SINGULAR OSCILLATORY INTEGRALS ON R"

M. PAPADIMITRAKIS AND I. R. PARISSIS

ABSTRACT. Let Py ,, denote the space of all real polynomials of degree at most
d on R"™. We prove a new estimate for the logarithmic measure of the sublevel
set of a polynomial P € Py ;. Using this estimate, we prove that

sup
PEPg n

ooy §2
po. [P XD o] < log a9 51 + 1)

||

for some absolute positive constant ¢ and every function 2 with zero mean
value on the unit sphere S?~1. This improves a result of Stein from [3].

1. INTRODUCTION

We denote by Pg ,, the vector space of all real polynomials of degree at most d
in R™. Let K be a —n homogeneous function on R"”, that is,

)

(1.1) K(z) = 2e/l])

|z["

where () is some function on the unit sphere S®~!. Consider the principal value
integral

I,(P) = ‘p.v./ e PO K (2)dx

Stein has proved in [3] that if £ has zero mean value on the unit sphere, then
(1.2) [In(P)| < cal|Q| Lo (sn-1),

for some constant ¢4 depending only on d. We wish to obtain sharp estimates of
the form (1.2). The one dimensional analogue, namely the estimate

(1.3) ‘p.v./eip(r)dx
R

xT

< clogd,

which was proved in [2], suggests that the constant ¢g in (1.2) could be replaced by
clog d for some absolute positive constant ¢. The fact that this is indeed the case
is the content of the following theorem.

Theorem 1.1. Suppose that K(x) = Q(a/|z|)/|z|" where Q has zero mean value
on the unit sphere S"~1. There exists an absolute positive constant c such that

sup

< clogd (|| L10g Lsm—1) + 1)
PePy,n

p.v./ PO K (2)da
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Remark 1.2. Suppose that K(z) = Q(z/|z|)/|z|™ where the function € is odd on
the unit sphere. It is an immediate consequence of the one-dimensional result that

sup p.U./ eP@ K (z)dx

PePy,n

< clogd || L1 (sn-1)

for some absolute positive constant c.

The main ingredient of the proof of Theorem 1.1 is an estimate for the logarithmic
measure of the sublevel set of a real polynomial in one dimension. This is a lemma
of independent interest which we now state.

Lemma 1.3 (The logarithmic measure lemma). Let P(x) = ZZ:O bpz® be a real
valued polynomial of degree at most d, o > 0 and M = max{|bg| : % <k<d} If
E={x>1:|P(x)| <a}, then

/d—x<cmin @ él—l—llo @
i M) T A% M)

where ¢ is an absolute positive constant.
Notation. We will use the letter ¢ to denote an absolute positive constant which

might change even in the same line of text.

2. PRELIMINARY RESULTS

As is usually the case when one deals with oscillatory integrals, a key Lemma is
the classical van der Corput Lemma.

Lemma 2.1 (van der Corput). Let ¢ : [a,b] — R be a C* function and suppose that
|¢'(t)] > 1 for allt € [a,b] and ¢’ changes monotonicity N times in [a,b]. Then,
< —

for every A € R,
’ iAp(z)
e\ x| <
‘ /a Al

where ¢ is an absolute constant independent of a,b and ¢.

cN

The proof of Lemma 2.1 is a simple integration by parts.
We will also need a precise estimate for the Lebesgue measure of the sublevel set
of a polynomial on R".

Theorem 2.2 (Carbery,Wright). Suppose that K C R™ is a convez body of volume
1 and P € Pyyp. Let 1 < g <oo. Then,

. 1 -1
[{z € K : |P(x)| < a}| < cmin(qd, n)ad || P|[ 7 4.

This is a consequence of a more general Theorem of Carbery and Wright and
can be found in [1].

Corollary 2.3. Let P be a real homogeneous polynomial of degree k on R™. Then

1

.
(2 1) HPHEM(Sn—l)dU (I’/) < ‘
' g1 [P ST
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Proof of Corollary 2.3. Let B = B(0, p) be the ball of volume 1 on R™. For € < %
and some A\ > 0 to be defined later, we have
/ |P(z)| %dz = / H{z € B:|P(z)|" ¢ > a}lda
B 0
< /\—|—/ {z € B:|P(z)| < of%}|da
A
< atenpfit A
+ B )

< en|| Pl (B) ﬁ—l

using Theorem 2.2. Optimizing in A we get
ke
—€ ke —€
/B|P(x)| dx < (Cnl—ke) I1PIz% (p)-
Using polar coordinates and setting € = i < %, we then get
1 n% ’]’L%’]T%
P|ZE, P % do, 1(2)) < c— =c
IPI oo [ IP@ Fdrua@) < o = epa ™
n? (em)?
< c EES <eg,
(% + 1)T

which completes the proof. O

3. THE LOGARITHMIC MEASURE LEMMA

The proof of Lemma 1.3 is motivated by an argument of Vinogradov from [4],
used to estimate the Lebesgue measure of the sublevel set of a polynomial in a
bounded interval. We fix a polynomial P(x) = ZZ:O bpx® and look at the set
E ={x>1:|P(z)| < a}. Note that by replacing o with M in the statement of
the lemma, it is enough to consider the case M = 1. Since F is a closed set we can
find points xg,x1,...,xq € E such that xg < z; < --- < x4 and

1 .
*/dﬁ:/ 2 rog B g<j<d-1
d E Z Eﬁ[I]‘,I]‘+1] €z x.]

We set 1 = fE df and ¢t = e@ > 1 and we have that Tjq1 > tx;, 0<j <d—1. The
Lagrange interpolation formula is

d —
) = T (aj—xo)..(x_x])..(x_xd) .
P(z) ;P( g)(xrxo)...(xj/f\xj)...(xj7%), € R,

where 4 means that u is omitted. Thus,

Ud,k(l'()7...,@,...,$d)

(wj = w0) -+ (x5 — 3;) () — Ta)

d
b=y Pla;)(—1)**
=0
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where o; is the [-th elementary symmetric function of its variables. Therefore

d ~
bl < @) Udfk(l'm;gj,...,xd)
j:O‘xj_xO""|xj_xj|"'|$j—xd|

d Uk(mo’ ,w%_, ,i)
S LT (2 D ) ()

Fi-1 Tj+1 x4
d .
< az _ okl s ) |
= jzo(ta_l)...(t_ )(1_%)...(1_%3_)
It is easy to see that there exists precisely one j, 0 < j < 41 < d, for which
; 2t4 _
—1
(3.1) =1 < ity T <4

It is exactly for this j that (¢7 —1)---(t—1)(1— 1)+ (1 — ;7=) takes its minimum

—
value as j runs from 0 to d. On the other hand we have

d —
1 1 1
ZJ’“O@H«) :(d—s—l—k)ak(l,...,td)

§=0
and, hence
br] < a(d+1-—k) <1 1> !
Lk =~ — (o ooy 77 -
)W =1 (=D =) (1= )
a(d+1—k) (5 1
32 < ( )k(’“) : 5 —.
Lttt @D - D (- )
From (3) we easily see that t/ < 2 and, since % is increasing in the interval
(1,2), we find
log(t — 1) + -+ +log(t! —1) =
t (log(t—1) log(t/ = 1), .
= t—1) 4o 2 T 4l
(P P o
t (" log(z —1 t [
(3.3) > / og( )dx = — %8 J.
t—1J/; T t—1J9 1+z
Similarly, since w is decreasing in the interval (0,1) we get

1 1
_ 1 (log(l— ) 1‘ 3 1‘ +.”+10g(1—%) 1_1
t—1 s td=i=1  gd— 1 t

1 L Jog(1 — 1 -5
(3.4) > / gl =) ) _ / 8T i
1 0

t—1 , x Ct—1 1—z
td—7J
We let
td—1 , 1
A=—— B=t-1, I'=1—- —
td 4+ 1’ ’ td=j’
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and, obviously, 0 < A, B,T" < 1. From (3.3) and (3.4) we have

. 1 1
log(t1)+~~-+log(tj1)+log(1td_j>+~~+log<1t) >

t #-1 logz 1 1= log x
> — do + —— d
= t—1/0 11 ), -z
t B logx 1 Flog:z:
= d d
t—l/ 1+z x+t—1/ 11—z
1 1 1
= ——Bl ———I‘l - —-0|(——8B —T).
-1 % B -1 °%T O(t—1> O(t—l)
From (3) we get B,I" < idilj and, since %% is decreasing in ¢ € (1, +00),
we find
t t+ 1t —1
< <d+1
T
and, similarly,
1 t+1¢dt—1
r<t* <d+1.

<
t—1 —t—1tdtl 41—
Therefore

. 1 1
log(t—1)+~~-+log(t‘7—1)+log(1—td_j> +~~+10g<1—t> >

1 1 1
> - —_
2 t—lBlOgB = I‘log cd
> ZLAI l 1 Bl +T'log = — 2A1 d
= el OgB Ogr OgA o
Now
1 1 1 1 B A T
Blog — +Tlog = —2Alog— = (B+TI'—2A)log— +A—log — + A—log —
ogB+ g T g & (B + )ogA+ AogB+ T8
B+T
< — —2]Al A.
= ( A ) ogA+c
Using (3)
B+I' 2(t—1)
A —td+1+1

and we conclude that

1 1 1 2 c
Blog  +Tlog & — 241 < 2 a1 S}
t—1< st OgA) = g OgA+t—1
t+1t¢—1
< c+c+

——— <cd
t—1td+1
Therefore

; 1 1
log(t—1)+-~-+10g(t]—1)+log(1—td_j>+~--+10g<1—t> >

2
% Alog 1A —
tilegA cd
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R d
and, finally, (3.2) implies that for some k& > §

2A

d
o 1)1
< ()

where ¢, is an absolute positive constant.
1 .
case 1: coad < % Then, since % < %A < d, we get
24
A < ATT < cpa

which implies

and, finally,

1
case 2: coad >

which shows that 1
w < log(4e,) + Oia.

case 3: coaé > %, t4 > 2. Then A > % and % < %A < d and, hence,

1 k-1
R

3d < c,a.

We conclude that
242

log «a
< — | 1 — ) < 1+ log —
,u_k(k_l)(og(ScoH— p >_c< +ogd)

since k > %.
4. PROOF OF THEOREM 1.1

Let Q be a function with zero mean value on the unit sphere S~ ! belonging to
the class Llog L(S™~1), that is

1920l L 10g L(sm-1) = [S | leEhia +log™ [(2")])doy-1(a") < co.

Set K(z) = Q(z/|z|)/|z|™ and let P € Py,,. We will show the theorem for d = 2™,
for some m > 0. The general case is then an immediate consequence.

We set
/ eP@ K (z)dx
e<|z|<R

where Cy is a constant depending on d, 2 and n. For 0 < ¢ < R we write,

Cyq= sup
0<e<R

b

R
) . nd
I r(P) = /<| n e P@ K (2)dr = /S . / et )%Q(x’)dan_l(aj’).

For 2/ € S"~! we have that P(rz’) = Z?Zl Pj(z")r7 where P; is a homogeneous
polynomial of degree j. Observe that we can omit the constant term, without loss
of generality. Set also m; = ||Pj||fo(gn-1). Since e and R are arbitrary positive
numbers, by a dilation in r we can assume that maxd jcqMj = 1 and, in particular,
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d
that m;, = 1 for some 4 < j, < d. We also write Q(z) = Y71 Pj(x). We split the
integral in two parts as follows

d
‘/Sﬂ 1 / zP(ra: ) )dO’nfl(l'/)
/ / €iP(Txl)ﬁQ(a)‘/)d0'n,1($/)
Sn—1J1 T

For I; we have that
d

ne [ f 0! oy )

/ / ZQ(rz @ )dO’n_l(IEl)’
Sn—1

< 7||Q||L1 gn—1) +Cd < C”QHLl Ssn—1) +C%
d<j§d

|I5R

=L+ L.

eiP(m:’) . eiQ(mc/)

For I we write

I, < / / ,
gn—1 {reu,R];\%pd}

79 d _ /.
/S"’l /{relR oP(rel) | < gy 7‘| (&)ldon-1(2")

Since {r € [1, R] : \M\ > d} consists of at most O(d) intervals where
monotonic, van der Corput’s lemma gives the bound

/sn—l /{reu,R] |22 | a3

On the other hand, the logarithmic measure lemma implies that

—1|0 dan, {,Cl S
‘/Sn 1‘/{7_61}2 aP(m/)|<d} ’I“| ( )| 1( )

< ool ey [ log ‘
s~ C Li(sn—1 C— A
DT Jga maxgqu{ﬂpj(x')\}

Combining the estimates we get

) nd
piP(ra’) 4T 1Q(z")|doy—1 (")

OP(rz’) .
—ar 1S

. ’ d'f’
P (0! o 1 (0) < el 5oy

(") do—1 ('),

20 1P, 11722 n
Ca < clfllasn + Cg +e 22 [ logL—(S”m dorr ()
PR Joen TR0

and, from Young’s inequality,
1P I gy
Py, ()|
+ C~/S” 1 1Q(z")](1 + log™ |Q(z")])don_1(2).
Now, using corollary 2.3 we get

Cyq < Cg + (|9 L 10g L(sm—1) +1)-

Cq < C”QHLl(S"*l) + C% + C/ don—1(x') +
Sn—1
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Since d = 2™, this means that
Com < Com-1 + c([|Q L10g L(57-1) + 1)

Using induction on m we get that Com < Cy + em(||| L 10g £(sn-1) +1). Observe
that C; corresponds to some polynomial P(z) = byz1 + - -+ + byz,. We write

/ PO K (2)dx
e<|z|<R

R
/ / {6irP(x’) _ eiTHP”LOO(Sn_l)}%Q(I‘/)dan_l(l'/)
Sn—1 Je

Using the simple estimate

R
) o dr
etar _ ezbr
Je ey

<c+c

b
oo

a

we get

/ PO K (2)dr| < cl|Q L1 (gn-1) +
e<|z|<R

(15—
+c log ————2—2|Q(2")|dop_1(2").
[ e g 10 o &)

Hence, ¢ < C”QHLl(S”*l) +c+ HQHLlOgL(Snfl) and
Cgm S Cm(HQHLlOgL(Sn—l) + 1)
The case of general d is now trivial. If 2m=1 « d < 2™ then

Ca < Com < em(||Q L 10g £(s7-1) + 1) < clog d([|Q| L 1og (sn-1) + 1)

5. THE ONE DIMENSIONAL CASE REVISITED

We will attempt to give a short proof of the one dimensional analogue of theorem
1.1. This is a slight simplification of the proof in [2], with the aid of the logarithmic
measure lemma.

So, fix a real polynomial P(z) = by + by + - - - + bgxr? and consider the quantity

/ (iP(@) 4T
e<|z|<R €T

By the same considerations as in the n—dimensional case, we can assume that P
has no constant term and that it can be decomposed in the form

P(z) = Z bjx? + Z bjz! = Q(z) + R(x),

0<j<g d<j<d

Cy= sup
0<e<R

where |b;| <1 for every g < j <d. As aresult

I Y L
e<|z|<R T 0<|z|<1

2 xT

IA

X d
/ (iP() 32
1<|z|<R €

IN

C%—FC—FI.
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We split I as follows

I< / iP(@) 4T +/ dr
{z€[1,R):| P’ (2)|>d} z {z>1:|P'(z)|<d} T

Now, using Proposition 2.1 for the first summand in the above estimate and the
logarithmic measure lemma to estimate the second summand, we get that I < c.
But this means that Cy < C 4tc which completes the proof by considering first
the case d = 2™ for some m, as in the n—dimensional case.

REFERENCES

1. A. Carbery and J. Wright, Distributional and LY norm inequalities for polynomials over convex
bodies in R™, Math. Res. Lett. 8 (2001), no. 3, 233-248. MR MR1839474 (2002h:26033)

2. 1. R. Parissis, A sharp bound for the stein-wainger oscillatory integral, Proc. Amer. Math. Soc.
to appear.

3. E. M. Stein, Oscillatory integrals in Fourier analysis, Beijing lectures in harmonic analysis
(Beijing, 1984), Ann. of Math. Stud., vol. 112, Princeton Univ. Press, Princeton, NJ, 1986,
pp. 307-355. MR MR864375 (88g:42022)

4. 1. M. Vinogradov, Selected works, Springer-Verlag, Berlin, 1985, With a biography by K. K.
Mardzhanishvili, Translated from the Russian by Naidu Psv [P. S. V. Naidu], Translation edited
by Yu. A. Bakhturin. MR MR807530 (87a:01042)

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CRETE, KNOSSOS AVENUE 71409, IRAKLIO—
CRETE, GREECE

E-mail address: ioannis.parissis@gmail.com

E-mail address: papadim@math.uoc.gr



