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Kef�laio 1

O metasqhmatismìc Fourier

1.1 BasikoÐ orismoÐ

Estw f ∈ L1(Rn). OrÐzoume

f̂ (ξ) =
1

(
√

2π)n

∫

Rn

f(x)e−ix·ξ dx , ξ ∈ Rn. (1.1)

To olokl rwma Lebesgue sth sqèsh (1.1) sugklÐnei gia k�je ξ kai ètsi orÐzetai h sun�rthsh
f̂ h opoÐa onom�zetai metasqhmatismìc Fourier thc f . QrhsimopoieÐtai suqn� o sumbolismìc

Ff = f̂ .

Oi parak�tw eÐnai merikèc apo tic pollèc gnwstèc idiìthtec tou metasqhmatismoÔ Fourier :

• O telest c F eÐnai grammikìc.

• H sun�rthsh Ff eÐnai suneq c ston Rn , ìpwc faÐnetai polÔ eÔkola me apl 
efarmog  tou Jewr matoc Kuriarqhmènhc SÔgklishc.

• ‖f̂ ‖∞ ≤ 1
(
√

2π)n
‖f ‖1.

• Gia k�je f, g ∈ L1(Rn) to olokl rwma

(f ∗ g)(x) =
1

(
√

2π)n

∫

Rn

f(x− y)g(y)dy

orÐzetai gia sqedìn k�je x ∈ Rn, h orizìmenh sun�rthsh f ∗ g eÐnai stoiqeÐo
tou L1(Rn) kai onom�zetai sunèlixh twn f, g. IsqÔei ìti

(̂f ∗ g)(ξ) = f̂(ξ)ĝ(ξ)

gia k�je ξ ∈ Rn, ìpwc apodeiknÔetai me efarmog  tou Jewr matoc tou Fubini.
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• 'Ena par�deigma: gia k�je α > 0

an f(x) = e−α|x|2 , tìte f̂(ξ) =
1

(
√

2α)n
e−

1
4α |ξ|2 . (1.2)

O upologismìc autìc, me efarmog  tou Jewr matoc tou Fubini, an�getai
sthn perÐptwsh mÐac metablht c kai tìte diekperai¸netai me efarmog  tou
Jewr matoc tou Cauchy thc migadik c an�lushc:

f̂(ξ) =
1√
2π

∫ +∞

−∞
e−αx2

e−ixξ dx =
1√
2π

∫ +∞

−∞
e−α(x+i ξ

2α )2 dx e−
1
4α ξ2

=
1√
2π

∫ +∞

−∞
e−αx2

dx e−
1
4α ξ2

=
1√
2α

e−
1
4α ξ2

.

• An f ∈ L1(Rn) kai f̂ ∈ L1(Rn), tìte isqÔei o tÔpoc thc antistrof c

f(x) =
1

(
√

2π)n

∫

Rn

f̂(ξ)eix·ξ dξ gia sqedìn k�je x ∈ Rn . (1.3)

H apìdeixh tou tÔpou (1.3) eÐnai stoiqei¸dhc all� ìqi profan c. ProkÔptei
apo ton pio k�tw upologismì (ìpou α > 0):

1
(
√

2π)n

∫

Rn

f̂(ξ)e−α|ξ|2eix·ξ dξ =
1

(2π)n

∫

Rn

∫

Rn

f(y)e−iy·ξdye−α|ξ|2eix·ξ dξ

=
1

(2π)n

∫

Rn

f(y + x)
∫

Rn

e−α|ξ|2e−iy·ξ dξdy

=
∫

Rn

f(2
√

πay + x)e−π|y|2dy .

Gia thn trÐth isìthta qrhsimopoioÔme ton tÔpo (1.2). Epomènwc
∫

Rn

∣∣∣∣
1

(
√

2π)n

∫

Rn

f̂(ξ)e−α|ξ|2eix·ξ dξ − f(x)
∣∣∣∣ dx

=
∫

Rn

∣∣∣∣
∫

Rn

f(2
√

πay + x)e−π|y|2 dy − f(x)
∣∣∣∣ dx

=
∫

Rn

∣∣∣∣
∫

Rn

{
f(2

√
πay + x)− f(x)

}
e−π|y|2 dy

∣∣∣∣ dx

≤
∫

Rn

∫

Rn

∣∣f(2
√

πay + x)− f(x)
∣∣ dx e−π|y|2 dy .

An jèsoume φf (u) =
∫
Rn |f(u + x)− f(x)| dx , tìte gnwrÐzoume ìti

0 ≤ φf (u) ≤ 2‖f‖1 kai φf (u) −→ 0 ìtan |u| → 0 . 'Ara apo to Je¸rhma
Kuriarqhmènhc SÔgklishc èqoume ìti

∫

Rn

∫

Rn

∣∣f(2
√

πay + x)− f(x)
∣∣ dx e−π|y|2 dy −→ 0 ìtan a → 0+ .

'Ara

f(x) = L1 − lim
a→0+

1
(
√

2π)n

∫

Rn

f̂(ξ)e−a|ξ|2eix·ξ dξ .

Epeid  f̂ ∈ ÃL1(Rn), apo to Je¸rhma Kuriarqhmènhc SÔgklishc paÐrnoume
ton (1.3) .
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• O metasqhmatismìc Fourier eÐnai èna proc èna telest c. Dhlad  an
f ∈ L1(Rn) kai f̂ = 0 , tìte f = 0 .

Autì eÐnai �mesh sunèpeia tou tÔpou (1.3) .

1.1.1 O metasqhmatismìc Fourier sto q¸ro tou Schwarz

Me S(Rn) sumbolÐzoume to gnwstì q¸ro tou L.Schwartz. Mia migadik  sun�rthsh f eÐnai
stoiqeÐo tou S(Rn) an, ex orismoÔ, h f eÐnai �peirec forèc paragwgÐsimh ston Rn kai isqÔei ìti
gia k�je k ∈ No kai k�je poludeÐkth α = (α1, . . . , αn) ∈ Nn

o

sup
x
|x|k |∂αf(x)| = sup

x
|x|k

∣∣∣∣
∂α1+···+αnf

∂xα1
1 · · · ∂xαn

n
(x)

∣∣∣∣ < +∞ .

'Olec oi parak�tw idiìthtec eÐnai gnwstèc kai me eÔkolh apìdeixh.

• An f ∈ S(Rn) tìte P ·f ∈ S(Rn) kai ∂αf ∈ S(Rn) gia k�je polu¸numo P (x)
kai gia k�je poludeÐkth α.

• An f, g ∈ S(Rn), tìte f ∗ g ∈ S(Rn) .

• An f ∈ S(Rn), tìte f̂ ∈ S(Rn) .

• Epomènwc gia k�je f ∈ S(Rn) isqÔei o tÔpoc thc antistrof c (1.3) gia k�je
x ∈ Rn .

Apo ton tÔpo (1.3) prokÔptei amèswc ìti o metasqhmatismìc Fourier ,
periorismènoc sto q¸ro S(Rn), eÐnai èna proc èna kai epÐ:

F : S(Rn) 1−1−→
epÐ

S(Rn)

kai ìti

(F−1f)(ξ) = (Ff)(−ξ) .

• An f, g ∈ S(Rn), tìte isqÔoun oi tautìthtec tou Plancherel :
∫

Rn

f(x)g(x) dx =
∫

Rn

f̂(ξ)ĝ(ξ) dξ

‖f‖2 = ‖f̂‖2 . (1.4)

Oi dÔo tautìthtec eÐnai isodÔnamec kai h pr¸th prokÔptei an sto pr¸to olo-
kl rwma antikatast soume to f(x) me ton tÔpo (1.3) kai efarmìsoume to
je¸rhma tou Fubini.

• O S(Rn) eÐnai puknì uposÔnolo k�je q¸rou Lp(Rn), 1 ≤ p < +∞, afoÔ
eÐnai gnwstì ìti to sÔnolo twn �peirec forèc paragwgÐsimwn sunart sewn
me sumpag  forèa (uposÔnolo tou S(Rn)) eÐnai puknì stouc Lp(Rn).
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1.1.2 O metasqhmatismìc Fourier ston L2(Rn)

Me b�sh to gegonìc ìti o S(Rn) eÐnai puknì uposÔnolo tou L2(Rn) kai tic tautìthtec (1.4)
eÐnai profanèc ìti o F : L2(Rn) 1−1−→

epÐ
L2(Rn) epekteÐnetai se isometrÐa

F : L2(Rn) iso−→ L2(Rn) .

Epiplèon èqoume touc ex c tÔpouc gia k�je f ∈ L2(Rn):

(Ff)(ξ) = L2 − lim
R→+∞

1
(
√

2π)n

∫

|x|≤R

f(x)e−ix·ξ dx

f(x) = L2 − lim
R→+∞

1
(
√

2π)n

∫

|ξ|≤R

(Ff)(ξ)eix·ξ dξ . (1.5)

ParathreÐste ìti gia k�je R to
∫
|x|≤R

f(x)e−ix·ξ dx orÐzetai wc olokl rwma Lebesgue
en¸ to

∫
Rn f(x)e−ix·ξ dx en gènei den orÐzetai. O pr¸toc apo touc tÔpouc (1.5), kai omoÐwc o

deÔteroc, apodeiknÔetai an jèsoume

fR(x) =

{
f(x), an |x| ≤ R

0, an |x| > R .

Tìte afenìc

fR −→
R→+∞

f ston L2(Rn)

opìte sÔmfwna me thn tautìthta (1.4)

FfR −→
R→+∞

Ff ston L2(Rn) .

Afetèrou

(FfR)(ξ) =
1

(
√

2π)n

∫

|x|≤R

f(x)e−ix·ξ dx , ξ ∈ Rn

afoÔ fR ∈ L1(Rn).

1.2 H nìrma tou telest  F : Lp(Rn) −→ Lq(Rn)

1.2.1 H anisìthta Hausdorff-Young

'Eqoume loipìn dei ìti o metasqhmatismìc Fourier dr� stouc q¸rouc L1(Rn), L2(Rn) kai

F : L1(Rn) −→ L∞(Rn) , F : L2(Rn) −→ L2(Rn) .

EpÐshc

‖Ff‖∞ ≤ 1
(
√

2π)n
‖f‖1

‖Ff‖2 = ‖f‖2 .
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Sthn pr¸th anisìthta h stajer� 1
(
√

2π)n
eÐnai h beltÐsth, ìpwc faÐnetai an jèsoume f(x) =

e−π|x|2 kai qrhsimopoi soume ton tÔpo (1.2). Qrhsimopoi¸ntac t¸ra to gnwstì je¸rhma pa-
rembol c twn M.Riesz kai G.Thorin apodeiknÔetai amèswc ìti gia k�je p , 1 < p < 2 , o
metasqhmatismìc Fourier epekteÐnetai apo ton S(Rn) sto megalÔtero q¸ro Lp(Rn) kai ìti me
q = p

p−1 isqÔei

F : Lp(Rn) −→ Lq(Rn) .

Epiplèon

‖Ff‖q ≤ 1

(
√

2π)n( 2
p−1)

‖f‖p . (1.6)

H anisìthta (1.6) onom�zetai anisìthta Hausdorff-Young. Sthn pragmatikìthta oi F.
Hausdorff kai W.H Young apèdeixan thn (1.6) sto plaÐsio twn seir¸n Fourier kai h (1.6) apo-
deÐqjhke san pìrisma apo ton E. Titchmarsh. H apìdeixh thc (1.6) me qr sh tou jewr matoc
parembol c twn M.Riesz kai G.Thorin up�rqei se poll� biblÐa. Gia par�deigma sto [8], sto [3]
kai sto [5]. Oi arqikèc stoiqei¸deic (kai endiafèrousec) apodeÐxeic twn Hausdorff, Young kai
Titchmarsh up�rqoun sto [6].

Ac anaferjeÐ, q�rin plhrìthtac, ìti, an p > 2, tìte o telest c F den orÐzetai me th <<sunhji-
smènh>> ènnoia sto q¸ro Lp(Rn). An f ∈ Lp(Rn), p > 2, tìte h Ff den eÐnai en gènei sun�rthsh
all� mporeÐ na orisjeÐ san mia tempered distribution.

1.2.2 H bèltisth stajer� sthn anisìthta Hausdorff-Young

H stajer� pou parousi�zetai sthn anisìthta (1.6) den eÐnai h bèltisth ìtan 1 < p < 2. O
K.I Babenko [1] prosdiìrise th bèltisth stajer� cp sthn anisìthta

‖Ff‖q ≤ cp‖f‖p (1.7)

stic peript¸seic q = 4, 6, 8, · · · , dhlad  ìtan o q eÐnai �rtioc akèraioc. O W. Beckner [2]
prosdiìrise th bèltisth stajer� cp gia k�je p , 1 < p < 2 .

'Estw
f(x) = c exp {−Ax · x + b · x}

ìpou c 6= 0 , A eÐnai pragmatikìc n × n pÐnakac jetik� orismènoc kai b = µ + i ν v eÐnai
migadikì di�nusma (dhlad  µ, ν ∈ Rn). K�je tètoia sun�rthsh onom�zetai sun�rthsh Gauss.
Gr�fontac A = U∗DU , ìpou U eÐnai orjog¸nioc pÐnakac kai D eÐnai diag¸nioc pÐnakac me
jetik� diag¸nia stoiqeÐa kai k�nontac pr�xeic qrhsimopoi¸ntac ton tÔpo (1.2) kai aplèc allagèc
metablht c katal goume sto

f̂(ξ) =
c√

2ndetA
exp

{
−1

4
A−1(ξ + i b) · (ξ + i b)

}
.

Tèloc, me aploÔc upologismoÔc paÐrnoume

‖f‖p = |c|
(√

π

p

)n
p 1

(
√

detA)
1
p

exp
{
−1

4
A−1µ · µ

}

‖f̂‖q = |c|
(√

2π

q

)n
q 1

(
√

2ndetA)
1
p

exp
{
−1

4
A−1µ · µ

}
.
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'Ara

‖f̂‖q =

[(√
2π

q

) 1
q

(√
p

2π

) 1
p

]n

‖f‖p . (1.8)

Oi Babenko kai Beckner apèdeixan (o pr¸toc mìno ìtan q = 4, 6, 8, . . .) to :

Je¸rhma 1.2.1 Gia k�je f ∈ Lp(Rn), 1 < p < 2, q = p
p−1 , isqÔei:

‖Ff‖q ≤ cp,n‖f‖p (1.9)

ìpou cp,n =
[(√

2π
q

) 1
q (√

p
2π

) 1
p

]n

.

H cp,n eÐnai profan¸c h bèltisth stajer� sthn anisìthta (1.9) afoÔ aut  gÐnetai isìthta
ìtan h f eÐnai sun�rthsh Gauss sÔmfwna me thn (1.8).

Tèloc, o Lieb [4] apèdeixe ìti h (1.9) gÐnetai isìthta mìnon ìtan h f eÐnai sun�rthsh Gauss.
Skopìc mac se aut n thn ergasÐa eÐnai na parousi�soume tic apodeÐxeic twn Babenko, Beck-

ner gia to Je¸rhma autì.

1.2.3 Anagwg  sthn perÐptwsh thc mÐac metablht c

'Estw Tx grammikìc telest c o opoÐoc dra se sunart seic f(x) metablht c x kai tic me-
tasqhmatÐzei se sunart seic Tx [f(·)] (ξ) metablht c ξ. EpÐshc èstw Sy grammikìc telest c o
opoÐoc dra se sunart seic g(y) metablht c y kai tic metasqhmatÐzei se sunart seic Sy [g(·)] (η)
metablht c η. OrÐzetai tìte to tanustikì ginìmeno Tx ⊗ Sy to opoÐo dra se sunart seic
h(x, y) metablht¸n x, y kai tic metasqhmatÐzei se sunart seic metablht¸n ξ, η me tÔpo

(Tx ⊗ Sy) [h(·, ·)] (ξ, η) orsv.= Tx [Sy [h(·, ·) ] (η) ] (ξ) .

Bèbaia up�rqei jèma wc proc to an o Tx ⊗ Sy eÐnai kal� orismènoc an�loga me ta pedÐa
orismoÔ twn Tx, Sy.

L mma 1.2.1 (Nelson-Segal) 'Estw 1 ≤ p ≤ q ≤ +∞, µ, ν, ρ, σ tèssera s-peperasmèna mètra
kai oi fragmènoi grammikoÐ telestèc

Tx : Lp (X,µ) −→ Lq (Ξ, ρ)

Sy : Lp (Y, ν) −→ Lq (H, σ) .

Upojètoume epÐshc ìti h sun�rthsh Sy [f(x, ·) ] (η) eÐnai µ × σ-metr simh kaj¸c kai ìti h
sun�rthsh Tx [Sy [f(·, ·) ] (η) ] (ξ) eÐnai ρ × σ-metr simh gia k�je f ∈ Lp (X × Y, µ× ν) .

Tìte orÐzetai to tanustikì ginìmeno

Tx ⊗ Sy : Lp (X × Y, µ× ν) −→ Lq (Ξ×H, ρ× σ)

kai
‖Tx ⊗ Sy‖ ≤ ‖Tx‖‖Sy‖ .
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Apìdeixh: 'Estw f(·, ·) ∈ Lp (X × Y, µ× ν). Tìte gia sqedìn(µ) k�je x h sun�rthsh f(x, ·)
eÐnai stoiqeÐo tou Lp (Y, ν) kai epomènwc h sun�rthsh Sy [f(x, ·)] (·) eÐnai stoiqeÐo tou Lq (H,σ).
Efarmìzontac thn oloklhrwtik  anisìthta tou Minkowski, afoÔ q

p ≥ 1, èqoume

{∫

H

∣∣∣∣
∫

X

|Sy [f(x, ·)] (η)|p dµ(x)
∣∣∣∣

q
p

dσ(η)

} p
q

≤
∫

X

{∫

H

|Sy [f(x, ·)] (η)|q dσ(η)
} p

q

dµ(x)

≤ ‖Sy‖p

∫

X

{∫

Y

|f(x, y)|p dν(y)
}

dµ(x)

= ‖Sy‖p ‖f‖p
Lp(X×Y,µ×ν) < +∞ . (1.10)

'Ara, gia sqedìn(σ) k�je η isqÔei
∫

X

|Sy [f(x, ·)] (η)|p dµ(x) < +∞

kai epomènwc Sy [f(·, ·)] (η) ∈ Lp (X, µ). 'Ara, gia sqedìn(σ) k�je η èqei nìhma h

Tx [Sy [f(·, ·) ] (η) ] (·)

kai anoÐkei sto q¸ro Lq (Ξ, ρ). 'Ara gia sqedìn(ρ× σ) k�je (ξ, η) èqei nìhma to

(Tx ⊗ Sy) [f(·, ·)] (ξ, η) = Tx [Sy [f(·, ·) ] (η) ] (ξ)

kai

‖ (Tx ⊗ Sy) [f ] ‖Lq(Ξ×H,ρ×σ) =
{∫

H

∫

Ξ

|Tx [Sy [f(·, ·) ] (η) ] (ξ)|q dρ(ξ) dσ(η)
} 1

q

≤ ‖Tx‖
{∫

H

∣∣∣∣
∫

X

|Sy [f(x, ·) ] (η)|p dµ(x)
∣∣∣∣

q
p

dσ(η)

} 1
q

≤ ‖Tx‖ ‖Sy‖ ‖f‖Lp(X×Y,µ×ν)

ìpou h teleutaÐa anisìthta prokÔptei lìgw thc (1.10). 2

H epèktash tou L mmatoc se perissìterec metablhtèc eÐnai profan c kai �mesh.

Autì to L mma mac epitrèpei na an�goume to prìblhma prosdiorismoÔ thc cp,n sth mÐa
di�stash. Pr�gmati, èstw ìti gia k�je p me 1 < p < 2 isqÔei ìti

‖Ff‖q ≤ cp,1 ‖f‖p

gia k�je sun�rthsh f ∈ Lp(R) .

JewroÔme n antÐgrafa tou metasqhmatismoÔ Fourier sth mÐa di�stash:

Fxj : Lp(Xj , µj) −→ Lq(Ξj , ρj)

ìpou X1 = · · · = Xn = Ξ1 = · · · = Ξn = R kai µ1 = · · · = µn = ρ1 = · · · = ρn = λ, ìpou λ eÐnai

to mètro Lebesgue ston R kai
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(Fxj
f)(ξj) =

1√
2π

∫ +∞

−∞
f(xj)e−ixjξj dxj , ξj ∈ R

gia k�je f ∈ S(Xj) . Tìte gia k�je f ∈ S(Rn)

(Ff)(ξ) =
1

(
√

2π)n

∫

Rn

f(x)e−ix·ξ dx

=
1√
2π

∫

R

[
1√
2π

∫

R

[
· · ·

[
1√
2π

∫

R
f(x1, · · · , xn)e−ixnξn dxn

]
· · ·

]
e−ix2ξ2 dx2

]
e−ix1ξ1 dx1

= Fx1 [Fx2 [· · · [Fxn
[f(·, ·, · · · , ·)]] · · · ]] (ξ1, ξ2, · · · , ξn)

= (Fx1 ⊗Fx2 ⊗ · · · ⊗ Fxn
) [f(·, ·, . . . , ·)] (ξ1, ξ2, . . . , ξn) .

'Ara o F tautÐzetai me to tanustikì ginìmeno Fx1 ⊗Fx2 ⊗· · ·⊗Fxn ston puknì upìqwro S(Rn)
tou Lp(Rn), opìte, sÔmfwna me to L mma 1.2.1

‖F‖ ≤ ‖Fx1‖‖Fx2‖ · · · ‖Fxn‖ = cn
p,1 = cp,n .

Sta epìmena trÐa kef�laia ja asqolhjoÔme me thn parousÐash thc ergasÐac tou Babenko
(Kef�laio 3) kai thc ergasÐac tou Beckner (Kef�laio 4) gia thn apìdeixh thc anisìthtac

‖Ff‖q ≤ cp‖f‖p

gia k�je f ∈ Lp(R), 1 < p < 2, ìpou cp =
(√

2π
q

) 1
q (√

p
2π

) 1
p kai q = p

p−1 . To Kef�laio 2
perilamb�nei basik� stoiqeÐa gia tic sunart seic Hermite kai ton pur na tou Mehler ta opoÐa
qrhsimopoioÔntai tìso sthn ergasÐa tou Babenko ìso kai se aut n tou Beckner.



Kef�laio 2

Oi sunart seic Hermite kai o
pur nac tou Mehler

2.1 OrismoÐ kai merikèc basikèc idiìthtec

Orismìc 2.1.1 EÐnai profanèc ìti oi sunart seic

Hk(x) = (−1)k ex2 dk

dxk
e−x2

, k = 0, 1, 2, 3, . . .

eÐnai polu¸numa bajmoÔ k. Gia par�deigma:

Ho(x) = 1, H1(x) = 2x, H2(x) = 4x2 − 2, H3(x) = 8x3 − 12x

k.o.k. Ta polu¸numa aut� onom�zontai polu¸numa Hermite.

L mma 2.1.1
+∞∑
n=0

tn
Hn(x)

n!
= e2tx−t2 , t ∈ C, x ∈ R . (2.1)

Apìdeixh: Gr�fontac th seir� Taylor thc sun�rthshc e−(x−t)2 èqoume

e−(x−t)2 =
+∞∑
n=0

tn

n!

(
dn

dtn
e−(x−t)2

)

t=0

=
+∞∑
n=0

tn

n!
(−1)n

(
dn

dtn
e−(x+t)2

)

t=0

=
+∞∑
n=0

tn

n!
(−1)n dn

dxn
e−x2

=
+∞∑
n=0

tn

n!
e−x2

Hn(x) .

Apo ed¸ profan¸c prokÔptei h (2.1). 2

L mma 2.1.2

2xHk+1(x) = Hk+2(x) + 2(k + 1)Hk(x) (2.2)
H

′′
k (x)− 2xH

′
k (x) = −2kHk(x) . (2.3)

15
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Apìdeixh: H sqèsh (2.2) prokÔptei wc ex c. Onom�zoume φ(t) th sun�rthsh

φ(t) =
+∞∑

k=0

tk+2

(k + 2)!
{Hk+2(x) + 2(k + 1)Hk(x)− 2xHk+1(x)} .

Tìte apo thn (2.1) paÐrnoume

φ(t) = e2tx−t2 − 1− 2tx + 2
+∞∑

k=0

tk+2

k!(k + 2)
Hk(x)− 2x

+∞∑

k=0

tk+2

(k + 2)!
Hk+1(x)

kai paragwgÐzontac kat� ta gnwst� tic seirèc Taylor

φ
′
(t) = (2x− 2t)e2tx−t2 − 2x + 2

+∞∑

k=0

tk+1

k!
Hk(x)− 2x

+∞∑

k=0

tk+1

(k + 1)!
Hk+1(x) .

'Ara, qrhsimopoi¸ntac p�li thn (2.1)

φ
′
(t) = (2x− 2t)e2tx−t2 − 2x + 2te2tx−t2 − 2x

(
e2tx−t2 − 1

)
= 0 .

'Ara h φ(t) eÐnai stajer  sun�rthsh kai, epeid  apo ton orismì thc isqÔei profan¸c ìti
φ(0) = 0, sunep�getai ìti φ(t) = 0. 'Ara ìloi oi suntelestèc eÐnai mhdèn.

Gia thn apìdeixh thc (2.3) ergazìmaste wc ex c. Apo ton orismì èqoume

H
′

k+1(x) = (−1)k+12xex2 dk+1

dxk+1
e−x2

+ (−1)k+1ex2 dk+2

dxk+2
e−x2

= 2xHk+1(x)−Hk+2(x)

opìte b�sei thc (2.2) èqoume

H
′

k+1(x) = 2(k + 1)Hk(x) = 2(k + 1)(−1)kex2 dk

dxk
e−x2

.

'Ara

(
e−x2

H
′

k+1(x)
) ′

= 2(k + 1)(−1)k dk+1

dxk+1
e−x2

−2xe−x2
H

′
k+1(x) + e−x2

H
′′

k+1(x) = −2(k + 1) e−x2
Hk+1(x) .

Aplopoi¸ntac paÐrnoume thn (2.3) gia k = 1, 2, 3, . . . . EÐnai profanèc ìti h (2.3) isqÔei
kai gia k = 0. 2

Orismìc 2.1.2 Oi sunart seic

ψk(x) =
1

(2kk!
√

π)
1
2
Hk(x)e−

x2
2 , k = 0, 1, 2, . . .

onom�zontai sunart seic Hermite kai profan¸c eÐnai stoiqeÐa tou S(R).

L mma 2.1.3
ψ

′′
k (x)− x2ψk(x) = −(2k + 1)ψk(x) (2.4)
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Apìdeixh: An jèsoume ck = 1

(2kk!
√

π)
1
2

tìte

ψ
′′

k (x)− x2ψk(x) = ck

{
H

′
k (x)e−

x2
2 − xHk(x)e−

x2
2

} ′

− ckx2Hk(x)e−
x2
2

= ck

{
H

′′
k (x)e−

x2
2 − xH

′
k (x)e−

x2
2 −

−Hk(x)e−
x2
2 − xH

′
k (x)e−

x2
2 + x2Hk(x)e−

x2
2

}
− ckx2Hk(x)e−

x2
2

= ck

{
H

′′
k (x)− 2xH

′
k (x)−Hk(x)

}
e−

x2
2

opìte b�sei thc (2.3)

ψ
′′

k (x)− x2ψk(x) = −(2k + 1)ckHk(x)e−
x2
2 = −(2k + 1)ψk(x) . 2

Orismìc 2.1.3 OrÐzoume ton pur na tou Mehler

K(x, y, t) =
1√

π(1− t2)
exp

{
x2 − y2

2
− (x− yt)2

1− t2

}

gia pragmatikoÔc x, y kai migadikì t me |t| < 1.

Je¸rhma 2.1.1
+∞∑
n=0

tnψn(x)ψn(y) = K(x, y, t) . (2.5)

Apìdeixh: Apo th sqèsh (1.2) èqoume

e−x2
=

1√
π

∫ +∞

−∞
e−u2+2iux du

kai paragwgÐzontac paÐrnoume

Hk(x) = (−1)kex2 dk

dxk

{
1√
π

∫ +∞

−∞
e−u2+2iux du

}
= (−2i)kex2 1√

π

∫ +∞

−∞
e−u2+2iuxuk du .

Sunep¸c

+∞∑
n=0

tnψn(x)ψn(y) =
+∞∑
n=0

e−
x2+y2

2
tn√

πn!2n
Hn(x)Hn(y) (2.6)

=
1

π
√

π
e

x2+y2

2

+∞∑
n=0

∫ +∞

−∞

∫ +∞

−∞

(−2tuv)n

n!
exp

{−u2 − v2 + 2iux + 2ivy
}

dudv .

Epeid 

+∞∑
n=0

∣∣∣∣
(−2tuv)n

n!
exp

{−u2 − v2 + 2iux + 2ivy
}∣∣∣∣ = e−u2−v2

+∞∑
n=0

|2tuv|n
n!

= e−u2−v2+2|tuv|
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kai epeid  h teleutaÐa sun�rthsh eÐnai (afoÔ |t| < 1) oloklhr¸simh ston R × R, sunep�getai
apo to Je¸rhma Kuriarqhmènhc SÔgklishc ìti epitrèpetai enallag  oloklhr¸matoc kai seir�c
sthn (2.6) kai paÐrnoume

+∞∑
n=0

tnψn(x)ψn(y) =
1

π
√

π
e

x2+y2

2

∫ +∞

−∞

∫ +∞

−∞
exp

{−u2 − v2 + 2iux + 2ivy − 2tuv
}

dudv

=
1

π
√

π
e

x2+y2

2

∫ +∞

−∞
e−u2

e2iux

{∫ +∞

−∞
e−(v+tu)2e2ivy dv

}
et2u2

du .

An t¸ra perioristoÔme se pragmatikì t me −1 < t < 1 , tìte h teleutaÐa par�stash eÐnai
sÔmfwna me thn (1.2) Ðsh me

1
π

e
x2+y2

2 e−y2
∫ +∞

−∞
e−u2

e2iuxet2u2
e−2ituydu =

1
π

e
x2−y2

2

∫ +∞

−∞
e−(1−t2)u2+2i(x−yt)u du

=
1√

π(1− t2)
exp

{
x2 − y2

2
− (x− yt)2

1− t2

}

= K(x, y, t) .

'Ara h (2.5) apodeÐqjhke gia −1 < t < 1. Epomènwc h dunamoseir� tou aristeroÔ mèlouc thc
(2.5) sugklÐnei gia k�je migadikì t me |t| < 1 kai eÐnai analutik  sto dÐsko autì. H sun�rthsh
sto dexÐ mèloc thc (2.5) eÐnai profan¸c analutik  sun�rthsh tou t ston Ðdio dÐsko, opìte apo
thn arq  analutik c sunèqishc h isìthta epekteÐnetai gia migadikì t me |t| < 1. 2

ParathroÔme ìti ex orismoÔ

K(x, y, t) =
1√

π(1− t2)
exp

{
− 1 + t2

2(1− t2)
x2 − 1 + t2

2(1− t2)
y2 +

2t

1− t2
xy

}
(2.7)

kai, epeid  Re
(

1+t2

1−t2

)
> 0 gia k�je t me |t| < 1, sunep�getai ìti h K(x, y, t) eÐnai sto q¸ro

S(R) kai epomènwc se k�je q¸ro Lp(R) wc proc k�je mia apo tic metablhtèc x, y. 'Ara gia k�je
f ∈ Lp(R) orÐzetai h sun�rthsh

(Ktf) (x) =
∫ +∞

−∞
K(x, y, t)f(y) dy .

ParathroÔme ìti k�je par�gwgoc wc proc x kai, lìgw summetrÐac, wc proc y thc K(x, y, t)
eÐnai thc morf c

dk

dxk
K(x, y, t) = P (x, y, t)K(x, y, t) ,

dk

dyk
K(x, y, t) = P (y, x, t)K(x, y, t)

ìpou P (x, y, t) eÐnai polu¸numo wc proc x, y sunolikoÔ bajmoÔ k me suntelestèc sunart seic
tou t.

L mma 2.1.4 Gia k�je x ∈ R, t migadikì me |t| < 1 kai k�je polu¸numo P (x, y, t) wc proc x, y

sunolikoÔ bajmoÔ k isqÔei

‖P (x, ·, t)K(x, ·, t)‖q ≤ cq,t (1 + |x|)k exp

{
−1

2
1− |t|2
1 + |t|2 x2

}
.
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Apìdeixh: An jèsoume A = 1
2 Re 1+t2

1−t2 > 0, B = Re t
1−t2 sthn (2.7), tìte

|K(x, y, t)| =
1√

π |1− t2| exp
{−Ax2 −Ay2 + 2Bxy

}

=
1√

π |1− t2| exp

{
−A2 −B2

A
x2 −

(√
Ay − B√

A
x

)2
}

=
1√

π |1− t2| exp

{
−1

2
1− |t|2
1 + |t|2 x2 − u2

}

ìpou u =
√

A y − B√
A

x.
'Ara, an q = 1, èqoume

∫ +∞

−∞
|P (x, y, t)K(x, y, t)| dy =

=
1√

π |1− t2|A exp

{
−1

2
1− |t|2
1 + |t|2 x2

}∫ +∞

−∞

∣∣∣∣P
(

x,
1√
A

u +
B

A
x, t

)∣∣∣∣ e−u2
du

≤
(

2
∣∣1− t2

∣∣
π(1− |t|4)

) 1
2

exp

{
−1

2
1− |t|2
1 + |t|2 x2

}
k∑

n=0

cn(t) |x|n

≤ c1,t (1 + |x|)k exp

{
−1

2
1− |t|2
1 + |t|2 x2

}
.

OmoÐwc, an q = +∞, èqoume

max
y
|P (x, y, t)K(x, y, t)| =

=
1√

π |1− t2| exp

{
−1

2
1− |t|2
1 + |t|2 x2

}
max

u

∣∣∣∣P
(

x,
1√
A

u +
B

A
x, t

)∣∣∣∣ e−u2

≤ 1√
π |1− t2| exp

{
−1

2
1− |t|2
1 + |t|2 x2

}
k∑

n=0

dn(t) |x|n

≤ c∞,t (1 + |x|)k exp

{
−1

2
1− |t|2
1 + |t|2 x2

}
.

Tèloc, an 1 < q < +∞, èqoume me sunduasmì twn dÔo prohgoÔmenwn peript¸sewn
∫ +∞

−∞
|P (x, y, t)K(x, y, t)|q dy ≤

(
max

y
|P (x, y, t)K(x, y, t)|

)q−1 ∫ +∞

−∞
|P (x, y, t)K(x, y, t)| dy

≤ cq−1
∞,tc1,t (1 + |x|)qk exp

{
−1

2
q

1− |t|2
1 + |t|2 x2

}

ap�opou sunep�getai amèswc to L mma. 2

L mma 2.1.5 Gia k�je f ∈ Lp(R), t migadikì me |t| < 1 sunep�getai ìti h Ktf eÐnai sto q¸ro
S(R) kai eidikìtera se k�je q¸ro Lq(R).
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Apìdeixh: Apo to L mma 2.1.4 sunep�getai ìti gia k�je k

dk

dxk
(Ktf) (x) =

∫ +∞

−∞
P (x, y, t)K(x, y, t)f(y) dy

ìpou P (x, y, t) eÐnai polu¸numo sunolikoÔ bajmoÔ k wc proc x, y kai ìti an 1
p + 1

q = 1

∣∣∣∣
dk

dxk
(Ktf) (x)

∣∣∣∣ ≤ cq,t (1 + |x|)k exp

{
−1

2
1− |t|2
1 + |t|2 x2

}
‖f‖p . (2.8)

'Ara h Ktf eÐnai sto q¸ro S(R). 2

L mma 2.1.6 Oi sunart seic Hermite ψk(x), k = 0, 1, 2, . . . , eÐnai orjokanonikì sÔsthma
ston L2(R) .

Apìdeixh: Apo th sqèsh (2.4) tou L mmatoc 2.1.3 èqoume ìtan m 6= n

ψ
′′

m (x)ψn(x)− x2ψm(x)ψn(x) = −(2m + 1)ψm(x)ψn(x)

ψ
′′

n (x)ψm(x)− x2ψn(x)ψm(x) = −(2n + 1)ψn(x)ψm(x)

kai afair¸ntac

2(n−m)ψm(x)ψn(x) = ψ
′′

m (x)ψn(x)− ψm(x)ψ
′′

n (x) =
(
ψ

′
m(x)ψn(x)− ψm(x)ψ

′
n (x)

) ′

.

'Ara

2(n−m)
∫ +∞

−∞
ψm(x)ψn(x) dx =

(
ψ

′
m(x)ψn(x)− ψm(x)ψ

′
n (x)

) ∣∣∣∣
+∞

−∞
= 0 .

An t¸ra efarmìsoume thn (2.5) tou Jewr matoc 2.1.1 gia 0 ≤ t < 1 kai x = y paÐrnoume

+∞∑
n=0

tnψ2
n(x) = K(x, x, t) =

1√
π(1− t2)

exp
{
−1− t

1 + t
x2

}
.

Epeid  h seir� pou emfanÐzetai apoteleÐtai apo mh arnhtikoÔc ìrouc, mporoÔme na oloklhr¸-
soume kai na p�roume :

+∞∑
n=0

tn
∫ +∞

−∞
ψ2

n(x) dx =
1√

π(1− t2)

∫ +∞

−∞
exp

{
−1− t

1 + t
x2

}
dx =

1
1− t

=
+∞∑
n=0

tn .

'Ara ∫ +∞

−∞
ψ2

n(x) dx = 1 gia k�je n ∈ No .

2



21

L mma 2.1.7

(i)
∫ +∞
−∞ K(x, y, t) dy =

√
2

1+t2 exp
{
− 1

2
1−t2

1+t2 x2
}

, opìte
∫ +∞
−∞ K(x, y, t) dy −→ 1 , an t → 1 .

(ii)
∫ +∞
−∞ |K(x, y, t)| dy =

√
2|1−t2|
1−|t|4 exp

{
− 1

2
1−|t|2
1+|t|2 x2

}
.

'Ara, gia k�je c ≥ 1 isqÔei
∫ +∞
−∞ |K(x, y, t)| dy ≤ 2

√
c, an t eÐnai migadikìc me |t| < 1 kai

|1−t|
1−|t| ≤ c .

(iii) |K(x, y, t)| ≤ 1√
π|1−t2| exp

{
− 1

4
1−|t|2
|1−t|2 (x− y)2

}
.

Apìdeixh: Oi apodeÐxeic twn (i), (ii) eÐnai z thma apl¸n pr�xewn qrhsimopoi¸ntac thn (2.7).
H (iii) apodeiknÔetai b�sei tou tÔpou

K(x, y, t) =
1√

π(1− t2)
exp

{
−1

4
1 + t

1− t
(x− y)2 − 1

4
1− t

1 + t
(x + y)2

}

o opoÐoc prokÔptei epÐshc apo thn (2.7). 2

To L mma 2.1.7 ekfr�zei to gegonìc ìti o pur nac tou Mehler sumperifèretai wc prosèg-
gish thc mon�dac. 'Opwc eÐnai anamenìmeno, èqoume san �mesh sunèpeia to

Je¸rhma 2.1.2 'Estw tuqìn c ≥ 1.

(a) Gia k�je f ∈ Lp(R) me 1 ≤ p < +∞ isqÔei ìti lim ‖Ktf − f‖p = 0 ìtan t → 1 paÐrnontac
migadikèc timèc me |t| < 1 kai |1−t|

1−|t| ≤ c.

(b) Gia k�je f ∈ Lp(R) isqÔei ìti ‖Ktf‖p ≤ 2
√

|1−t|
|1+t|(1−|t|2)‖f‖p kai epomènwc

‖Ktf‖p ≤
√

2c(c + 1)‖f‖p

an o t eÐnai migadikìc me |t| < 1 kai |1−t|
1−|t| ≤ c.

Apìdeixh: (a)

‖Ktf − f‖p =

{∫ +∞

−∞

∣∣∣∣
∫ +∞

−∞
K(x, y, t)f(y) dy − f(x)

∣∣∣∣
p

dx

} 1
p

≤
{∫ +∞

−∞

∣∣∣∣
∫ +∞

−∞
K(x, y, t) (f(y)− f(x)) dy

∣∣∣∣
p

dx

} 1
p

+

+

{∫ +∞

−∞

∣∣∣∣
∫ +∞

−∞
K(x, y, t) dy − 1

∣∣∣∣
p

|f(x)|p dx

} 1
p

= A + B .

Tìte kat' arq n apo to L mma 2.1.7(i) :

Bp =
∫ +∞

−∞

∣∣∣∣∣

√
2

1 + t2
exp

{
−1

2
1− t2

1 + t2
x2

}
− 1

∣∣∣∣∣

p

|f(x)|p dx −→ 0
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ìtan t → 1, to opoÐo eÐnai fanerì an efarmìsoume to Je¸rhma Kuriarqhmènhc SÔgklishc.
Katìpin, apo to L mma 2.1.7(iii):

A ≤ 1√
π |1− t2|

{∫ +∞

−∞

∣∣∣∣∣
∫ +∞

−∞
exp

{
−1

4
1− |t|2
|1− t|2 (x− y)2

}
|f(y)− f(x)| dy

∣∣∣∣∣

p

dx

} 1
p

=
1√

π |1− t2|

{∫ +∞

−∞

∣∣∣∣∣
∫ +∞

−∞
exp

{
−1

4
1− |t|2
|1− t|2 y2

}
|f(x− y)− f(x)| dy

∣∣∣∣∣

p

dx

} 1
p

≤ 1√
π |1− t2|

∫ +∞

−∞

{∫ +∞

−∞
|f(x− y)− f(x)|p dx

} 1
p

exp

{
−1

4
1− |t|2
|1− t|2 y2

}
dy

ìpou h teleutaÐa anisìthta prokÔptei apo thn oloklhrwtik  anisìthta tou Minkowski.
T¸ra orÐzoume

φf (y) =
{∫ +∞

−∞
|f(x− y)− f(x)|p dx

} 1
p

≤ 2‖f‖p

kai eÐnai gnwstì ìti φf (y) −→ 0 ìtan y → 0 gia k�je f ∈ Lp(R). 'Ara

A ≤ 1√
π |1− t2|

∫ +∞

−∞
φf (y) exp

{
−1

4
1− |t|2
|1− t|2 y2

}
dy

=
2√

|1 + t| (1 + |t|)

√
|1− t|
1− |t|

∫ +∞

−∞
φf


2

√
π |1− t|√
1− |t|2

y


 e−πy2

dy .

Epomènwc, an |1−t|
1−|t| ≤ c, tìte

A ≤
√

2c(c + 1)
∫ +∞

−∞
φf

(
2
√

π

√
|1− t|
1 + |t|

√
|1− t|
1− |t|y

)
e−πy2

dy −→ 0

ìtan t → 1, me efarmog  tou Jewr matoc Kuriarqhmènhc SÔgklishc.
(b)

‖Ktf‖p =

{∫ +∞

−∞

∣∣∣∣
∫ +∞

−∞
K(x, y, t)f(y) dy

∣∣∣∣
p

dx

} 1
p

to opoÐo apo to L mma 2.1.7(iii) eÐnai

≤ 1√
π |1− t2|

{∫ +∞

−∞

(∫ +∞

−∞
exp

{
−1

4
1− |t|2
|1− t|2 (x− y)2

}
|f(y)| dy

)p

dx

} 1
p

=
1√

π |1− t2|

{∫ +∞

−∞

(∫ +∞

−∞
exp

{
−1

4
1− |t|2
|1− t|2 y2

}
|f(x− y)| dy

)p

dx

} 1
p

≤ 1√
π |1− t2|

∫ +∞

−∞

{∫ +∞

−∞
|f(x− y)|p dx

} 1
p

exp

{
−1

4
1− |t|2
|1− t|2 y2

}
dy

= 2

√
|1− t|

|1 + t| (1− |t|2)‖f‖p
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apo thn oloklhrwtik  anisìthta tou Minkowski. 2

Je¸rhma 2.1.3 Oi sunart seic Hermite ψk(x), k = 0, 1, 2, . . . , apoteloÔn orjokanonik  b�-
sh tou L2(R).

Apìdeixh: 'Hdh apo to L mma 2.1.6 gnwrÐzoume ìti oi sunart seic Hermite apoteloÔn orjoka-
nonikì uposÔnolo tou L2(R).

Apo ton tÔpo (2.5) tou Jewr matoc 2.1.1 èqoume gia k�je x kai k�je migadikì t me |t| < 1
ìti

+∞∑
n=0

|tnψn(x)|2 =
+∞∑
n=0

|t|2n
ψ2

n(x) = K(x, x, |t|2) < +∞ .

'Ara, gia k�je x kai t me |t| < 1 h seir�
+∞∑
n=0

tnψn(x)ψn

sugklÐnei sÔmfwna me to Je¸rhma Riesz - Fischer se k�poia sun�rthsh tou L2(R) (me th sÔg-
klish tou L2(R)).

Epeid  h Ðdia seir� sugklÐnei shmeiak� (wc proc y) sthn K(x, y, t) sunep�getai ìti gia k�je
x kai k�je t me |t| < 1

lim
N→+∞

N∑
n=0

tnψn(x)ψn(·) = K(x, ·, t) ston L2(R). (2.9)

'Ara gia k�je x, k�je t me |t| < 1 kai k�je f ∈ L2(R)

+∞∑
n=0

tnψn(x)
∫ +∞

−∞
f(y)ψn(y) dy =

∫ +∞

−∞
K(x, y, t)f(y) dy = (Ktf) (x) . (2.10)

T¸ra gia k�je t me |t| < 1

+∞∑
n=0

∣∣∣∣tn
∫ +∞

−∞
f(y)ψn(y) dy

∣∣∣∣
2

≤
+∞∑
n=0

|t|2n ‖f‖2 < +∞ .

Autì sunep�getai ìti h seir�
+∞∑
n=0

tn
∫ +∞

−∞
f(y)ψn(y) dyψn

sugklÐnei, p�li sÔmfwna me to Je¸rhma Riesz - Fischer, se k�poia sun�rthsh tou L2(R).
Lìgw thc (2.10) sunep�getai ìti gia k�je t me |t| < 1

lim
N→+∞

N∑
n=0

tn
∫ +∞

−∞
f(y)ψn(y) dy ψn(·) = (Ktf) (·) ston L2(R). (2.11)

'Estw t¸ra f ∈ L2(R) kai ε > 0. Apo to Je¸rhma 2.1.2(a) up�rqei t me 0 ≤ t < 1 ¸ste
‖Ktf − f‖2 < ε

2 kai apo thn (2.11) up�rqei N ¸ste

∥∥∥
N∑

n=0

tn
∫ +∞

−∞
f(y)ψn(y) dy ψn −Ktf

∥∥∥
2

<
ε

2
.
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'Ara
∥∥∥

N∑
n=0

tn
∫ +∞

−∞
f(y)ψn(y) dy ψn − f

∥∥∥
2

< ε .

Dhlad  h f proseggÐzetai apo grammikoÔc sunduasmoÔc twn ψo, ψ1, ψ2 , . . . opìte oi sunar-
t seic Hermite par�goun ton L2(R). 2

B�sei tou Jewr matoc 2.1.3 isqÔoun oi gnwstèc sqèseic gia k�je f, g ∈ L2(R):

an αn =
∫ +∞

−∞
f(x)ψn(x) dx , βn =

∫ +∞

−∞
g(x)ψn(x) dx,

dhlad  an f ∼
+∞∑
n=0

αnψn , g ∼
+∞∑
n=0

βnψn, tìte

∫ +∞

−∞
f(x)g(x) dx =

+∞∑
n=0

αnβn ,

‖f‖22 =
+∞∑
n=0

|αn|2 ,

(f ∼ ∑+∞
n=0 αnψn shmaÐnei ìti

∑N
n=0 αnψn −→ f ston L2(R) ìtan N → +∞).

Apo th sqèsh (2.11) faÐnetai kajar� o trìpoc dr�shc tou telest  Kt ston L2(R) : apl¸c
pollaplasi�zei touc suntelestèc sth seir� Fourier thc f (sqetik� me thn orjokanonik  b�sh
twn sunart sewn Hermite) me touc pollaplasiastèc tn. Dhlad 

an f ∼
+∞∑
n=0

αnψn, tìte Ktf ∼
+∞∑
n=0

tnαnψn . (2.12)

Apo thn (2.12) sunep�getai autom�twc ìti oi ψn, n = 0, 1, 2, . . . , eÐnai idiosunart seic tou
Kt me antÐstoiqec idiotimèc tn : Ktψn = tnψn.

Je¸rhma 2.1.4 H oikogèneia telest¸n {Kt | t ∈ C , |t| < 1} apoteleÐ analutik  hmiom�da te-
lest¸n parametrikopoihmènh me ta shmeÐa tou monadiaÐou dÐskou tou C.

Apìdeixh: Gia k�je t, s ∈ C me |t| , |s| < 1 kai gia k�je f ∈ L2(R) me f ∼ ∑+∞
n=0 αnψn èqoume

b�sei thc (2.12) :

Ktf ∼
+∞∑
n=0

tnαnψn

kai epomènwc

(Ks ◦Kt) f = Ks (Ktf) ∼
+∞∑
n=0

sntnαnψn ∼ Kstf .

'Ara
Ks ◦Kt = Kst . (2.13)
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Aut  eÐnai h idiìthta thc hmiom�dac. Gia thn analutikìthta prèpei na apodeÐxoume ìti gia k�je
f ∈ L2(R) h sun�rthsh Ktf tou t èqei migadik  par�gwgo. Pr�gmati, ja apodeÐxoume ìti an
f ∼ ∑+∞

n=0 αnψn ,tìte to

lim
s→t

Ksf −Ktf

s− t

up�rqei ston L2(R) kai isoÔtai me th sun�rthsh g ∼ ∑+∞
n=0 ntn−1αnψn.

Gia k�je s me |s| < 1 èqoume ìti

Ksf −Ktf

s− t
− g ∼

+∞∑
n=0

αn

{
sn − tn

s− t
− ntn−1

}
ψn

kai epomènwc

∥∥∥∥
Ksf −Ktf

s− t
− g

∥∥∥∥
2

2

=
+∞∑
n=0

|αn|2
∣∣∣∣
sn − tn

s− t
− ntn−1

∣∣∣∣
2

=
+∞∑
n=0

|αn|2
∣∣sn−1 + sn−2t + · · ·+ stn−2 + tn−1 − ntn−1

∣∣2 .

AfoÔ s → t mporoÔme na jewr soume ìti |s− t| < 1−|t|
2 . Tìte ìmwc

|s| ≤ 1 + |t|
2

kai |t| = |t|
2

+
|t|
2
≤ 1 + |t|

2
.

Sunep¸c gia k�je n ∈ N èqoume

|αn|2
∣∣∣∣
sn − tn

s− t
− ntn−1

∣∣∣∣
2

≤ |αn|2
{

n

(
1 + |t|

2

)n−1

+ n |t|n−1

}2

≤ 4n2 |αn|2
(

1 + |t|
2

)2(n−1)

.

Epeid 
∑+∞

n=0 n2 |αn|2
(

1+|t|
2

)2(n−1)

< +∞, apo to Je¸rhma Kuriarqhmènhc SÔgklishc gia
seirèc paÐrnoume

lim
s→t

∥∥∥∥
Ksf −Ktf

s− t
− g

∥∥∥∥
2

2

= lim
s→t

+∞∑
n=0

|αn|2
∣∣∣∣
sn − tn

s− t
− ntn−1

∣∣∣∣
2

=
+∞∑
n=0

lim
s→t

(
|αn|2

∣∣∣∣
sn − tn

s− t
− ntn−1

∣∣∣∣
2
)

= 0 .

2
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2.2 O metasqhmatismìc Fourier sto q¸ro L2(R)

Je¸rhma 2.2.1
ψ̂n = (−i)nψn .

Apìdeixh: An jèsoume cn = 1

(2nn!
√

π)
1
2
, tìte

ψ̂n(ξ) =
1√
2π

∫ +∞

−∞
ψn(ξ)e−ixξ dx =

(−1)n

√
2π

cn

∫ +∞

−∞
e

x2
2

dn

dxn

(
e−x2

)
e−ixξ dx

=
1√
2π

cn

∫ +∞

−∞
e−x2 dn

dxn

(
e

x2
2 −ixξ

)
dx =

1√
2π

cn

∫ +∞

−∞
e−x2 dn

dxn

(
e

1
2 (x−iξ)2

)
dx e

1
2 ξ2

=
in√
2π

cn

∫ +∞

−∞
e−x2 dn

dξn

(
e

1
2 (x−iξ)2

)
dx e

1
2 ξ2

= incne
1
2 ξ2 dn

dξn

(
1√
2π

∫ +∞

−∞
e−x2

e
1
2 (x−iξ)2 dx

)

= incne
1
2 ξ2 dn

dξn
e−ξ2

= (−i)nψn(ξ) .

2

'Ara h orjokanonik  b�sh twn sunart sewn Hermite apoteleÐ pl rec sÔsthma idiodianusm�-
twn tou F : L2(R) −→ L2(R). An f ∼ ∑+∞

n=0 αnψn tìte

f = L2 − lim
N→+∞

N∑
n=0

αnψn

kai epeid  o F eÐnai isometrÐa

Ff = L2 − lim
N→+∞

F
(

N∑
n=0

αnψn

)
= L2 − lim

N→+∞

N∑
n=0

(−i)nαnψn.

'Ara

an f ∼
+∞∑
n=0

αnψn , tìte f̂ ∼
+∞∑
n=0

(−i)nαnψn . (2.14)

'Estw, t¸ra, f ∼ ∑+∞
n=0 αnψn. Apo thn (2.12) èqoume Ktf ∼ ∑+∞

n=0 tnαnψn kai apo thn
(2.14) K̂tf ∼

∑+∞
n=0(−i)ntnαnψn ∼ K−itf .

'Ara

K̂tf = K−itf . (2.15)

Je¸rhma 2.2.2 Gia k�je f ∈ L2(R) isqÔei ìti

lim
t→1

‖Ktf − f‖2 = 0 , lim
t→1

‖K−itf − f̂ ‖2 = 0.
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Apìdeixh: An f ∼ ∑+∞
n=0 αnψn, tìte b�sei twn (2.12), (2.14) kai (2.15) èqoume

‖Ktf − f‖22 =
+∞∑
n=0

|1− tn|2 |αn|2

‖K−itf − f̂‖22 =
+∞∑
n=0

|(−i)n − (−it)n|2 |αn|2 =
+∞∑
n=0

|1− tn|2 |αn|2

kai to apotèlesma tou jewr matoc eÐnai �meso. 2

'Etsi loipìn o tautotikìc telest c I kai o metasqhmatismìc Fourier F emfanÐzontai wc
{sunoriakèc timèc} thc hmiom�dac {Kt | t ∈ C , |t| < 1} ìtan t = 1 kai t = −i antistoÐqwc.

AxÐzei na anaferjeÐ ìti

A. Oi sqèseic (2.14) qrhsimeÔoun kai wc deÔteroc trìpoc orismoÔ tou metasqhma-
tismoÔ Fourier ston L2(R). Dhlad , gia k�je f ∼ ∑+∞

n=0 αnψn, orÐzoume f̂

th sun�rthsh me seir� Fourier
∑+∞

n=0(−i)nαnψn. Aut  h sun�rthsh up�rqei
b�sei tou jewr matoc Riesz - Fischer. O trìpoc autìc orismoÔ tou metasqh-
matismoÔ Fourier parousi�zetai sto [6].

B. To Je¸rhma 2.2.2 parèqei trÐto trìpo orismoÔ tou metasqhmatismoÔ Fou-
rier ston L2(R). Dhlad  gia k�je f ∈ L2(R) orÐzoume f̂ na eÐnai to L2 −
limt→1 K−itf . O trìpoc autìc parousi�zetai diexodik� sto biblÐo [7].

Me ìpoio trìpo apo touc dÔo orÐsoume to f̂ mènei na apodeiqjeÐ ìti

f̂(ξ) = L2 − lim
R→+∞

1√
2π

∫ R

−R

f(x)e−ixξ dx

¸ste, b�sei tou tÔpou (1.5) na tautisjeÐ o nèoc orismìc me ton orismì pou d¸same sto Kef�laio
1. H apìdeixh perigr�fetai sta proanaferjènta [6], [7].

Je¸rhma 2.2.3 Gia k�je f ∈ Lp(R), 1 ≤ p ≤ +∞

K̂tf = K−itf .

Apìdeixh: Katarq n parathroÔme ìti o K̂tf den èqei prìblhma Ôparxhc diìti h Ktf eÐnai sto
q¸ro S(R) b�sei tou L mmatoc 2.1.5.

H sqèsh (2.9) lìgw summetrÐac sunep�getai ìti K(·, y, t) ∼ ∑+∞
n=0 tnψn(y)ψn(·) kai epomè-

nwc, apo th sqèsh (2.14), paÐrnoume

1√
2π

∫ +∞

−∞
K(x, y, t)e−ixξ dx ∼

+∞∑
n=0

(−it)nψn(y)ψn(ξ) = K(ξ, y,−it)

san sunart seic tou ξ. Epeid  kai oi dÔo pleurèc eÐnai sto q¸ro S(R) sunep�getai ìti

1√
2π

∫ +∞

−∞
K(x, y, t)e−ixξ dx = K(ξ, y,−it)

gia k�je ξ, y kai migadikì t me |t| < 1.
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T¸ra gia tuqoÔsa f ∈ Lp(R) èqoume

K̂tf(ξ) =
1√
2π

∫ +∞

−∞

(∫ +∞

−∞
K(x, y, t)f(y) dy

)
e−ixξ dx

=
1√
2π

∫ +∞

−∞

(∫ +∞

−∞
K(x, y, t) e−ixξ dx

)
f(y) dy

=
∫ +∞

−∞
K(ξ, y,−it)f(y) dy = (K−itf) (ξ) .

2

Je¸rhma 2.2.4 Gia k�je p, q o telest c Kt : Lp(R) −→ Lq(R) eÐnai sumpag c.

Apìdeixh: 'Estw tuqoÔsa akoloujÐa {fn} ston Lp(R) me ‖fn‖p ≤ 1 gia k�je n.
Apo tic sqèseic (2.8) sunep�getai ìti

(i) |Ktfn(x)| ≤ C exp
{
− 1

2
1−|t|2
1+|t|2 x2

}
≤ C ,

(ii)
∣∣ d
dx (Ktfn) (x)

∣∣ ≤ C (1 + |x|) exp
{
− 1

2
1−|t|2
1+|t|2 x2

}
≤ C

′
.

Efarmìzontac to Je¸rhma twn Arzela kai Ascoli sumperaÐnoume ìti up�rqei upakoloujÐa
{fnk

} kai suneq c sun�rthsh g ¸ste

Ktfnk
−→ g

omoiìmorfa sta sumpag  uposÔnola tou R.
An 1 ≤ q < +∞, tìte, akrib¸c ìpwc fj�same sthn (i) fj�noume kai sthn

|(Ktfnk
) (x)− (Ktfnλ

) (x)|q ≤ Cq exp

{
−q

2
1− |t|2
1 + |t|2 x2

}
‖fnk

− fnλ
‖q

p

≤ 2qCq exp

{
−q

2
1− |t|2
1 + |t|2 x2

}
.

H teleutaÐa sun�rthsh eÐnai ston L1(R), opìte efarmìzontac to Je¸rhma Kuriarqhmènhc
SÔgklishc paÐrnoume

∫ +∞

−∞
|(Ktfnk

) (x)− (Ktfnλ
) (x)|q dx −→ 0 ìtan k, λ → +∞.

'Ara h {Ktfnk
} eÐnai Cauchy ston Lq(R) kai epomènwc Ktfnk

−→ g ston Lq(R). 'Ara o Kt

eÐnai sumpag c telest c sthn perÐptwsh 1 ≤ q < +∞.
'Estw t¸ra q = +∞.
Apo thn (i) paÐrnoume amèswc ìti

|g(x)| ≤ C exp

{
−1

2
1− |t|2
1 + |t|2 x2

}

kai epomènwc h g mhdenÐzetai sto �peiro. 'Estw t¸ra ε > 0. Apo thn (i) sunep�getai ìti up�rqei
R > 0 koinì gia ìlec tic fnk

kai thn g ¸ste : |(Ktfnk
) (x)| ≤ ε

2 kai |g(x)| ≤ ε
2 gia k�je x me
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|x| > R kai k�je k. Epeid  Ktfnk
−→ g omoiìmorfa sto [−R, R], sunep�getai ìti gia arket�

meg�lo k isqÔei |(Ktfnk
) (x)− g(x)| ≤ ε gia k�je x me |x| ≤ R. 'Ara gia arket� meg�lo k isqÔei

|(Ktfnk
) (x)− g(x)| ≤ ε

gia k�je x ∈ R.
'Ara Ktfnk

−→ g ston L∞(R).
'Ara o Kt eÐnai sumpag c kai sthn perÐptwsh q = +∞. 2
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Kef�laio 3

H ergasÐa tou K.I. Babenko

3.1 Efarmog  stoiqei¸douc logismoÔ metabol¸n
'Estw 1 < p < 2 kai q = p

p−1 . Gia na upologÐsei th bèltisth stajer� sthn anisìthta

‖f̂‖q ≤ µ‖f‖p , f ∈ Lp(R) , (3.1)

o Babenko, antÐ na jewr sei apl� to metasqhmatismì Fourier

f 7−→ f̂ ,

stajeropoieÐ èna t me 0 < t < 1 kai paremb�llei ton telest  Kt:

f 7−→ Ktf 7−→ K̂tf . (3.2)

Katìpin upologÐzei th bèltisth stajer� sthn anisìthta

‖K̂tf‖q ≤ µt‖f‖p , f ∈ Lp(R) (3.3)

kai ekmetalleÔetai ta ex c:

(a) H sun�rthsh Ktf eÐnai, sÔmfwna me to L mma 2.1.5, sto q¸ro S(R) opìte
up�rqei eleujerÐa diekperaÐwshc pr�xewn.

(b) (Akìma shmantikìtero). Epeid  K̂tf = K−itf (Je¸rhma 2.2.3) to sq ma
(3.2) an�getai ston telest 

f 7−→ K−itf

o opoÐoc eÐnai sumpag c (Je¸rhma 2.2.4) kai epomènwc up�rqei sun�rthsh
f 6= 0 h opoÐa {pi�nei} th bèltisth stajer� µt sthn anisìthta (3.3).

(g) An upologisjeÐ h stajer� µt, tìte, lìgw tou Jewr matoc 2.1.2(a), apo thn
‖K−itf‖q ≤ µt‖f‖p kai apo thn K−itf = Kt(f̂) gia k�je f ∈ S(R), paÐrnoume

‖f̂‖q ≤ µ‖f‖p , f ∈ S(R)

ìpou µ = limt→1− µt .

31
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L mma 3.1.1 JewroÔme to prìblhma megistopoÐhshc

µt = sup
‖f‖p≤1

‖ĝ‖q me g = Ktf . (3.4)

Up�rqei f ∈ Lp(R) ¸ste, me g = Ktf , na isqÔei

‖ĝ‖q = µt kai ‖f‖p = 1 . (3.5)

EpÐshc k�je tètoia f ikanopoieÐ thn

1√
2π

∫ +∞

−∞
Kt

(
|ĝ|q−2

ĝ
)

(y) eixy dy = µq
t |f(x)|p−2

f(x) . (3.6)

Apìdeixh: To (3.4) isodunameÐ me

µt = sup
‖f‖p≤1

‖K−itf‖q .

SÔmfwna me to Je¸rhma (2.2.4) o K−it : Lp(R) −→ Lq(R) eÐnai sumpag c. 'Estw loipìn
akoloujÐa {fn} me ‖fn‖p ≤ 1 kai ‖K−itfn‖q −→ µt. Tìte up�rqei upoakoloujÐa {fnk

} h opoÐa
sugklÐnei asjen¸c-? se k�poia f me ‖f‖p ≤ 1 kai h {K−it(fnk

)} sugklÐnei isqur� sthn K−itf .
Epomènwc ‖K−itf‖q = µt kai ‖f‖p = 1, diìti an ‖f‖p < 1, tìte me f1 = 1

‖f‖p
f ja eÐqame

‖f1‖p = 1 kai ‖K−itf1‖q = 1
‖f‖p

‖K−itf‖q > µt. 'Ara up�rqei f ¸ste

‖ĝ‖q = µt kai ‖f‖p = 1

me g = Ktf .
Sth sunèqeia thc apìdeixhc ja qrhsimopoi soume to

L mma 3.1.2 An h, f ∈ Lp(R), 1 ≤ p < +∞ kai fε = f + εh, tìte h sun�rthsh ρ(ε) = ‖fε‖p
p

eÐnai paragwgÐsimh kai

d

dε
{ρ(ε)} = p

∫ +∞

−∞
|f(x) + εh(x)|p−2 Re

{
(f(x) + εh(x))h(x)

}
dx . (3.7)

Apìdeixh: ρ(ε) = ‖fε‖p
p =

∫ +∞
−∞ |f(x) + εh(x)|p dx . 'Estw f = f1 + if2, h = h1 + ih2 .

Tìte |f(x) + εh(x)|p =
[
(f1(x) + εh1(x))2 + (f2(x) + εh2(x))2

] p
2 , opìte

d

dε
|f(x) + εh(x)|p =

p

2
[
(f1(x) + εh1(x))2 + (f2(x) + εh2(x))2

] p
2−1 ·

2 [(f1(x) + εh1(x))h1(x) + (f2(x) + εh2(x))h2(x)]

= p |f(x) + εh(x)|p−2 Re
{

(f(x) + εh(x))h(x)
}

.

PeriorÐzontac t¸ra to ε se opoiod pote fragmèno di�sthma −M < ε < M èqoume
∣∣∣∣
d

dε
|f(x) + εh(x)|p

∣∣∣∣ ≤ p [ |f(x)|+ M |h(x)| ]p−1 |h(x)| kai
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∫ +∞

−∞
[ |f(x)|+ M |h(x)| ]p−1 |h(x)| dx ≤

(∫ +∞

−∞
[ |f(x)|+ M |h(x)| ]p dx

) p−1
p

‖h‖p

≤ [ ‖f‖p + M‖h‖p ]p−1 ‖h‖p < +∞ .

'Ara paÐrnontac phlÐka diafor¸n thc ρ(ε) kai qrhsimopoi¸ntac to Je¸rhma Kuriarqhmènhc
SÔgklishc paÐrnoume eÔkola ìti h ρ(ε) eÐnai paragwgÐsimh kai

d

dε
{ρ(ε)} = p

∫ +∞

−∞
|f(x) + εh(x)|p−2 Re

{
(f(x) + εh(x))h(x)

}
dx . 2

Sunèqeia thc apìdeixhc tou L mmatoc 3.1.1:

'Estw loipìn f me
‖f‖p = 1 kai ‖ĝ‖q = µt (3.8)

ìpou g = Ktf . JewroÔme th sun�rthsh

fε(x) = f(x) + εh(x)

ìpou h eÐnai tuqoÔsa sun�rthsh ston Lp(R). 'Estw

gε(x) = (Ktfε)(x) = (Ktf)(x) + ε(Kth)(x) = g(x) + ε(Kth)(x) .

kai

φ(ε) =
‖ĝε‖q

‖fε‖p
=
‖ĝ + εK̂th‖q

‖f + εh‖p
.

'Eqoume

φ(ε) =
‖K̂tfε ‖q

‖fε‖p
=

∥∥∥∥F
(

Kt

(
fε

‖fε‖p

))∥∥∥∥
q

≤ µt =
‖ĝ‖q

‖f‖p
= φ(0)

gia k�je ε ∈ R. Epeid  sÔmfwna me to L mma 3.1.2 èqoume ìti h φ eÐnai paragwgÐsimh, sunep�-
getai ìti

φ ′(0) = 0 . (3.9)

Apo thn (3.7)

p ‖fε‖p−1
p

d

dε
‖fε‖p =

d

dε

( ‖fε‖p
p

)
= p

∫ +∞

−∞
|fε(x)|p−2 Re

{
fε(x)h(x)

}
dx

opìte (
d

dε
‖fε‖p

)

ε=0

=
1

‖f‖p−1
p

∫ +∞

−∞
|f(x)|p−2 Re

{
f(x)h(x)

}
dx

kai omoÐwc

(
d

dε
‖ĝε‖q

)

ε=0

=
1

‖ĝ‖q−1
q

∫ +∞

−∞
|ĝ(x)|q−2 Re

{
ĝ(x)(̂Kth)(x)

}
dx .



34

'Ara h (3.9) gÐnetai kai me b�sh tic (3.8)

0 =
1

‖f‖p

(
d

dε
‖ĝε‖q

)

ε=0

− 1
‖f‖2p

‖ĝ‖q

(
d

dε
‖fε‖p

)

ε=0

(3.10)

=
1

µq−1
t

∫ +∞

−∞
|ĝ(x)|q−2 Re

{
ĝ(x)(̂Kth)(x)

}
dx − µt

∫ +∞

−∞
|f(x)|p−2 Re

{
f(x)h(x)

}
dx .

'Omwc
∫ +∞

−∞
|ĝ(x)|q−2

ĝ(x)(̂Kth)(x) dx =
∫ +∞

−∞
|ĝ(x)|q−2

ĝ(x)(K−ith) (x) dx

=
∫ +∞

−∞
|ĝ(x)|q−2

ĝ(x)
∫ +∞

−∞
K (x, y,−it)h(y) dy dx

=
∫ +∞

−∞

∫ +∞

−∞
K (x, y,−it) |ĝ(x)|q−2

ĝ(x) dx h(y) dy (3.11)

=
∫ +∞

−∞

∫ +∞

−∞
K(x, y, it) |ĝ(x)|q−2

ĝ(x) dx h(y) dy .

Apo tic (3.10), (3.11) sumperaÐnoume ìti

0 = Re
{∫ +∞

−∞

[∫ +∞

−∞
K (y, x, it) |ĝ(y)|q−2

ĝ(y) dy − µq
t |f(x)|p−2

f(x)
]

h(x) dx

}

gia k�je h ∈ Lp(R). 'Ara

µq
t |f(x)|p−2

f(x) =
∫ +∞

−∞
K (y, x, it) |ĝ(y)|q−2

ĝ(y) dy . (3.12)

Apo th sqèsh (2.7) eÐnai fanerì ìti K (y, x, it) = K (x, y, it) = K (−x, y,−it) . 'Ara h (3.12)
gÐnetai

µq
t |f(x)|p−2

f(x) =
∫ +∞

−∞
K (−x, y,−it) |ĝ(y)|q−2

ĝ(y) dy

= K−it

(
|ĝ|q−2

ĝ
)

(−x) = F
(
Kt

(
|ĝ|q−2

ĝ
))

(−x)

=
1√
2π

∫ +∞

−∞
Kt

(
|ĝ|q−2

ĝ
)

(y)eixy dy

kai aut  eÐnai h sqèsh (3.6). 2

3.2 Anagwg  se sÔsthma dÔo oloklhrwtik¸n exis¸sewn
kai epÐlus  tou

H epìmenh idèa eÐnai na metasqhmatÐsoume tic sqèseic g = Ktf kai (3.6) se dÔo summetrikèc
sqèseic: tic (3.15), (3.16) pou emfanÐzontai pio k�tw.
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Periorizìmaste plèon se 0 < t < 1 kai jètoume

θ =
1− t2

2(1 + t2)
> 0, τ =

2t

1 + t2
> 0 .

Me lÐgec pr�xeic eÐnai eÔkolo na doÔme ìti

K (x, y,−it) =
√

τ

2πt
exp

{−θx2 − θy2 − iτxy
}

.

'Ara

ĝ(x) = K̂tf(x) = (K−itf) (x) =

=
√

τ

2πt

∫ +∞

−∞
f(y) exp

{−θx2 − θy2 − iτxy
}

dy . (3.13)

OmoÐwc, h (3.6) gÐnetai

µq
t |f(x)|p−2

f(x) = F
(
Kt

(
|ĝ|q−2

ĝ
))

(−x)

=
(
K−it

(
|ĝ|q−2

ĝ
))

(−x) (3.14)

=
√

τ

2πt

∫ +∞

−∞
|ĝ(y)|q−2

ĝ(y) exp
{−θx2 − θy2 + iτxy

}
dy .

Jètoume
φ(x) = |f(x)|p−2

f(x) , ψ(x) = ĝ(x)

opìte, epeid  |φ(x)|q−2
φ(x) = f(x), oi (3.13), (3.14) gÐnontai

µq
tφ(x) =

√
τ

2πt

∫ +∞

−∞
|ψ(y)|q−2

ψ(y) exp
{−θx2 − θy2 + iτxy

}
dy (3.15)

ψ(x) =
√

τ

2πt

∫ +∞

−∞
|φ(y)|q−2

φ(y) exp
{−θx2 − θy2 − iτxy

}
dy . (3.16)

H sun�rthsh ψ eÐnai ex orismoÔ sto q¸ro S(R), diìti h g eÐnai ston S(R). H φ eÐ-
nai ex orismoÔ ston Lq(R), all� an parathr soume th sqèsh (3.15) blèpoume ìti µq

tφ(x) =
K−it

(
|ψ|q−2

ψ
)

(−x) kai epomènwc kai h φ eÐnai ston S(R) b�sei tou L mmatoc 2.1.5.

L mma 3.2.1 Oi sunart seic φ, ψ epekteÐnontai sto C se akèraiec sunart seic t�xhc to polÔ
2.

Apìdeixh: OrÐzoume gia z = x + iy

φ(z) =
1
µq

t

√
τ

2πt

∫ +∞

−∞
|ψ(u)|q−2

ψ(u) exp
{−θz2 − θu2 + iτzu

}
du

=
1
µq

t

√
τ

2πt
e−θz2

∫ +∞

−∞
|ψ(u)|q−2

ψ(u) exp
{−θu2 + iτzu

}
du . (3.17)
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To olokl rwma eÐnai kal� orismèno diìti
∫ +∞

−∞

∣∣∣|ψ(u)|q−2
ψ(u) exp

{−θu2 + iτzu
}∣∣∣ du

=
∫ +∞

−∞
|ψ(u)|q−1 exp

{−θu2 − τyu
}

du < +∞ .

EÔkola blèpoume pern¸ntac parag¸gouc mèsa sto olokl rwma ìti h φ(z) ikanopoieÐ tic
exis¸seic Cauchy-Riemann kai epomènwc eÐnai akèraia sun�rthsh h opoÐa profan¸c tautÐzetai
me thn φ(x) gia z = x ∈ R lìgw thc (3.15).

Akìma èqoume

|φ(z)| = |φ(x + iy)| ≤ 1
µq

t

√
τ

2πt
e−θ(x2−y2)

∫ +∞

−∞
|ψ(u)|q−1 exp

{−θu2 − τyu
}

du

≤ 1
µq

t

√
τ

2πt
e−θ(x2−y2)

(∫ +∞

−∞
|ψ(u)|q du

) 1
p

(∫ +∞

−∞
exp

{−qθu2 − qτyu
}

du

) 1
q

=
1
µq

t

√
τ

2πt

(√
π

qθ

) 1
q

e
−θx2+

�
θ+ τ2

4θ

�
y2

‖ψ‖
q
p
q =

1
µq

t

√
τ

2πt

(√
π

qθ

) 1
q

e−θx2+ 1
4θ y2‖ψ‖

q
p
q

≤ c e
1
4θ y2 ≤ c e

1
4θ |z|2 .

'Ara h φ(z) eÐnai t�xhc to polÔ 2.

OmoÐwc, an orÐsoume

ψ(z) =
√

τ

2πt

∫ +∞

−∞
|φ(u)|q−2

φ(u) exp
{−θz2 − θu2 − iτzu

}
du (3.18)

apodeiknÔetai ìti h ψ(z) eÐnai akèraia sun�rthsh pou tautÐzetai me thn ψ(x) gia
z = x ∈ R kai eÐnai t�xhc to polÔ 2. 2

Kat� thn apìdeixh tou L mmatoc 3.2.1 proèkuye h ektÐmhsh

|φ(x + iy)| ≤ 1
µq

t

√
τ

2πt

(√
π

qθ

) 1
q

‖ψ‖
q
p
q exp

{
−θx2 +

1
4θ

y2

}
(3.19)

kai me ìmoio trìpo brÐskoume kai thn

|ψ(x + iy)| ≤
√

τ

2πt

(√
π

qθ

) 1
q

‖φ‖
q
p
q exp

{
−θx2 +

1
4θ

y2

}
. (3.20)

Oi ektim seic (3.19), (3.20) den eÐnai arketèc gia thn epÐlush tou sust matoc twn (3.15),
(3.16). Mia eidik¸terou tÔpou perigraf  tou megèjouc twn φ, ψ dÐnetai sto L mma 3.2.2 para-
k�tw.

JewroÔme thn exÐswsh

A2 +
pθ

τ
A− p

4q
= 0 . (3.21)
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Epeid  − p
4q < 0 sunep�getai ìti h exÐswsh aut  èqei akrib¸c mÐa jetik  rÐza thn opoÐa

sumbolÐzoume A kai jètoume
A1 = τA + θ . (3.22)

EpÐshc gia eukolÐa jètoume

ξ(z) = eA1z2
φ(z) , η(z) = eA1z2

ψ(z) . (3.23)

L mma 3.2.2 H akèraia sun�rthsh ξ(z) ikanopoieÐ thn
∫ +∞

−∞
e−qA1v2 |ξ(v + x + iy)|q dv ≤ 1

gia k�je x, y ∈ R.

Apìdeixh: Oi sqèseic - orismoÐ (3.17), (3.18) mazÐ me thn (3.21) dÐnoun met� apo lÐgec stoi-
qei¸deic pr�xeic tic sqèseic

µq
t e
−τAz2

ξ(z) =
√

τ

2πt

∫ +∞

−∞
e−

τ
4A u2 |η(u)|q−2

η(u) eiτzu du (3.24)

e−τAz2
η(z) =

√
τ

2πt

∫ +∞

−∞
e−

τ
4A u2 |ξ(u)|q−2

ξ(u) e−iτzu du . (3.25)

EpÐshc oi (3.19), (3.20) me thn (3.21) dÐnoun tic sqèseic

|ξ(x + iy)| ≤ c1 exp
{

τAx2 +
(

τ2

4θ
− τA

)
y2

}
(3.26)

|η(x + iy)| ≤ c2 exp
{

τAx2 +
(

τ2

4θ
− τA

)
y2

}
. (3.27)

Sthn (3.24) antikajistoÔme to z = x + iy me v + z = (v + x) + iy, v ∈ R, k�noume allag 
metablht c u 7→ u− 2Ay sto olokl rwma kai èqoume

µq
te
−τA(x+v+iy)2ξ(x + v + iy) =

=
√

τ

2πt

∫ +∞

−∞
e−

τ
4A (u−2Ay)2 |η(u− 2Ay)|q−2

η(u− 2Ay)eiτ(x+v+iy)(u−2Ay) du

to opoÐo met� apo lÐgec aplopoi seic dÐnei

µq
te
−τAv2

ξ(x + v + iy) =

=
√

τ

2πt
e2τAxv

∫ +∞

−∞
e−

τ
4A (u−i2Ax)2 |η(u− 2Ay)|q−2

η(u− 2Ay)eiτvu du . (3.28)

An t¸ra gr�youme th dunamoseir� thc akèraiac sun�rthshc η(z)

η(z) =
+∞∑
n=0

αnzn ,
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mporoÔme na orÐsoume thn epÐshc akèraia sun�rthsh

η∗(z) =
+∞∑
n=0

αnzn .

T¸ra periorÐzoume to q na eÐnai �rtioc fusikìc arijmìc ≥ 4.
Gia pragmatikì z = x èqoume

|η(x)|q−2
η(x) = (η(x))

q
2 (η∗(x))

q
2−1

kai epomènwc h sun�rthsh |η(x)|q−2
η(x) epekteÐnetai sto C se akèraia sun�rthsh kai sugke-

krimèna sthn η(z)
q
2 (η∗(z))

q
2−1 . Autì to gegonìc mazÐ me kat�llhlh ektÐmhsh thc sun�rthshc

sto olokl rwma thc sqèshc (3.28) ja mac epitrèyei na metafèroume thn pragmatik  eujeÐa sto
olokl rwma par�llhla proc ton eautì thc sto migadikì epÐpedo. H ektÐmhsh pou qrei�zetai
eÐnai h ex c:

∣∣∣(η(x + iy))
q
2 (η∗(x + iy))

q
2−1

∣∣∣ = |η(x + iy)| q
2 |η∗(x + iy)| q

2−1

= |η(x + iy)| q
2

∣∣∣ η∗(x + iy)
∣∣∣

q
2−1

= |η(x + iy)| q
2 |η(x− iy)| q

2−1

kai apo thn (3.27)
∣∣∣(η(x + iy))

q
2 (η∗(x + iy))

q
2−1

∣∣∣ ≤ cq−1
2 exp

{
(q − 1)τAx2 + (q − 1)

(
τ2

4θ
− τA

)
y2

}
. (3.29)

SqhmatÐzoume t¸ra thn kampÔlh γN ìpwc sto sq ma

¾
γN

?

−N + i2Ax

−N
-

N + i2Ax

N

6

6

-
u

kai apo to Je¸rhma tou Cauchy sunep�getai ìti
∫

γN

e−
τ
4A (z−i2Ax)2 (η(z − 2Ay))

q
2 (η∗(z − 2Ay))

q
2−1

eiτvz dz = 0 . (3.30)

EÐnai aplì na apodeÐxoume ìti kaj¸c N → +∞ ta oloklhr¸mata stic dÔo katakìrufec
pleurèc teÐnoun sto mhdèn. Gia par�deigma h dexi� pleur� dÐnei ektÐmhsh kat'apìluth tim 

≤
∫ 1

0

∣∣∣e− τ
4A (N+i2Ax(t−1))2(η(N − 2Ay + i2Axt))

q
2 (η∗(N − 2Ay + i2Axt))

q
2−1

eiτv(N+i2Axt)
∣∣∣ dt
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kai b�sei thc (3.29)

≤ cq−1
2

∫ 1

0

exp
{
− τ

4A

[
N2 − 4A2x2(t− 1)2

]
+ (q − 1)τA(N − 2Ay)2 +

+ (q − 1)
(

τ2

4θ
− τA

)
4A2x2t2 − 2τAvxt

}
dt

= c3 exp
{
−τN2

4A
+ (q − 1)τA(N − 2Ay)2

}

ìpou to c3 den exart�tai apo to N

= c3 exp
{
−

( τ

4A
− (q − 1)τA

)
N2 + c4N + c5

}

ìpou ta c4, c5 den exart¸ntai apo to N . To teleutaÐo teÐnei sto 0 diìti τ
4A − (q − 1)τA =

τ
4A − q

pτA = qθ > 0 lìgw thc (3.21).
Akrib¸c oi Ðdiec ektim seic (h mình allag  eÐnai to −N sth jèsh tou N) dÐnoun ìti kai to

olokl rwma sthn arister  pleur� thc γN teÐnei sto mhdèn kaj¸c N → +∞. 'Ara apo thn (3.30)
kai thn (3.28) èqoume

µq
t e
−τAv2

ξ(x + v + iy) =

=
√

τ

2πt
e2Aτxv

·
∫ +∞

−∞
e−

τ
4A u2

(η(u + i2Ax− 2Ay))
q
2 (η∗(u + i2Ax− 2Ay))

q
2−1

eiτv(u+i2Ax) du

=
√

τ

2πt

∫ +∞

−∞
e−

τ
4A u2

(η(u + i2A(x + iy)))
q
2 (η∗(u + i2A(x + iy)))

q
2−1

eiτvu du .

Gia aploÔsteush jètoume z = x + iy kai pollaplasi�zoume me e−θv2
opìte me tic (3.21),

(3.22) paÐrnoume

µq
t e
−A1v2

ξ(v + z) =

(3.31)

=
√

τ

2πt

∫ +∞

−∞
e−

q
p A1u2

(η(u + i2Az))
q
2 (η∗(u + i2Az))

q
2−1 exp

{−θu2 − θv2 + iτuv
}

du .

Xekin¸ntac t¸ra apo th sqèsh (3.25) kai akolouj¸ntac teleÐwc an�loga b mata apodeik-
nÔetai h {summetrik } sqèsh

e−A1v2
η(v + i2Az) =

(3.32)

=
√

τ

2πt

∫ +∞

−∞
e−

q
p A1u2 (

ξ(u + 4A2z)
) q

2
(
ξ∗(u + 4A2z)

) q
2−1

exp
{−θu2 − θv2 − iτuv

}
du .

H sun�rthsh ξ∗ orÐzetai apo thn ξ akrib¸c ìpwc orÐsjhke h η∗ apo thn η.
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Apo th sqèsh (3.31) mazÐ me thn (blèpe selÐda 31)

K (x, y,−it) =
√

τ

2πt
exp

{−θx2 − θy2 − iτxy
}

.

kaj¸c kai apo ton orismì tou µt paÐrnoume

µq
t

(∫ +∞

−∞
e−qA1v2 |ξ(v + z)|q dv

) 1
q

≤

≤ µt

(∫ +∞

−∞
e−qA1u2 |η(u + i2Az)|p q

2 |η∗(u + i2Az)|p( q
2−1) du

) 1
p

kai efarmìzontac thn anisìthta Hölder me ekjètec 2
p ,

2
2−p

µq
t

(∫ +∞

−∞
e−qA1v2 |ξ(v + z)|q dv

) 1
q

≤

(3.33)

≤ µt

(∫ +∞

−∞
e−qA1u2 |η(u + i2Az)|q du

) 1
2

(∫ +∞

−∞
e−qA1u2 |η(u− i2Az)|q du

) 1
p− 1

2

.

Apo th sqèsh (3.32) me ìmoio trìpo paÐrnoume

(∫ +∞

−∞
e−qA1v2 |η(v + i2Az)|q dv

) 1
q

≤

(3.34)

≤ µt

(∫ +∞

−∞
e−qA1u2 ∣∣ξ(u + 4A2z)

∣∣q du

) 1
2

(∫ +∞

−∞
e−qA1u2 ∣∣ξ(u + 4A2z)

∣∣q du

) 1
p− 1

2

.

OrÐzoume

m(z) =
1
q

log
(∫ +∞

−∞
e−qA1v2 |ξ(v + z)|q dv

)
. (3.35)

T¸ra sthn (3.33) qrhsimopoioÔme dÔo forèc thn (3.34), mia for� ìpwc eÐnai kai thn �llh
for� antikajist¸ntac to z me −z. To apotèlesma met� apo lÐgec pr�xeic eÐnai

m(z) ≤ q2

4
m(4A2z) +

q2

2

(
1
p
− 1

2

)
m(4A2z) +

+
q2

2

(
1
p
− 1

2

)
m(−4A2z) + q2

(
1
p
− 1

2

)2

m(−4A2z).

Jètontac
δ = 4A2 (3.36)

èqoume

m(z) ≤ q2

p2

{
p2

4
m(δz) +

(2− p)p
4

m(δz) +
(2− p)p

4
m(−δz) +

(2− p)2

4
m(−δz)

}
.
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Thn teleutaÐa sqèsh gr�foume sth morf 

m(z) ≤ q2

p2
{a1m(δz) + b1m(δz) + c1m(−δz) + d1m(−δz)} (3.37)

me a1 = p2

4 , b1 = (2−p)p
4 , c1 = (2−p)p

4 , d1 = (2−p)2

4 .

Upojètontac ìti

m(z) ≤ q2n

p2n
{anm(δnz) + bnm(δnz) + cnm(−δnz) + dnm(−δnz)} (3.38)

kai katìpin antikajist¸ntac sthn (3.37) to z diadoqik� me δnz, δnz, −δnz, −δnz kai qrhsimo-
poi¸ntac thn (3.38) sumperaÐnoume ìti

m(z) ≤ q2(n+1)

p2(n+1)

{
an+1m(δn+1z) + bn+1m(δn+1z) + cn+1m(−δn+1z) + dn+1m(−δn+1z)

}

me touc anadromikoÔc tÔpouc

an+1 = a1an + b1bn + c1cn + d1dn

bn+1 = b1an + a1bn + d1cn + c1dn

cn+1 = c1an + d1bn + a1cn + b1dn

dn+1 = d1an + c1bn + b1cn + a1dn .

SumperaÐnoume ìti h (3.38) alhjeÔei gia k�je n ∈ N kai apo touc anadromikoÔc tÔpouc
èqoume tèssera sumper�smata gia touc an, bn, cn, dn.

• an+1 + bn+1 + cn+1 + dn+1 = (a1 + b1 + c1 + d1)(an + bn + cn + dn) kai epeid 
a1 + b1 + c1 + d1 = 1 sunep�getai ìti

an + bn + cn + dn = 1 gia k�je n. (3.39)

• bn+1 − cn+1 = (b1 − c1)(an − dn) + (a1 − d1)(bn − cn) kai epeid  b1 = c1

sunep�getai ìti
bn = cn gia k�je n. (3.40)

• an+1 − dn+1 = (a1 − d1)(an − dn) + (b1 − c1)(bn − cn) ap'ìpou mazÐ me thn
(3.40) sunep�getai ìti

an − dn = (a1 − d1)n =
(

p

q

)n

gia k�je n. (3.41)

• Gia k�je n èqoume

an, bn, cn, dn ≥ 0 . (3.42)

Katìpin apodeiknÔoume ìti h sun�rthsh m(z) = m(x + iy) eÐnai �peirec forèc paragwgÐ-
simh wc proc x kai y. ArkeÐ na apodeÐxoume ìti h sun�rthsh

∫ +∞
−∞ e−qA1v2 |ξ(v + x + iy)|q dv

eÐnai �peirec forèc paragwgÐsimh wc proc x kai y , lìgw thc (3.35). 'Omwc |ξ(v + x + iy)|q =
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[
ξ(v + x + iy)ξ(v + x + iy)

] q
2
kai epeid  h ξ(v + z) eÐnai akèraia sun�rthsh tou z kai o q

2 eÐnai
fusikìc arijmìc sunep�getai ìti gia k�je v h |ξ(v + x + iy)|q eÐnai �peirec forèc paragwgÐsimh
wc proc x kai y. 'Ara gia na mporèsoume na per�soume parag¸gouc mèsa sto olokl rwma arkeÐ
na apodeÐxoume ìti gia k�je n ∈ N

∫ +∞

−∞
e−qA1v2

∣∣∣ξ(n)(v + x + iy)
∣∣∣
q

dv < +∞ . (3.43)

Apo ton oloklhrwtikì tÔpo tou Cauchy èqoume

∣∣∣ξ(n)(v + z)
∣∣∣ =

∣∣∣∣∣
n!
2πi

∫

|ζ−v−z|=1

ξ(ζ)
(ζ − v − z)n+1

dζ

∣∣∣∣∣

≤ n!
2π

∫

|ζ−v−z|=1

|ξ(ζ)| |dζ|

kai apo thn (3.26)
∣∣∣ξ(n)(v + z)

∣∣∣ ≤ c1n! exp
{

τA(1 + |v + z|)2 +
(

τ2

4θ
− τA

)
(1 + |z|)2

}
.

'Ara
∫ +∞

−∞
e−qA1v2

∣∣∣ξ(n)(v + x + iy)
∣∣∣
q

dv ≤ c1n!
∫ +∞

−∞
exp

{−q(A1 − τA)v2 + c2v + c3

}
dv

ìpou ta c2, c3 den exart¸ntai apo to v. Epeid  A1 − τA = θ > 0 sunep�getai h (3.43). 'Ara h
m(z) eÐnai �peirec forèc paragwgÐsimh wc proc x kai y.

EpÐshc

m(0) =
1
q

log
∫ +∞

−∞
e−qA1v2 |ξ(v)|q dv =

1
q

log
∫ +∞

−∞
|φ(v)|q dv

=
1
q

log
∫ +∞

−∞
|f(v)|(p−1)q

dv =
1
q

log ‖f‖p
p = 0 .

'Ara up�rqoun α, β ∈ R, sun�rthsh k(x, y) kai M > 0 ¸ste

m(z) = m(x + iy) = αx + βy + |z|2 k(x, y) ,

|k(x, y)| ≤ M ìtan x2 + y2 ≤ 1 (3.44)

'Ara h sqèsh (3.38) gÐnetai

m(z) ≤ q2n

p2n

{
αδn(an + bn − cn − dn)x + βδn(an − bn + cn − dn)y +

+ δ2n |z|2 (ank(δnz) + bnk(δnz) + cnk(−δnz) + dnk(−δnz))
}

. (3.45)

Apo thn (3.21) paÐrnoume

A = −p θ

2τ
+

1
2

√
p2θ2

τ2
+

p

q
<

1
2

√
p

q
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kai epomènwc, mazÐ me thn (3.36)
δ = 4A2 <

p

q
< 1 (3.46)

'Ara, toul�qiston gia meg�la n, isqÔei ìti |δnz| < 1 kai epomènwc, b�sei twn (3.44), (3.39),
(3.40), (3.41), (3.42) h (3.45) gÐnetai

m(z) ≤ q2n

p2n

{
αδn

(
p

q

)n

x + βδn

(
p

q

)n

y + Mδ2n |z|2
}

.

'Ara, b�sei thc (3.46), sunep�getai ìtan n → +∞ ìti m(z) ≤ 0.
Apo ton orismì (3.35) thc m(z) eÐnai fanerì ìti to L mma 3.2.2 apodeÐqjhke. 2

L mma 3.2.3 H sun�rthsh ξ(z) eÐnai stajer .

Apìdeixh: StajeropoioÔme tuqìn h ≥ 0 kai orÐzoume th sun�rthsh

ξ1(z) =
∫ h

0

e−A1v2
ξ(v + z) dv .

EÐnai fanerì ìti h ξ1(z) eÐnai akèraia sun�rthsh kai

|ξ1(z)| ≤ h
1
p

(∫ h

0

e−qA1v2 |ξ(v + z)|q dv

) 1
q

≤ h
1
p

sÔmfwna me to L mma 3.2.2. Apo to Je¸rhma tou Liouville sunep�getai ìti h ξ1 eÐnai stajer 
kai epomènwc ∫ h

0

e−A1v2
ξ(v + z) dv =

∫ h

0

e−A1v2
ξ(v) dv .

ParagwgÐzontac wc proc h sto h = 0 paÐrnoume ξ(z) = ξ(0) . 2

Apo touc orismoÔc twn ξ(x), φ(x) sunep�getai amèswc ìti up�rqei stajer� c 6= 0 ¸ste

f(x) = c e−
q
p A1x2

.

kai epeid  ‖f‖p = 1 sunep�getai ìti |c| =
(

qA1
π

) 1
2p

.

Apo thn (3.13) kai tic (3.21), (3.22) èqoume

ĝ(x) = c

√
τ

2πt

∫ +∞

−∞
exp

{
−θx2 −

(
θ +

q

p
A1

)
y2 − iτxy

}
dy = c

√
2A

t
e−A1x2

.

kai epomènwc, met� apo pr�xeic

µt = ‖ĝ ‖q =

√
2A

t

(
qA1

π

) 1
2p− 1

2q

.

'Ara èqoume apodeÐxei to

L mma 3.2.4 H stajer� tou L mmatoc 3.1.1 eÐnai

µt =

√
2A

t

(
qA1

π

) 1
2p− 1

2q

ìtan p = q
q−1 kai q eÐnai �rtioc akèraioc ≥ 4.
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'Otan t → 1− blèpoume apo tic sqèseic (3.21), (3.22) ìti

A, A1 −→ 1
2

√
p

q

kai epomènwc

µt −→ µ =
(√

2π

q

) 1
q

(√
p

2π

) 1
p

.

'Etsi ft�noume sto telikì apotèlesma thc ergasÐac tou Babenko

Je¸rhma 3.2.1 (K.I. Babenko) 'Estw p = q
q−1 kai q eÐnai �rtioc akèraioc ≥ 4. Tìte gia

k�je f ∈ Lp(R)
‖Ff‖q ≤ µ‖f‖p

ìpou µ =
(√

2π
q

) 1
q (√

p
2π

) 1
p .

Apìdeixh: Apo tic sqèseic (2.12), (2.14) eÐnai eÔkolo na doÔme ìti, toul�qiston gia f ∈ S(R),
isqÔei

K−itf = K̂t(f) = Kt(f̂) .

'Ara h (3.3) sunep�getai ìti

‖Kt(f̂)‖q ≤ µt‖f‖p , f ∈ S(R)

opìte af nontac to t na teÐnei sto 1− kai qrhsimopoi¸ntac to Je¸rhma 2.1.2(a) paÐrnoume

‖f̂‖q ≤ µ‖f‖p , f ∈ S(R) .

T¸ra faÐnetai amèswc ìti o metasqhmatismìc Fourier epekteÐnetai se

F : Lp(R) −→ Lq(R)

kai
‖Ff‖q ≤ µ‖f‖p , f ∈ Lp(R) .

2

ParathroÔme ìti poujen� sthn apìdeixh de qrhsimopoi same ìti o F eÐnai  dh orismènoc sto
q¸ro Lp(R) oÔte thn anisìthta Hausdorff-Young.

Parat rhsh: To ìti o q eÐnai �rtioc akèraioc ≥ 4 qrei�zetai ¸ste oi sunart seic
(η(z))

q
2 (η∗(z))

q
2−1, (ξ(z))

q
2 (ξ∗(z))

q
2−1 na eÐnai akèraiec, all� kai ¸ste h∫ +∞

−∞ e−qA1v2 |ξ(v + x + iy|q dv na eÐnai dÔo forèc suneq¸c paragwgÐsimh wc proc x, y gia
na isqÔei h (3.44). Me lÐgh perissìterh doulei� mporeÐ na apodeÐxei kaneÐc (sqetik� eÔkola)
ìti, epeid  gia thn (3.44) qrei�zontai suneqeÐc merikèc par�gwgoi t�xhc mèqri kai 2, o mìnoc
periorismìc gia na isqÔei h (3.44) eÐnai : q ≥ 2 (qwrÐc na qrei�zetai to q na eÐnai akèraioc).



Kef�laio 4

H ergasÐa tou W. Beckner

4.1 Anagwg  tou probl matoc sto q¸ro tou Gauss (R, µ)

H ergasÐa tou W. Beckner p�nw sthn anisìthta Hausdorff-Young èqei èntonh pijanojew-
rhtik  qroi�. Ousiastikì rìlo paÐzei to mètro tou Gauss ston R

dµ(x) =
1√
π

e−x2
dx .

Eis�goume k�poiec parallagèc tou pur na tou Mehler kaj¸c kai twn poluwnÔmwn Hermite
kai ergazìmaste stouc q¸rouc Lp(R, µ).

Orismìc 4.1.1 OrÐzoume

T (x, y, t) =
√

πK(x, y, t)e
1
2 (x2+y2) =

1√
1− t2

exp
{
− t2

1− t2
x2 − t2

1− t2
y2 +

2t

1− t2
xy

}
(4.1)

gia k�je x, y ∈ R, t ∈ C, |t| < 1 .

Orismìc 4.1.2

Hn(x) =
1

(2nn!)
1
2
Hn(x) = π

1
4 ψn(x)e

1
2 x2

, x ∈ R, n ∈ No . (4.2)

L mma 4.1.1

(a) T (x, y, t) =
∑+∞

n=0 tnHn(x)Hn(y) .

(b) Ta polu¸numa Hn(x) tou orismoÔ 4.1.2 apoteloÔn orjokanonik  b�sh tou L2(R, µ).

(g) Gia k�je α > 0 oi sunart seic p(x)e−αx2
, ìpou p(x) eÐnai opoiod pote polu¸numo, eÐnai puknèc

ston Lp(R) , 1 ≤ p < +∞.

(d) Ta polu¸numa eÐnai pukn� ston Lp(R, µ) , 1 ≤ p < +∞.

45
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Apìdeixh: (a) B�sei twn (2.5), (4.1), (4.2) èqoume

T (x, y, t) =
√

π

+∞∑
n=0

tnψn(x)e
1
2 x2

ψn(y)e
1
2 y2

=
√

π

+∞∑
n=0

1
2nn!

√
π

tnHn(x)Hn(y)

=
+∞∑
n=0

tnHn(x)Hn(y) .

(b) Autì apoteleÐ �mesh sunèpeia tou Jewr matoc 2.1.3:
∫

R
Hn(x)Hm(x) dµ(x) =

∫

R
ψn(x)ψm(x) dx =

{
1, an n = m

0, an n 6= m .

'Ara to {Hn(x)} apoteleÐ orjokanonikì sÔnolo.
'Estw f ∈ L2(R, µ) me

∫
RHn(x)f(x) dµ(x) = 0 gia k�je n ∈ No. OrÐzoume th sun�rthsh

g(x) = f(x)e−
x2
2 , x ∈ R . Profan¸c g ∈ L2(R) kai

∫

R
ψn(x)g(x) dx =

1
π

1
4

∫

R
Hn(x)f(x) dµ(x) = 0 gia k�je n ∈ No .

'Ara g = 0 kai epomènwc f = 0 .

'Ara to {Hn} apoteleÐ orjokanonik  b�sh tou L2(R, µ) .

(g) 'Estw f ∈ Lq(R), q = p
p−1 , me

∫
R f(x)p(x)e−αx2

dx = 0 gia k�je polu¸numo p(x) .

JewroÔme ξ ∈ R kai gr�foume

e−ixξ =
+∞∑
n=0

(−iξ)nxn

n!
.

Epeid  ta merik� ajroÐsmata thc seir�c eÐnai omoiìmorfa fragmèna apo th sun�rthsh∑+∞
n=0

|ξx|n
n! = e|ξx| , kai, epeid  f(x)e|ξx|e−αx2 ∈ L1(R), sunep�getai apo to Je¸rhma Ku-

riarqhmènhc SÔgklishc ìti

1√
2π

∫

R
f(x)e−αx2

e−ixξ dx =
1√
2π

+∞∑
n=0

(−iξ)n

n!

∫

R
f(x)xne−αx2

dx = 0 .

'Ara F
(
f(x)e−αx2

)
= 0 kai epomènwc f = 0 .

(d) Autì eÐnai sunèpeia tou (g).
'Estw f ∈ Lq(R, µ) , q = p

p−1 , me
∫
R f(x)p(x) dµ(x) = 0 gia k�je polu¸numo p(x) .

JewroÔme th sun�rthsh g(x) = f(x)e−
1
q x2

kai èqoume:

(i)
∫

R
|g(x)|q dx =

∫

R
|f(x)|q e−x2

dx =
√

π

∫

R
|f(x)|q dµ(x) < +∞ , kai

(ii)
∫

R
g(x)p(x)e−

1
p x2

dx =
∫

R
f(x)p(x)e−x2

dx =
√

π

∫

R
f(x)p(x) dµ(x) = 0

gia k�je polu¸numo p(x) .

Apo to (g) sunep�getai ìti g = 0 kai epomènwc f = 0 . 2
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Orismìc 4.1.3 OrÐzoume

Ttf(x) =
∫

R
T (x, y, t)f(y) dµ(y) .

L mma 4.1.2 O Tt eÐnai fragmènoc grammikìc metasqhmatismìc

Tt : L2(R, µ) → L2(R, µ)

kai
TtHn = tnHn gia k�je n ∈ N0 .

Apìdeixh: 'Estw f ∈ L2(R, µ). Tìte g(x) = f(x)e−
1
2 x2 ∈ L2(R) kai epomènwc

Ttf(x)e−
1
2 x2

=
∫

R
K(x, y, t)e

1
2 y2

g(y)e
1
2 y2

e−y2
dy = Ktg(x) ∈ L2(R)

sÔmfwna me to L mma 2.1.5.
'Ara Ttf ∈ L2(R, µ) .

EpÐshc

‖Ttf‖L2(R,µ) = π−
1
4 ‖Ktg‖L2(R) ≤ cπ−

1
4 ‖g‖L2(R) = c‖f‖L2(R,µ) .

Apo tic (4.2) kai (2.12) sunep�getai ìti

TtHn(x) = π
1
4

∫

R
K(x, y, t)e

1
2 (x2+y2)ψn(y)e

1
2 y2

e−y2
dy

= π
1
4 Ktψn(x)e

1
2 x2

= tnπ
1
4 ψn(x)e

1
2 x2

= tnHn(x) .

2

L mma 4.1.3 'Estw 1 < p < 2 kai q = p
p−1 . Jètoume

µ =
(√

2π

q

) 1
q

(√
p

2π

) 1
p

, t = i
√

p− 1 .

Ta parak�tw (i), (ii) eÐnai isodÔnama.

(i) ‖Ff‖q ≤ µ‖f‖p , f ∈ Lp(R) .

(ii) ‖Ttg‖Lq(R,µ) ≤ ‖g‖Lp(R,µ) , g ∈ Lp(R, µ) . (4.3)

Apìdeixh: Me aplì upologismì blèpoume ìti

T
(
x, y, i

√
p− 1

)
=

1√
p

exp
{

1
q
x2 +

1
q
y2 + i

2√
pq

xy

}
. (4.4)

(a) 'Estw ìti isqÔei h (ii).

JewroÔme f(x) = p(x)e−
1
p x2

ìpou p(x) tuqìn polu¸numo kai th sun�rthsh

g(x) = f(x)e
1
p x2

= p(x) ∈ Lp(R, µ) .
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Tìte
Ff

(
− 2√

pq
ξ

)
=

1√
2π

∫

R
f(x)ei 2√

pq xξ
dx

ìpou to olokl rwma eÐnai kal� orismèno afoÔ f ∈ L1(R) .

'Ara

Ff

(
− 2√

pq
ξ

)
=

1√
2

∫

R
g(x)ei 2√

pq xξ
e−

1
p x2

ex2
dµ(x) =

1√
2

∫

R
g(x)e

1
q x2

e
i 2√

pq xξ
dµ(x) .

B�sei thc (4.4):

Ff

(
− 2√

pq
ξ

)
e

1
q ξ2

=
√

p

2

∫

R
T (x, ξ, i

√
p− 1)g(x) dµ(x) =

√
p

2
Ttg(ξ) .

'Ara

‖Ff‖q
q =

∫

R
|Ff(ξ)|q dξ =

2√
pq

∫

R

∣∣∣∣
√

p

2
Ttg(ξ)

∣∣∣∣
q

e−ξ2
dξ = 2

√
π

pq

(√
p

2

)q

‖Ttg‖q
Lq(R,µ)

≤ 2
√

π

pq

(√
p

2

)q

‖g‖q
Lp(R,µ) = 2

√
π

pq

(√
p

2

)q (∫

R
|f(x)|p ex2

dµ(x)
) q

p

= µq‖f‖q
p .

'Ara h (i) isqÔei gia èna puknì uposÔnolo tou Lp(R) (sÔmfwna me to L mma 4.1.1(g)) kai
epomènwc isqÔei gia k�je f ∈ Lp(R) .

(b) H apìdeixh tou antÐstrofou eÐnai parìmoia. 2

'Ara h ergasÐa tou Beckner sunÐstatai apo ed¸ kai pèra sto na apodeÐxei thn anisìthta (4.3)
gia sugkekrimènh tim  tou t: t = i

√
p− 1 . B�sei tou L mmatoc 4.1.1(d) arkeÐ na apodeiqjeÐ h

(4.3) gia g(x) = p(x) ìtan p(x) eÐnai tuqìn polu¸numo.

4.2 Anagwg  tou probl matoc se diakritì q¸ro

JewroÔme mia akoloujÐa dokim¸n Bernoulli, dhlad 

ν =
1
2
δ1 +

1
2
δ−1 (4.5)

ìpou δ1, δ−1 eÐnai dÔo m�zec-Dirac sta shmeÐa 1, −1 antÐstoiqa. OrÐzoume to mètro pijanìthtac
ν(n) b�sei thc

ν(n)(E) = ν(
√

2nE) , E Borel ⊆ R . (4.6)

Tèloc jewroÔme to mètro pijanìthtac

νn = ν(n) ∗ ν(n) ∗ · · · ∗ ν(n) ,

th sunèlixh tou ν(n) me ton eautì tou n forèc. Autì isodunameÐ me
∫

R
f(x) dνn(x) =

∫

Rn

f(x1 + · · ·+ xn) dν(n)(x1) · · · dν(n)(xn) (4.7)
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gia k�je f ∈ C(R).
Lìgw twn (4.5), (4.6):

∫

R
f(x) dνn(x) =

∫

Rn

f

(
x1 + · · ·+ xn√

2n

)
dν(x1) · · · dν(xn)

=
1
2n

∑
ε

f

(
ε1 + · · ·+ εn√

2n

)
(4.8)

ìpou to ε = (ε1, . . . , εn) diatrèqei ìlec tic n-�dec pros mwn, dhlad  to ε diatrèqei to sÔnolo
{−1, +1}n me plhj�rijmo 2n .

Qr simh ja eÐnai h parak�tw eidik  perÐptwsh tou KentrikoÔ OriakoÔ Jewr matoc.

L mma 4.2.1 'Estw f opoiad pote suneq c sun�rthsh sto R me to-polÔ-poluwnumik  aÔxhsh
sto �peiro. Dhlad  gia k�poio C > 0 kai k ∈ No

|f(x)| ≤ C(1 + x2)k , x ∈ R .

Tìte ∫

R
f(x) dνn(x) −→

∫

R
f(x) dµ(x) , n → +∞ .

Apìdeixh:
B ma 1: 'Estw f ∈ S(R) . Tìte apo thn (1.3) èqoume

∫

R
f(x)dνn(x) =

1√
2π

∫

R

(∫

R
f̂(ξ)eixξ dξ

)
dνn(x) =

1√
2π

∫

R
f̂(ξ)

(∫

R
eixξ dνn(x)

)
dξ

opìte b�sei thc (4.8)
∫

R
f(x) dνn(x) =

1√
2π

∫

R
f̂(ξ)

1
2n

∑
ε

e
i ξ√

2n
ε1 · · · ei ξ√

2n
εn dξ

=
1√
2π

∫

R
f̂(ξ)

1
2n

(
e
−i ξ√

2n + e
i ξ√

2n

)n

dξ

=
1√
2π

∫

R
f̂(ξ)

(
cos

ξ√
2n

)n

dξ .

Gia k�je ξ ∈ R
(
cos ξ√

2n

)n

=
(
1− ξ2

4n + O
(

ξ4

n2

))n

−→ e−
ξ2

4 , n → +∞ , kai, epeid ∣∣∣f̂(ξ)
(
cos ξ√

2n

)n∣∣∣ ≤
∣∣∣f̂(ξ)

∣∣∣ ∈ L1(R) ,apo to Je¸rhma Kuriarqhmènhc SÔgklishc paÐrnoume

∫

R
f(x) dνn(x) −→ 1√

2π

∫

R
f̂(ξ)e−

ξ2

4 dξ =
1
2π

∫

R

∫

R
f(x)e−ixξ dx e−

ξ2

4 dξ

=
1√
2π

∫

R
f(x)

1√
2π

∫

R
e−

ξ2

4 e−ixξ dξ dx

=
1√
π

∫

R
f(x)e−x2

dx =
∫

R
f(x) dµ(x) .

B ma 2: ApodeiknÔoume ìti oi ropèc twn νn eÐnai omoiìmorfa fragmènec.
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Gia tic ropèc �rtiac t�xhc èqoume:
∫

R
|x|2k

dνn(x) =
∫

R
x2k dνn(x) =

∫

R
(−1)k d 2k

dξ2k

(
e−ixξ

) ∣∣∣∣
ξ=0

dνn(x)

= (−1)k d 2k

dξ2k

(∫

R
e−ixξ dνn(x)

)

ξ=0

= (−1)k d 2k

dξ2k

(
cos

ξ√
2n

)n

ξ=0

.

S'autì to shmeÐo efarmìzoume ton tÔpo tou Cauchy gia tic parag¸gouc thc analutik c
sun�rthshc

(
cos z√

2n

)n

kai èqoume

∫

R
|x|2k

dνn(x) = (−1)k (2k)!
2πi

∫

|z|=1

(
cos

z√
2n

)n
dz

z2k+1
≤ (2k)! max

|z|=1

∣∣∣∣cos
z√
2n

∣∣∣∣
n

= (2k)! max
|z|=1

exp
{

n log
∣∣∣∣cos

z√
2n

∣∣∣∣
}

= (2k)! max
|z|=1

exp
{

n log
∣∣∣∣1−

z2

4n
+ O

(
z4

n2

)∣∣∣∣
}

= Ck < +∞

ìpou to Ck den exart�tai apo to n.
Gia tic ropèc peritt c t�xhc èqoume:

∫

R
|x|2k−1

dνn(x) =
∫

|x|<1

|x|2k−1
dνn(x) +

∫

|x|≥1

|x|2k−1
dνn(x)

≤
∫

|x|<1

dνn(x) +
∫

|x|≥1

|x|2k
dνn(x) ≤ 1 + Ck .

B ma 3: 'Estw f ∈ C(R) me |f(x)| ≤ C(1 + x2)k gia k�poia C > 0, k ∈ No .

H sun�rthsh f(x)
(1+x2)k+1 eÐnai ston Co(R) kai epomènwc gia k�je ε > 0 up�rqei g ∈ S(R)

¸ste
∣∣∣g(x)− f(x)

(1+x2)k+1

∣∣∣ ≤ ε gia k�je x ∈ R .

T¸ra h sun�rthsh h(x) = (1 + x2)k+1g(x) eÐnai ston S(R) kai

|h(x)− f(x)| ≤ ε(1 + x2)k+1 , x ∈ R .

'Ara
∣∣∣∣
∫

R
f(x) dνn(x)−

∫

R
f(x) dµ(x)

∣∣∣∣ ≤
∫

R
|f(x)− h(x)| dνn(x) +

∣∣∣∣
∫

R
h(x) dνn(x)−

∫

R
h(x) dµ(x)

∣∣∣∣

+
∫

R
|f(x)− h(x)| dµ(x)

≤ ε

∫

R
(1 + x2)k+1 dνn(x) +

∣∣∣∣
∫

R
h(x) dνn(x)−

∫

R
h(x) dµ(x)

∣∣∣∣

+ε

∫

R
(1 + x2)k+1 dµ(x)

≤ 2εCk +
∣∣∣∣
∫

R
h(x) dνn(x)−

∫

R
h(x) dµ(x)

∣∣∣∣
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apo to B ma 2 (me diaforetik  stajer� Ck). 'Ara

lim sup
n→+∞

∣∣∣∣
∫

R
f(x) dνn(x)−

∫

R
f(x) dµ(x)

∣∣∣∣ ≤ 2εCk

apo to B ma 1 kai epomènwc
∫

R
f(x) dνn(x) −→

∫

R
f(x) dµ(x) .

2

Orismìc 4.2.1 OrÐzoume to q¸ro

En =
{(

ε1√
2n

, · · · ,
εn√
2n

) ∣∣∣∣ εj = ±1, 1 ≤ j ≤ n

}

kai to mètro pijanìthtac µn = ν(n) × · · · × ν(n) . dhlad 

dµn(x) = dν(
√

2nx1) · · · dν(
√

2nxn) , x = (x1, . . . , xn) ∈ Rn

to opoÐo èqei forèa akrib¸c to sÔnolo En .

H sqèsh (4.7) gr�fetai
∫

R
f(x) dνn(x) =

∫

En

f(x1 + · · ·+ xn) dµn(x) (4.9)

gia k�je suneq  sun�rthsh f . Epeid  o En eÐnai diakritìc q¸roc kai to mètro νn eÐnai diakritì,
h upìjesh thc sunèqeiac gia thn f de qrei�zetai.

To mètro µn eÐnai diakritì mètro kai jètei m�za 1
2n se kajèna apo ta 2n shmeÐa tou En. 'Oloi

oi q¸roi Lp(En, µn) tautÐzontai kai ta stoiqeÐa touc eÐnai ìlec oi sunart seic g : En −→ C.
Epeid  h sun�rthsh f(x1 + · · · + xn) eÐnai summetrik , dhlad  analloÐwth wc proc ìlec tic
anadiat�xeic twn x1, . . . , xn , dÐnoume ton orismì

Orismìc 4.2.2
Xn =

{
h : En −→ C

∣∣ h h eÐnai summetrik 
}

Epomènwc Xn ⊆ Lp(En, µn) gia k�je p , 1 ≤ p ≤ +∞ .

O skopìc t¸ra eÐnai na orisjeÐ kat�llhloc telest c sto q¸ro Xn, {an�logoc} tou telest 
Tt : Lp(R, µ) −→ Lq(R, µ) kai na upologisjeÐ h nìrma tou ¸ste, pern¸ntac sto ìrio kaj¸c
n → +∞ me b�sh to L mma 4.2.1, na upologisjeÐ h nìrma tou Tt. H idèa eÐnai na perigrafeÐ
mia orjokanonik  b�sh sto q¸ro Xn ⊆ L2(En, µn) h opoÐa ja paÐxei ton Ðdio rìlo pou paÐzei h
{Hn} sto q¸ro L2(R, µ) .

L mma 4.2.2

(a) K�je sun�rthsh f : En −→ C gr�fetai me monadikì trìpo san polu¸numo tou
x = (x1, . . . , xn) ìpou k�je xi emfanÐzetai me bajmì ≤ 1:

f(x) =
∑
α

cαxα1
1 · · ·xαn

n , x = (x1, . . . xn) ∈
{

1√
2n

,− 1√
2n

}n

ìpou α = (α1, . . . , αn) ∈ {0, 1}n .
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(b) K�je summetrik  h : En −→ C, dhlad  k�je h ∈ Xn, gr�fetai me monadikì trìpo san

h(x) =
n∑

k=0

ck σk(x1, . . . xn) ,

ìpou σk(x1, . . . , xn) (0 ≤ k ≤ n) eÐnai oi stoiqei¸deic summetrikèc sunart seic twn x1, . . . , xn :

σk(x1, . . . , xn) =
∑

1≤m1<···<mk≤n

xm1 · · ·xmk
.

(g) Oi σk(x1, . . . , xk) , 0 ≤ k ≤ n , apoteloÔn orjog¸nia b�sh tou q¸rou Xn ⊆ L2(En, µn) .

Apìdeixh:
(a) An g eÐnai sun�rthsh miac metablht c kai h metablht  aut  paÐrnei dÔo timèc ± 1√

2n
,tìte

eÐnai eÔkolo na doÔme ìti: g(x) = ax + b , x = ± 1√
2n

, gia kat�llhla a, b ∈ C . An t¸ra
h f exart�tai apo k metablhtèc x1, . . . , xk pou paÐrnoun dÔo timèc ± 1√

2n
h kajemÐa, tìte, sÔm-

fwna me to prohgoÔmeno, èqoume ìti f(x1, . . . , xk−1, xk) = g(x1, . . . , xk−1) + h(x1, . . . , xk−1)xk

gia kat�llhlec sunart seic g, h k − 1 metablht¸n. T¸ra eÐnai profanèc pwc me epagwg 
apodeiknÔetai to (a).

H monadikìthta twn suntelest¸n sthn par�stash

f(x) =
∑
α

cαxα1
1 · · ·xαn

n

prokÔptei apo ton parak�tw upologismì ìpou to x = (x1, . . . , xn) diatrèqei to
{
− 1√

2n
, 1√

2n

}n

kai to β eÐnai stajerì β = (β1, . . . , βn) ∈ {0, 1}n :

1
2n

∑
x

f(x1, . . . , xn)xβ1
1 · · ·xβn

n =
1
2n

∑
x

(∑
α

cαxα1
1 · · ·xαn

n

)
xβ1

1 · · ·xβn
n

=
1
2n

∑
α

cα

∑
x

xα1+β1
1 · · ·xαn+βn

n

=
1
2n

∑
α

cα

n∏

j=1

{(
1√
2n

)αj+βj

+
(
− 1√

2n

)αj+βj
}

=
(

1
2n

)β1+···+βn

cβ .

(b) 'Estw ìti h(x) =
∑

α cαxα1
1 · · ·xαn

n eÐnai summetrik . An jewr soume opoiousd pote

m1, . . . , mk me 1 ≤ m1 < · · · < mk ≤ n kai opoiad pote anadi�taxh h opoÐa apeikonÐzei:
1 7→ m1, . . . k 7→ mk , tìte o ìroc x1, . . . , xk sthn anapar�stash thc h(x) ja metatrapeÐ se
xm1 , . . . , xmk

. 'Ara o suntelest c tou opoioud pote xm1 . . . xmk
sthn anapar�stash thc h(x)

tautÐzetai me to suntelest  tou x1 . . . xk . Epomènwc

h(x) =
n∑

k=o

ckσk(x1, . . . , xn)

gia kat�llhla co, . . . , cn ∈ C .
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(g) EÐnai gnwstìc o tÔpoc

n∏

i=1

(1 + xit) =
n∑

k=0

σk(x1, . . . , xn)tk , t ∈ C .

'Ara

∫

En

n∏

i=1

(1 + xit)
n∏

i=1

(1 + xis) dµn(x) =

=
∫

En

n∑

k=0

σk(x1, . . . , xn)tk
n∑

λ=0

σλ(x1, . . . , xn)sλ dµn(x) . (4.10)

Epeid  to µn eÐnai mètro-ginìmeno, èqoume

∫

En

n∏

i=1

(1 + xit)
n∏

i=1

(1 + xis) dµn(x) =
n∏

i=1

∫
n
− 1√

2n
, 1√

2n

o(1 + xit)(1 + xis) dν(
√

2nxi)

=
1
2n

[(
1 +

t√
2n

)(
1 +

s√
2n

)
+

(
1− t√

2n

)(
1− s√

2n

)]n

(4.11)

=
(

1 +
ts

2n

)n

=
n∑

µ=0

(
n

µ

)
1

(2n)µ
tµsµ .

EpÐshc

∫

En

n∑

k=0

σk(x1, . . . , xn)tk
n∑

λ=0

σλ(x1, . . . , xn)sλ dµn(x) =

=
n∑

k,λ=0

tksλ

∫

En

σk(x1, . . . , xn)σλ(x1, . . . , xn) dµn(x) . (4.12)

Apo tic (4.10), (4.11), (4.12) èqoume

∫

En

σk(x1, . . . , xn)σλ(x1, . . . , xn) dµn(x) =





(
n
µ

)
1

(2n)µ , an k = λ = µ

0, an k 6= λ .

(4.13)

2

Orismìc 4.2.3 Gia k�je n, k me 0 ≤ k ≤ n orÐzoume

φn,k(x) = (2n)
k
2

1√(
n
k

) σk(x1, . . . , xn) , x = (x1, . . . , xn) ∈
{
− 1√

2n
,

1√
2n

}n

. (4.14)

Apo tic sqèseic (4.13) blèpoume ìti oi sunart seic

φn,k(x) , 0 ≤ k ≤ n
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apoteloÔn orjokanonik  b�sh tou Xn ⊆ L2(En, µn) .

K�je polu¸numo g(x), x ∈ R , bajmoÔ mikrìterou   Ðsou me n gr�fetai me monadikì trìpo
san

g(x) =
n∑

k=0

ckHk(x) .

Me Cn [x] sumbolÐzoume to q¸ro ìlwn twn poluwnÔmwn metablht c x ∈ R bajmoÔ to polÔ
n me suntelestèc sto C.

Orismìc 4.2.4 Gia k�je n orÐzoume ton telest 

Sn : Cn [x] −→ Xn

o opoÐoc dÐnetai apo ton tÔpo

Sn

(
n∑

k=0

ckHk

)
=

n∑

k=0

ckφn,k . (4.15)

Orismìc 4.2.5 Gia k�je n orÐzoume ton telest 

Kn,t : Xn −→ Xn

me tÔpo

Kn,t

(
n∑

k=0

ckφn,k

)
=

n∑

k=0

cktkφn,k . (4.16)

Apo to L mma 4.1.2 kai tic sqèseic (4.15), (4.16) eÐnai fanerì ìti to di�gramma

-Cn [x] Cn [x]
Tt

??
Xn

- Xn
Kn,t

SnSn

eÐnai antimetajetikì. Pr�gmati gia k�je g =
∑n

k=0 ckHk isqÔei:

(SnTt) (g) = Sn

(
n∑

k=0

cktkHk

)
=

n∑

k=0

cktkφn,k ,

(Kn,tSn) (g) = Kn,t

(
n∑

k=0

ckφn,k

)
=

n∑

k=0

cktkφn,k .

EpÐshc eÐnai fanerì ìti o telest c Sn eÐnai isometrÐa an�mesa stouc q¸rouc me eswterikì
ginìmeno Cn [x] ⊆ L2(R, µ) kai Xn ⊆ L2(En, µn) afoÔ apeikonÐzei thn orjokanonik  b�sh
{Hk/ 0 ≤ k ≤ n} tou pr¸tou sthn orjokanonik  b�sh {φn,k/ 0 ≤ k ≤ n} tou deÔterou. Me
aut n thn ènnoia o Kn,t eÐnai èna diakritì {an�logo} tou Tt an autìc periorisjeÐ ston Cn [x] ⊆
L2(R, µ).

Ja apodeÐxoume trÐa jewr mata.
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Je¸rhma 4.2.1 An t = i
√

p− 1, 1 < p < 2, q = p
p−1 tìte gia k�je n isqÔei

(∫

En

|(Kn,th) (x)|q dµn(x)
) 1

q

≤
(∫

En

|h(x)|p dµn(x)
) 1

p

, h ∈ Xn . (4.17)

Je¸rhma 4.2.2 Gia k�je polu¸numo g(x), x ∈ R, isqÔei ìti

(i)
(∫

R
|g(x)|p dνn(x)

) 1
p

−
(∫

En

|(Sng) (x)|p dµn(x)
) 1

p

−→ 0, n → +∞ (4.18)

(ii)
(∫

R
|(Ttg) (x)|q dνn(x)

) 1
q

−
(∫

En

|(Kn,tSng) (x)|q dµn(x)
) 1

q

−→ 0, n→ +∞(4.19)

To epìmeno Je¸rhma eÐnai o telikìc mac stìqoc.

Je¸rhma 4.2.3 'Estw 1 < p < 2 kai q = p
p−1 . Jètoume

µ =
(√

2π

q

) 1
q

(√
p

2π

) 1
p

.

Tìte

‖Ff‖q ≤ µ‖f‖p , f ∈ Lp(R) .

Apìdeixh: Upojètoume ìti ta Jewr mata 4.2.1 kai 4.2.2 èqoun apodeiqjeÐ.
JewroÔme tuqìn polu¸numo g(x), x ∈ R , kai èstw k o bajmìc tou g(x) . 'Estw n ≥ k kai

n → +∞ .

An g(x) =
∑k

λ=0 cλHλ(x) , tìte apo to L mma 4.2.1 kai apo to Je¸rhma 4.2.2(i) paÐrnoume
(∫

En

|(Sng) (x)|p dµn(x)
) 1

p

−→
(∫

R
|g(x)|p dµ(x)

) 1
p

.

EpÐshc apo to L mma 4.2.1 kai to Je¸rhma 4.2.2(ii) paÐrnoume
(∫

En

|(Kn,tSng) (x)|q dµn(x)
) 1

q

−→
(∫

R
|(Ttg) (x)|q dµ(x)

) 1
q

.

Apo tic dÔo autèc sqèseic kai apo to Je¸rhma 4.2.1 me h = Sng paÐrnoume
(∫

R
|(Ttg) (x)|q dµ(x)

) 1
q

≤
(∫

R
|g(x)|p dµ(x)

) 1
p

‖Ttg‖Lq(R,µ) ≤ ‖g‖Lp(R,µ) . (4.20)

SÔmfwna me to L mma 4.1.1(d) h (4.20) isqÔei gia k�je g ∈ Lp(R, µ) opìte to L mma 4.1.3
sumplhr¸nei thn apìdeixh. 2

L mma 4.2.3 Gia k�je n, k me 2 ≤ k ≤ n isqÔei

φn,k =
√

n

k(n− k + 1)
φn,1φn,k−1 −

√
(k − 1)(n− k + 2)

k(n− k + 1)
φn,k−2 (4.21)

gia tic timèc twn metablht¸n xi = ± 1√
2n

.
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Apìdeixh: Apo ton orismì twn φn,k, dhlad  thn (4.14), sunep�getai ìti h (4.21) isodunameÐ me
thn

kσk(x1, . . . , xn) = σ1(x1, . . . , xn)σk−1(x1, . . . , xn)− n− k + 2
2n

σk−2(x1, . . . , xn) . (4.22)

Gia na apodeÐxoume thn (4.22) qrhsimopoioÔme th sun�rthsh

T (x1, . . . , xn; t) =
n∏

j=1

(1 + xjt) =
n∑

k=0

tkσk(x1, . . . , xn) .

ParagwgÐzontac paÐrnoume

∂T
∂t

(x1, . . . , xn; t) =
n∑

j=1

xjT (x1, . . . , xj−1, 0, xj+1, . . . , xn; t)

=
n∑

k=1

ktk−1σk(x1, . . . , xn) .

T¸ra

σ1(x1, . . . , xn)T (x1, . . . , xn; t) =
n∑

j=1

xjT (x1, . . . , xn; t)

=
n∑

j=1

xj(1 + xjt)T (x1, . . . , xj−1, 0, xj+1, . . . , xn; t) .

Epomènwc

σ1(x1, . . . , xn)T (x1, . . . , xn; t)− ∂T
∂t

(x1, . . . , xn; t) =

=
n∑

j=1

x2
j tT (x1, . . . , xj−1, 0, xj+1, . . . , xn; t)

=
t

2n

n∑

j=1

T (x1, . . . , xj−1, 0, xj+1, . . . , xn; t) . (4.23)

ParathroÔme t¸ra ìti

n∑

j=1

σk(x1, . . . , xj−1, 0, xj+1, . . . , xn) = (n− k)σk(x1, . . . , xn) . (4.24)

Aut  h sqèsh apodeiknÔetai wc ex c. To σk(x1, . . . , xj−1, 0, xj+1, . . . , xn) perièqei akrib¸c mÐa
for� to kajèna ìla ta ginìmena twn x1, . . . , xn ana k sta opoÐa den emfanÐzetai to xj . 'Ara
to aristerì mèloc thc (4.24) perièqei ton opoiod pote ìro xi1 · · ·xik

(me i1 < · · · < ik) akrib¸c
tìsec forèc ìsa eÐnai ta j gia ta opoÐa to σk(x1, . . . , xj−1, 0, xj+1, . . . , xn) perièqei autìn ton
ìro. To xi1 · · ·xik

perièqetai se k�poio σk(x1, . . . , xj−1, 0, xj+1, . . . , xn) an kai mìnon an j 6=
i1, . . . , ik . 'Ara to pl joc twn j eÐnai n− k kai h (4.24) apodeÐqjhke.
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T¸ra h (4.23) gÐnetai me b�sh thn (4.24):

σ1(x1, . . . , xn)T (x1, . . . , xn; t)− ∂T
∂t

(x1, . . . , xn; t) =

=
t

2n

n∑

j=1

n∑

k=0

tkσk(x1, . . . , xj−1, 0, xj+1, . . . , xn)

=
t

2n

n∑

k=0

tk(n− k)σk(x1, . . . , xn) =
n+2∑

k=2

n− k + 2
2n

σk−2(x1, . . . , xn)tk−1. (4.25)

Apo thn �llh meri� èqoume ìti

σ1(x1, . . . , xn)T (x1, . . . , xn; t)− ∂T
∂t

(x1, . . . , xn; t) =

=
n∑

k=0

σ1(x1, . . . , xn)σk(x1, . . . , xn)tk −
n−1∑

k=0

(k + 1)σk+1(x1, . . . , xn)tk

=
n∑

k=1

[σ1(x1, . . . , xn)σk−1(x1, . . . , xn)− kσk(x1, . . . , xn)] tk−1 +

+ σ1(x1, . . . , xn)σn(x1, . . . , xn) tn . (4.26)

Exis¸nontac suntelestèc stic (4.25), (4.26) paÐrnoume thn (4.22). 2

L mma 4.2.4 Gia k�je k, n me 1 ≤ k ≤ n kai gia ìlec tic timèc twn metablht¸n xi = ± 1√
2n

isqÔei ìti
√(

1− 1
n

)
· · ·

(
1− k − 1

n

)
φn,k(x1, . . . , xn) =

= Hk(x1 + · · ·+ xn) +
1
n

[k/2]∑

`=1

a
(n)
k,` Hk−2`(x1 + · · ·+ xn) . (4.27)

Oi suntelestèc a
(n)
k,` eÐnai, gia k�je k, fragmènec sunart seic tou n.

Apìdeixh: Apo tic Ho(x) = 1, H1(x) =
√

2x, H2(x) =
√

2x2 − 1√
2

kai tic
φn,o(x1, . . . , xn) = σo(x1, . . . , xn) = 1, φn,1(x1, . . . , xn) =

√
2σ1(x1, . . . , xn) =

√
2(x1+· · ·+xn),

φn,2(x1, . . . , xn) = 2
√

2
√

n
n−1σ2(x1, . . . , xn) = 2

√
2
√

n
n−1 (x1x2 + · · · + xn−1xn) blèpoume eÔ-

kola ìti

φn,o(x1, . . . , xn) = Ho(x1 + · · ·+ xn)

φn,1(x1, . . . , xn) = H1(x1 + · · ·+ xn)√
1− 1

n
φn,2(x1, . . . , xn) = H2(x1 + · · ·+ xn) .

Epomènwc h (4.27) al jeÔei gia k = 1, 2 .

Gia aploÔsteush jètoume

qn,k(x1, . . . , xn) =

√(
1− 1

n

)
· · ·

(
1− k − 1

n

)
φn,k(x1, . . . , xn)

=

√
n(n− 1) · · · (n− k + 1)

nk
φn,k(x1, . . . , xn) (4.28)
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opìte h (4.27) isodunameÐ me

qn,k(x1, . . . , xn) = Hk(x1 + · · ·+ xn) +
1
n

[k/2]∑

`=1

a
(n)
k,` Hk−2`(x1 + · · ·+ xn) . (4.29)

O anadromikìc tÔpoc (4.21) me lÐgec pr�xeic gÐnetai

qn,k =
1√
k

qn,1qn,k−1 −
√

k − 1
k

(
1− k − 2

n

)
qn,k−2 , 2 ≤ k ≤ n . (4.30)

EpÐshc èqoume kai ton anadromikì tÔpo

Hk =
1√
k
H1Hk−1 −

√
k − 1

k
Hk−2 , 2 ≤ k (4.31)

o opoÐoc proèrqetai apo ton (2.2) kai tic (4.2).

H (4.29) ja apodeiqjeÐ epagwgik� me b�sh tic (4.30), (4.31) gnwrÐzontac ìti isqÔei gia
k = 1, 2. 'Estw loipìn ìti h (4.29) isqÔei gia k, k − 1 me 2 ≤ k ≤ n− 1 . Tìte, gr�fontac me
suntomÐa x = (x1, . . . , xn), Σx = x1 + · · ·+ xn, èqoume

qn,k+1(x) =
1√

k + 1
qn,1(x)qn,k(x)−

√
k

k + 1

(
1− k − 1

n

)
qn,k−1(x) =

=
1√

k + 1
H1 (Σx)

{
Hk (Σx) +

1
n

[ k
2 ]∑

`=1

a
(n)
k,` Hk−2` (Σx)

}
−

−
√

k

k + 1

(
1− k − 1

n

){
Hk−1 (Σx) +

1
n

[ k−1
2 ]∑

`=1

a
(n)
k−1,`Hk−1−2` (Σx)

}

= Hk+1 (Σx) +
1
n

{
(k − 1)

√
k

k + 1
Hk−1 (Σx) +

+
[ k
2 ]∑

`=1

a
(n)
k,`√

k + 1
H1 (Σx)Hk−2` (Σx)−

−
[ k−1

2 ]∑

`=1

√
k

k + 1

(
1− k − 1

n

)
a
(n)
k−1,`Hk−1−2` (Σx)

}
.

S'autì to shmeÐo parathroÔme ìti, an jèsoume H−1(x) = 0, tìte o anadromikìc tÔpoc (4.31)
isqÔei kai gia k = 1. Epomènwc antikajist¸ntac to

H1 (Σx)Hk−2` (Σx) me
√

k − 2` + 1Hk−2`+1 (Σx) +
√

k − 2`Hk−2`−1 (Σx)
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paÐrnoume

qn,k+1(x) = Hk+1 (Σx) +
1
n

{
(k − 1)

√
k

k + 1
Hk−1 (Σx) +

[ k
2 ]∑

`=1

√
k − 2` + 1

k + 1
a
(n)
k,` Hk−2`+1 (Σx) +

+
[ k
2 ]∑

`=1

√
k − 2`

k + 1
a
(n)
k,` Hk−2`−1 (Σx)−

−
[ k−1

2 ]∑

`=1

√
k

k + 1

(
1− k − 1

n

)
a
(n)
k−1,`Hk−1−2` (Σx)

}

= Hk+1 (Σx) +
1
n

{
(k − 1)

√
k

k + 1
Hk−1 (Σx) +

[ k
2 ]∑

`=1

√
k − 2` + 1

k + 1
a
(n)
k,` Hk+1−2` (Σx) +

+
[ k+2

2 ]∑

`=2

√
k + 2− 2`

k + 1
a
(n)
k,`−1Hk+1−2` (Σx)−

−
[ k+1

2 ]∑

`=2

√
k

k + 1

(
1− k − 1

n

)
a
(n)
k−1,`−1Hk+1−2` (Σx)

}
.

ParathroÔme ìti o teleutaÐoc ìroc ` =
[

k+2
2

]
sto deÔtero �jroisma eÐnai mhdèn, kaj¸c

kai ìti to pr¸to �jroisma mporeÐ na epektajeÐ se ` =
[

k+1
2

]
. 'Ara

qn,k+1(x) = Hk+1 (Σx) +
1
n

{
(k − 1)

√
k

k + 1
Hk+1−2 (Σx) +

√
k − 1
k + 1

a
(n)
k,1Hk+1−2 (Σx) +

+
[ k+1

2 ]∑

`=2

[√
k − 2` + 1

k + 1
a
(n)
k,` +

√
k − 2` + 2

k + 1
a
(n)
k,`−1 −

−
√

k

k + 1

(
1− k − 1

n

)
a
(n)
k−1,`−1

]
Hk+1−2` (Σx)

}

kai epomènwc an jèsoume

a
(n)
k+1,1 = (k − 1)

√
k

k + 1
+

√
k − 1
k + 1

a
(n)
k,1 (4.32)

a
(n)
k+1,` =

√
k − 2` + 1

k + 1
a
(n)
k,` +

√
k − 2` + 2

k + 1
a
(n)
k,`−1 −

√
k

k + 1

(
1− k − 1

n

)
a
(n)
k−1,`−1 , 2 ≤ ` ≤

[
k + 1

2

]

blèpoume amèswc ìti isqÔei h (4.29) gia k + 1.

Epeid  a
(n)
2,1 = 0 faÐnetai amèswc (me epagwg ) apo tic sqèseic (4.32) ìti gia stajerì k oi

suntelestèc a
(n)
k,` eÐnai fragmènec sunart seic tou n. 2
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Apìdeixh tou Jewr matoc 4.2.2 : 'Estw polu¸numo g(x) =
∑k

λ=0 cλHλ(x) .

(i) Apo th sqèsh (4.9) èqoume gia n ≥ k :
∣∣∣∣∣
(∫

En

|Sng(x)|p dµn(x)
) 1

p

−
(∫

R
|g(x)|p dνn(x)

) 1
p

∣∣∣∣∣ =

=

∣∣∣∣∣
(∫

En

|Sng(x)|p dµn(x)
) 1

p

−
(∫

En

|g(x1 + · · ·+ xn)|p dµn(x)
) 1

p

∣∣∣∣∣

≤
(∫

En

|Sng(x)− g(x1 + · · ·+ xn)|p dµn(x)
) 1

p

≤
(∫

En

∣∣∣∣∣
k∑

λ=0

cλ [φn,λ(x1, . . . , xn)−Hλ(x1 + · · ·+ xn)]

∣∣∣∣∣

p

dµn(x)

) 1
p

≤
k∑

λ=0

|cλ|
(∫

En

|φn,λ(x1, . . . , xn)−Hλ(x1 + · · ·+ xn)|p dµn(x)
) 1

p

.

Apo to L mma 4.2.4 kai epeid  o suntelest c tou φn,k sth sqèsh (4.27) sugklÐnei sto 1 ka-
j¸c n → +∞ paÐrnoume ìti up�rqei stajer� C > 0 h opoÐa exart�tai mìno apo ta |co| , . . . , |ck|
kai apo to k all� ìqi apo to n ¸ste

∣∣∣∣∣
(∫

En

|Sng(x)|p dµn(x)
) 1

p

−
(∫

R
|g(x)|p dνn(x)

) 1
p

∣∣∣∣∣ ≤

≤ c

n

k∑

λ=0

(∫

En

|Hλ(x1 + · · ·+ xn)|p dµn(x)
) 1

p

=
c

n

k∑

λ=0

(∫

R
|Hλ(x)|p dνn(x)

) 1
p

apo thn (4.9).

'Opwc eÐdame sto B ma 2 thc apìdeixhc tou L mmatoc 4.2.1 oi ropèc twn νn eÐnai omoiìmorfa
fragmènec (wc proc n). 'Ara h teleutaÐa par�stash teÐnei sto 0 ìtan n → +∞.
(ii) Epeid  Kn,tSng = SnTtg h (4.19) eÐnai pìrisma thc (4.18) an aut  efarmosjeÐ sto
polu¸numo Ttg . 2

4.3 Anagwg  tou probl matoc se q¸ro dÔo shmeÐwn

Apomènei na apodeiqjeÐ to Je¸rhma 4.2.1 to opoÐo eÐnai to diakritì an�logo tou Jewr matoc
4.2.3 sto diakritì q¸ro Xn .

JewroÔme to q¸ro mètrou

E =
{
− 1√

2n
,

1√
2n

}
, dσ(x) =

1
2
dδ−1(

√
2nx) +

1
2
dδ1(

√
2nx) = dν(

√
2nx)

kai gnwrÐzoume ìti k�je sun�rthsh f : E −→ C gr�fetai me monadikì trìpo san

f(x) = ax + b
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me kat�llhla a, b ∈ C .

JewroÔme ton telest 
Tx,t : Lp(E, σ) −→ Lq(E, σ)

me tÔpo
Tx,t : a + bx 7−→ a + btx .

EpÐshc orÐzoume ton telest 

Kn,t = Tx1,t ⊗ · · · ⊗ Txn,t : Lp(E × · · · × E, σ × · · · × σ) −→ Lq(E × · · · × E, σ × · · · × σ) ,

dhlad 
Kn,t : Lp(En, µn) −→ Lq(En, µn)

sÔmfwna me ton orismì 4.2.1 .

L mma 4.3.1 O periorismìc tou Kn,t ston Xn ⊆ Lp(En, µn) tautÐzetai me ton telest  Kn,t .

Apìdeixh: 'Estw 0 ≤ k ≤ n. Epeid  o Kn,t apl¸c pollaplasi�zei k�je mÐa apo tic metablhtèc
x1, . . . , xn me ton par�gonta t sunep�getai ìti

Kn,t(σk) = tkσk .

'Ara gia k�je summetrik  h ∈ Xn, h(x) =
∑n

k=0 ckσk(x1, . . . , xn), èqoume

Kn,t(h) =
n∑

k=0

ckKn,t(σk) =
n∑

k=0

cktkσk = Kn,th

sÔmfwna me thn (4.16). 2

Je¸rhma 4.3.1 'Estw 1 < p < 2, q = p
p−1 , t = i

√
p− 1. Tìte

(∫

E

|Tx,tf(x)|q dσ(x)
) 1

q

≤
(∫

E

|f(x)|p dσ(x)
) 1

p

(4.33)

gia k�je f ∈ Lp(E, σ) .

Apìdeixh: Me f(x) = a + bx h (4.33) gÐnetai

(
1
2

∣∣∣∣a + tb
1√
2n

∣∣∣∣
q

+
1
2

∣∣∣∣a− tb
1√
2n

∣∣∣∣
q) 1

q

≤
(

1
2

∣∣∣∣a + b
1√
2n

∣∣∣∣
p

+
1
2

∣∣∣∣a− b
1√
2n

∣∣∣∣
p) 1

p

.

An a = 0 h anisìthta gÐnetai |t| ≤ 1 pou eÐnai swstì. 'Estw, loipìn, a 6= 0. Jètontac
z = b

a
√

2n
paÐrnoume thn isodÔnamh anisìthta :

( |1 + tz|q + |1− tz|q
2

) 1
q

≤
( |1 + z|p + |1− z|p

2

) 1
p

, z ∈ C . (4.34)

Jètoume z = ξ − i η√
p−1

, ξ, η ∈ R , opìte

|1 + tz|2 = (1 + η)2 + ξ2(p− 1) , |1− tz|2 = (1− η)2 + ξ2(p− 1) ,

|1 + z|2 = (1 + ξ)2 + η2(q − 1) , |1− z|2 = (1− ξ)2 + η2(q − 1) .
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'Ara h (4.34) isodunameÐ me

([
(1 + η)2 + (p− 1)ξ2

] q
2 +

[
(1− η)2 + (p− 1)ξ2

] q
2

2

) 1
q

≤

≤
([

(1 + ξ)2 + (q − 1)η2
] p

2 +
[
(1− ξ)2 + (q − 1)η2

] p
2

2

) 1
p

. (4.35)

Apo thn (4.5) èqoume

([
(1 + η)2 + (p− 1)ξ2

] q
2 +

[
(1− η)2 + (p− 1)ξ2

] q
2

2

) 2
q

= ‖(1 + ηx)2 + (p− 1)ξ2‖
L

q
2 (ν)

≤ ‖(1 + ηx)2‖
L

q
2 (ν)

+ ‖(p− 1)ξ2‖
L

q
2 (ν)

epeid 
q

2
> 1

=
( |1 + η|q + |1− η|q

2

) 2
q

+ (p− 1)ξ2 .

EpÐshc

([
(1 + ξ)2 + (q − 1)η2

] p
2 +

[
(1− ξ)2 + (q − 1)η2

] p
2

2

) 2
p

= ‖(1 + ξx)2 + (q − 1)η2‖
L

p
2 (ν)

kai epeid  p
2 < 1 kai (1 + ξx)2 ≥ 0, (q − 1)η2 ≥ 0

≥ ‖(1 + ξx)2‖
L

p
2 (ν)

+ ‖(q − 1)η2‖
L

p
2 (ν)

=
( |1 + ξ|p + |1− ξ|p

2

) 2
p

+ (q − 1)η2 .

'Ara h (4.35) eÐnai asjenèsterh apo thn anisìthta

( |1 + η|q + |1− η|q
2

) 2
q

+ (p− 1)ξ2 ≤
( |1 + ξ|p + |1− ξ|p

2

) 2
p

+ (q − 1)η2 . (4.36)

An apodeÐxoume tic anisìthtec

( |1 + η|q + |1− η|q
2

) 2
q

≤ 1 + (q − 1)η2 (4.37)

( |1 + ξ|p + |1− ξ|p
2

) 2
p

≥ 1 + (p− 1)ξ2 (4.38)

eÐnai profanèc ìti sunep�getai h (4.36). EpÐshc eÐnai fanerì (me ξ = 0   η = 0) ìti oi (4.37),
(4.38) prokÔptoun apo thn (4.36).

'Ara arkeÐ na apodeÐxoume tic (4.37), (4.38).
ArqÐzoume me thn apìdeixh thc (4.37).
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ArkeÐ na apodeÐxoume thn (4.37) gia 0 < η afoÔ aut  mènei amet�blhth an all�xoume to
η se −η kai profan c gia η = 0 . EpÐshc eÔkola blèpoume ìti arkeÐ na apodeÐxoume thn (4.37)
gia 0 < η ≤ 1. Pr�gmati an isqÔei gia k�poio η me 0 < η ≤ 1, tìte diair¸ntac thn (4.37) me η2

paÐrnoume



∣∣∣1 + 1
η

∣∣∣
q

+
∣∣∣1− 1

η

∣∣∣
q

2




2
q

≤ 1
η2

+ (q − 1) .

Epeid  : 1
η2 + (q − 1) ≤ 1 + (q − 1) 1

η2 ⇔
(

1
η2 − 1

)
(q − 2) ≥ 0 kai epeid  h teleutaÐa

anisìthta isqÔei afoÔ q > 2 , sunep�getai ìti




∣∣∣1 + 1
η

∣∣∣
q

+
∣∣∣1− 1

η

∣∣∣
q

2




2
q

≤ 1 + (q − 1)
1
η2

dhlad  h anisìthta (4.37) gia 1
η ≥ 1 .

JewroÔme th sun�rthsh

p(η) =
1
q

log
{ |1 + η|q + |1− η|q

2

}
− 1

2
log

{
1 + (q − 1)η2

}
, 0 < η ≤ 1

kai arkeÐ na apodeÐxoume ìti
p(η) ≤ 0 , 0 < η ≤ 1 . (4.39)

UpologÐzoume :

p
′
(η) =

(1 + η)q−1 − (1− η)q−1

(1 + η)q + (1− η)q
− (q − 1)η

1 + (q − 1)η2

=
(1 + η)q−1 [1− (q − 1)η]− (1− η)q−1 [1 + (q − 1)η]

[(1 + η)q + (1− η)q] [1 + (q − 1)η2]

=
∆(η)

[(1 + η)q + (1− η)q] [1 + (q − 1)η2]
. (4.40)

T¸ra
∆
′
(η) = −q(q − 1)η

{
(1 + η)q−2 − (1− η)q−2

} ≤ 0

gia 0 < η ≤ 1 , afoÔ q > 2 .

'Ara
∆(η) ≤ ∆(0) = 0 , 0 < η ≤ 1

kai epomènwc apo thn (4.40) paÐrnoume

p
′
(η) ≤ 0 , 0 < η ≤ 1 .

'Ara
p(η) ≤ p(0) = 0 , 0 < η ≤ 1 .

kai epomènwc apodeÐqjhke h (4.39) kai kat'epèktash h (4.37).
H apìdeixh thc (4.38) eÐnai akrib¸c h Ðdia : ìlec oi anisìthtec antistrèfontai diìti p < 2. 2

Apìdeixh tou Jewr matoc 4.2.1 : Sunduasmìc tou Jewr matoc 4.3.1 kai twn Lhmm�twn
1.2.1 kai 4.3.1 . 2
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