (1.3) eÐnai to perieqìmeno thc akìloujhc
prìtashc:

Prìtash 1.2. 'Estw φ : [a, b] → R mia Ck−sun�rthsh kai upojètoume ìti |φ(k)(t)| ≥ 1 gia k�poio
k ≥ 1 kai ìla ta t ∈ [a, b]. Tìte

|{t ∈ [a, b] : |φ(t)| ≤ α}| ≤ 2kα
1
k . (1.4)

Apìdeixh. 'Estw Eα = {t ∈ [a, b] : |φ(t)| ≤ α}. To Eα eÐnai mia peperasmènh ènwsh kleist¸n
diasthm�twn. Ta metafèroume ètsi ¸ste na sqhmatÐsoun èna mìno di�sthma I m kouc |Eα| kai
dialègoume k+ 1 isapèqonta shmeÐa sto I. An epanafèroume ta diast mata sthn arqik  touc jèsh,
katal goume me k + 1 shmeÐa x0, x1, x2, . . . , xk sto Eα pou ikanopoioÔn thn
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|xj − xl| ≥ |Eα|
|j − l|
k

. (1.5)

JewroÔme to polu¸numo parembol c Lagrange h(x), pou paremb�lei tic timèc φ(x0), φ(x1), . . . , φ(xk):

h(x) =
k∑

n=0

φ(xn)
(x− x0) · · · (x− xn−1)(x− xn+1) · · · (x− xk)

(xn − x0) · · · (xn − xn−1)(xn − xn+1) · · · (xn − xk)
.

H sun�rthsh F (x) = h(x) − φ(x) eÐnai k forèc paragwgÐsimh kai mhdenÐzetai se kajèna apo ta
x0, x1, . . . , xk. Up�rqoun sunep¸c k shmeÐa ξ1, ξ2, . . . , ξk, ìpou x0 < ξ1 < x1 < ξ2 < · · · < ξk <
xk, tètoia ¸ste F ′(ξ1) = F ′(ξ2) = · · · = F ′(ξk) = 0. Efarmìzontac to Ðdio epiqeÐrhma k forèc
sumperaÐnoume ìti up�rqei k�poio shmeÐo ξ ∈ (a, b) tètoio ¸ste F (k)(ξ) = h(k)(ξ) − φ(k)(ξ) = 0.
'Eqoume sunep¸c ìti

φ(k)(ξ)
k!

=
k∑

n=0

φ(xn)
(xn − x0) · · · (xn − xn−1)(xn − xn+1) · · · (xn − xk)

.

T¸ra, apo thn upìjesh |φ(k)(t)| ≥ 1 kai thn idiìthta (1.5) twn shmeÐwn x0, x1, x2, . . . , xk, paÐrnoume
ìti

1
k!
≤

∣∣φ(k)(ξ)
∣∣

k!
≤ α

k∑
n=0

1
|xn − x0| · · · |xn − xn−1||xn − xn+1| · · · |xn − xk|

≤ α

k∑
n=0

kk

n!(k − n)!|Eα|k
≤ αkk

|Eα|kk!

k∑
n=0

(
k

n

)
=

αkk

|Eα|kk!
2k,

kai sunep¸c
|Eα|k ≤ αkk2k.

PaÐrnontac k−ostèc rÐzec kai sta dÔo mèlh thc parap�nw sqèshc, oloklhr¸netai h apìdeixh thc
Prìtashc.

H apìdeixh thc Prìtashc 1.1 eÐnai t¸ra �mesh.

Apìdeixh thc Prìtashc 1.1. Ja apodeÐxoume pr¸ta thn Prìtash sthn perÐptwsh k = 1. 'Eqoume∫ b

a
eiλφ(t)dt =

eiλφ(b)

iλφ′(b)
− eiλφ(a)

iλφ′(a)
− 1
iλ

∫ b

a
eiλφ(t) d

dt

(
1

φ′(t)

)
dt.
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Sunep¸c ∣∣∣∣∫ b

a
eiλφ(t)dt

∣∣∣∣ ≤ 1
λ |φ′(b)|

+
1

λ |φ′(a)|
+

1
λ

∫ b

a

∣∣∣∣ ddt
(

1
φ′(t)

)∣∣∣∣ dt.
Apo thn upìjesh thc monotonÐac thc φ′ èqoume t¸ra ìti

1
λ

∫ b

a

∣∣∣∣ ddt
(

1
φ′(t)

)∣∣∣∣ dt =
1
λ

∣∣∣∣∫ b

a

d

dt

(
1

φ′(t)

)
dt

∣∣∣∣ =
1
λ

∣∣∣∣ 1
φ′(b)

− 1
φ′(a)

∣∣∣∣ ≤ 1
λ
.

Apo tic dÔo teleutaÐec sqèseic èqoume:∣∣∣∣∫ b

a
eiλφ(t)dt

∣∣∣∣ ≤ 2
λ

max
(

1
|φ′(a)|

,
1

|φ′(b)|

)
≤ 2
λ
.

Autì apodeiknÔei thn Prìtash sthn perÐptwsh k = 1 me c = 2.
'Estw t¸ra k ≥ 2. Gia k�poio α > 0 pou ja kajoristeÐ argìtera, gr�foume∣∣∣∣∫ b

a
eiλφ(t)dt

∣∣∣∣ ≤

∣∣∣∣∣
∫
{t∈[a,b]:|φ′(t)|≥α}

eiλφ(t)dt

∣∣∣∣∣ +
∫
{t∈[a,b]:|φ′(t)|<α}

dt = I1 + I2.

Gia na ektim soume to I2 = |{t ∈ [a, b] : |φ′(t)| < α}| qrhsimopoioÔme thn Prìtash 1.2 gia th
sun�rthsh φ′ gia na p�roume I2 ≤ 2(k − 1)α

1
k−1 . Gia to I1 parathroÔme ìti h upìjesh

∣∣φ(k)(t)
∣∣ ≥ 1

shmaÐnei ìti to sÔnolo {t ∈ [a, b] : |φ′(t)| ≥ α} eÐnai mia ènwsh to polÔ 2k diasthm�twn se kajèna
apo ta opoÐa h φ′ eÐnai monìtonh. Qrhsimopoi¸ntac to apotèlesma gia k = 1 se kajèna apo aut� ta
diast mata paÐrnoume loipìn ìti I1 ≤ 4 k

λα . 'Ara∣∣∣∣∫ b

a
eiλφ(t)dt

∣∣∣∣ ≤ 4
k

λα
+ 2(k − 1)α

1
k−1 .

Beltistopoi¸ntac wc proc α, katal goume sto ìti∣∣∣∣∫ b

a
eiλφ(t)dt

∣∣∣∣ ≤ 4k

λ
1
k

.

Parat rhsh 1.3. H grammik  ex�rthsh twn stajer¸n apo to k stic Prot�seic 1.1 kai 1.2 eÐnai
bèltisth ìpwc mporeÐ na diapist¸sei kaneÐc elègqont�c tic me th sun�rthsh φ(t) = tk

k! .

H ektÐmhsh pou perièqetai sthn Prìtash 1.1 odhgeÐ se mia an�logh ektÐmhsh gia oloklhr¸mata
thc morf c (1.1).
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Pìrisma 1.4. An h φ ikanopoieÐ thc upojèseic thc Prìtashc 1.1 kai h ψ eÐnai mia C1-sun�rthsh,
tìte ∣∣∣∣∫ b

a
eλiφ(t)ψ(t)dt

∣∣∣∣ ≤ c k

λ
1
k

{
|ψ(b)|+

∫ b

a

∣∣ψ′(t)∣∣ dt} (1.6)

Apìdeixh. Gr�foume F (t) =
∫ t
a e

iλφ(x)dx. Tìte, apo thn Prìtash 1.1 èqoume∣∣∣∣∫ b

a
eλiφ(t)ψ(t)dt

∣∣∣∣ =
∣∣∣∣∫ b

a
F ′(t)ψ(t)dt

∣∣∣∣ =
∣∣∣∣F (b)ψ(b)−

∫ b

a
F (t)ψ′(t)dt

∣∣∣∣
≤ c k

λ
1
k

{
|ψ(b)|+

∫ b

a

∣∣ψ′(t)∣∣ dt}.

1.2 Oloklhr¸mata tal�ntwshc pr¸tou tÔpou, pollèc metablhtèc

Stic pollèc metablhtèc mac endiafèrei h sumperifor� tou oloklhr¸matoc

Iψ(λ) =
∫

Rn

eiλφ(x)ψ(x)dx (1.7)

kaj¸c λ → +∞, ìpou h sun�rthsh f�shc φ eÐnai pragmatik  kai omal  kai h ψ eÐnai mia omal 
migadik  sun�rthsh me sumpag  forèa. H kat�stash stic pollèc metablhtèc apèqei arket� apo to
na eÐnai tìso xek�jarh ìso sth mÐa di�stash kai ta sqetik� apotelèsmata apèqoun arket� apo to
na eÐnai bèltista.

To pr¸to pou k�nei kaneÐc eÐnai na jewr sei to olokl rwma∫
Rn

eiλφ(x)dx (1.8)

kai na prospaj sei met� na sumper�nei ektim seic gia oloklhr¸mata thc morf c (1.7). Ta pro-
bl mata arqÐzoun amèswc diìti stic pollèc diast�seic ikanopoihtik� apotelèsmata gia to (1.8) den
isqÔoun se olìklhro to q¸ro all� mìno an perioristoÔme se kat�llhla fragmèna uposÔnola tou
Rn. Gia eukolÐa douleÔoume sto monadiaÐo kÔbo tou Rn, Q = [0, 1]n, kai melet�me oloklhr¸mata
thc morf c

I(λ) =
∫
Q
eiλφ(x)dx. (1.9)

Idanik� ed¸ ja jèlame na upojèsoume ìti gia k�poio poludeÐkth β ∈ Nn
o me |β| > 0 èqoume

|Dβφ(x)| ≥ 1 (1.10)
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ston Q kai na sumper�noume ìti ∣∣∣∣∫
Q
eiλφ(x)dx

∣∣∣∣ ≤ cn,βλ
−ε, (1.11)

omoiìmorfa gia ìlec tic φ pou ikanopoioÔn thn (1.10). Autì shmaÐnei ìti h stajer� cn,β kai o ekjèthc
ε prèpei na exart¸ntai mìno apo th di�stash n kai ton poludeÐkth β. O fainomenik� {fusiologikìc}
ekjèthc sthn (1.11) eÐnai ε = 1

|β| .
H kentrik  idèa eÐnai aut  pou anaptÔqjhke sthn pr¸th par�grafo kai axiopoi jhke sthn pe-

rÐptwsh thc mÐac metablht c. An gnwrÐzoume {kalèc} ektim seic gia ta sÔnola upo-st�jmhc thc
sun�rthshc φ,

{x ∈ Q : |φ(x)| ≤ α},
tìte mporoÔme na p�roume antÐstoiqec ektim seic gia ta oloklhr¸mata thc morf c (1.9). 'Eqoume
gia par�deigma ta ex c Jewr mata.

Je¸rhma 1.5. Gia k�je poludeÐkth β ∈ Nn
o me |β| > 0 up�rqei k�poio ε = εβ,n > 0 kai k�poia

jetik  stajer� cβ,n, pou exart¸ntai mìno apo ta β kai n, tètoia ¸ste gia k�je pragmatik  sun�rthsh
φ ∈ C |β|(Q) pou ikanopoieÐ thn

∣∣Dβφ(x)
∣∣ ≥ 1 ston Q kai k�je α > 0 na isqÔei

|{x ∈ Q : |φ(x)| < α}| ≤ cβ,n α
ε. (1.12)

Je¸rhma 1.6. 'Estw β = (β1, . . . , βn) 6= 0 k�poioc poludeÐkthc kai upojètoume ìti βj ≥ 2 gia èna
toul�qiston j ∈ {1, 2, . . . , n}. Tìte, up�rqei k�poio ε = εβ,n > 0 kai k�poia jetik  stajer� cβ,n, pou
exart¸ntai mìno apo ta β kai n, ètsi ¸ste gia k�je pragmatik  sun�rthsh φ ∈ C |β|(Q) pou ikanopoieÐ
thn

∣∣Dβφ(x)
∣∣ ≥ 1 ston Q kai gia k�je λ > 0 isqÔei ìti∣∣∣∣∫

Q
eiλφ(x)dx

∣∣∣∣ ≤ cβ,nλ
−ε. (1.13)

Ta apotelèsmata aut� diatup¸jhkan kai apodeÐqjhkan sto [4]. Oi suggrafeÐc sto [4] apodei-
knÔoun epÐshc ta parap�nw Jewr mata me ton isqurìtero ekjèth ε = 1

|β| k�tw apo k�poiec epiplèon
upojèseic {kurtìthtac} gia th sun�rthsh f�shc φ. Autì eÐnai to perieqìmeno twn akìloujwn Jew-
rhm�twn.

Je¸rhma 1.7. Upojètoume ìti φ ∈ C |β|(Q), ìti
∣∣Dβφ(x)

∣∣ ≥ 1 ston Q kai epiplèon ìti gia k�poiouc
deÐktec N2 > β2, N3 > β3, . . . , Nn > βn oi merikèc par�gwgoi

D(0,0,...,Nn)φ, D(0,0,...,0,Nn−1,βn)φ, . . . , D(0,N2,β3,...,βn)φ,

èqoun ìlec stajerì prìshmo. Tìte, up�rqei mia jetik  stajer� cβ,N2,...,Nn pou exart�tai mìno apo ta
β,N2, . . . , Nn tètoia ¸ste gia k�je α > 0

|{x ∈ Q : |φ(x)| < α}| ≤ cβ,N2,...,Nnα
1
|β| . (1.14)
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Apìdeixh. H apìdeixh gÐnetai me epagwg  sth di�stash n. H perÐptwsh n = 1 eÐnai h Prìtash 1.2
kai sunep¸c upojètoume ìti to apotèlesma isqÔei gia di�stash n− 1. An E = {x ∈ Q : |φ(x)| < α},
gia k�poio γ > 0 pou ja kajoristeÐ argìtera gr�foume

|E| =
∫
Q
χE(x′, xn)dx =

∫
Q1

∫
Qn−1

χE(x′, xn)dx′dxn

=
∫
Q1

∫
{x′∈Qn−1:|∂βnφ(x)/∂xβn

n |≥γ}
χE(x′, xn)dx′dxn

+
∫
Q1

∫
{x′∈Qn−1:|∂βnφ(x)/∂xβn

n |<γ}
χE(x′, xn)dx′dxn = I + II.

Gr�foume β = (β′, βn). Gia to II qrhsimopoioÔme thn epagwgik  upìjesh gia to Dβ′ kai thn
(∂/∂xn)βnφ sth jèsh thc φ kai paÐrnoume II ≤ cβ′,N2,...,Nn−1γ

1
|β′| . Gia to I, to gegonìc ìti h merik 

par�gwgoc ∂Nnφ/∂xNn
n èqei stajerì prìshmo diasfalÐzei ìti to di�sthma [0, 1] gr�fetai san ènwsh

fragmènou pl jouc diasthm�twn se kajèna apo ta opoÐa |∂βnφ(x)/∂xβn
n | ≥ γ. Qrhsimopoi¸ntac th

monodi�stath ektÐmhsh, dhlad  thn Prìtash 1.2, paÐrnoume I ≤ cNn(α/γ)
1

βn . Sunep¸c èqoume |E| ≤

cβ,N2,...,Nn(γ
1
|β′| + (α/γ)

1
βn ). Beltistopoi¸ntac wc proc γ, γ = α

|β′|
|β| , oloklhr¸netai h apìdeixh.

'Opwc kai prin, to Je¸rhma 1.7 sunep�getai thn antÐstoiqh ektÐmhsh gia to olokl rwma (1.9).
Autì eÐnai to perieqìmeno tou akìloujou Jewr matoc.

Je¸rhma 1.8. K�tw apo tic upojèseic tou Jewr matoc 1.7, up�rqei mia stajer� cβ,N2,...,Nn ètsi
¸ste

|I(λ)| =
∣∣∣∣∫
Q
eiλφ(x)dx

∣∣∣∣ ≤ cβ,N2,...,Nnλ
− 1
|β| (1.15)

Apìdeixh. 'Eqoume

|I(λ)| ≤

∣∣∣∣∣
∫
{x∈Q:|(∂φ(x)/∂xn)βn |≥γ}

eiλφ(x)dx

∣∣∣∣∣ + |{x ∈ Q : |(∂φ(x)/∂xn)βn | < γ}| = I + II.

Gia to II qrhsimopoioÔme to Je¸rhma 1.7 gia na p�roume II ≤ cβ′,N2,...,Nnγ
1
|β′| . Gia na ekti-

m soume to I qrhsimopoioÔme thn Prìtash 1.1 afoÔ gia k�je x′ ∈ Qn−1 to sÔnolo {xn ∈ [0, 1] :∣∣∂βnφ

∂xβn
n

(x′, xn)
∣∣ ≥ γ} apoteleÐtai apo fragmèna to pl joc diast mata. 'Etsi paÐrnoume I ≤ cNn(λγ)−

1
βn .

Epilègontac γ = λ
− |β′|

|β| paÐrnoume thn (1.15).

AxÐzei tèloc na anafèroume èna apotèlesma tou Stein gia thn ektÐmhsh twn oloklhrwm�twn thc
morf c (1.7) pou mporeÐ na brejeÐ sto [15]. O Stein dÐnei th bèltisth ektÐmhsh ìson afor� ston
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ekjèth ε = 1
|β| , all� to apotèlesm� tou den eÐnai omoiìmorfo gia ìlec tic φ pou ikanopoioÔn thn

(1.10). Eidikìtera èqoume to ex c Je¸rhma.

Je¸rhma 1.9. 'Estw ìti h ψ eÐnai omal  kai èqei forèa entìc thc monadiaÐac mp�lac ston Rn.
Upojètoume epÐshc ìti h φ eÐnai mia pragmatik  sun�rthsh tètoia ¸ste gia k�poio poludeÐkth β me
|β| > 0 na ikanopoieÐ thn

|Dβφ| ≥ 1

entìc tou forèa thc ψ. Tìte∣∣∣∣∫
Rn

eiλφ(x)ψ(x)dx
∣∣∣∣ ≤ ck(φ)λ−

1
k {‖ψ‖L∞ + ‖∇ψ‖L1} (1.16)

ìpou k = |β|; h stajer� ck(φ) eÐnai anex�rthth twn λ kai ψ kai paramènei fragmènh efìson h Ck+1

nìrma thc φ paramènei fragmènh.

1.3 Shmei¸seic kai anaforèc

1.3.1 Anaforèc

Oi basikèc anaforèc gia autì to kef�laio eÐnai ta [14],[15], [1] kai [4]. H apìdeixh twn Prot�sewn
1.1 kai 1.2 pou parousi�sthke ed¸ basÐsthke sto [1]. Oi Ðdiec ousiastik� apodeÐxeic perièqontai sto
[4]. Sto [4], h Prìtash 1.2 axiopoieÐtai epagwgik� gia na d¸sei Jewr mata ìpwc ta 1.5, 1.6, 1.7 kai
1.8. To Je¸rhma 1.9 apodeiknÔetai sta [14] kai [15].

1.3.2 SÔnola upo-st�jmhc stic pollèc diast�seic

To prìblhma thc ektÐmhshc tou n−di�statou mètrou Lebesgue tou sunìlou

Eα = {x ∈ Q : |φ(x)| ≤ α},

gia ìlec tic φ me |Dβφ| ≥ 1 ston Q kai qwrÐc epiplèon upojèseic brÐskei mia ap�nthsh sto Je¸rhma
1.5:

|{x ∈ Q : |φ(x)| ≤ α}| ≤ cβ,nα
ε.

To kat� pìso o ekjèthc ε mporeÐ na p�rei th {bèltisth} tim  ε = 1
|β| den eÐnai gnwstì. Stic dÔo

diast�seic, èqoume to ex c Je¸rhma, pou apodeiknÔetai sto [4].

Je¸rhma 1.10. 'Estw φ ∈ C2(Q2) me |∂
2φ(x)
∂x∂y | ≥ 1 ston Q2. Tìte

|{x ∈ Q2 : |φ(x)| ≤ α}| ≤ cα
1
2 | logα|

1
2 .

Parathr ste ìti h pio p�nw ektÐmhsh {apèqei} èna logarijmikì par�gonta apo th fainomenik�
bèltisth ektÐmhsh α

1
2 .
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1.3.3 SÔndesh me probl mata sunduastik c

To parap�nw prìblhma ektÐmhshc enìc sunìlou upo-st�jmhc èqei mia fusiologik  sÔndesh me
k�poia sunduastik� probl mata.

Er¸thma 1.11. 'Estw E ⊆ Q2 = [0, 1]2 me |E| > 0. EÐnai al jeia ìti gia k�poia apìluth jetik 
stajer� c, mporoÔme p�nta na broÔme shmeÐa A,B,C,D ∈ E tètoia ¸ste to tetr�pleuro ABCD na
eÐnai orjog¸nio parallhlìgrammo me pleurèc par�llhlec stouc �xonec, kai me embadìn toul�qiston
c|E|2?

To er¸thma 1.11 èqei mia isodÔnamh diakrit  diatÔpwsh:

Er¸thma 1.12. 'Estw M,N jetikoÐ akèraioi kai A ènac N ×N pÐnakac me toul�qiston M sunte-
tagmènec Ðsec me 1 kai tic upìloipec Ðsec me 0. Up�rqei k�poia apìluth jetik  stajer� c > 0 kai
k�poioc 2× 2 upopÐnakac tou A, me ìlec tic suntetagmènec tou Ðsec me 1 kai {embadìn} toul�qiston
cM2/N2?

Tuqìn jetik  ap�nthsh sta parap�nw erwt mata èqei ¸c �mesh sunèpeia thn ektÐmhsh

|{x ∈ Q : |φ(x)| ≤ α}| ≤ cα
1
2 ,

gia ìlec tic φ me | ∂
2φ

∂x∂y | ≥ 1 ston Q. Pr�gmati,an sto sÔnolo Eα = {x ∈ Q : |φ(x)| ≤ α} up�rqoun
tèssera shmeÐa (xi, yi), i, j ∈ {0, 1}, ¸ste to embadìn tou parallhlogr�mmou T , pou sqhmatÐzoun
na eÐnai toul�qiston c|Eα|2, tìte

c|Eα|2 ≤ |T | ≤
∫
T

∣∣∣∣∂2φ(x)
∂x∂y

∣∣∣∣ dxdy ≤ 4α,

kai sunep¸c |Eα| ≤ cα
1
2 . Gia perissìterec leptomèreiec parapèmpoume ton anagn¸sth sto [4].



KEF�ALAIO 2

Oloklhr¸mata tal�ntwshc me poluwnumik  f�sh ston Rn

Sto kef�laio autì epikentrwnìmaste se oloklhr¸mata tal�ntwshc pr¸tou tÔpou ìpou h sun�r-
thsh f�shc eÐnai k�poio pragmatikì polu¸numo ston Rn. SumbolÐzoume me Pd,n to dianusmatikì
q¸ro ìlwn twn pragmatik¸n poluwnÔmwn ston Rn, bajmoÔ to polÔ d. To tuqìn P ∈ Pd,n gr�fetai
sth morf 

P (x) =
∑

0≤|α|≤d

cαx
α = c0 +

∑
0<|α|≤d

cαx
α1
1 xα2

2 · · ·xαn
n . (2.1)

'Estw loipìn P ∈ Pd,n kai gr�foume Q = [0, 1]n gia to monadiaÐo kÔbo ston Rn. Jèloume na
melet soume th sumperifor� tou oloklhr¸matoc

I(λ) =
∫
Q
eiλP (x)dx (2.2)

kaj¸c λ→ +∞.

2.1 Ektim seic van der Corput kai polu¸numa

Oi analutikèc idiìthtec twn poluwnÔmwn mac epitrèpoun na p�roume ektim seic gia to I(λ), pra-
ktik� qwrÐc kamÐa upìjesh. Gia par�deigma, oi sunj kec kurtìthtac pou epib�llontai stic sunart -
seic f�shc twn Jewr matwn 1.7 kai 1.8 ikanopoioÔntai autom�twc. 'Etsi paÐrnoume ta akìlouja.

Je¸rhma 2.1. Gia k�je d, n up�rqei mia jetik  stajer� cd,n tètoia ¸ste gia k�je poludeÐkth β kai
k�je polu¸numo P ∈ Pd,n pou ikanopoieÐ thn |DβP (x)| ≥ 1 gia k�je x ∈ Q,

|{x ∈ Q : |P (x)| < α}| ≤ cd,nα
1
|β| . (2.3)

AntÐstoiqa, to Je¸rhma 1.8 mac dÐnei èna apotèlesma tÔpou van der Corput ston Rn gia polu¸-
numa.

11
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Je¸rhma 2.2. Gia k�je d, n up�rqei mia jetik  stajer� cd,n tètoia ¸ste gia k�je poludeÐkth β kai
k�je polu¸numo P ∈ Pd,n pou ikanopoieÐ thn |DβP (x)| ≥ 1 gia k�je x ∈ Q,∣∣∣∣∫

Q
eiλP (x)dx

∣∣∣∣ ≤ cd,nλ
− 1
|β| . (2.4)

An P ∈ Pd,n mporoÔme p�nta na broÔme k�poio β ∈ Nn
o me |β| = d ¸ste |DβP (x)| ≥ |cβ| pantoÔ

ston Rn. Sunep¸c, to Je¸rhma 2.2 mac dÐnei �mesa ìti gia k�je polu¸numo P ∈ Pd,n up�rqei
k�poioc poludeÐkthc β me |β| = d ¸ste∣∣∣∣∫

Q
eiP (x)dx

∣∣∣∣ ≤ cd,n|cβ|−
1
d , (2.5)

ìpou h stajer� cd,n exart�tai mìno apo ta d kai n. H ektÐmhsh (2.5) mporeÐ na gÐnei isqurìterh.

Pìrisma 2.3. 'Estw P ∈ Pd,n, P (x) =
∑

0≤|α|≤d cαx
α. Tìte∣∣∣∣∫

Q
eiP (x)dx

∣∣∣∣ ≤ cd,n

( ∑
0<|α|≤d

|cα|
)− 1

d

, (2.6)

ìpou h stajer� cd,n exart�tai mìno apo ta d kai n.

Apìdeixh. MporoÔme, qwrÐc bl�bh thc genikìthtac, na upojèsoume ìti to polu¸numo P den èqei
stajerì ìro, dhlad  ìti P (0) = 0. JewroÔme to q¸ro P = {P ∈ Pd,n : P (0) = 0} efodiasmèno me
th nìrma ‖P‖ =

∑
0<|α|≤d |cα|. To sunarthsoeidèc

θ(P ) = max
0<|α|<d

inf
x∈Q

|DαP (x)|

eÐnai suneqèc sto q¸ro P kai omogenèc bajmoÔ 1. EpÐshc, gia k�je mh mhdenikì P ∈ P èqoume ìti
θ(P ) 6= 0. Sunep¸c, up�rqei mia stajer� cd,n pou exart�tai mìno apo ta n kai d ¸ste θ(P ) ≥ cd,n ‖P‖
gia ìla ta P. To Je¸rhma 2.2 dÐnei t¸ra to epijumhtì sumpèrasma.

Parat rhsh 2.4. Oi suggrafeÐc sto [4] apodeiknÔoun epÐshc ìti sth mÐa di�stash èqoume thn
ektÐmhsh cd,1 ≤ cd gia k�poia apìluth jetik  stajer� c. Den sumperil�bame aut n thn apìdeixh
afoÔ ja deÐxoume sth sunèqeia èna isqurìtero apotèlesma.

JewroÔme to dianusmatikì q¸ro poluwnÔmwn Pod,n = {P ∈ Pd,n :
∫
Q P (x)dx = 0}, dhlad 

to q¸ro ìlwn twn pragmatik¸n poluwnÔmwn ston Rn, bajmoÔ to polÔ d, me mèsh tim  mhdèn sto
monadiaÐo kÔbo Q. Gia P ∈ Pod,n èqoume ìti∑

0≤|α|≤d

|cα| ≤ 2
∑

0<|α|≤d

|cα|,
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kai sunep¸c, gia P ∈ Pod,n, to Pìrisma 2.3 dÐnei ìti∣∣∣∣∫
Q
eiP (x)dx

∣∣∣∣ ≤ cd,n
( ∑

0≤|α|≤d

|cα|
)− 1

d .

Efìson ìlec oi nìrmec sto q¸ro Pod,n eÐnai isodÔnamec, me stajerèc pou exart¸ntai mìno apo ta
d kai n, to Pìrisma 2.3 gr�fetai isodÔnama wc ex c.

Pìrisma 2.5. 'Estw P ∈ Pod,n kai ‖ · ‖ mia nìrma sto q¸ro Pod,n. Tìte∣∣∣∣∫
Q
eiP (x)dx

∣∣∣∣ ≤ cd,n‖P‖−
1
d , (2.7)

ìpou h stajer� cd,n exart�tai mìno apo ta d,n kai thn epilog  thc nìrmac.

O skopìc autoÔ tou kefalaÐou, apo ed¸ kai pèra, eÐnai na melet sei tic stajerèc pou emfanÐzontai
se ektim seic tou tÔpou (2.7). Gia to lìgo autì jewroÔme skìpimo sto shmeÐo autì na k�noume mia
mikr  par�kamyh ¸ste na d¸soume k�poia basik� apotelèsmata gia tic stajerèc pou emfanÐzontai
sthn isodunamÐa twn norm¸n poluwnÔmwn ston Rn.

2.2 IsodÔnamec nìrmec poluwnÔmwn kai sÔnola upo-st�jmhc

JewroÔme to dianusmatikì q¸ro poluwnÔmwn Pd,n kai k�poio kurtì s¸ma K, ìgkou 1, ston Rn.
Efìson o q¸roc Pd,n èqei peperasmènh di�stash , oi nìrmec (

∫
K |P (x)|pdx)

1
p , 1 ≤ p ≤ ∞, eÐnai ìlec

isodÔnamec. Se aut  thn par�grafo jèloume na melet soume tic stajerèc pou emfanÐzontai se autèc
tic isodunamÐec. Parapèmpoume ton anagn¸sth sto [6] kai stic anaforèc pou emfanÐzontai ekeÐ gia
peissìterec leptomèreiec.

'Estw 1 ≤ p ≤ q ≤ ∞. H anisìthta Hölder dÐnei tìte ìti

‖P‖Lp(K) ≤ ‖P‖Lq(K) , (2.8)

kai h stajer� 1 pou emfanÐzetai sthn parap�nw anisìthta eÐnai bèltisth. Gia thn antÐjeth kateÔjunsh
èqoume to akìloujo Je¸rhma pou apodeiknÔetai sto [6].

Je¸rhma 2.6. 'Estw P : Rn → R èna polu¸numo bajmoÔ to polÔ d kai K èna kurtì s¸ma ston Rn,
ìgkou 1. 'Estw 1 ≤ p ≤ q ≤ ∞. Tìte up�rqei mia apìluth jetik  stajer� c, tètoia ¸ste

(i) An n
d ≤ p ≤ q tìte

‖P‖
1
d

Lq(K) ≤ c ‖P‖
1
d

Lp(K).
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(ii) An p ≤ n
d ≤ q tìte

‖P‖
1
d

Lq(K) ≤ c
n

pd
‖P‖

1
d

Lp(K).

(iii) An p ≤ q ≤ n
d , tìte

‖P‖
1
d

Lq(K) ≤ c
q

p
‖P‖

1
d

Lp(K).

Oi stajerèc pou emfanÐzontai sto parap�nw Je¸rhma eÐnai bèltistec modulo thn arijmhtik 
stajer� c ìtan jèloume na gr�youme tic anisìthtec gia aujaÐreta kurt� s¸mata K ston Rn. Den
gnwrÐzoume gia par�deigma an oi stajerèc autèc mporoÔn na beltiwjoÔn ìtan jewr soume wc kurtì
s¸ma ton monadiaÐo kÔbo ston Rn, dhlad  ìtan K = Q.

Gia 0 ≤ p ≤ 1 ≤ q ≤ ∞, to an�logo tou Jewr matoc 2.6 eÐnai to Je¸rhma 2.7 pou akoloujeÐ.
Sto Je¸rhma autì ektim�tai to sÔnolo upo-st�jmhc enìc poluwnÔmou se èna kurtì s¸ma ston Rn

an gnwrÐzoume thn Lq(K) nìrma tou poluwnÔmou. Apo th suz thsh pou èqei prohghjeÐ, gnwrÐzoume
ìti ektim seic gia ta sÔnola upost�jmhc sunep�gontai antÐstoiqec ektim seic gia ta oloklhr¸mata
tal�ntwshc. Oi ektim seic pou diatup¸nontai sto akìloujo Je¸rhma tou [6] ja mac fanoÔn idiaÐtera
qr simec se ì,ti akoloujeÐ.

Je¸rhma 2.7. 'Estw P : Rn → R èna polu¸numo bajmoÔ to polÔ d kai K èna kurtì s¸ma ston Rn,
ìgkou 1. 'Estw 1 ≤ q ≤ ∞. Tìte up�rqei mia apìluth jetik  stajer� c, anex�rthth twn P , d, K, q
kai n, tètoia ¸ste, gia k�je α > 0,

|{x ∈ K : |P (x)| ≤ α}| ≤ cmin(n, qd)α
1
d ‖P‖−

1
d

Lq(K) . (2.9)

Kai p�li,   stajer� cmin(n, qd) sto dexÐ mèloc thc (2.9) eÐnai bèltisth sto plaÐsio twn aujaÐretwn
kurt¸n swm�twn ìgkou 1.

Koit¸ntac thn an�ptuxh tou KefalaÐou 1, katalabaÐnei kaneÐc ìti oi ektim seic gia ta sÔnola
upo-st�jmhc qrhsimopoioÔntai gia k�poia par�gwgo thc sun�rthshc f�shc kai ìqi gia thn Ðdia
th sun�rthsh. Parathr¸ntac thn exÐswsh (2.9) katalabaÐnei kaneÐc pwc h qr sh thc gia k�poia
par�gwgo tou poluwnÔmou P ston Rn ja emfanÐsei thn antÐstoiqh nìrma thc parag¸gou sto dexÐ
mèloc. Gia to lìgo autì diatup¸noume sth sunèqeia èna aplì L mma pou ja mac epitrèyei na
sugkrÐnoume thn L2(Q) nìrma enìc poluwnÔmou P me thn L2(Q) nìrma tou ∇P . Prìkeitai gia mia
anisìthta Poincaré gia polu¸numa sto monadiaÐo kÔbo tou Rn.

L mma 2.8. 'Estw P : Rn → R èna polu¸numo me mèsh tim  mhdèn sto monadiaÐo kÔbo Q = [0, 1]n.
Tìte

‖P‖L2(Q) ≤ c ‖∇P (x)‖L2(Q),

gia k�poia apìluth jetik  stajer� c, anex�rthth twn P kai n.
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H apìdeixh tou L mmatoc 2.8 eÐnai mia apl  efarmog  twn seir¸n Fourier sto monadiaÐo kÔbo Q
tou Rn.

KleÐnoume autì to Kef�laio dÐnontac mÐa akìma efarmog  tou Jewr matoc 2.7. 'Estw 1 ≤ q <∞
kai 1

p + 1
q = 1. MÐa sun�rthsh b�rouc ω (dhlad  mia mh arnhtik  metr simh sun�rthsh) gia thn

opoÐa up�rqei stajer� K < +∞ ¸ste

1
|B|

∫
B
ω(x)dx

(
1
|B|

∫
B
ω(x)−

p
q dx

) q
p

≤ K < +∞

gia k�je mp�laB lème ìti an kei sthn kl�sh bar¸nAq. 'Otan q = 1 h par�stash
(

1
|B|

∫
B ω(x)−

p
q dx

) q
p

antikajÐstatai apo to esssupB
(

1
ω

)
. H mikrìterh stajer�K gia thn opoÐa isqÔei h parap�nw ektÐmhsh

onom�zetai Aq stajer� tou b�rouc ω kai sumbolÐzetai me Aq(ω). Gia ta polu¸numa ston Rn èqoume
to akìloujo apotèlesma proc aut  thn kateÔjunsh.

Pìrisma 2.9. 'Estw P : Rn → R èna polu¸numo bajmoÔ to polÔ d kai K èna kurtì s¸ma ston Rn,
ìgkou 1. 'Estw 1 ≤ p ≤ ∞ kai 0 < ε < 1

d . Tìte up�rqei mia apìluth jetik  stajer� c, anex�rthth
twn P , d, K, p, ε kai n, tètoia ¸ste( ∫

K
|P (x)|−εdx

) 1
ε
( ∫

K
|P (x)|pdx

) 1
p

≤
(
cmin(n, pd)

dε

1− dε

)d

.

Apìdeixh. 'Estw èna polu¸numo P bajmoÔ to polÔ d kai K èna kurtì s¸ma ston Rn ìgkou 1. Gia
1 ≤ p ≤ ∞ kai k�poio λ > 0 pou ja kajoristeÐ argìtera, gr�foume∫

K
|P (x)|−εdx =

∫ ∞

0
|{x ∈ K : |P (x)|−ε > α}|dα

≤ λ+
∫ ∞

λ
|{x ∈ K : |P (x)| < α−

1
ε }|dα.

Qrhsimopoi¸ntac t¸ra thn ektÐmhsh tou Jewr matoc 2.7 gia to sÔnolo upo-st�jmhc tou poluwnÔmou
P , paÐrnoume ∫

K
|P (x)|−εdx ≤ λ+ cmin(n, pd)‖P‖−

1
d

Lp(K)

∫ ∞

λ
α−

1
dεdα

= λ+ cmin(n, pd)‖P‖−
1
d

Lp(K)

λ−
1
dε

+1

1
dε − 1

,

afoÔ ε < 1
d . Elaqistopoi¸ntac wc proc λ h parap�nw �nisìthta gÐnetai,∫

K
|P (x)|−εdx ≤

(
cmin(n, pd)

dε

1− dε

)dε

‖P‖−εLp(K),

pou eÐnai h zhtoÔmenh ektÐmhsh.



16 2.Oloklhr¸mata tal�ntwshc me poluwnumik  f�sh ston Rn

To parap�nw Pìrisma dÐnei ìti gia èna polu¸numo P ∈ Pd,n, h sun�rthsh ω = |P | eÐnai b�roc
ston Rn kai m�lista

Aq(|P |) ≤
(
c
dmin(n, d)
q − (d+ 1)

)d

gia k�je q > d + 1. Gia mia akìma efarmog  tou PorÐsmatoc 2.9 blèpe parak�tw sthn par�grafo
3.3.

2.2.1 Ektim seic gia polu¸numa sth mÐa di�stash

'Opwc eÐjistai, oi ektim seic sth mÐa di�stash eÐnai plhrèsterec kai pio akribeÐc. Gia par�deigma,
to Je¸rhma 2.6 dÐnei ìti, gia 1 ≤ p ≤ q ≤ ∞, èqoume

‖P‖
1
d

Lp[0,1] ≤ ‖P‖
1
d

Lq [0,1] ≤ c‖P‖
1
d

Lp[0,1].

An P (t) = b0+b1t+· · ·+bdtd, h Prìtash 1.2 mac dÐnei gia to sÔnolo upost�jmhc tou poluwnÔmou
P ìti

|{x ∈ [0, 1] : |P (x)| ≤ α}| ≤ cα
1
d |bd|−

1
d . (2.10)

AntÐstoiqa, to Je¸rhma 2.7, sthn perÐptwsh n = 1, dÐnei thn ektÐmhsh

|{x ∈ [0, 1] : |P (x)| ≤ α}| ≤ cα
1
d ‖P‖−

1
d

Lp[0,1] . (2.11)

H {qeirìterh} nìrma, pou dÐnei thn kalÔterh ektÐmhsh gia to sÔnolo upost�jmhc tou poluwnÔmou
eÐnai h L∞ nìrma. Ja deÐxoume sth sunèqeia ìti h parap�nw ektÐmhsh mporeÐ na beltiwjeÐ sth mÐa
di�stash, kai h L∞ na antikatastajeÐ apo mia megalÔterh nìrma. Eidikìtera, èqoume to akìloujo
apotèlesma pou ofeÐletai ston Vinogradov kai mporeÐ na brejeÐ sto [19].

L mma 2.10. 'Estw h(t) = b0 +b1t+ · · ·+bdtd èna polu¸numo me pragmatikoÔc suntelestèc, bajmoÔ
to polÔ d. Tìte,

|{t ∈ [a, b] : |h(t)| ≤ α}| ≤ cmax(|a|, |b|)
(

α

max0≤k≤d |bk|

) 1
d

.

Apìdeixh. To sÔnolo Eα = {t ∈ [a, b] : |h(t)| ≤ α} eÐnai mia peperasmènh ènwsh kleist¸n diasthm�-
twn. Ta metafèroume ètsi ¸ste na sqhmatÐsoun èna mìno dÐ�sthma I m kouc |Eα| kai dialègoume
d+1 isapèqonta shmeÐa sto I. An epanafèroume ta diast mata sthn arqik  touc jèsh, katal goume
me d+ 1 shmeÐa x0, x1, x2, . . . , xd ∈ Eα pou ikanopoioÔn thn

|xj − xk| ≥ |Eα|
|j − k|
d

. (2.12)
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To polu¸numo parembol c Lagrange pou paremb�lei tic timèc h(x0), h(x1),. . . , h(xd) tautÐzetai me
to h(x):

h(x) =
d∑
j=0

h(xj)
(x− x0)(x− x1) · · · (x− xj−1)(x− xj+1) · · · (x− xd)

(xj − x0)(xj − x1) · · · (xj − xj−1)(xj − xj+1) · · · (xj − xd)
.

Sunep¸c paÐrnoume gia touc suntelestèc tou h ìti

bk =
d∑
j=0

h(xj)
(−1)d−kσd−k(x0, . . . , x̂j , . . . , xd)

(xj − x0)(xj − x1) · · · (xj − xj−1)(xj − xj+1) · · · (xj − xd)

gia k = 0, 1, . . . , d. Sthn parap�nw sqèsh, σd−k(x0, . . . , x̂j , . . . , xd) eÐnai h (d− k)-ost  stoiqei¸dhc
summetrik  sun�rthsh twn x0, . . . , x̂j , . . . , xd ìpou to xj paraleÐpetai. Qrhsimopoi¸ntac thn ektÐmhsh
σd−k(x0, . . . , x̂j , . . . , xd) ≤

(
d

d−k
)
max(|a|, |b|)d−k mazÐ me thn (2.12), paÐrnoume ìti, gia k�je k =

0, 1, . . . , d,

|bk| ≤
(

d

d− k

)
max(|a|, |b|)d−kdd α

|Eα|d
d∑
j=0

1
j!(d− j)!

=
(

d

d− k

)
max(|a|, |b|)d−k2dd

d

d!
α

|Eα|d
≤ c

(4 max(|a|, |b|))d√
d

dd

d!
α

|Eα|d
,

ìpou qrhsimopoi same thn ektÐmhsh
(
d

d−k
)
≤

( d
[ d
2
]

)
≤ c 2d

√
d
. Sunep¸c

max
0≤k≤d

|bk| ≤ c
(4 max(|a|, |b|))d√

d

dd

d!
α

|Eα|d

kai lÔnontac wc proc |Eα| paÐrnoume

|Eα| ≤ cmax(|a|, |b|)
(

α

max0≤k≤d |bk|

) 1
d

.

To L mma 2.10 èqei wc sunèpeia thn ektÐmhsh

|{x ∈ [0, 1] : |P (x)| ≤ α}| ≤ cα
1
d {max

0≤j≤d
|bj |}−

1
d . (2.13)

EÐnai t¸ra apl  parat rhsh ìti h (2.13) sunep�getai tic ektim seic (2.10) kai (2.11).
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2.3 Mia eikasÐa twn Carbery kai Wright

Se aut n thn par�grafo stajeropoioÔme wc kurtì s¸ma ton monadiaÐo kÔbo Q ston Rn. An
P ∈ Pod,n, to Pìrisma 2.5 mac lèei ìti up�rqei k�poia stajer� cd,n, pou exart�tai mìno apo ta d kai
n, tètoia ¸ste ∣∣∣∣∫

Q
eiP (x)dx

∣∣∣∣ ≤ cd,n‖P‖
− 1

d

L1(Q)
. (2.14)

Apo thn �llh, to Je¸rhma 2.7 dÐnei ìti gia to sÔnolo upo-st�jmhc tou poluwnÔmou P èqoume

|{x ∈ Q : |P (x)| ≤ α}| ≤ cmin(d, n)α
1
d ‖P‖−

1
d

L1(Q)
. (2.15)

H sÔgkrish an�mesa stic exis¸seic (2.14) kai (2.15) kaj¸c kai h genik  arq  ìti oi ektim seic
gia ta sÔnola upost�jmhc sunep�gontai ektim seic gia ta antÐstoiqa oloklhr¸mata tal�ntwshc
od ghsan touc Carbery kai Wright na diatup¸soun to akìloujo er¸thma sto [6].

Er¸thma 2.11. MporoÔme na antikatast soume th stajer� cd,n sth (2.14) me cmin(d, n) gia k�poia
apìluth jetik  stajer� c?

Apant�me merik¸c sto er¸thma 2.11 mèsw tou parak�tw Jewr matoc.

Je¸rhma 2.12. 'Estw P : Rn → R èna polu¸numo bajmoÔ to polÔ d, me mèsh tim  mhdèn sto
monadiaÐo kÔbo Q. Tìte, up�rqei mia apìluth jetik  stajer� c, anex�rthth twn P , n kai d, tètoia
¸ste ∣∣∣∣∫

Q
eiP (x)dx

∣∣∣∣ ≤ cmin(n, 2d)n
1
2d ‖P‖−

1
d

L2(Q)
.

Apìdeixh. 'Estw P : Rn → R èna polu¸numo bajmoÔ to polÔ d me mèsh tim  mhdèn sto monadiaÐo
kÔbo Q. Up�rqei j ∈ {1, 2, . . . n} ¸ste

∥∥∥ ∂P
∂xj

∥∥∥
L2(Q)

≥ 1√
n
‖∇P‖L2(Q). Gia k�poio α > 0 pou ja

kajoristeÐ sth sunèqeia, gr�foume

I =
∫
Q
eiλP (x)dx =

∫
{x∈Q:| ∂P

∂xj
(x)|≤α}

eiλP (x)dx+
∫
{x∈Q:| ∂P

∂xj
(x)|>α}

eiλP (x)dx.

'Eqoume sunep¸c ìti

|I| ≤ |{x ∈ Q : |∂P (x)/∂xj | ≤ α}|+
∣∣∣∣ ∫

{x∈Q:| ∂P
∂xj

(x)|>α}
eiλP (x)dx

∣∣∣∣.
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Qrhsimopoi¸ntac to Je¸rhma 2.7 paÐrnoume

|{x ∈ Q : |∂P (x)/∂xj | ≤ α}| ≤ cmin(2(d− 1), n)α
1

d−1 ‖∂P/∂xj‖
− 1

d−1

L2(Q)

≤ cn
1

2(d−1) min(2d, n)α
1

d−1 ‖∇P‖
− 1

d−1

L2(Q)

≤ cn
1

2(d−1) min(2d, n)α
1

d−1 ‖P‖
− 1

d−1

L2(Q)
,

ìpou sthn teleutaÐa anisìthta qrhsimopoi jhke to L mma 2.8.
Gia to

∫
{x∈Q:| ∂P

∂xj
(x)|>α} e

iλP (x)dx parathroÔme ìti gia k�je (x1, . . . , xj−1, xj+1, . . . , xn) to sÔnolo

{xj ∈ [0, 1] : | ∂P∂xj
(x)| > α} apoteleÐtai apo to polÔ O(d) diast mata ìpou h sun�rthsh ∂P

∂xj
(x) eÐnai

monìtonh. Qrhsimopoi¸ntac thn Prìtash 1.1 paÐrnoume∣∣∣∣ ∫
{x∈Q:| ∂P

∂xj
(x)|>α}

eiλP (x)dx

∣∣∣∣ ≤ c
d

α
.

AjroÐzontac tic ektim seic paÐrnoume

|I| ≤ c

(
min(2d, n)n

1
2(d−1)α

1
d−1 ‖P‖

− 1
d−1

L2(Q)
+
d

α

)
.

Elaqistopoi¸ntac wc proc α paÐrnoume to apotèlesma.

An kai diatup¸same to Je¸rhma 2.12 gia thn L2 nìrma, eÐnai eÔkolo na dei kaneÐc ìti eÐnai
isodÔnamo me thn Ðdia diatÔpwsh gia thn L1 nìrma. Pr�gmati, ìpwc prokÔptei apo th suz thsh thc
paragr�fou 2.2, up�rqei mia apìluth jetik  stajer� c ¸ste

‖P‖
1
d

L1(Q)
≤ ‖P‖

1
d

L2(Q)
≤ c‖P‖

1
d

L1(Q)
.

Apo thn �llh meri� eÐnai profanèc ìti min(n, d) ∼ min(n, 2d). Sunep¸c, to Je¸rhma 2.12 apant�
katafatik� sto er¸thma 2.11 sthn perÐptwsh n ≤ cd gia k�poia apìluth jetik  stajer� c. Sthn
perÐptwsh n > cd, to Je¸rhma 2.12 apèqei apo th stajer� tou Erwt matoc 2.11 kat� ton par�gonta
n

1
2d . Genikìtera, ja mporoÔse na diatup¸sei kaneÐc to ex c er¸thma:

Er¸thma 2.13. 'Estw P : Rn → R èna polu¸numo bajmoÔ to polÔ d, me mèsh tim  mhdèn sto
monadiaÐo kÔbo Q. 'Estw 1 ≤ p ≤ ∞. To Pìrisma 2.5 mac lèei tìte ìti up�rqei jetik  stajer� cd,n,p,
anex�rthth tou P , tètoia ¸ste ∣∣∣∣∫

Q
eiP (x)dx

∣∣∣∣ ≤ cd,n,p‖P‖
− 1

d

Lp(Q). (2.16)

MporeÐ h stajer� cd,n,p sth (2.16) na antikatastajeÐ apo cmin(n, pd) gia k�poia apìluth stajer�
c > 0?
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Gia par�deigma, qrhsimopoi¸ntac to L mma 2.10, mporoÔme eÔkola na deÐxoume ìti sthn perÐptw-
sh n = 1, h ap�nthsh sto Er¸thma 2.13 eÐnai katafatik .

2.4 Shmei¸seic kai anaforèc

2.4.1 Anaforèc

Oi basikèc anaforèc gia thn an�ptuxh autoÔ tou KefalaÐou eÐnai ta [4] kai [6]. Ta Jewr mata
2.1 kai 2.2 perièqontai sto [4]. To Je¸rhma 2.2 mporeÐ na apodeiqjeÐ kai me tic mejìdouc sto
[1]. Blèpe epÐshc kai sta [12], [18] gia èna apotèlesma tÔpou van der Corput gia oloklhr¸mata
tal�ntwshc me poluwnumik  f�sh. Ta Jewr mata 2.6 kai 2.7 perièqontai sto [6]. To basikì ergaleÐo
pou qrhsimopoieÐtai sto [6] eÐnai ena isqurì apotèlesma twn Kannan, Lovász kai Simonovits [8].
AntÐstoiqec ektim seic me th qr sh tou Ðdiou ergaleÐou all� me �llec mejìdouc brÐskontai sto [9].
To Pìrisma 2.9 up�rqei wc parat rhsh sto [6], afoÔ eÐnai �meso Pìrisma twn ekeÐ apotelesm�twn.
AntÐstoiqec ektim seic ìmwc perièqontai kai sto [9], kai belti¸noun palaiìtera apotelèsmata apo ta
[14] kai [13]. To L mma 2.10 ofeÐletai ston Vinogradov kai h apìdeixh pou parousi�same basÐsthke
sto [19]. To er¸thma 2.11 diatup¸netai sto [6] en¸ to Je¸rhma 2.12 eÐnai nèo apotèlesma.

2.4.2 To L mma KLS

IdiaÐtera krÐsimo sthn apìdeixh twn Jewrhm�twn 2.6 kai 2.7 eÐnai to akìloujo Je¸rhma pou
brÐsketai sto [8].

Je¸rhma 2.14. Gia a, b ∈ Rn kai λ ≥ 1 orÐzoume ta mètra µa,b,λ mèsw thc sqèshc

< φ, µa,b,λ >=
∫ 1

0
φ(a(1− t) + bt)(λ− t)n−1dt.

'Estw f1, f2, f3, f4 suneqeÐc, mh arnhtikèc sunart seic ston Rn kai α, β > 0. Upojètoume ìti gia
k�je a, b ∈ Rn kai λ ≥ 1,( ∫

f1dµa,b,λ

)α( ∫
f2dµa,b,λ

)β

≤
( ∫

f3dµa,b,λ

)α( ∫
f4dµa,b,λ

)β

.

Tìte, gia k�je kurtì s¸ma K ston Rn,( ∫
K
f1

)α( ∫
K
f1

)β

≤
( ∫

K
f3

)α( ∫
K
f4

)β

.

Qrhsimopoi¸ntac to Je¸rhma 2.14, ta Jewr mata 2.6 kai 2.7 an�gontai se monodi�statec ekti-
m seic. To Je¸rhma 2.14 qrhsimopoieÐtai epÐshc, me diaforetikì trìpo, sto [9].
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2.4.3 Anisìthtec Poincaré se kurt� s¸mata

Apotelèsmata ìpwc to L mma 2.8 eÐnai klassik� ìtan koit�me sunart seic me mèsh tim  mhdèn
p�nw se èna kurtì s¸ma. 'Eqoume gia par�deigma ìti gia k�je kurtì s¸ma K kai mia {kal }
sun�rthsh u me mèsh tim  mhdèn sto K,

‖u‖L2(K) ≤ c d(K)‖∇u‖L2(K),

ìpou d(K) eÐnai h di�metroc tou kurtoÔ s¸matoc K. Autì eÐnai èna klassikì apotèlesma kai
mporeÐ na brejeÐ gia par�deigma sta [11],[3]. H ex�rthsh apo th di�metro eÐnai bèltisth se aut 
thn perÐptwsh. An K = Q, èqoume d(Q) =

√
n. Parìlaut�, ean perioristoÔme se polu¸numa sto

monadiaÐo kÔbo, h antÐstoiqh anisìthta isqÔei me mia apìluth stajer� na antikajist� to d(K).

2.4.4 Polu¸numa kai BMO

Ac jewr soume ton parak�tw orismì thc nìrmac tou q¸rou BMO:

‖u‖BMO = sup
K⊂Rn,K kurtì

inf
c∈R

1
|K|

∫
K
|u(x)− c|dx.

EÐnai klassikì apotèlesma ìti, an mia sun�rthsh ω eÐnai Aq b�roc, tìte log |ω| ∈ BMO. Akribèste-
ra, an gnwrÐzoume ektim seic ìpwc autèc tou PorÐsmatoc 2.9, mporoÔme na ektim soume th BMO
nìrma tou log |ω|. Gia ta polu¸numa eÐnai gnwstì ìti log |P | ∈ BMO. Blèpe gia par�deigma sta
[14], [13]. Qrhsimopoi¸ntac ektim seic an�logec me autèc sto [6], oi suggrafeÐc sto [9] deÐqnoun ìti
an P ∈ Pd,n tìte ‖ log |P |‖BMO ∼ d.





KEF�ALAIO 3

Idi�zonta oloklhr¸mata tal�ntwshc

An γ(t) eÐnai mia kampÔlh, orÐzetai o metasqhmatismìc Hilbert kata m koc thc γ,

Hγf(x) = p.v.

∫
R
f(x− γ(t))

dt

t
.

'Ena klassikì er¸thma thc Armonik c An�lushc eÐnai to akìloujo.

Er¸thma 3.1. MporoÔme na èqoume mia ektÐmhsh

‖Hγf‖Lp ≤ cp‖f‖p,

gia k�poia p?

Akoloujìntac thn klassik  mejodologÐa, k�poioc deÐqnei pr¸ta to L2 fr�gma. Se epÐpedo
metasqhmatismoÔ Fourier, autì isodunameÐ me to na deÐxoume ìti o pollaplasiast c tou Hγ ,

mγ(ξ) = p.v.

∫
R
eiξγ(t)

dt

t
,

eÐnai ston L∞. Se ì,ti akoloujeÐ, ja ektim soume thn L∞ nìrma tou pollaplasiast  mP (ξ), sthn
perÐptwsh pou γ = P , eÐnai èna pragmatikì polu¸numo bajmoÔ to polÔ d.

'Estw Pd o dianusmatikìc q¸roc ìlwn twn poluwnÔmwn me pragmatikoÔc suntelestèc, bajmoÔ
to polÔ d. Gia P ∈ Pd jewroÔme to olokl rwma kÔriac tim c

I(P ) =
∣∣∣∣p.v.∫

R
eiP (t)dt

t

∣∣∣∣ =

∣∣∣∣∣ lim
ε→0+,R→+∞

∫
ε≤|t|≤R

eiP (t)dt

t

∣∣∣∣∣ .
Ja jèlame na ektim soume thn posìthta I(P ) apo mia stajer� Cd pou na exart�tai mìno apo to
bajmì tou poluwnÔmou d. Autì isodunameÐ me to na ektim soume tic posìthtec

I(ε,R)(P ) =
∣∣∣∣ ∫

ε≤|t|≤R
eiP (t)dt

t

∣∣∣∣
23
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apo mia stajer� Cd anex�rthth twn ε, R kai P .
Autì to prìblhma tèjhke gia pr¸th for� apo touc Wainger kai Stein sta [16] kai [20]. Oi

Wainger kai Stein deÐxane ìti h posìthta I(P ) fr�ssetai apo mia stajer� Cd, pou exart�tai mìno
apo to d. H apìdeix  touc eÐnai polÔ apl  kai qrhsimopoieÐ to L mma tou van der Corput 1.1 se
sunduasmì me èna epagwgikì epiqeÐrhma.

Oi Carbery, Wainger kai Wright apo thn �llh meri� diatÔpwsan sto [5] thn parak�tw eikasÐa.

EikasÐa 3.2. H t�xh megèjouc tou oloklhr¸matoc kÔriac tim c I(P ) eÐnai log d.

To basikì apotèlesma autoÔ tou kefalaÐou eÐnai h apìdeixh aut c thc eikasÐac. Autì eÐnai to
perieqìmeno tou:

Je¸rhma 3.3. Up�rqoun dÔo apìlutec jetikèc stajerèc c1 kai c2 ¸ste

c1 log d ≤ sup
P∈Pd

∣∣∣∣p.v.∫
R
eiP (x)dx

x

∣∣∣∣ ≤ c2 log d.

3.1 To k�tw fr�gma sto Je¸rhma 3.3

Se aut  thn par�grafo ja kataskeu�soume èna pragmatikì polu¸numo P bajmoÔ to polÔ d ètsi
¸ste na isqÔei h anisìthta

I(P ) =
∣∣∣∣p.v. ∫

R
eiP (t)dt

t

∣∣∣∣ ≥ c log d. (3.1)

To genikì pl�no thc kataskeu c èqei wc ex c. Katarq n kataskeu�zoume mia sun�rthsh f (h opoÐa
den eÐnai polu¸numo), ètsi ¸ste I(f) ≥ c log n. Ja kataskeu�soume sth sunèqeia èna pragmatikì
polu¸numo P bajmoÔ d = 2n2 − 1 to opoÐo ja proseggÐzei th sun�rthsh f kat� tètoio trìpo ¸ste
h diafor� |I(f)− I(P )| na eÐnai {mikr } (mikr  ed¸ shmaÐnei o(log n)). Epeid  log n ∼ log d, autì ja
mac dìsei to epijumhtì apotèlesma.

L mma 3.4. Gia n èna meg�lo jetikì akèraio, èstw f(t) h suneq c sun�rthsh pou eÐnai Ðsh me 1
gia 1

n ≤ t ≤ 1 − 1
n , Ðsh me −1 gia −1 + 1

n ≤ t ≤ − 1
n , Ðsh me 0 gia |t| ≥ 1 kai grammik  se kajèna

apo ta diast mata [−1,−1 + 1
n ], [− 1

n ,
1
n ] kai [1− 1

n , 1]. Tìte,

I(f) =
∣∣∣∣p.v.∫

R
eif(t)dt

t

∣∣∣∣ ≥ c log n. (3.2)
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Apìdeixh. H apìdeixh eÐnai ènac aplìc upologismìc.

I(f) = 2
∣∣∣∣ ∫ 1

0

sin f(t)
t

dt

∣∣∣∣
≥ 2

∣∣∣∣ ∫ 1− 1
n

1
n

sin f(t)
t

dt

∣∣∣∣− 2
∣∣∣∣ ∫ 1

n

0

sin f(t)
t

dt

∣∣∣∣− 2
∣∣∣∣ ∫ 1

1− 1
n

sin f(t)
t

dt

∣∣∣∣
≥ 2 sin 1 log(n− 1)− 2

∫ 1
n

0

f(t)
t
dt− 2

∫ 1

1− 1
n

f(t)
t
dt

= 2 sin 1 log(n− 1)− 2− 2n log
n

n− 1
+ 2

≥ 2 sin 1 log(n− 1)− 4 ≥ c log n.

Jèloume t¸ra na kataskeu�soume èna polu¸numo pou na proseggÐzei th sun�rthsh f . Autì ja
gÐnei jewr¸ntac th sunèlixh thc sun�rthshc f me mia {poluwnumik  prosèggish thc mon�dac}. Pio
sugkekrimèna, gia k ∈ N kai x ∈ R orÐzoume th sun�rthsh

φk(x) = ck

(
1− x2

4

)k2

(3.3)

ìpou h stajer� ck orÐzetai mèsw thc kanonikopoÐhshc∫ 2

−2
φk(x)dx = 1. (3.4)

Parathr ste ìti

1 = ck

∫ 2

−2

(
1− x2

4

)k2

dx = 4ck

∫ 1

0
(1− x2)k

2
dx = 2ckB

(
1
2
, k2 + 1

)
,

ìpou B(·, ·) eÐnai h sun�rthsh B ta. Qrhsimopoi¸ntac tupikèc ektim seic gia th sun�rthsh B ta
blèpoume ìti ck ∼ k.

OrÐzoume sth sunèqeia tic sunart seic Pk sto R wc

Pk(t) =
∫ 1

−1
f(x)φk(t− x)dx, (3.5)

ìpou f eÐnai h sun�rthsh pou kataskeu�sthke sto L mma 3.4. EÐnai profanèc ìti oi sunart seic
Pk eÐnai polu¸numa bajmoÔ to polÔ 2k2. To epìmeno L mma xekajarÐzei orismèna teqnik� zht mata
sqetik� me ta polu¸numa Pk.
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L mma 3.5. Upojètoume ìti oi sunart seic Pk orÐzontai ìpwc sthn (3.5) parap�nw.

(i) To Pk eÐnai èna perittì polu¸numo bajmoÔ 2k2 − 1 me megistob�jmio suntelest 

ak = (−1)k
2+1 2ckk2

4k2

(
1− 1

n

)
.

Dhlad 

Pk(t) = akt
2k2−1 + · · · .

(ii) Wc sunèpeia tou (i) èqoume ìti gia ìla ta t ∈ R,

|P (2k2−1)
k (t)| ≥ c(2k2 − 1)!

k3

4k2 .

(iii) Gia t ∈ [−1, 1] èqoume

Pk(t) =
∫ 2

0

(
f(t+ x) + f(t− x)

)
φk(x)dx.

Apìdeixh. (i) Qrhsimopoi¸ntac thn (3.5) èqoume ìti

Pk(−t) =
∫ 1

−1
f(x)φk(−t− x)dx =

∫ 1

−1
f(x)φk(t+ x)dx

=
∫ 1

−1
f(−x)φk(t− x)dx = −Pk(t).

Sth sunèqeia, apo thn (3.5) èqoume ìti

Pk(t) = ck

∫ 1

−1
f(x)

k2∑
m=0

(
k2

m

)(
− (t− x)2

4

)m

dx

= ck

k2∑
m=0

(
k2

m

)
(−1)m

4m

∫ 1

−1
f(x)(t− x)2mdx

= ck
(−1)k

2

4k2

∫ 1

−1
f(x)(x− t)2k

2
dx

+ ck

k2−1∑
m=0

(
k2

m

)
(−1)m

4m

∫ 1

−1
f(x)(t− x)2mdx.
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EÐnai t¸ra eÔkolo na doÔme ìti o megistob�jmioc ìroc prokÔptei apo ton pr¸to prosjetèo sthn
parap�nw sqèsh. Sunep¸c,

Pk(t) = ck
(−1)k

2

4k2

∫ 1

−1
f(x)dx t2k

2 − ck
(−1)k

2
2k2

4k2

∫ 1

−1
f(x)xdx t2k

2−1 + · ·

= (−1)k
2+1 2ckk2

4k2

(
1− 1

n

)
t2k

2−1 + · · · .

(ii) QrhsimopoioÔme apl� to apotèlesma tou (i) kai to gegonìc ìti ck ∼ k.
(iii) StajeropoioÔme k�poio t ∈ [−1, 1]. Tìte,∫ 2

−2
f(t− x)φk(x)dx =

∫
R
f(t− x)φk(x)χ[−2,2](x)dx

=
∫ 1

−1
f(x)φk(t− x)χ[−2,2](t− x)dx

=
∫ 1

−1
f(x)φk(t− x)dx

= Pk(t).

'Omwc, afoÔ h φk eÐnai �rtia,

Pk(t) =
∫ 2

−2
f(t− x)φk(x)dx =

∫ 2

0

(
f(t+ x) + f(t− x)

)
φk(x)dx.

MporoÔme t¸ra na apodeÐxoume to k�tw fr�gma gia to I(P ).

Prìtash 3.6. 'Estw Pn to polu¸numo pou orÐzetai apo th sqèsh (3.5) ìpou n eÐnai o meg�loc jetikìc
akèraioc pou qrhsimopoi jhke gia ton orismì thc sun�rthshc f tou L mmatoc 3.4. Tìte, to Pn eÐnai
èna polu¸numo bajmoÔ d = 2n2 − 1 kai

I(Pn) =
∣∣∣∣p.v.∫

R
eiPn(t)dt

t

∣∣∣∣ ≥ c log d.

Apìdeixh. AfoÔ to Pn eÐnai perittì,

I(Pn) = 2
∣∣∣∣ ∫ +∞

0

sinPn(t)
t

dt

∣∣∣∣,
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kai arkeÐ na deÐxoume ìti gia k�je R ≥ 1∣∣∣∣ ∫ R

0

sinPn(t)
t

dt

∣∣∣∣ ≥ c log d ∼ c log n. (3.6)

Apo to mèroc (ii) tou L mmatoc 3.5 kai to Pìrisma 1.4, blèpoume ìti∣∣∣∣ ∫ R

1

sinPn(t)
t

dt

∣∣∣∣ ≤ c

gia k�je R ≥ 1. Wc apotèlesma, h apìdeixh ja eÐnai pl rhc an deÐxoume ìti

I1(Pn) =
∣∣∣∣ ∫ 1

0

sinPn(t)
t

dt

∣∣∣∣ ≥ c log n. (3.7)

Qrhsimopoi¸ntac to L mma 3.4 kai thn trigwnik  anisìthta, paÐrnoume

I1(Pn) ≥ c log n− |I1(Pn)− I(f)| (3.8)

kai, gia na deÐxoume thn (3.7), arkeÐ na deÐxoume ìti

|I1(Pn)− I(f)| = o(log n). (3.9)

'Eqoume

|I1(Pn)− I(f)| =
∣∣∣∣ ∫ 1

0

sinPn(t)− sin f(t)
t

dt

∣∣∣∣
≤

∫ 1

0

|Pn(t)− f(t)|
t

dt.

Qrhsimopoi¸ntac to mèroc (iii) tou L mmatoc 3.5 kai thn (3.4), paÐrnoume

|Pn(t)− f(t)| ≤
∫ 2

0
|f(t+ x) + f(t− x)− 2f(t)|φn(x)dx

gia 0 ≤ t ≤ 1. 'Ara,

|I1(Pn)− I(f)| ≤
∫ 2

0

∫ 1

0

|f(t+ x) + f(t− x)− 2f(t)|
t

dt φn(x)dx.

T¸ra, to epijumhtì apotèlsma, dhlad  h sunj kh (3.9), eÐnai to perieqìmeno tou akìloujou L m-
matoc.
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L mma 3.7. 'Estw A(x, t) = |f(t+ x) + f(t− x)− 2f(t)|. Tìte,∫ 2

0

∫ 1

0

A(x, t)
t

dt φn(x)dx = o(log n).

Apìdeixh. Katarq n, eÐnai eÔkolo na doÔme ìti

A(x, t) ≤ 4 min(nx, nt, 1) (3.10)

A(x, t) = 0, ìtan
1
n
≤ t− x ≤ t+ x ≤ 1− 1

n
. (3.11)

Pr�gmati,

A(x, t) ≤ |f(t+ x)− f(t)|+ |f(t− x)− f(t)|
≤ nx+ nx ≤ 2nx.

Apì thn �llh,

A(x, t) = |f(t+ x)− f(x) + f(t− x)− f(−x)− 2f(t)|
≤ |f(t+ x)− f(x)|+ |f(t− x)− f(−x)|+ 2|f(t)|
≤ nt+ nt+ 2nt = 4nt.

H anisìthta (3.10) prokÔptei t¸ra apì to gegonìc ìti h |f | eÐnai fragmènh apo 1 en¸ h (3.11) eÐnai
profan c.

QwrÐzoume to olokl rwma
∫ 2
0

∫ 1
0 · · · dtdx se ept� oloklhr¸mata:∫ 2

0

∫ 1

1
2

· · · dtdx+
∫ 1

n

0

∫ x

0
· · · dtdx+

∫ 2

1
n

∫ 1
n

0
· · · dtdx+

∫ 1
n

0

∫ x+ 1
n

x
· · · dtdx

+
∫ 1

2
− 1

n

0

∫ 1
2

x+ 1
n

· · · dtdx+
∫ 1

2
− 1

n

1
n

∫ x+ 1
n

1
n

· · · dtdx+
∫ 2

1
2
− 1

n

∫ 1
2

1
n

· · · dtdx.

EktimoÔme kajèna apo aut� ta ept� oloklhr¸mata xeqwrist�.∫ 2

0

∫ 1

1
2

A(x, t)
t

dtφn(x)dx ≤ 4 log 2
∫ 2

0
φn(x)dx = 2 log 2.

∫ 1
n

0

∫ x

0

A(x, t)
t

dtφn(x)dx ≤
∫ 1

n

0

∫ x

0

4nt
t
dtφn(x)dx

=
∫ 1

n

0
4nxφn(x)dx ≤ 2.
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∫ 2

1
n

∫ 1
n

0

A(x, t)
t

dtφn(x)dx ≤
∫ 2

1
n

∫ 1
n

0

4nt
t
dtφn(x)dx

=
∫ 1

n

0
4φn(x)dx ≤ 2.

∫ 1
n

0

∫ x+ 1
n

x

A(x, t)
t

dtφn(x)dx ≤
∫ 1

n

0

∫ x+ 1
n

x

4nx
t
dtφn(x)dx

=
∫ 1

n

0
4nx log

(
1 +

1
nx

)
φn(x)dx ≤ 2.

Gia to
∫ 1

2
− 1

n
0

∫ 1
2

x+ 1
n

èqoume 1
n ≤ t− x ≤ t+ x ≤ 1− 1

n kai, apo thn (3.11), A(x, t) = 0. Sunep¸c

∫ 1
2
− 1

n

0

∫ 1
2

x+ 1
n

A(x, t)
t

dtφn(x)dx = 0.

Sth sunèqeia, ∫ 1
2
− 1

n

1
n

∫ x+ 1
n

1
n

A(x, t)
t

dtφn(x)dx ≤
∫ 1

2
− 1

n

1
n

∫ x+ 1
n

1
n

4
t
dtφn(x)dx

≤ 4
∫ 1

1
n

log(nx+ 1)φn(x)dx.

T¸ra, stajeropoioÔme k�poio α ∈ (0, 1). Gr�foume∫ 1

1
n

log(nx+ 1)φn(x)dx =
∫ 1

nα

1
n

· · · dx+
∫ 1

1
nα

· · · dx

≤ log(n1−α + 1)
2

+ cn log(n+ 1)
∫ 1

1
nα

(
1− x2

4

)n2

dx

≤ log(n1−α + 1)
2

+ cn log(n+ 1) e−
1
4
n2(1−α)

.

Sunep¸c,

lim sup
n→∞

∫ 1
1
n

log(nx+ 1)φn(x)dx

log n
≤ 1− α

2
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kai, afoÔ to α  tan tuqìn sto (0, 1),

∫ 1
2
− 1

n

1
n

∫ x+ 1
n

1
n

A(x, t)
t

dtφn(x)dx = o(log n).

Tèloc,

∫ 2

1
2
− 1

n

∫ 1
2

1
n

A(x, t)
t

dtφn(x)dx ≤
∫ 2

1
2
− 1

n

∫ 1
2

1
n

4
t
dtφn(x)dx

≤ 4 log
n

2
cn

∫ 2

1
2
− 1

n

(
1− x2

4

)n2

dx

≤ cn log ne−
1
16
n2

= o(1).

3.2 To p�nw fr�gma sto Je¸rhma 3.3

Jètoume

Kd = sup
P∈Pd,ε,R

∣∣∣∣ ∫
ε≤|t|≤R

eiP (t)dt

t

∣∣∣∣. (3.12)

'Estw P èna tuqìn polu¸numo me pragmatikoÔc suntelestèc, bajmoÔ to polÔ d, to opoÐo mporoÔme
na upojèsoume ìti den èqei stajerì ìro, dhlad , P (0) = 0. Gia k = [d2 ] gr�foume

P (t) = a1t+ a2t
2 + · · ·+ akt

k + ak+1t
k+1 + · · ·+ adt

d

= Q(t) +R(t),

ìpou Q(t) = a1t+ a2t
2 + · · ·+ akt

k kai R(t) = ak+1t
k+1 + · · ·+ adt

d. 'Estw |al| = maxk+1≤j≤d |aj |
gia k�poio k+ 1 ≤ l ≤ d. Mèsw miac allag c metablht c sto olokl rwma sthn (3.12) mporoÔme na
upojèsoume ìti |al| = 1 kai sunep¸c ìti |aj | ≤ 1 gia k�je k + 1 ≤ j ≤ d. Sth sunèqeia, gr�foume
to olokl rwma sth (3.12) se dÔo mèrh wc ex c∣∣∣∣ ∫

ε≤|t|≤R
eiP (t)dt

t

∣∣∣∣ ≤ ∣∣∣∣ ∫
ε≤|t|≤1

eiP (t)dt

t

∣∣∣∣ +
∣∣∣∣ ∫

1≤|t|≤R
eiP (t)dt

t

∣∣∣∣ = I1 + I2. (3.13)

Gia to I1 èqoume ìti
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I1 ≤
∣∣∣∣ ∫

ε≤|t|≤1

[
eiP (t) − eiQ(t)

]dt
t

∣∣∣∣ +
∣∣∣∣ ∫

ε≤|t|≤1
eiQ(t)dt

t

∣∣∣∣
≤

∫
ε≤|t|≤1

∣∣eiP (t) − eiQ(t)
∣∣dt
t

+K[ d
2
]

≤
∫

0≤|t|≤1

|R(t)|
t

dt+K[ d
2
]

≤ 2
d∑

j=k+1

|aj |
j

+K[ d
2
] ≤ 2

d∑
j=k+1

1
j

+K[ d
2
] ≤ c+K[ d

2
].

Gia to deÔtero olokl rwma sth (3.13) èqoume

I2 ≤
∣∣∣∣ ∫

1≤t≤R
eiP (t)dt

t

∣∣∣∣ +
∣∣∣∣ ∫

−R≤t≤−1
eiP (t)dt

t

∣∣∣∣ = I+
2 + I−2 .

Gia k�poio α > 0 pou ja kajoristeÐ sth sunèqeia, qwrÐzoume to I+
2 se dÔo mèrh:

I+
2 ≤

∫
{t∈[1,+∞):|P ′(t)|≤α}

dt

t
+

∣∣∣∣ ∫
{t∈[1,R]:|P ′(t)|>α}

eiP (t)dt

t

∣∣∣∣.
AfoÔ to sÔnolo {t ∈ [1, R] : |P ′(t)| > α} apoteleÐtai apì to polÔ O(d) diast mata ìpou h

par�gwgoc P ′ eÐnai monìtonh, qrhsimopoi¸ntac to Pìrisma 1.4, paÐrnoume to fr�gma∣∣∣∣ ∫
{t∈[1,R]:|P ′(t)|>α}

eiP (t)dt

t

∣∣∣∣ ≤ c
d

α
.

Gia to logarijmikì mètro tou sunìlou {t ∈ [1,+∞) : |P ′(t)| ≤ α}, parathroÔme ìti∫
{t∈[1,+∞):|P ′(t)|≤α}

dt

t
≤

∞∑
m=0

∫
{t∈[2m,2m+1]:|P ′(t)|≤α}

dt

t

=
∞∑
m=0

∫
{2mt∈[2m,2m+1]:|P ′(2mt)|≤α}

dt

t

=
∞∑
m=0

∫
2m{t∈[1,2]:|P ′(2mt)|≤α}

dt

t

=
∞∑
m=0

∫
{t∈[1,2]:|P ′(2mt)|≤α}

dt

t
.
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'Eqoume sunep¸c deÐxei ìti∫
{t∈[1,+∞):|P ′(t)|≤α}

dt

t
≤

∞∑
m=0

|{t ∈ [1, 2] : |P ′(2mt)| ≤ α}|. (3.14)

Gia na oloklhr¸soume thn apìdeixh tou jewr matoc qreiazìmaste mia kat�llhlh ektÐmhsh gia
to sÔnolo upo-st�jmhc enìc poluwnÔmou. Autì eÐnai to perieqìmeno tou L mmatoc 2.10.

JewroÔme to polu¸numo P ′(2mt) me suntelestèc jaj2m(j−1), 1 ≤ j ≤ d. Profan¸c,

max
1≤j≤d

|jaj2m(j−1)| ≥ |lal2m(l−1)| ≥ ([
d

2
] + 1)2m[ d

2
].

Qrhsimopoi¸ntac to L mma 2.10 kai thn exÐswsh (3.14), paÐrnoume∫
{t∈[1,+∞):|P ′(t)|≤α}

dt

t
≤ cα

1
d−1

∞∑
m=0

(
1

([d2 ] + 1)2m[ d
2
]

) 1
d−1

≤ cα
1

d−1 .

Profan¸c, mia ìmoia ektÐmhsh isqÔei gia to I−2 . AjroÐzontac tic ektim seic paÐrnoume∣∣∣∣ ∫
ε≤|t|≤R

eiP (t)dt

t

∣∣∣∣ ≤ c+ c
d

α
+ cα

1
d−1 +K[ d

2
].

Beltistopoi¸ntac wc proc thn par�metro α paÐrnoume ìti∣∣∣∣ ∫
ε≤|t|≤R

eiP (t)dt

t

∣∣∣∣ ≤ c+K[ d
2
] (3.15)

kai sunep¸c
Kd ≤ c+K[ d

2
].

Eidikìtera èqoume
K2n ≤ c+K2n−1 .

Qrhsimopoi¸ntac epagwg  wc proc n brÐskoume K2n ≤ cn. EÐnai t¸ra eÔkolo na deÐxoume thn
anisìthta gia genikì d. Pr�gmati, an 2n−1 < d ≤ 2n tìte Kd ≤ K2n ≤ cn ≤ c log d.

3.3 Idi�zonta oloklhr¸mata tal�ntwshc ston Rn

Se aut n thn par�grafo asqoloÔmaste me th genÐkeush tou Jewr matoc 3.3 stic pollèc meta-
blhtèc. To prìblhma diatup¸netai wc ex c. 'Estw K : Rn → R mia omogen c sun�rthsh t�xhc −n.
H sun�rthsh K mporeÐ na grafeÐ sth morf 

K(x) =
Ω(x′)
|x|n

, (3.16)
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ìpou x′ = x/|x| ∈ Sn−1 kai h sun�rthsh Ω orÐzetai p�nw sth monadiaÐa sfaÐra Sn−1. 'Estw
P ∈ Pd,n. Mac endiafèroun ektim seic thc morf c

In(P ) =
∣∣∣∣p.v.∫

Rn

eiP (x)K(x)dx
∣∣∣∣ ≤ cd‖Ω‖Sn−1 , (3.17)

ìpou h stajer� cd exart�tai mìno apo to bajmì d tou poluwnÔmou kai ‖Ω‖Sn−1 eÐnai k�poia kat�l-
lhlh nìrma thc sun�rthshc Ω p�nw sth monadiaÐa sfaÐra. To prìblhma autì melet jhke epÐshc apo
to Stein pou sto [14] èdeixe ìti h (3.17) isqÔei gia k�poia stajer� cd, pou exart�tai mìno apo to d.

Sthn perÐptwsh pou h sun�rthsh Ω eÐnai peritt , h (3.17) eÐnai �mesh sunèpeia thc antÐstoiqhc
monodi�stathc ektÐmhshc. Gia eukolÐa sto sumbolismì gr�foume

WL =
{

Ω : Sn−1 → R, Ω peritt , ‖Ω‖L1(Sn−1) ≤ 1
}
.

Pìrisma 3.8. Up�rqei mia apìluth jetik  stajer� c ¸ste

sup
P∈Pd,n,Ω∈WL

∣∣∣∣p.v.∫
Rn

eiP (x) Ω(x/|x|)
|x|n

dx

∣∣∣∣ ≤ c log d.

Apìdeixh. Apl� gr�foume∫
ε≤|x|≤R

eiP (x) Ω(x/|x|)
|x|n

dx =
∫
Sn−1

∫ R

ε
eP (rx′)dr

r
Ω(x′)dσn−1(x′)

=
1
2

∫
Sn−1

∫ R

ε
eP (rx′)dr

r
(Ω(x′)− Ω(−x′))dσn−1(x′)

=
1
2

∫
Sn−1

∫
ε≤|r|≤R

eP (rx′)dr

r
Ω(x′)dσn−1(x′),

kai qrhsimopoioÔme to Je¸rhma 3.3.

Gia th genik  perÐptwsh ja akolouj soume thn apìdeixh tou Stein apo to [14], enswmat¸nontac
tic idèec pou èdwsan thn apìdeixh sth mÐa di�stash. Ed¸, h kat�llhlh kl�sh sunart sewn p�nw
sth monadiaÐa sfaÐra eÐnai h

WL logL =
{

Ω : Sn−1 → R,
∫
Sn−1

Ω(x′)dσn−1(x′) = 0, ‖Ω‖L logL ≤ 1
}
,

ìpou
‖Ω‖L logL =

∫
Sn−1

|Ω(x′)|(1 + log+ |Ω(x′)|)dσn−1(x′).

Gia tic sunart seic Ω ∈ WL logL èqoume to antÐstoiqo tou PorÐsmatoc 3.8.
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Je¸rhma 3.9. Up�rqei mia apìluth jetik  stajer� c tètoia ¸ste

sup
P∈Pd,n,Ω∈WL logL

∣∣∣∣p.v.∫
Rn

eiP (x) Ω(x/|x|)
|x|n

dx

∣∣∣∣ ≤ c log d.

H apìdeixh tou Jewr matoc 3.9 basÐzetai sto Pìrisma 2.9 kai sta akìlouja L mmata.

L mma 3.10. 'Estw P (t) = a0 + a1t+ · · ·+ adt
d kai upojètoume ìti gia k�poio d

2 < j ≤ d isqÔei ìti
|aj | ≥ 1. Tìte, up�rqei mia apìluth jetik  stajer� c tètoia ¸ste, gia k�je R > 0,∣∣∣∣∫ R

1
eiP (t)dt

t

∣∣∣∣ ≤ c. (3.18)

Apìdeixh. H apìdeixh perièqetai sthn apìdeixh tou p�nw fr�gmatoc sto Je¸rhma 3.3 sthn par�-
grafo 3.2.

L mma 3.11. 'Estw Pa(t) = a1t+ a2t
2 + · · ·+ adt

d, Pb(t) = b1t+ b2t
2 + · · ·+ bdt

d dÔo pragmatik�
polu¸numa bajmoÔ d = 2n, me al, bl 6= 0 gia k�je l ∈ {1, 2, . . . , d}. Tìte up�rqei mia apìluth jetik 
stajer� c ¸ste

∣∣∣∣∫ R

ε

{
eiPa(t) − eiPb(t)

}dt
t

∣∣∣∣ ≤ cn +
n∑
j=0

∣∣∣∣∣log
max2j−1<l≤2j |al|

1
l

max2j−1<l≤2j |bl|
1
l

∣∣∣∣∣ , (3.19)

gia k�je 0 < ε < R kai cn ≤ cn.

Apìdeixh. H apìdeixh ja gÐnei me epagwg  sto n. Gia n = 0, h ektÐmhsh∣∣∣∣∫ R

ε
{eiat − eibt}dt

t

∣∣∣∣ ≤ c+
∣∣∣∣log

|a|
|b|

∣∣∣∣
eÐnai klassik . Upojètoume ìti h (3.19) isqÔei gia n − 1. Jètoume δ = max2n−1<l≤2n(|al|

1
l , |bl|

1
l ).

K�nontac thn allag  metablht c t 7→ t/δ sto olokl rwma sthn (3.19) èqoume∣∣∣∣∫ R

ε

{
eiPa(t) − eiPb(t)

}dt
t

∣∣∣∣ =
∣∣∣∣∫ Rδ

εδ

{
eiPa(t/δ) − eiPb(t/δ)

}dt
t

∣∣∣∣
≤

∣∣∣∣∫ 1

εδ

{
eiPa(t/δ) − eiPb(t/δ)

}dt
t

∣∣∣∣ +
∣∣∣∣∫ Rδ

1

{
eiPa(t/δ) − eiPb(t/δ)

}dt
t

∣∣∣∣
= I1 + I2.
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Gr�foume Qa(t) =
∑

1≤l≤2n−1 alt
l, Qb(t) =

∑
1≤l≤2n−1 blt

l. Gia to I1 èqoume

I1 ≤
∣∣∣∣∫ 1

εδ

{
eiQa(t/δ) − eiQb(t/δ)

}dt
t

∣∣∣∣
+

∣∣∣∣∫ 1

εδ

{
eiPa(t/δ) − eiQa(t/δ)

}dt
t

∣∣∣∣ +
∣∣∣∣∫ 1

εδ

{
eiPb(t/δ) − eiQb(t/δ)

}dt
t

∣∣∣∣
Apo thn epagwgik  upìjesh paÐrnoume ìti

∣∣∣∣∫ 1

εδ

{
eiQa(t/δ) − eiQb(t/δ)

}dt
t

∣∣∣∣ ≤ cn−1 +
n−1∑
j=0

∣∣∣∣∣log
max2j−1<l≤2j |al|

1
l

max2j−1<l≤2j |bl|
1
l

∣∣∣∣∣ . (3.20)

Apo thn �llh,∣∣∣∣∫ 1

εδ

{
eiPa(t/δ) − eiQa(t/δ)

}dt
t

∣∣∣∣ ≤
∫ 1

0
|Pa(t/δ)−Qa(t/δ)|

dt

t
≤

∑
2n−1<l≤2n

1
l

|al|
δl

≤
∑

2n−1<l≤2n

1
l
≤ c.

'Omoia deÐqnoume ìti
∣∣∣∫ 1
εδ

{
eiPb(t/δ) − eiQb(t/δ)

}
dt
t

∣∣∣ ≤ c, kai sunep¸c ìti

I1 ≤ cn−1 + c+
n−1∑
j=0

∣∣∣∣∣log
max2j−1<l≤2j |al|

1
l

max2j−1<l≤2j |bl|
1
l

∣∣∣∣∣ .
ParathroÔme ìti to I2 eÐnai summetrikì wc proc ta Pa, Pb. Sunep¸c mporoÔme na upojèsoume ìti

δ = max2n−1<l≤2n |bl|
1
l kai �ra ìti k�poioc apì touc 2n−1 teleutaÐouc suntelestèc tou poluwnÔmou

Pb(t/δ) eÐnai Ðsoc me 1. Apo to L mma 3.10 paÐrnoume tìte ìti∣∣∣∣∫ Rδ

1
eiPb(t/δ)

dt

t

∣∣∣∣ ≤ c.

'Estw P̃a(t) = Pa(t/δ) = ã1t+ · · ·+ ãdt
d. Gr�foume δa = max2n−1<l≤2n |ãl|

1
l . Tìte∣∣∣∣∫ Rδ

1
eiPa(t/δ)dt

t

∣∣∣∣ =
∣∣∣∣∫ Rδ

1
eiP̃a(t)dt

t

∣∣∣∣ ≤ ∣∣∣∣∫ 1

δα

eiP̃a(t/δa)dt

t

∣∣∣∣ +
∣∣∣∣∫ Rδδa

1
eiP̃a(t/δa)dt

t

∣∣∣∣ .
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T¸ra, k�poioc apo touc 2n−1 teleutaÐouc suntelestèc tou poluwnÔmou P̃a(t/δα) eÐnai Ðsoc me 1 kai
sunep¸c apo to L mma 3.10∣∣∣∣∫ Rδ

1
eiPa(t/δ)dt

t

∣∣∣∣ ≤ log
1
δα

+ c = log
1

max2n−1<l≤2n |ãl|
1
l

+ c = log
max2n−1<l≤2n |bl|

1
l

max2n−1<l≤2n |al|
1
l

+ c.

Upojèsame ìti
max

2n−1<l≤2n
|bl|

1
l ≥ max

2n−1<l≤2n
|al|

1
l .

Mia stigm  parat rhshc ja mac epitrèyei na doÔme ìti

I2 ≤ c+

∣∣∣∣∣log
max2n−1<l≤2n |bl|

1
l

max2n−1<l≤2n |al|
1
l

∣∣∣∣∣ .
Sundu�zontac tic ektim seic gia ta I1 kai I2 paÐrnoume∣∣∣∣∫ R

ε

{
eiPa(t) − eiPb(t)

}dt
t

∣∣∣∣ ≤ cn−1 + c+
n∑
j=0

∣∣∣∣log
max2j−1<l≤2j |al|
max2j−1<l≤2j |bl|

∣∣∣∣ ,
kai sunep¸c cn ≤ cn−1 + c. Autì apodeiknÔei kai thn ektÐmhsh cn ≤ cn.

Apìdeixh tou Jewr matoc 3.9. 'Estw P ∈ Pd,n kai Ω ∈ WL logL. EÐnai arketì na apodeÐxoume to
Je¸rhma gia polu¸numa bajmoÔ d = 2n, qrhsimopoi¸ntac to Ðdio epiqeÐrhma pou qrhsimopoi jhke
sthn par�grafo 3.2. Gia 0 < ε < R èqoume∫

ε≤|x|≤R
eiP (x) Ω(x/|x|)

|x|n
dx =

∫
Sn−1

∫ R

ε
eP (rx′)dr

r
Ω(x′)dσn−1(x′).

Gr�foume

P (rx′) =
d∑
j=1

Pj(x′)rj ,

ìpou ta polu¸numa Pj eÐnai omogen  polu¸numa bajmoÔ j. Jètoume mj = ‖Pj‖L∞(Sn−1). Ekmetal-
leuìmenoi thn sunj kh mhdenik c mèshc tim c gia thn Ω, èqoume∣∣∣∣∣

∫
ε≤|x|≤R

eiP (x) Ω(x/|x|)
|x|n

dx

∣∣∣∣∣ =
∣∣∣∣∫
Sn−1

∫ R

ε

{
ei

∑d
j=1 Pj(x

′)rj

− ei
∑d

j=1mjr
j

}
dr

r
Ω(x′)dσn−1(x′)

∣∣∣∣
≤

∫
Sn−1

∣∣∣∣∫ R

ε

{
ei

∑d
j=1 Pj(x

′)rj

− ei
∑d

j=1mjr
j

}
dr

r

∣∣∣∣ |Ω(x′)|dσn−1(x′)

≤ cn‖Ω‖L1(Sn−1) +
n∑
j=0

∫
Sn−1

∣∣∣∣∣log
max2j−1<l≤2j |ml|

1
l

max2j−1<l≤2j |Pl(x′)|
1
l

∣∣∣∣∣ |Ω(x′)|dσn−1(x′),
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ìpou sthn teleutaÐa anisìthta qrhsimopoi same to L mma 3.11. 'Estw t¸ra k�poio j ∈ {0, 1, . . . , n}.
Parathr ste ìti max2j−1<l≤2j |ml|

1
l ≥ max2j−1<l≤2j |Pl(x′)|

1
l . 'Estw ìti max2j−1<l≤2j |ml|

1
l =

|mlo |
1
lo gia k�poio 2j−1 < lo ≤ 2j . Tìte∫

Sn−1

∣∣∣∣∣log
max2j−1<l≤2j |ml|

1
l

max2j−1<l≤2j |Pl(x′)|
1
l

∣∣∣∣∣ |Ω(x′)|dσn−1(x′) ≤
∫
Sn−1

log
|mlo |

1
lo

|Plo(x′)|
1
lo

|Ω(x′)|dσn−1(x′)

= 2
∫
Sn−1

log
|mlo |

1
2lo

|Plo(x′)|
1

2lo

|Ω(x′)|dσn−1(x′)

≤ 2
∫
Sn−1

|mlo |
1

2lo

|Plo(x′)|
1

2lo

dσn−1(x′) + 2
∫
Sn−1

|Ω(x′)| log(|Ω(x′)|+ 1)dσn−1.

Gia thn teleutaÐa anisìthta parathr ste ìti oi sunart seic φ(t) = et − 1, ψ(t) = log(t+ 1) mhdenÐ-
zontai sto 0, eÐnai mh arnhtikèc kai monìtonec, kai eÐnai h mÐa antÐstrofh thc �llhc gia t ≥ 0. Apo
thn anisìthta tou Young paÐrnoume t¸ra ìti gia k�je a, b ≥ 0,

ab ≤
∫ a

0
φ(t)dt+

∫ b

0
ψ(t)dt ≤ ea + b log(b+ 1).

H teleutaÐa anisìthta prokÔptei t¸ra tìte jètontac a = log |mlo |
1

2lo

|Plo (x′)|
1

2lo

kai b = |Ω(x′)|. Parathr ste

epiplèon ìti ∫
Sn−1

|Ω(x′)| log(|Ω(x′)|+ 1)dσn−1 ≤ c‖Ω‖L logL.

Gia ton pr¸to ìro sthn teleutaÐa anisìthta èqoume to akìloujo L mma:

L mma 3.12. 'Estw P : Rn → R èna omogenèc polu¸numo bajmoÔ k. Tìte up�rqei mia apìluth
jetik  stajer� c, tètoia ¸ste

∫
Sn−1

‖P‖
1
2k

L∞(Sn−1)

|P (x′)|
1
2k

dσn−1(x′) ≤ c. (3.21)

Anab�lloume proc stigm  thn apìdeixh tou L mmatoc 3.12, meqri na oloklhr¸soume thn apìdeixh
tou Jewr matoc 3.9. AjroÐzontac tic ektim seic èqoume ìti∣∣∣∣∣

∫
ε≤|x|≤R

eiP (x) Ω(x/|x|)
|x|n

dx

∣∣∣∣∣ ≤ cn‖Ω‖L1(Sn−1) + c

n∑
j=0

(1 + ‖Ω‖L logL)

≤ cn‖Ω‖L1(Sn−1) + cn‖Ω‖L logL + cn ≤ cn,

afoÔ ‖Ω‖L logL ≤ 1.
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Apìdeixh tou L mmatoc 3.12. 'Estw B = B(0, ρ) h mp�la ìgkou 1 ston Rn. H aktÐna aut c thc
mp�lac ikanopoieÐ thn ρn = Γ(n

2
+1)

π
n
2

. Apo to Pìrisma 2.9 èqoume tìte ìti∫
B
|P (x)|−

1
2k dx‖P‖

1
2k

L∞(B) ≤ (cn)
1
2 .

Qrhsimopoi¸ntac polikèc suntetagmènec paÐrnoume tìte ìti

‖P‖
1
2k

L∞(Sn−1)

∫
Sn−1

|P (x′)|−
1
2k dσn−1(x′) ≤ c

n
3
2

ρn
= c

n
3
2π

n
2

Γ(n2 + 1)

≤ c
n

3
2 (eπ)

n
2

(n2 + 1)
n+1

2

≤ c,

apo ton tÔpo tou Stirling.

3.4 Shmei¸seic kai anaforèc

3.4.1 Anaforèc

To prìblhma thc ektÐmhshc tou oloklhr¸matoc kÔriac tim c I(P ) tÐjetai gia pr¸th for� sto
[16] kai sth sunèqeia sta [14] kai [20]. To antÐstoiqo prìblhma ston Rn parousi�zetai epÐshc sto
[14]. Sta parap�nw, oi ektim seic pou dÐnontai den perigr�foun thn ex�rthsh twn stajer¸n apo
to bajmì tou poluwnÔmou. To Je¸rhma 3.3 brÐsketai sto [10] kai apoteleÐ nèo apotèlesma ìpwc
kai ta n−di�stata an�log� tou. To Je¸rhma 3.9 akoloujeÐ thn apìdeixh tou Stein apo to [14],
belti¸nontac ìla ta L mmata pou qrhsimopoioÔntai ekeÐ. To epiqeÐrhma pou qrhsimopoi jhke sth
apìdeixh tou Jewr matoc 3.9 gia na per�soume sthn L logL nìrma thc sun�rthshc Ω eÐnai klassikì.
H anisìthta tou Young mporeÐ na brejeÐ gia par�deigma sto [21].

3.4.2 Idi�zonta oloklhr¸mata tal�ntwshc me rht  f�sh

'Estw P,Q ∈ Pd. OrÐzoume to olokl rwma kÔriac tim c

I(P,Q) = p.v.

∫
R
e
i

P (t)
Q(t)

dt

t
.

To akìloujo Je¸rhma perièqetai sto [7].

Je¸rhma 3.13. 'Estw P,Q ∈ Pd. Tìte, up�rqei mia jetik  stajer� cd pou exart�tai mìno apo to
d, tètoia ¸ste, ∣∣∣∣p.v. ∫

R
e
i

P (t)
Q(t)

dt

t

∣∣∣∣ ≤ cd.
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3.4.3 'Ena diakritì an�logo

Gia P ∈ Pd, jewroÔme ta summetrik� ajroÐsmata

S(P ) =
∑
n6=0

eiP (n)

n
.

Ta antÐstoiqa summetrik� merik� ajroÐsmata eÐnai

SN (P ) =
∑

0<|n|<N

eiP (n)

n
.

'Eqoume to akìloujo Je¸rhma.

Je¸rhma 3.14. 'Estw d ≥ 2. Tìte

sup
N=1,2,...

sup
P∈Pd

|SN (P )| ≤ cd.

Epiplèon, gia k�je polu¸numo P ∈ Pd, h akoloujÐa {SN (P )} sugklÐnei kaj¸c N → ∞, kai ètsi h
seir� S(P ), jewroÔmenh wc ìrio twn summetrik¸n merik¸n thc ajroism�twn SN (P ), eÐnai pantoÔ
orismènh kai fragmènh sto q¸ro Pd.

To Je¸rhma autì apodeÐqjhke sto [2] kai epÐshc anex�rthta sto [17]. H ex�rthsh thc stajer�c
cd apo to d den eÐnai gnwst .
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