MIN-MAX REPRESENTATIONS OF VISCOSITY SOLUTIONS OF
HAMILTON-JACOBI EQUATIONS
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ABSTRACT. In this paper a duality relation between the Mané potential and the action
functional is derived in the context of convex and state-dependent Hamiltonians. The
duality relation is used to obtain min-max representations of viscosity solutions of first
order evolutionary Hamilton-Jacobi equations. As a special case, for state-independent
Hamiltonians the duality result provides a new way to derive the classical Hopf-Lax-
Oleinik representation.

1. INTRODUCTION

In this paper we study viscosity solutions of Hamilton-Jacobi equations associated with
Lagrangian dynamics arising in the theory of large deviations for stochastic processes.
Suppose that the rate function associated with the large deviations of a sequence of
stochastic processes {X™(t);t € [0,T]} is of the form

/t L(s), d(s))ds,

where 1) is an absolutely continuous function and L is the local rate function, such that
v+ L(x,v) is convex for all x € R™. This is typical, for example, for Markov processes
8, 17, 22]. To illustrate the connection between large deviations and Hamilton-Jacobi
equations, consider the probability that the process X™ has exited an open set  C R¢
before time 7', conditioned on X! =z for for 0 <t < T, x € Q: P, .(X™(T) ¢ Q). If the
rate function associated with X" is of the aforementioned form, then the large deviations
rate of this probability is given by

T
Ott,a) =int { [ Lew(s) i(s))ds,v(0) = . 6(7) ¢ 0},
t
where the infimum is taken over all absolutely continuous functions. That is, for large n,
Po(X™(T) ¢ Q) m eV,

Since U is the value function of a variational problem, it satisfies, in the sense of a
viscosity solution, a Hamilton-Jacobi terminal value problem of the form

{Ut(t,m) — H(z,—-DU(t,2)) =0, (t,z)€[0,T)x Q,

_ ’ 1.1
U(T,z) =0, x € 092, (1.1)
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2 VISCOSITY SOLUTIONS OF HAMILTON-JACOBI EQUATIONS

where H is the Fenchel-Legendre transform of L, see e.g. [17].

Furthermore, because of the connection between probabilities that become exponen-
tially small asymptotically, in the above example as n — oo, and Hamilton-Jacobi equa-
tions, subsolutions of such equations are intrinsically linked to efficient Monte Carlo
methods for so-called rare-event simulation; see e.g. [9, 10, 11]. Therefore, in addition to
its relevance for Lagrangian dynamics in general and problems arising in, for example,
partial differential equations, calculus of variations and control theory, the results of this
paper lay the foundation for a systematic approach to solving the challenging task of
finding subsolutions that define provably efficient rare-event methods, a topic pursued in
forthcoming work.

In this paper we consider Lagrangians (x,v) — L(z,v) that are convex in v. The main
results, Proposition 3.2 and Theorem 4.1, prove a certain form of viscosity solutions to
evolutionary Hamilton-Jacobi equations and a duality between Mané’s potential and the
action functional, respectively; we now give a brief outline.

The Mané potential at level ¢ is given by the value of the variational problem

w’t

seg) = { [ o+ L0 06D 00 =m0 =y}, mye R

where the infimum is taken over all absolutely continuous functions ¢ : [0, 00) — R™ and
t > 0, see [20]. Whenever it is continuous, y — S(x,y) is a viscosity subsolution of the
stationary Hamilton-Jacobi equation

H(y,DS(y)) =c¢, yeRY

where H denotes the Fenchel-Legendre transform of L and D denotes the gradient. An
object similar to the Mané potential is the action functional given by

Mit.ysz) = int{ [ L(s). 905, 00) =00 =y}, t> 00y R

where the infimum is taken over all absolutely continuous functions ¢ : [0, ¢] — R?. This
action functional is a well-studied object in large deviations theory and control-theory,
see for example [19, 18] and the references therein. In the weak KAM and dynamical
systems literature it is often referred to as Mather’s action functional - see the overview
paper [21] and references therein - even though the functional was known well before the
papers by Mather. From the definition of the Mané potential it is elementary to show
that

S%(,y) = inf{M(t,y: x) + ct}.

The main result, Theorem 4.1, shows that, in the one-dimensional setting, d = 1, and
for all t < t, the dual relation also holds:
M(t7 Y; lL‘) = sup{Sc(x, y) - Ct}a
c>cy,
where t7, is a time that depends on the Lagrangian and (z,y) and ¢;, denotes the smallest

¢ such that S¢ > —oo. An example is given that illustrates why the duality may fail
for t > t;. As a prelude to this duality result, in Proposition 3.2 it is shown that, for
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arbitrary dimension d > 1, the right-hand side of the last display is a viscosity solution
whenever y # x.

The duality result is used to derive min-max representations of viscosity solutions of
various time-dependent problems. For the initial value problem

Vi(t,y) + H(y, DV (t,y)) =0, (t,y) € (0,00) X R,
V(0,y) = g(v), y €R,

the duality leads to a min-max representation of the form

V(t,y) = inf sup{g(x) + S°(z,y) —ct}, (t,y) €[0,t) x R.
T c>cp
The min-max representation may be viewed as a generalization, to state-dependent
Hamiltonians, of the classical Hopf-Lax-Oleinik formula, which states that if H(z,p) =
H(p), then the solution to the initial value problem is given by

V(t,y) = iI;f {g(m) + tL(?) }

See [5, 2| for further details and generalizations of Hopf-Lax representation formulas
to some state-dependent Hamiltonians. For state-independent Hamiltonians the duality
result holds for arbitrary dimension d and we obtain the Hopf-Lax representation as a
special case.

Similar min-max representations are stated for terminal value problems, problems on
domains, and exit problems. For instance, the viscosity solution U to (1.1) can be
represented as

U(t,r) = inf sup{S°(x,y) —c(T —1t)},
yeI c>c;
where S¢ is the Maiié potential associated with the Lagrangian L.

The paper is organized as follows. In Section 2 the Mané potential and stationary
Hamilton-Jacobi equations are introduced and we establish some relevant properties. In
Section 3 a similar program is carried out for the action functional and evolutionary
Hamilton-Jacobi equations. This is followed by a duality theorem involving the Mané
potential and the action functional in Section 4. In Section 5 it is shown how the duality
leads to min-max representations for initial value problems, terminal value problems,
problems on domains and exit problems. We conclude the paper by showing a direct
relation between the min-max representation for the initial value problem and the Hopf-
Lax-Oleinik formula for state-independent convex Hamiltonians (Section 6).

2. THE MANE POTENTIAL AND THE STATIONARY HAMILTON-JACOBI EQUATION

We begin by introducing the Mané potential and establish some of its properties, as
well as its relation to the stationary Hamilton-Jacobi equation. Throughout the paper
the following assumption will be made. Let the Langrangian L : R x R — R be a
locally bounded measurable function that is convex in the second coordinate and let the
Hamiltonian H be the Fenchel-Legendre transform of L,

H(w.p) = sup{(p.v) = Liz,v)}. (2.1)
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By convex duality it follows that
L(x,v) = sup{(p,v) — H(z,p)}.
p

2.1. The Mané potential. Originally introduced by Mané in [20], the Mané potential
at level ¢ € R, is the function S¢: R? x R? — R defined by

S¢(x,y) = inf { /Otc + L(¢(s),¢(s))ds, ¥(0) = x,9(t) = y}, z,y € RY (2.2)

w7t

where the infimum is taken over all ¢ > 0 and absolutely continuous paths 1 : [0, c0) —
R?.  Since L is locally bounded it follows that S¢(z,y) < oo, for all z,y € R¢ and
¢ < oo. It is possible that S¢ is identically —oo for small ¢. Indeed, if L(z,v) = |v|* and
¢ < 0, then it follows from the definition (2.2) that S¢(z,y) = —occ for all 2,y € R?, by
taking ¢(t) = 0 for all £ > 0. Next, for completeness, some elementary and well known
properties of S¢ are established.

Proposition 2.1. The following properties hold.

(i) For each x,y € R%, the function ¢~ S°(x,y) is nondecreasing.
(i1) For each c € R, the function (z,y) — S(z,y) satisfies the triangle inequality:

S¢(z,2) < S%z,y) + S°(y,2), =,y,z¢cR% (2.3)

(iii) If S¢(wo,yo) = —o0 for some xp,yo € R and ¢ € R, then S¢(x,y) = —oo for all
r,y € RY.
(iv) If S¢ > —oco, then S¢(x,z) = 0, for each x € R%.

Throughout the paper ¢;, denotes the infimum over all ¢ such that S¢ > —oo.

Proof. (i) follows immediately from the definition of the Mané potential. (ii) For the
triangle inequality, if S°(x, z) = —oo there is nothing to prove. Suppose S¢(z, z) > —o0.
Then S¢(z,y) > —oo and S°(y, z) > —oco as well, for otherwise, if S¢(x,y) = —oo, then
there exists, for each N > 0, a ty > 0 and an absolutely continuous path ¢y with
Yn(0) = x and Py (ty) = y such that

Se(x,y) < /OtN c+ L(n(s), ¥n(s))ds < —N.

Let 7 > 0 and ¢ be any absolutely continuous path with ¢(0) = y and ¢(7) = 2z and
Jo ¢+ L((s),¢(s))ds =: C' < oo. Then, by concatenating ¢y and ¢ as

Yn(s)[{0 <s<tn}+p(s—ty)I{tn <s<tn+T}
it follows that

S(z,2) < /0 ) ¢+ L(Wn(s), ¥n(s))ds + /OTC—I— L(p(s),¢(s))ds < —N + C.

By sending N — oo it follows that S¢(x,z) = —oo, which is a contradiction. Conse-
quently, S¢(x,y) > —oo. A similar argument shows that S¢(y, z) > —oc.
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To proceed with the proof of the triangle inequality, take an arbitrary e > 0, and select
t1,t > 0 and absolutely continuous paths 1,19 with ¢1(0) = x, ¥1(t1) =y, 12(0) =y
and 1y(te) = z such that

Sa) = [ et Lun(s) n(s))ds = 5,

S°(y,2) > / e La(s), dals))ds — &

Concatenate the two trajectories by
@ZJ(S) = @Z)l(S)I{O <s< tl} + ’QDQ(S — tl)l{tl <s<t+ tg}
It follows that

Sz, y) + Sy, z) > /Otl c+ L(wl(s),@bl(s))ds
+ / "ot L(a(s), dnls))ds — ¢

= /0 o c+ L(y(s), 1/')(5))ds —€
> Sz, z) —e.

Since € > 0 is arbitrary the triangle inequality follows.

(iii) follows from the triangle inequality.

To prove (iv), take z € R? and let ¢ > 0, h > 0 be such that h(c + L(z,0)) < ¢ and
(s) = x for each 0 < s < h. By definition of the Mané potential,

Sz, x) < h(c+ L(x,0)) <e.

Since € > 0 is arbitrary it follows that S¢(z, ) < 0. The reverse inequality, S¢(z,z) > 0,
follows from the triangle inequality. U

2.2. The stationary Hamilton-Jacobi equation. Given a Hamiltonian H and ¢ € R,
the stationary Hamilton-Jacobi equation is

H(y,DS(y)) =¢, ye€R% (2.4)

A continuous function S : R? — R is a wviscosity subsolution (supersolution) of the
stationary Hamilton-Jacobi equation (2.4) if, for every function v € C*°(R?),

if S — v has a local maximum (minimum) at y, € R, } (2.5)

then H(yo, Du(yo)) < c¢ (> ¢).

Such a function S is a viscosity solution if it is both a viscosity subsolution and a viscosity
supersolution.

The Mané critical value is the infimum over ¢ for which (2.4) admits a viscosity subso-
lution. With some abuse of notation it will be denoted by cy. The critical value admits
the lower bound

cy > supinf H(y, p). (2.6)
y p
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Indeed, if (2.4) admits a viscosity subsolution U°¢ at level ¢, then for every y thereis a v €
C>(R?) such that U¢ — v has a local maximum at y and inf, H(y,p) < H(y, Dv(y)) < c.
The claim follows by taking supremum over y. Examples where ¢ = sup, inf, H(y, p)
are provided below.

The Mané potential (2.2) is well studied within weak KAM theory, where it is com-
monly assumed that the Hamiltonian is uniformly superlinear: for each K > 0 there
exists C'(K) € R such that H(y,p) > K|p| — C(K) for each y,p. Under such an as-
sumption there exist critical viscosity subsolutions, that is, there exists a global viscosity
subsolution to (2.4) for ¢ = ¢y, see [15, 14]. In this paper it is assumed that the Hamil-
tonian is given by the Fenchel-Legendre transform of a Lagrangian L, as in (2.1), and
consequently p — H (y, p) is convex in p, for every y € R?%. For instance, the Hamiltonian
associated with the unit rate Poisson process, which is of the form

H(p):ep_la pERa

is covered by our assumptions. For this choice of H the Mané critical value is ¢y = —1,
but there can be no critical subsolution S as it would have to satisfy DS(y) = —oo
almost eveywhere, see Example 2.3 below.

The following properties of the Mané potential are well known and similar statements
appear in [14, 15, 16], see also the lecture notes [13, 4]. However, our assumptions on
the Hamiltonian are different and thus a proof is included for completeness.

Proposition 2.2. Assume (2.1). Take c € R, x € R? and suppose the function y
S(x,y) is continuous.

(i) Suppose that S¢ > —oo. Theny — S(x,y) is a viscosity subsolution to H(y, DS(y))
c on RY and a viscosity solution on R®\ {x}.

(ii) For eachy € RY, S¢(x,y) = SUpgese S(y), where S is the collection of all continu-
ous viscosity subsolutions to H(y, DS(y)) = ¢ that vanish at x.

Recall that ¢z, is the infimum over ¢ such that S¢ > —oo. Take x € R? and suppose that,
for each ¢ > ¢, the function y — S¢(z,y) is continuous. For ¢ > ¢y there exist viscosity
subsolutions to (2.4) and by Proposition 2.2(ii) it follows that S¢ > —oo. Consequently,
cy > cp. Similarly, for ¢ < cy there are no subsolutions and by Proposition 2.2(i)
S¢ = —o0o, which implies ¢y < ¢;. This proves the following.

Corollary 2.1. Take x € R? and suppose that, for each ¢ > cy, the function y — S¢(z,y)
18 continuous. Then cy = cp,.

Before proceeding to the proof of Proposition 2.2 we state an important lemma that
can be interpreted as a dynamic programming property of the Mané potential.

Lemma 2.1. Suppose that S¢ > —oo. For any x,y, € R? with yy # x and € > 0 there
erist 0 < § < |z — yol|, y with |y —yo| < 0, h > 0 and an absolutely continuous path 1)
with ¥(0) =y, ¥(h) = yo, and |[(s) —yo| < & for all s € [0, h], such that

h

5¢(x,50) > S°(x,y) +/ (c+L(¢(s),¢(s))) ds — e.

0
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Proof. Given z,yo € R? with 2 # y, and € > 0, take t > 0 and an absolutely continuous
function ¢ with ¢(0) = 2, ¢(t) = yo such that
t

S¥(a,y0) > / (c+ Lp(s), $(s))) ds — c.

0

Let 0 < 0 < |z —yo| and take h > 0 such that |p(s) —yo| < 0 for each s € [t — h,t]. With
y=(t—h)and ¢¥(s) = ¢(s+t—h), s €|0,h], it follows that

S¥(a,90) > / (c+ L(p(s), ¢(5))) ds — ¢

= [ e pe s+ [ e+ L) el ds—c

> Sz, y) + /Oh (c + L(¢(s), w(s))> ds — €.

This completes the proof. O

Proof of Proposition 2.2. Proof of (i). Suppose that S¢ > —o0o, take x € R? and suppose
that y — S°(z,y) is continuous. First we prove the viscosity subsolution property. For
v € C*(R%), suppose that S¢(x, ) — v has a local maximum at y, and, contrary to what
we want to show, that H(y, Dv(y)) —c > 6 > 0 for |y — yo| < 6, for some 6 > 0. We may
assume that 0 is sufficiently small that

S%(x,y) —vly) < Sz, y0) —v(yo), for |y —yo| <.
Take any y with |y — yo| < ¢ and consider any absolutely continuous path v such that
¥(0) =y, ¥(h) = yo and |¢(s) —yo| < 0 for all s € [0, h]. By the triangle inequality (2.3)
and the last inequality
h

02 5, = 5(v) ~ [ (e LUAs). 0(5) s

> o) o)~ [ (e L0061 s
= [ (oo - 1606 ) as

h . .
= | (Do) d9) = £05). 0(5)) = ) s

We may assume that ¢ is chosen such that, using the conjugacy between H and L,
. . 9
H((s), Dv(d(s))) < (Do(¥(s)),9(s)) = L((s),%(s)) + 3,

for all s € [0, ]. Then

5= [ ). D) = o) ds = on

which is a contradiction. Thus, it must hold that H(yo, Dv(yo)) < c.
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Next, we prove the supersolution property on R\ {z}. Take v € C*(R%) and suppose
S¢(x,+) — v has a local minimum at yo # = and, contrary to what we want to show, that
H(y,Dv(y)) —c < —0 < 0 for |y — yo| < 0, for some 6 > 0. We may assume that ¢ is
sufficiently small that |z — yo| > § and

Sz, y) —vly) = Sz, 50) —v(yo), for [y —yo| <.
By Lemma 2.1 we may select y with |y — yo| < § and an absolutely continuous path
¥ such that ¥(0) =y, ¥(h) = yo and [¢(s) — yo| < J for all s € [0, A, with the property
that

h .
S%w@zﬁmw+4c+uwmwmw—7.

The last inequality implies that

o= 5 ) S+ [ (o4 L0060 ds

zww—vwﬂ+AhQ+wa%M@Dd8

We conclude that
h
_h /0 (H(v(s), Du(u(s))) — ¢) ds < —0h.

This is a contradiction and thus it must indeed hold that H(yo, Dv(yo)) > ¢, which
completes the proof of (i).

Proof of (ii). Let ¢ € R. If there are no viscosity subsolutions at level ¢, then by
(i) S¢ = —oo and S; = (), which implies that supges. S(y) = —oo as well. If there
exist continuous viscosity subsolutions at level ¢, take z € R? and let S be a continuous
viscosity subsolution of H(y, DS(y)) = ¢ on R Tt is sufficient to show that for any
y € R4, t > 0 and absolutely continuous function ¢ with ¥(0) = 2 and ¥(t) = v,

50— 5(0) < [ (e L), 0060 . (2.7)

To show (2.7), fix t > 0, y € RY, an absolutely continuous path 1 with ¥(0) = z and
Y(t) = y and take an arbitrary € > 0. For every s € [0,], let vy, € C°°(R?) be such that
S — v, has a local maximum at ¢(s). Then, there exists d; > 0 such that

5(2) = vs(2) < S(W(s)) —vs(i(s)),  for [z —(s)]| < ds,
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and consequently that

5(2) = S(1(s)) S ws(2) —wvs(t(s)),  for [z = (s)| < ds. (2.8)

By continuity of H and Dv, we may, in addition, assume that 9, is sufficiently small that
H(z,Dvs(2)) < c+ %, for |z — 9 (s)| < .

For every s € [0, 1], let hs > 0 be such that |¢)(u)—1(s)| < J5 for every u with |u—s| < hs.
This is possible due to the continuity of ¢. The union

0, 0) U | (5,5 + D),
s€(0,t]

is an open cover of [0, t]. Since [0, ] is compact there is a finite subcover, which we can
assume is of the form

[0, ho) U U Sky Sk + N,

where 0 = s < s1 < -+ < §,_1 < S, = t. Since the finite union is a subcover, it must
hold that sy < sx < sg_1 + hs,_, for each k = 1,...,n. It follows that, using (2.8) and
the conjugacy between H and L,

— ZS(w(sk)) — S(¥(sk-1))

< ivs“(w(sk» by (V550)

=3 [ o et s

<3 [ (O D () + L, 660)
<3 [ e v )

Since € > 0 was arbitrary the claim follows. U

We proceed by computing Mané’s critical value, cg for some Hamiltonians arising
in the theory of large deviations of stochastic processes; in all three examples there is
equality in the lower bound for cy.

Example 2.1 (Critical diffusion process). Let U : R? — R be a potential function
and b(y) = —DU(y). Consider the Hamiltonian H(y,p) = (b(y),p) + i[p[>. Then
cy = sup, inf, H(y,p) = —4 inf, [b(y)|>. Indeed, from (2.6), cy > ——inf b(y)]? and U
is a subsolution to H(y, DS(y)) = —1 inf, |b(y)|2 which implies ¢y < —3 mf |b(y)|*. In
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particular, if DU(y) = 0 for some y, then ¢y = 0. In this setting the Mané potential can
be viewed as a generalization of Freidlin and Wentzell’s quasi-potential, described in [19,
Ch. 4].

Example 2.2 (Birth-and-death process). Consider an interval (a,b) C R and functions

i (a,b) = [0,00), A: (a,b) — [0,00) satisfying f; log(v/p(y)/A(y))dy < co. Consider

the Hamiltonian

H(y,p) = My)( p—1)+u(y)(€_p—1)-
In this case cy = sup, inf, H(y,p) = mf (V1Y) — /A . To see this, recall from
(2.6) that ¢y > —inf, (\/p(y) — VA A subsolutlon of

H(y, DS(y)) = — irylf(\/ 1(y) — VAW))?,

is given by

U(y) = / " og(v/a(2) /A=) d
Indeed,

H(y, DU(y)) = =(Vuly) = VAW)* < —inf(Vuly) - VAY))?

Example 2.3 (Pure birth process). Let A : [0,00)¢ — [0, 00)¢ and put

Z)\ )(eP —1).

In this case cy = sup, inf, H(y,p) = —inf, ijl Aj(y) =1 —A.. Indeed, from (2.6) it
follows that ¢y > —A. and for any ¢ € (—\,,0) and a < log(1 + ¢/A,), the function
a(l,y) is a subsolution to H(y, DS(y)) = ¢, which implies ¢y < —A,.

We end this subsection by proving a sufficient condition for the continuity of y —
S(x,y).

Proposition 2.3. Suppose that the Lagrangian L is continuous at (y,0) for eachy € R.
Then, for each x € R? and ¢ > ¢, the function y — S(x,y) is continuous.

Proof. Take 3o € R? and ¢ > 0. To prove continuity at y, we show that there exists a
d > 0 such that |y — yo| < ¢ implies

Sc<m7 yO) < Sc(’ra y) + € (29)
Sz, y) < Sz, y0) + €. (2.10)
We begin to prove (2.9). By assumption L is continuous at (yo,0) and we may select ¢’
such that L(yy + z,v) < L(yo,0) + 1 for all |z| < ¢’ and |v| < ¢'. Pick h > 0 such that

h(c+ L(yo,0) + 1) < /2 and let § = hd'. For |y — yo| < 0, take t > h and an absolutely
continuous path ¢ with ¥(0) = x, ¥(t — h) = y such that

S°(z,y) > /Oth (c+ L(w(s),¢(s))> ds — %
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and ¥(s) = h " (yo —y) for t — h < s < t. Then,

S, y0) < /Ot_h <c—|— L(w(S)Jﬂ'(S)D ds +/t

—h

t

(c+Lw(s). (s))) ds

< §°(ay) + 5+ hle+ L{yo,0) + 1)
< Sx,y) +e
by the choice of h. The proof of (2.10) is similar.

3. THE ACTION FUNCTIONAL AND THE EVOLUTIONARY HAMILTON-JACOBI
EQUATION

In this section we establish the connection between the action functional, the Mané
potential and viscosity solutions to the evolutionary Hamilton-Jacobi equation. The key
result is Proposition 3.2, which shows how to construct certain solutions via the Mané
potential. The results in this section are derived in R? for arbitrary d > 1, whereas for
the duality theorem in Section 4 we move to the one-dimensional setting (d = 1). For a
more thorough introduction to Hamilton-Jacobi equations we refer to [1, 3, 12, 14, 7, 6].

3.1. The action functional. For any z € R? and (t,y) € (0,00) x R% let M be the
action functional

Mitgia) = inf { [ L) 0(0)ds 0 0) = 200) = o}, (3.1)

where the infimum is taken over all absolutely continuous ¢ : [0,00) — R%. M is the
action functional of Mather, see [21], viewed as a function of (¢,y).

3.2. The evolutionary Hamilton-Jacobi equation. Consider a Hamiltonian H :
R? x RY — R as in (2.1). The evolutionary Hamilton-Jacobi equation is

Vi(t,y) + H(y, DV (t,y)) =0, (t,y) € (0,00) x RY, (3.2)

where V; = 0V/0t and DV = (0V/0y,...,0V/0y,). A continuous function V' : (0, c0) x
R? — R is a wviscosity subsolution (supersolution) of (3.2) if, for every v € C*((0,00) x
RY),

if V' — v has a local maximum (minimum) at (to,40) € (0,00) x R,
then vy (to, yo) + H(xo, Dv(to,y0)) <0 (> 0).

V' is a wiscosity solution if it is both a subsolution and a supersolution of (3.2).

Proposition 3.1 shows how the action functional M in (3.1) plays a similar role for
the evolutionary Hamilton-Jacobi equation as the Mané potential does for the stationary
Hamilton-Jacobi equation.

Proposition 3.1. Tuke x € R? and assume that (t,y) — M (t,y; ) is continuous.
(i) M(-;x) is a viscosity solution to (3.2) on (0,00) x RY,
(it) M(t,y;x) = supyes,, V(t,y), where So, is the collection of all continuous viscosity
subsolutions to (3.2) vanishing at (0,x).
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The proof of Proposition 3.1 is almost identical to that of Proposition 2.2 and is
therefore omitted.

We now show how viscosity solutions to (3.2) can be constructed from the Mané poten-
tial. Suppose that L and H satisfy (2.1) and y + S¢(z,y) is continuous for z € R? and
¢ > cp. By Proposition 2.2(i), y — S°(z,y) is a viscosity subsolution to H(y, DS(y)) = ¢
for each x € R? and ¢ > cr. It follows that the function (¢, y) — S¢(x,y)—ct is a viscosity
subsolution of the evolutionary Hamilton-Jacobi equation (3.2). Perron’s method, see [1,
Theorem V.2.14], implies that the function U(-;z) given by

Ult,y; ) = sup{S(z,y) —ct}, (t,y) € [0,00) x RY, (3.3)
c>cy,
is also a viscosity subsolution to (3.2). Moreover, (¢,y) — S°(x,y) — ct is a viscosity
solution to (3.2) on R%\ {z}. This property also transfers to U(t,y;z) as the following
proposition shows.

Proposition 3.2. For x € R%, the function U in (3.3) is a viscosity solution to (3.2) on
(0,00) x R4\ {z}.

Proof. Since y — S°(x,y) is a viscosity subsolution to H(y, DS(y)) = ¢, for any ¢ > ¢,
it follows by Perron’s method that U (¢, y; x) is a viscosity subsolution to (3.2). It remains
to show the supersolution property.

Fix z € R? and take v € C°°((0,00) x R%\ {z}). Suppose that U(-;z) — v has a
local minimum at (g, yo) where 5 > 0 and yo # z. We must show that v(to, o) +
H (yo, Dv(to, yo)) = 0.

Suppose, on the contrary, that there exist # > 0 and § > 0 such that

Ut(tv y) + H(yv DU(t, y)) S _6)’

for all (¢,y) with |t — to| + |y — yo| < 6. We will arrive at a contradiction by showing
that there is a ¢ > ¢ for which the viscosity supersolution property is violated for the
function (¢,y) — S°(x,y) — ct at some point (¢,y), t > 0, y # x.

We may assume that the ¢ above is sufficiently small that |z — yo| > § and

Ult,y;2) —v(t,y) > Ulto, yo; ) — v(to, yo),

for all (¢,y) with |t —to| + |y — yo| < 0. Then, the subsolution property is strict at (¢o, yo)
in the sense that there is a 6; > 0 such that, for all w € C*((0,00) x R4\ {x}) such that
U(-;2) —w has a local maximum at (¢, yo)

wt(t7 y) + H(yv Dw<t7 y)) < =0, (34)

for all |t — to| + |y — vo| < 61, some 6, > 0. To prove (3.4), observe first that since
U(-;x) — w has a local maximum at (to,y9) and U(-;x) — v has a local minimum at
(to,yo) we may select d; such that

U(t,y; ) —w(t,y) < Ulto, yo; ) — w(to, o),
U(t,y;2) = v(t,y) = Ulto, yo; @) — v(to, yo),
for all (¢,y) with |t —to| + |y — yo| < 61. Consequently, w — v satisfies
w(t,y) —v(t,y) = w(to, yo) — v(to, Yo),
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for all (t,y) with |t — to] + |y — yo| < 61 so w — v has a local minimum at (o, yo). Since
both v and w are in C*°((0,00) x R?\ {z}) it follows that wy(to,yo) = v:(to,y0) and
Dw(to, yo) = Du(to, yo). We conclude that

w(to, yo) + H (Yo, Dw(to, v0)) = ve(to, yo) + H(yo, Dv(to, o)) < —0.

Now (3.4) follows by taking ¢, € (0,0) and using continuity of H, w, and Dw.

Without loss of generality we assume that w in (3.4) is such that w(ty, yo) = U(to, Yo; )
and w(t,y) > U(t,y;x), |t —to| + |y — vo| < d1. Take 0 < € < d; so that (3.4) holds on
Ne={(t,y): |t —to| + |y — vo| < €}. Since w(t,y) > U(t,y;x) on ON, there is an > 0
such that

w(t,y) —n=U(ty;2), (ty) € ONe.
Moreover, we may select ¢ > ¢y, such that

S(z,y0) — cto > Ulto, yo; ) — 1 = w(to, yo) — n-
Rewriting the last two displays we find that

S(x,y0) — cto — w(to, yo) > -,
Sx,y) —ct —w(t,y) < —n, (t,y) € ON..

It follows that the maximum of the continuous function (¢,y) — S¢(x,y) — ct — w(t,y)

over the compact set N, is attained at some (%, .) in the open neighborhood N, and by
(3.4)

wt(ta yG) + H(y67 Dw(tea ye)) S _91-

Let v¢ € C°°((0,00) x R%\ {x}) be such that the function (¢,y) — S(x,y) — ct — v<(t, )
has a local minimum at (t.,y.). Then, there is a d; > 0 such that

Sz, y) —ct —w(ty) < S(x, ye) — cte — w(te, ¥e),
Sc<x7y) —ct — Ue(ty) S Sc(xa ye) - Ctﬁ - ve(taye)?

for all (t,y) with |t — t| + |y — y| < 2. Consequently, w — v has a local minimum at
(te,ye) and wy(t., ye) = vi(te, ye) and Dw(te,y.) = Dv(t.,y.). We conclude that

Uf(te’ ye) + H<yea DUE(tE, ye)) = wt(tea ye) + H(ye7 Dw(te’ ye)> S _01 < 0

The last display contradicts the viscosity supersolution property of (t,y) — S(x,y) — ct
at (t.,y.). We conclude that the supersolution property holds for U(-;x) on (0,00) x
R\ {z}. O

Take o € R? and assume the required continuity. By Proposition 3.1 and Proposition
3.2 both (t,y) — M(t,y;z) and (t,y) — U(t,y;x) are viscosity solutions to (3.2) on
(0,00) x RI\ {z}. At t =0, M(0,y;2) = U(0,y;2) = o if y # x and = 0 if y =
x. However, in the present setting there is no valid comparison principle so equality
between M and U need not hold for ¢ > 0. Indeed, by Theorem 4.1, when d = 1
M(t,y;z) = U(t,y;z) for t < tr, but it may happen that M(¢,y;x) > U(t,y;x) for
t >ty as illustrated in Example 4.3.



14 VISCOSITY SOLUTIONS OF HAMILTON-JACOBI EQUATIONS

4. THE DUALITY THEOREM

We now move to state and prove a duality result between between the Mané potential
(2.2) and the action functional (3.1) in R. The duality may fail when constraints on the
time ¢ in the action functional is not satisfied and we include an example that illustrates
this; we also compute the Mané potential for the Hamiltonians used in Examples 2.1 and
2.2.

From the definition (2.2) of the Mané potential it follows immediately that, for z,y €
Rd

?

S(x,y) = inf{M(t,y; ) + ct}.

The dual relationship holds in R for all £ not too large. Let ¢;, denote the infimum over
all ¢ such that S¢ > —ooc.

Theorem 4.1. Assume (2.1). For each x,y € R? and c € R,

S°(,y) = inf{M(1,y:2) + ct}, (4.1)

For x,y € R and t <ty =lim.|., 0.45(z,y),

M(t,y;x) = sup{S°(x,y) — ct}. (4.2)

c>cy,

Moreover, if S > —oo, then (4.2) holds for t =ty and, in addition, if either x € A :=
{z : L(2,0) = —c} ory € A, then (4.2) holds for allt > 0 and

M(t,y;x) = S (x,y) — cpt,
fort>tr.

Before proceeding with the proof ot Theorem 4.1, we give an intuitive physical interpre-
tation of the duality between S¢(x,y) and M (¢, y;x). The optimal ¢ in the representation
(4.1) is the optimal time it takes to move from z to y in a system with energy level c.
Similarly, the optimal ¢ in the representation (4.2) is the energy level at which it takes
precisely time t to move from x to y along the most-cost efficient path. The duality may
fail if ¢ is sufficiently large that it exceeds the optimal time in the definition of S (z,y)
. In convex analysis terms: ¢ — S°(z,y) is always concave but t — M (t,y;z) is convex
only for t < t;. Example 4.3 serves as an illustration.

Proof of Theorem 4.1. As mentioned above (4.1) follows from the definition (2.2) of the
Mané potential. Let us prove (4.2). By (4.1) it follows that

sup {.5°(z, y) — ct} = sup inf{M (s, y; ) — c(t — s)} < M(t,y;2),

c>cy, c>cp 5>

by taking s = t, so it is sufficient to prove M(t,y;x) < sup..., {S°(x,y) — ct}. Take
x,y € R and suppose that y > = and ¢, > 0. The argument for y < x is similar. The
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proof relies on the construction of a convex upper bound M(-,y; x) of M(-,y;x). Let
M(t,y;x) = {1 :[0,t] = R, abs. cont., ¥(0) = x,1(t) = y, ¢ strictly increasing},t > 0,
M = U o M(t, y; ),
M= {7 iy e M},

M= {1 6() = So7 (@) e M7}

Since each ¢ € M is absolutely continuous and strictly increasing, so is ¢)~!. Moreover,
Y1 (z) = 0 and ~1(t) = y for some t > 0. Consequently, each & € M is strictly
positive a.e. and fmy £(z)dz =t for some t > 0. By a change of variables it follows that,
for all ¢ > 0,

Mityi) < o { [ 20006006 ds, ) = o}

T YpeM

By the convexity of v — L(z,v) it follows that ' : £ — [ L(z, le))f(z)dz is convex and,

consequently, M (t,y;x) is the value of the following convex optimization problem: min-
imize the convex functional F over the convex set M ', subject to the linear constraint

G(&) = [V &(z)dz =t
For c € R, let

t

55(a.9) = inf { [ e L(s) (s)ds.t > 0} = inf (FE) + GO
veM U J ceMi?

The proof proceeds by showing the relation

M(t,y;x) = sup{S¢(x,y) — ct}, forallt > 0. (4.3)
ceR

To prove (4.3), let A be the convex set
A= {(r,s) € (—00,00) x (0,00) : 7 > F(€),s = G(§), some § € My},
The following representation then holds for any ¢ € R:
§o(ay) = nf [F(©)+cGO) = inf {({(1,0),(r)}

Take t > 0, let py = M(t,y;2) = infe \ 1 {F(£),G(§) = t} and (1,¢) be the normal
vector to the tangent plane of A at (u,t). If A has a corner at (uy,t) so that ¢; is not
unique, take the largest ¢;. By the choice of ¢

0< <<1vct)7 (Tu 8) o (:U’tvt»’ (Tv S) € A

The inequality in the last display can be rewritten as p; < r+ ¢, (s —t) and consequently,

pe< nf (rtels =0} < inf (PO +a(GE) ~0) < inf (F.GE)=1)=p.
r,s)€EA EeEM] EEM]
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It follows that all inequalities in the last display are in fact equalities and, in particular,
St(w,y) — ot = S L a), (rs))} —at = inf {{(1,c), (rs 1)} = M(t,y; ).
This completes the proof of (4.3) and we conclude that
M(t,y;2) < M(t,y;x) = 8%(x,y) — et
We proceed by showing that
S(x,y) = S%x,y), ¢>cp. (4.4)

To prove (4.4) take ¢ > cr. The inequality Se(x,y) > S¢(x,y) is trivial, so it is sufficient
to show S¢(z,y) < S°x,y). Suppose, on the contrary, that there exist e > 0, 7" > 0 and
an absolutely continuous path ¢ with ¢(0) = = and ¥ (T") = y such that

/OT <c+ L(@D(s),gb(s))) ds < §°(z,y) — €.
Let
0(s) = sup () = [ D) vods

0<u<s

and let By, = {s > 0: ¢*(s) = ¥(s) and ¥(s) > 0} be the points of increase of 1. Then

[ e+ 2w den)as= [ (e+ 2w den)as+ [
:/B <c+L(¢*(S),¢'*(S))> ds+/B <c+L(¢(3)7¢}(3))> ds

c
P

> 5w+ [ (e L) b)) ds

P

(c+ Lw(s). () ) ds

Consequently,
[ (e L@ i) ds < -
By

It follows that ¢ has some excursion with negative cost. Repeating this excursion N
times implies that

Se(z,y) < S¢(x,y) + N <c + L(w(s),¢(s>)) ds < §(z,y) — Ne.
S
Letting N' — oo implies S°(z,y) = —oo, which contradicts ¢ > c;. We conclude that
S¢(z,y) = S¢x,y) for ¢ > cr. This proves (4.4).
Next we show that

t < tr, implies ¢; > ¢, (4.5)
To see this, suppose t < ty. By (4.4) it follows that
lim 9,4 S¢(z, ) = liim O0ct Sz, y) =t > 1.
cler,

cler,
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Since ¢ — S¢(x,y) — ct is concave with with supremum at ¢, it follows that
Do_S(x,y) >t > 0.4.5%(x,y),
and, furthermore, that
t >t > 0..8%(x,y).

Concavity of ¢ — S¢(x, y) implies that ¢ — 9,5 (z, ) is non-increasing and we conclude
that ¢; > ¢z. This proves (4.5).

The proof of (4.2) is completed by combining (4.3), (4.4) and (4.5). Indeed, with x <y
and ¢t < tr, by (4.3)

M(t,y;x) < 5%z, y) — eit.
By (4.5) it follows that ¢; > ¢, and finally (4.4) shows that
Mt ;) < 8(a,y) — et < S%(2,) — eit.

This completes the proof of (4.2).
Suppose S > —oo. Then, by similar arguments, (4.4) holds for ¢ > ¢, and (4.5) can
be restated as

t <t implies ¢; > ¢y,

which implies that (4.2) holds for all ¢ < ;. To prove the final statement, take z € A,
y € Rand t > tr. Since z € A it follows that L(z,0) = —cy, and therefore,

M(t,y;x) < M(t —tp,z;x) + M(tr,y; x)

< /t_tL L(z,0)ds + M(ty,y; x)
= —OCL(t —tr) + M(ty,y; x).
The proof is completed by showing
M(tp,y;x) = S (x,y) — cptr.
Since S > —oo it follows that

M(tr,y;x) = sup{S°(z,y) — ctr}.

c>cy,
As ¢ — 0.45%x,y) is non-decreasing and, by definition of ¢,
0y S(z,y) —t, <0, c¢>cp

it follows that the concave function ¢ — S¢(x,y) — cty, achieves its maximum over [c,, 00)
at cp. Consequently

M(ty,y;x) = S“(x,y) — crtr.
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If instead y € A and x € R, then, similarly
M(t,y;x) < M(tr,y;@) + M(t—tr, y;y)

t—tg
< Mitnyia)+ [ Lz, 0)ds
0
= M(tp,y;x) — et —t1)
= S (z,y) — crt.
This completes the proof. O

Remark 4.2. For the set A we have the representation A = {x : L(x,0) = —cp} = {z:
inf, H(x,p) = c}. In many of the examples considered in this paper this set is identical
to the projected Aubry set, see for example [14, 13].

Example 4.3. Consider the Lagrangian

v a2?
L = —4 —
(x7 /U) 2 + 2 )
with convex conjugate
2 2
P x
H == - —. 4.6
Suppose that x > 0 and y > x. The claim is that for ¢ sufficiently large, M(¢,y;x) >

U(t,y;2).
The Euler-Lagrange equation associated with M is
0(s) — () = 0
s) — —Y(s) =
ds ’
with boundary conditions ¥(0) = z, ¥(t) = y. The solution to this ODE is given by
y—xet . xel—y
= - € - e -,
2sinh(t) 2sinh(t)

and the associated time derivative is

¥(s)

¥(s)

y—xet . xel—y

- QSinh(t)e B QSinh(t)e

—S

It follows that the cost associated with this (optimal) trajectory is

o t . B 22 + y? cosh(t) xy
M@%@_§A(w@+w@)%— 2 sinh(f)  sinh(f)

The Mané potential is given by

Yy
S(x,y) = / sign(z — x)V 22 + 2cdz

1 V2e+yr+y
= - 2¢+ y2 — V2 + 22 + 2clog | YV—2—2 .
2<y\/ Y g(\/Qc—i-xQ—i—x
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One way to see this is via Proposition 2.2. The stationary Hamilton-Jacobi equation
takes the form

DS(z,y)?

y2
___67
2 2

where D denotes gradient with respect to y. The expression for S¢(z,y) is obtained
by solving for DS¢(x,y), integrating from = to y, and using that S°¢ is the maximal
subsolution, see Proposition 2.2(ii). From (2.6) it follows that ¢, > 0 and it is easy to
check that equality holds in this case, that is, ¢, = 0.

To illustrate that the duality of Theorem 4.1 does not necessarily hold for t > t(z,y),
we compare the derived expressions for M(t,y;x) and U(t,y; ) = sup..., {S(x,y) —ct}
for specific choices of x, y, and t; the optimization over ¢ in U (¢, y; x) is solved numerically.
Figure 1 shows U and M as functions of ¢ for x = 0.5,y = 1. Note that this is an arbitrary
choice of x and y and it is easily checked that similar characteristics appear for other
choices. A closer look at U and M for this particular choice of x and y reveals that the

T T T T T

— — = Ultyx)

M(ty;x)

Time t

FIGURE 1. U(t,y;x) and M(t,y;x) for z = 0.5, y = 1.

duality ceases to hold at (roughly) t ~ 0.6931.
For the specific choice (4.6) of Hamiltonian H, S¢(x,y) is clearly continuous in ¢ and it
is elementary to compute 9.,.5¢(z,y) = (0/0c)S(x,y) as well as the (right-hand) limit
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as ¢ — cr:

ty(z,y) = lim 0..5%(x,y)

c—cCJ,

y B x log Y+ 2 +y?
2/2cp + 42 2V2cp + 22 x +2cp, + 22

1 1
+c — .
L<20L+y2—|—y\/20L—|—y2 QCL+932—|—[B\/20L+$2>

For the choice x = 0.5,y = 1 the limit is ¢, ~ 0.6931, and we have already seen that
M(t,y;x) > Ul(t,y;x) for t > 0.6931. This illustrates that the duality can cease to hold
for t >ty (z,y).

Next, consider the choice x = 0 € A. Then

and

[2/2
5°(0,y) = %\/2c+y2+clog <\/L2_c+ %—i— 1> .

It is straightforward to check that in this case M(¢,y;0) and U(t, y; 0) agree for all choices
of y and t > 0. In fact, differentiating S¢(0,y) with respect to ¢ reveals that ¢, = co in
this case.

We end this section by computing the Mané potential for two examples of the Hamil-
tonian H connected to common stochastic processes: critical diffusion and birth-and-
death process (see Examples 2.1-2.2).

Example 4.1 (Critical diffusion process). Consider the Hamiltonian H(y,p) = b(y)p +
1|p|?, where b(y) = —DU (y) for some potential function U : R — R such that ¢y = 0.
The function y — S°(z,y) is a viscosity solution to H(y, DS(y)) = ¢ for all y # = and
all solutions p to this equation are of the form

ply) = (DU(y) + VDU +2¢ ).

S¢(x,-) is a primitive function of p, and the maximal of all subsolutions vanishing at z, see
Proposition 2.2(ii). Therefore the 4 sign must be selected as sign(z — z). Consequently,
the Mané potential is given by

S(xz,y) = /: <DU(z) +sign(z — x)\/DU(2)? + 2¢ >dz.

Example 4.2 (Birth-and-death process). We consider the setting of Example 2.2: (a,b) C
R and p : (a,b) — [0,00) and X : (a,b) — [0,00) satisfy f; log(+/u(y)/A(y))dy < oo.
The Hamiltonian of a birth-and-death process with intensity functions A and pu is given
by

H(y,p) = AMy)(e” = 1) + puly) (e = 1).
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To compute the Mané potential, observe that in this example the function

cHAMY) +py) | \/<c+ Ay) + u(y)>2 _ n(y) ]

p(y) = log
2M(y) 2A(y) A(y)

is the solution to H(y, p°(y)) = ¢. The Mafié potential y — S¢(x, %) is a primitive function
of p¢, and the maximal of all viscosity subsolutions vanishing at x, see Proposition 2.2.
Therefore the £ sign must be taken as positive for trajectories to the right, y > z, and
negative for trajectories to the left, y < x. Consequently, the Mané potential is given by

¢+ M2) + p(2) +Sign<z_w)\/(c+)\(2) —l—u(z)>2 ) M]dz.

S’C(x,y)Z/x log 2A(2) 2X(z) A(z)

5. MIN-MAX REPRESENTATION OF VISCOSITY SOLUTIONS

In this section we demonstrate how the duality in Theorem 4.1 leads to min-max
representations of viscosity solutions of initial value problems, terminal value problems
and problems on domains. Since Theorem 4.1 is established in the one-dimensional
setting, all the results of this section are also be restricted to the one-dimensional setting.
The starting point is the evolutionary Hamilton-Jacobi equation

Vilt,y) + H(y, DV(t,y)) =0, (t,y) € (0,00) x R, (5.1)
which is (3.2) with n = 1.
5.1. Min-max representation for initial value problems. Given an initial function

g : R — R, the initial value problem for the Hamilton-Jacobi equation is to find V :
[0,00) x R — R such that

V satisfies (5.1) and V(0,y) = g(y), v € R. (5.2)

A continuous function V' : (0,00) x R — R is a viscosity subsolution (supersolution) if it
is a viscosity subsolution (supersolution) to (3.2) and V(0,y) < g(y) (> g(v)).
If V is uniformly continuous and H satisfies Condition 5.1 below, then the comparison

principle holds and the solution of the initial value problem is unique, see e.g. Theorem
3.7 and Remark 3.8 in Chapter II of [1].

Condition 5.1. H is uniformly continuous on R? x By(R) for each R > 0 and
[H (2, p) = H(y,p)| < w(lz —y|(1+Ip])), for z,y,p € RY,

where Bo(R) = {p € R": |p| < R} and w : [0,00) — [0, 00) is a continuous nondecreasing
function with w(0) = 0.

Moreover, viscosity solutions can be given a variational representation; we state this
representation on R but it holds for arbitrary dimension d. Given an initial function
g : R —= R, let V be the value function of the variational problem

Vit.s) = int{ o) + [ L) d6)ds, vl =y} 53)
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where (t,y) € [0,00) xR and the infimum is taken over all absolutely continuous functions
¥ :]0,00) = R. It is well known that if V' is continuous, then it is a continuous viscosity
solution to (5.2), see e.g. [1, Ch. III, Sec. 3].

From Theorem 4.1 the following min-max representation of V' is obtained.

Proposition 5.1. Suppose that L and H are as in (2.1), with d =1, and V is given by
(5.3). If eithery e Aandt >0 ory €R andt < tr, then
V(t,y) = inf sup{g(x) + S°(z,y) — ct}. (5.4)

c>cy,

Moreover, if V' is continuous, then it is a viscosity solution to (5.2) on [0,t1) x R.
Proof. Tt follows from (4.2) that
V(t,y) = inf{g(x) + M(t,y; 2)} = inf sup{g(x) + 5(x,y) — ct}.

c>cy,

g

5.2. Min-max representation for terminal value problems. Let the following be
given: A time T > 0, a Lagrangian L and Hamiltonian H as in Section 4, and a terminal
cost function g. Consider a terminal value problem with value function

Vit.) =int { [ L)) ds + 9T, 0l0) =}

where the infimum is taken over all absolutely continuous functions ¢ on [0,T], with
¥(t) = z. By changing the direction of the paths it follows that V(¢,x) is equal to
T—t
nt {a(uo) + [ L), s o 1) =} = V(T - t.0)
0

where V' is the value function of the forward problem (5.3) with L(x,v) = L(z, —v).
For ¢ > ¢y, let S°(x,y) denote the Maiié potential associated with L. Then, it holds
that S¢(x,y) = S(y,x) and the min-max representation of Proposition 5.1 can be ex-

pressed as

V(t,x) =V(T —t,x) = inf sup{g(y) + S(y,x) — (T — t)}

Y c>cp

= inf sup{g(y) + S°(x,y) — (T — 1)},

Y c>cp
ifeitherz € Aandt >0orxz € R"and T —t < ty.
The Hamiltonian of the corresponding forward problem is
H(z,p) = sup{(p,v) — L(z,v)} = sup{(—p, —v) — L(z, —v)} = H(z, —p).

If V is continuous, then so is V' and since V' is a continuous viscosity solution to (5.2) on
[0,t1) it follows that V' is a continuous viscosity solution to

{@(t, ) — H(z,—DV(t,2)) =0, (t,z)€[0,T) xR,

V(T,z) = g(x), z € R,
if T <t
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In general, it is not possible to interchange the inf and sup in the min-max represen-
tation as the following example shows. More generally, results such as Sion’s general
minimax theorem can be applied on a case-by-case basis to check whether or not inter-
changing inf and sup is allowed.

Example 5.1. Consider a one-dimensional terminal value problem, with Hamiltonian
H(z,p) = H(p) = p+ %p2 and g(z) = 0 on 9d(a,b) and g(xz) = oo on (a,b), where
a<l<bandb—1<1—a. Since H does not depend on = we have A = R. The Mané
critical value is ¢z = ¢, = —1/2 and the Mané potential is given by

Se(x,y) = (y—2)(=1++1+2¢), y>u,
’ (z—y)(1+VIT2), y<a.
By performing the optimization it follows that
G T—tiy—z _ 1)2 >
sup{S°(z,y) — (T — 1)} = { > (5~ 1% 2w,
c>cy,

and, for x < a, we have

V(t,x) = inf sup{S°(z,y) —c(T —t)} = inf E(y T 1)2.

ye{ab} c>cp ye{ab}y 2
In particular, with T"= 1, we have
- 1 1
V(0,0)= inf ~(y—1>%==(b-1)>~
0,0)= mf -1 =50b-1)

Consider interchanging the order of the inf and sup. For any ¢ > ¢z the infimum over
the boundary is

: e 4 _Ja(=1+v1+2¢)—¢, forc>0,
yelng,b} 5°0,w) C}_{b(—1+\/1+20)—c, for ¢ < 0.

An elementary calculation shows that sup,.., infye(qn{S°(0,y) — ¢} is equal to
<Sup{a(—1 +vV1+2c) — c}) v (sup{b(—l +V1+2c) — c}) = 0.
>0 <0
We conclude that

V(0,0) = inf sup{S°(0,y) —c} > sup inf {S°0,y) —c}.
ye{ab} c>cp e>cy y€{a,b}

5.3. Min-max representation for problems on domains. Let Q := (a,b) C R be an

open interval, d€ := {a, b}, g : 02 — R a function representing the boundary condition

and, for (¢,y) € (0,00) % (a,b), let

Vit) = nt {w(0) + [ L0 6)ds.0(0) € 02000 = |,

where the infimum is taken over all absolutely continuous functions v : [0, 00) — Q, with
¥(0) € 0 and P(t) € Q, t > 0. If either y € Aand t >0 or y € R and ¢t < ¢, then the
min-max representation is given by

V(t,y) = inf sup{g(z)+ S(z,y) — ct}. (5.5)

i
Ie{avb} c>cy,
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If V is continuous, then it is a continuous viscosity solution to

Vit,y) + H(y, DV (t,y)) =0, (t,y) € (0,00) x Q,
V(0,y) = g(y), y € 90,

Similarly, the terminal value problem on €2 is

V(t,x) = inf {/t L((s),4(s))ds + g((T), 9 (t) = 2, %(T) € 09} 7

where (t,z) € [0,T) x Q. If either x € Aand ¢t >0 or z € R and T — ¢ < ¢, then the
min-max representation is given by

V(t.z) = inf sup{g(y) +5°(z,y) — (T — 1)} (5.6)

c>cy,

If V' is continuous, then it is a continuous viscosity solution to

Vi(t,z) — H(z,—DV(t,z)) =0, (t,x)€[0,T) x Q, (5.7)
V(T,z) = g(x), x € 0N, '

5.4. Min-max representation for exit problems. Let Q : (a,b) C R be an open
interval, 082 := {a, b}, g : 922 — R be the boundary condition and take 7' > 0. Consider
the minimal cost W of leaving the interval before time T, when starting from (¢,z) €
[0,7) x €. The function W is given by

Wit,) =int { [ LG 906)s + 9(5(0)),0(0) = a,0(0) € 002},
where t < 0 < T. By the change of variables, 7 = T'— o + t, and, for t < s < T,
P(5) =0t +5— 1),
T
Wit = ot { [ B0 006 + o(elD), ) = .00 € )

= infTV(T, x), (t,x)e[0,T)x (a,b),

t<r<
with V as in (5.7). )
If either z € A or T < t;, then W can be represented as
W(t,z) = inf inf sup{g(y) + S(z,y) — (T —7)} (5.8)

t<7<T yeof2 e>cr
Obviously W (t,z) < V(t,z). If ¢z > 0, then it follows that
W(t,z) = inf inf sup{g(y) + S°(z,y) — (T — 1)}

t<T<T yed c>c;

= inf sup, nf {g(y) + 5%z, y) — (T = 7)}

> inf sup{g(y) + S°(z,y) — (T — 1)}

yeon c>c;
=V(t,z).
We have proved the following.



VISCOSITY SOLUTIONS OF HAMILTON-JACOBI EQUATIONS 25

Proposition 5.2. If ¢c; > 0 and either x € A or T < t, then W(t,z) = V(t, x),
0<t<T.

Note also that if W is continuous, then it is a continuous viscosity solution to

W,(t,z) — H(x,—DW (t,z)) =0, (t,x)€[0,T) x €,
W(t,z) = g(z), (t,x) € [0,T] x 0N2.

6. THE HOPF-LAX-OLEINIK REPRESENTATION

Suppose the Hamiltonian H is state-independent, H(z,p) = H(p), and convex. Then
A=RI (d>1). If g is uniformly continuous, then the Hopf-Lax-Oleinik representation,
see [12, Ch. X], states that the function

V(t,y) = igf{g(:c) +tL<y - “’)} (6.1)

is the unique continuous viscosity solution to

V(0,9) = g(y), y € R

We will demonstrate a direct relation between the Hopf-Lax-Oleinik representation and n-
dimensional versions of the duality theorem and min-max representation (5.4) (available
due to the state-independence of the Hamiltonian).

{w,y) +H(DV(t,y)) =0, (ty) € (0,00) x RY,

Proposition 6.1. If H is conver and state-independent, then, for all y € R,

sup{S°(x,y) — ct} = tL(y ; a:)

c>cy,

Moreover, if the initial function g is uniformly continuous, then

V(t,y) = inf sup{g(z) + S(z,y) — ct} = iglf {g(x) + tL<u> }

T c>cyp, t
is the unique continuous viscosity solution to (5.2).

Proof. We begin by proving the folowing inequality: for each =z,

sup{S°(z,y) — ct} > tL(y ; x)

c>cy,

Take z € RY, ¢ > ¢, and observe that for p such that H(p) = ¢
t .
5*(e.9) = int { | Hp)+ LU()ds. 0(0) = . 0(6) =y}
t Lo

> inf { [t 6005 000) =010 =}

= (p,y — ),
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where the inequality holds due to the convex conjugacy between L and H. It follows
that

S(x,y) —ct > sup {{p,y—x)—tH(p)}

p:H(p)=c
y—x
=t sw {25 - HE) ).
p:H(p)=c
By Proposition 2.2, S¢(x,y) = —oo for ¢ < ¢p, which implies that the supremum over

¢ > ¢, can be extended to the whole of R. That is,
sup{S°(z,y) — ct} = sup{S°(z, y) — ct}
ceR

c>cy,

y—x
>tsup s {(p,Y=") — H(p)}
c€R p:H(p)=c

)

sup{S°(x,y) — ct} < tL<¥>,

c>cy,

The reverse inequality

follows immediately by taking ¢(s) = (y — «)/t and observing that

Se(x,y) < /Ot <c+ Lw(s))) ds = [c+ L - “’)]t

g

Remark 6.1. When H is state-independent the action functional reduces to tL((y —
x)/t), and Proposition 6.1 is the d-dimensional version of Theorem 4.1 for this setting.
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