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Abstract

This paper concerns the behavior of eigenfunctions of quantized cat
maps and in particular their supremum norm. We observe that f or com-
posite integer values of N; the inverse of Planck's constant, some of the
desymmetrized eigenfunctions have very small support and hence very
large supremum norm. We also prove an entropy estimate and show that
our functions satisfy equality in this estimate. In the case when N is a
prime power with even exponent we calculate the supremum norm for a
large proportion of all desymmetrized eigenfunctions and we nd that for
a given N there is essentially at most four di erent values these assume.

1 Introduction

A well studied model in quantum chaos is the so called quantized cat n@a- a
quantized version of the dynamical system given by a hyperbolic ie. with
tr A 2) matrix A SL 2;Z acting on the two dimensional torus. The
guantization of these systems is a unitary operatotUy A acting on the space
L2 Zy CN: This model was rst introduced by Berry and Hannay [7] and
has been developed in a number of papers [10, 4, 5, 9, 21, 12, 6, 159]he
general idea is that the chaotic behavior of the classical system c@sponds
to eigenfunctions of the quantized system being nicely spread outin the so
called semiclassical limit, that is, whenN goes to innity. Uy A can have
large degeneracies, but as Kurlberg and Rudnick explained in [12], thiss a
consequence of quantum symmetries in our model. Namely, there is large
abelian group of unitary operators commuting with Uy A : In analogy with the
theory of modular forms, these operators are called Hecke ope@s and their
joint eigenfunctions are called Hecke eigenfunctions. Kurlberg andRudnick
showed that the Hecke eigenfunctions become uniformly distributé asN ;
a fact often referred to as arithmetic quantum unique ergodicity (QUE) for cat
maps.

Another natural question relating to eigenfunctions spreading ait in the
limit is the question of estimating their supremum norms. Given the matrix
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A; the primes (all but a nite number of them to be exact) can be divided in
two parts called split and inert, and in [13] and [11] it was shown that fa such
prime numbersN the supremum norm ofL? normalized Hecke eigenfunctions
are bounded by2 1 1N and2 1 1 N respectively. As an immediate
consequence of this it follows that as long a®l is square free, all Hecke eigen-
functions  fulll O N for all 0: For general N we only know
that the supremumis O N38  for all 0 (cf. [13]). In view of the results
for prime numbers N and the quantum unique ergodicity, one might think that
all Hecke eigenfunctions have small supremum norm, maybe even siffer than
N for all 0; however this is not the case. In this paper we observe that,
unlessN is square free, some of the Hecke eigenfunctions are localized onadte
of Zy and for such functions we get rather large supremum norms. To benore
precise, ifN  a? we can nd an eigenfunction with supremum norm N1 4:
This result is somewhat analogous with the result of Rudnick and Sarak [17]
concerning the supremum norm of eigenfunctions of the Laplacianfoa spe-
cial class of arithmetic compact 3-manifolds. They show that the spremum of
some so called theta lifts are 1 4; where is the corresponding eigenvalue.
For a L2-normalized function in L2 Zy it is trivial to see that the maximal
supremum isN ! 2 and the (sharp) general upper bound for the supremum of
an eigenfunction of the Laplacian of a compact manifold i0 4 * 4 : where
d is the dimension of the manifold (cf. [19]). Ford 3; we see that the growth
we obtain for our eigenfunctions is analogous to the growth of thetheta lifts

in the sense that they are both the square root of the largest pasble growth.

In Theorem 3.3 we note that the action of Uy on the subspace spanned by
the Hecke eigenfunctions localized on ideal is isomorphic to the actioaf Uy on
L2 zy for someN N: This means that one can think of these eigenfunctions
as the analogue of what in the theory of automorphic forms is called ldforms.
Hecke eigenfunctions that are orthogonal to the oldforms play tte role of new-
forms. Note that the existence of oldforms, although their suprenum is large,
has small relation to the concept of scarring. On the one hand we kow from
the result of Kurlberg and Rudnick that no scarring is possible for Heke eigen-
functions, and on the other hand the ideals themselves equidistribie, hence it
is not surprising that oldforms do not contribute to scars.

Another quantity one can study in order to determine how well eigeriunc-
tions spread out is the Shannon entropy, a large entropy signi & a well-spread
function. This has been done in a recent paper by Anantharaman ath Nonnen-
macher [2] for the baker's map. In this study they use estimates fom below
of the Shannon entropy to show that the Kolmogorov-Sinai entrgy of the in-
duced limit measures (so called semiclassical measures) is always atdeaalf
of the Kolmogorov-Sinai entropy of the Lebesgue measure. We pve that the
equivalent estimate of the Shannon entropies is true for eigenfurions of the
guantized cat map and that our large eigenfunctions makes this eghate sharp.
Even though the Hecke eigenfunctions do not contribute to scargwhich other
sequences of eigenfunctions do) they are still as badly spread oas possible in
the sense of entropy. That is, even though the only limiting measureof Hecke
functions is the Lebesgue measure and this hawaximal Kolmogorov-Sinai en-
tropy, some of the Hecke functions haveninimal Shannon entropy.

In the study of newforms a very surprising phenomena occurs; asime for
simplicitythat N p“with k  1; then it seems like the space is divided into two
or four di erent subspaces and Hecke eigenfunctions in the samgace have the
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Figure 1: The supremum norm of all the newforms of a given matrixA (one
matrix A for each picture): in the upper row N 7% and in the lower N 113
and in the left column the primes (i.e. 7; 11) are inert, while in the right column,
they are split. The newforms are ordered with respect to growing pase (in the
interval ;) of their eigenvalues, when these are evaluated at some specic
element of maximal order in the Hecke algebra.

same or almost the same supremum norm. These norms are not demient on A
other than that the normalization factor is di erent if A makesp split or inert.
We will derive these properties in the case where the power gf is even. This
is done using an arithmetic description of the Hecke eigenfunctions tnoducing
two parametersC and D where the di erent lines corresponds to the solvability
of second and third order equations oD modulo p: Moreover, the exact values
these supremum norms are calculated. The lower line is not a true lineut rather
a strip of width O N ! just below the value2 1 1 p corresponding top
being split or inert. This is the same value as the known bound for prime N:
The other lines are true lines and their values are calculated in Theoma 7.2, the
values are of the sizeN ! ©: The noise we see for the split case is also explained
and corresponds top C: As we see in gure 1, numerical simulations suggests
that similar properties hold also for odd powers ofp: Actually the techniques
we develop in Chapter 5 for even exponents can be modi ed and usefdr odd
exponents, but this take some e ort and will be explored in a forthcoming paper.
Our calculations show that if N p? (p 3 and p is either split or inert)
then the supremum of all Hecke eigenfunctions is bounded by ! 4 and this
estimate is sharp. By multiplicativity this is then true for all products of such
N:




2  Short description of the model

This will be a very brief introduction to quantized cat maps, more or less just
introducing the notation we will use. A more extensive setup can bedund in
[12].

Take a matrix A SL 2;Z : We assume that tr A 2 to make the system
chaotic and that the diagonal entries of A are odd and the o diagonal are
even. If N is even we make the further assumption thatA | mod 4 : These
congruence assumptions are needed in order for the quantizatiasf the dynamics
to be consistent with the quantization of observables. In each timestep we map
x T? R2Z?to Ax T2 and observablesft C T? aresenttof A:
Note that the assumptions above not will a ect the quantization for a xed
odd N following below. For instance the fact that A is hyperbolic does not say
anything about its image in SL 2;Zy fora xed N and therefore all Theorems
in the article are true without this assumption. Our aim in the end is however
of course to x A and let N grow and then the fact that A is hyperbolic will
tell us a lot about the di erent images of A in SL 2;Zy : If N is a prime and
N is large enough thenA will not be upper triangular for example.

The quantization of the dynamics is a unitary operator Uy A acting on
the state space L? Zy ; equipped with the inner product

T R OE
Q Zn

Assume for a moment that we know how to deneUy A when N is a prime
power. For generalN we write N p;*::p,m and via the Chinese remainder

theorem we get an isomorphism betweeh.? Zy and Jm L2 Zpb,» : Using
]

this decomposition we dene Uy A : "1U, i A1 We now only have to
]

dene Uy A and for odd p this is done in the following manner: Identify A
with its image in SL 2;Z,« and use the Weil representation to quantizeA: This
is a representation ofSL 2;Z« on L2 Zy« 5 which for odd primes p is given
on the generators by

rbx2

Upk nb X F (1)
Up & X t tx (2)
S 1pk
Up ! x> =P e 2V . 3)
K pk
P Y Zpk

where we have introduced the notation

1b t O 01 )
Np Do cl and ex €2%:
01 ot ! 10

( t andS, 1;p¢ are numbers with absolute value 1 andr is a specic
unit in Zy ; see [12] for details.) Forp 2 the construction is similar but not
quite the same: A should be identi ed with its image in SL 2;Z,« » and the



representation should only be de ned on the subgroup of all matries congruent
to the identity modulo 4in SL 2;Z, 1 : This subgroup is generated bya;; np;
nl (wheret 1 mod4 andb ¢ 0 mod4)and

Ux a X t tx 4)
Ux np X € ;B—Xi X (5)
Ux nl  H 'Ux n ¢ H; (6)
where 1 xy
H x 7){ . ye e @)

Remark. There is miss print in the de nition of U, nl in [12]; the expression
in that de nition should be divided by 2 to give a correct de nition.

The Hecke operators corresponding to the matrixA are all the operators
written as Uy g ; whereg xI  yA and g has determinant congruent to 1
modulo N:

3 Hecke eigenfunctions with large supremum norm
Denition 3.1. Fork m n we let

Sy m;n foL?Zy;p"x y fx fy P x fx 0:

Remark. Sy m;n can be canonically embedded intd_? Qp : As functions of
the p-adic numbers these functions are called Schwartz function®ecause of
their analogy with the Schwartz functions of a real variable.

Theorem 3.1. Let p be an odd prime andm k 2m: Then Sy m;k m is
invariant under the action of Up:

Proof. Letf S¢ m;k m :ltiseasytoseethatUy a f S¢ mk m and
that Uy np f x  0if p¢ ™ x: Moreover we have

I’bpka yp2mk2

Up np f p M™x  yp" e ¥ f p¢ ™x yp"
b x ypZm k 2
e T f p< Mx
I’bX2 k m k m
I K f p* Mx Upc np f p° ™x



and

S 1pK
P Y Zpk P
S 1pK
r _kp foypk ™ e 2r>;y
p y me p
S 1;p

2m  k k m
= f a p b p
aZom kbZykm
2rx a p™ kp
pm
S Lpk

K m

f ap =
Pk o,
a ZpZm k Zpk m

2rxa 2rxb
e
pk m

If ok ™  x then the sum over b is equal to zero, and the sum overa only
depends on the remainder ok modulo p™: Thus Uy ! f S¢ m;k  m which
concludes the proof. O

Theorem 3.2. Let N p¥, wherep is an odd prime. Then there exists Hecke
eigenfunctions L2 zZy suchthat , 1and

pr 2

Proof. The Hecke operators are of the formU,« B for B SL 2,Z where all
B commute. SinceSy k k 2; k2 isSL 2;Z -invariant there must be a
joint eigenfunction  of all Uy« B such that Skk  k2; k2 :If this
function is normalized to have 2 1; we get that

pk k 2
pk

by the estimation  x on the support of : O

21

When k is even the spacesyx k  k 2; k 2 Sk k 2,k 2 Cf where

1 if pk2x
0 else

(8)

f x

and we haveUpk Af fforal A SL 2,Z:

Remark. Even though this observation seem to be almost unknown before (&

was to me), Nonnenmacher nds a state equivalent to (8) in [16]. He 5o seem
to understand the structure given in Theorem 3.3 although his preentation is

less formal.

The action of the Weil representation on Sx k m;m is isomorphic to
the action on the full space, but for a dierent N: More precisely, let Ty, :
Sc k m:m L2 Zy 2m bedenedby Tn x p ™2 p™x;then Ty
is a bijective intertwining operator. In other words:



Theorem 3.3. Let N pX; wherep is an odd prime. The operatorsT,, are
bijective and if Sk k  m;m we have thatUp A TnltUp 2n A T

Proof. That Ty, is well de ned and bijective is trivial. We are left with proving
that the identity holds for the generators of SL 2;Z,« : This is immediate for
np and a; and for! we have

S 1pK
Tm Upk ! X - P 7p ye 2rxy
kK m pk m
p Y Zk
S, Lp¢2m ye 2rxy
pk m Y Zyk m pk m
Sf 1; pk zm m 2 m Zer
——— pmEopye o
P Y Zpk 2m

Upk am U T X

Remark. Ty, is in fact unitary.
One can obtain results analogous to Theorem 3.1 and Theorem 3.2 for 2

Theorem 3.4. Letp 2andm k 2m 1. ThenSimk 1 m is
invariant under the action of U, :

Proof. Observe that we only need to show thatSy m;k 1 m is preserved by
(4), (5) and (7) and do the same calculations as in the proof of Theem 3.1. O

Corollary 3.5. Assume thatN  al?; wherebis odd, or that N 2at?. Then,

in both situations, there exists normalized Hecke eigenfiuations L2 Zy
such that
bt 2:
Proof. Follows immediately from Theorem 3.2 and Theorem 3.4 sincef g
f g O

4 Shannon entropies of Hecke functions

Entropy is a classical measure of uncertainty (chaos) in a dynamidasystem
and recently this has been studied in a number of papers in the conte of
guantum chaos, see [2],[1]. The main conjecture can intuitively be desibed in
the following way: The entropy is always at least half of the largest pasible
entropy.

De nition 4.1. Letf L2 zZy andassumef , 1: We de ne the Shannon

entropy to be

fx?2 fx 2

h f log N

X
N

X Zn



In [2], Anantharaman and Nonnenmacher prove the described coegture in
the case of semiclassical limits of the Walsh-quantized baker's map witN D
and D xed. In the course of this proof they come across similar inequalitis for
the Shannon entropy of the speci ¢ eigenstates. The maximal embpy is trivially
logN (as it is for our eigenfunctions) and they show that each eigensta y
ful lls

h %IogN: (9)

In view of this it is natural to ask the question if (9) hold also for Hecke eigen-
functions, or more generally, for eigenfunctions ofJy A : Let us rst note that
if we for instance takeN to be prime and put A ny, for someb 0 then the
function .

N ifx O

Fx 0 else

fullls Uy Af f andhf 0; hence the inequality in (9) can not be true
in full generality. However the following is true:

Theorem 4.1. Assume thatA is not upper triangular modulo p for any p N:
If f L2 Zy is a normalized eigenfunction ofUy A thenh f %IogN:

If f is the function de nedin (8) then N1 4f  p<4f fullls hf 1 2logN;
hence the inequality in Theorem 4.1 is sharp. The proof of the Theoma is a
simple application of an Entropic Uncertainty Principle, which can be found in
[2]. The Entropic Uncertainty Principle was rst proved by Maassen and U nk
[14], but they formulated the relation in a slightly di erent manner.

Theorem 4.2. Entropic Uncertainty Principle Let N be a positive integer
and let U be a unitary N N matrix. If we denote ¢ U max Uj; ; then

h f h Uf 2logc U

forall f L2 zy with f » 1

Proof of Theorem 4.1. It is enough to prove the statement for N p: Let

q : Sincep cwe can write A np, !'n p,a wheret c;hh act?
c
and b, cd: Inserting this into the de nition of Uy we get
S LN r x? 22X
Uy A x T =~ ¢ e by b2y y ty :
N N
y Zn

Hence, if we viewUy A as anN N matrix then all its entries have absolute
valueN '?andthusif Uy Af f then the Entropic Uncertainty Principle
saysthathf h Uy A f logN 12 1 2logN: O

Note that the function de ned in (8) is invariant under the action of SL 2;Zy
and in particular if we apply the Fourier transform to it. Thus the Sha nnon en-
tropy of the state is trivially the same in both the position -repres entation and
the momentum -representation. Eigenfunctions with this property was also ob-
served by Anantharaman and Nonnenmacher in their study of the laker's map,
however there is a big di erence between the two quantizations andherefore



what entropy tells us about the system. The baker's map is quantizd in a
manner where di erent states in a natural way is related to a probability mea-

sure of the torus. This is done through the introduction of the so alled I-basis
of strictly localized states and the Walsh-Husimi function of a state In this

context it is natural to study the so called Wehrl entropy of the state [20] (or
the Wehrl entropy of the Walsh-Husimi function of the state to be more ex-
act). They prove that the Wehrl entropy coincides with the Shannon entropy
for their eigenstates. Our states are elements in the state space? Zy and

in our quantization g Opg ; (see [12] for the de nition of Op) is a
signed measure, but does not induce a density on the phase spaddence one
might say that it is not natural to talk about Wehrl entropy in our qu antization

and we shall see what happens if one insists anyway: Let us pick to be the

function in (8), then forall g C T? we have that

Opg ; w X g x dx;
T2

wherew x is the p ¥ 2 periodic extension of

1
W X W 0:;0 p k220 op k22 p k22p k22 -

This can be seen using Poisson's summation formula or by straightfevard iden-
ti cation of Fourier coe cients. The distribution w x is generally called the
Wigner function and as the name indicates, people often want to thitk of this
as a positive function, but obviously it is not. One naive way to cope wih this
problem would be to study trigonometric polynomials as observablesad let the
number of terms in the trigonometric expansion to grow with N: This solves our
problems and makes it possible for us to approximate our sum of deltbunctions
by a trigonometric polynomial. To be more precise: Let Z? be a bounded

setand let T f x ,n Chen x;c, C :Thenfor given by (8)
we have
Opg ; W X g X dx;
T2
forg T  and with w X n p2ze  1MM2en x:The trigonometric

polynomial w x is often called the polynomial Wigner function and was in-
troduced in [5] and has been studied also in [3]. In both these papers is a
rectangle with sides proportional to the inverse of Planck's constat and with
one of the corners at the origin. When is a rectangle we can simplify our
expression forw x ; using geometric sums repeatedly, to give an even more ex-
plicit formula. A problem is that if we allow  to be too large (area larger than
N) it is easy to construct measures breaking the uncertainty relatim and having
negative entropy. For instance can the function = x nz2 X n;where

x Cexp N x; 122 x, 12?2

(this function is too localized at the position 1 2;1 2 ; breaking the Heisenberg
uncertainty relation and having negative Wehrl entropy) be very well approxi-
mated by a positive trigonometric polynomial wy X ,n Chen x if is
a disc of radiusN'2  and 2: With this in mind it seems natural to

let be a disc of radius square root of the inverse of Planck's constani,e.



X Z2% x p“?:This gives usw x  1: Note that the Wehrl entropy
of w X 1 is maximal (logp¥), but that the Shannon entropy of  is minimal.
Heuristically we can understand why we have this disparity; on a largescale our
state looks very uniform and have large entropy, but on a more lochscale it
looks very singular and have a small entropy. | hope this shows howateful one
must be if one wants to use entropy of eigenstates to understanthe ergodicity
of the system.

5 Evaluation of Hecke eigenfunctions

The rest of the paper is devoted to the study of Hecke eigenfunans in the
orthogonal complement of Sy k 1;1 : These are the functions which | called
newforms in the introduction. In view of Theorem 3.3 we see that thenewforms
are the natural objects to study; a general Hecke eigenfunctio can be thought
of as a sum where each term is the image df,,* of some newform (observe that
T, s the identity operator). To get an easy description of the dynamics we will
make the assumption thatN  p?® where p is a prime larger than 3: The fact
that the dynamics seems to be easier to describe M is assumed to be a perfect
square, has been observed before by Knabe [10]. Although his qu#ration is
di erent, the description of the dynamics is quite similar. He also studies a
preferred basis and this basis has a property close to our Lemma 5.This way
of studying the dynamics also resembles somewhat to the introdu@in of wave
functions of Lagrangian subsets introduced by Degli Esposti [4fand studied
also in [5]. Since these articles are specialized to the case whBnhis a prime,
the connection to my » basis will be more apparent in my forthcoming paper
for N being an odd exponent ofp:

We begin the study by some basic de nitions. The lettersN; p; k will from
now on always be related byN  p?<:

De nition 5.1. For x Zn;let y :Zn C be the function which is 1 at x
and O at every other point.

X1
X2

De nition 5.2. Given x Zﬁ et x 1 Zn C be de ned by
X1t

k
t Zpk p

X2 pkt:

Remark. Notice that ,;x  1;2;::;p¢ 2 is an orthogonal basis ofL2 Zy
and that x x  mod pX implies c x for some numberc such that

¢ 1In particular the space C 4 can be thought of as de ned forx ng:
De nition 5.3. Given D Zy we let
a bD

Hp ca;b Zy ;a® Db® 1
b a

We make the assumption that A is not upper triangular modulo p: Because
of this assumption A (or rather the image of A in SL 2;Zy can be written
asA nphn , for someb;D and someh Hp and so we see that the Hecke

10



operators are given by Uy g ;g npHpn p : Butif is an eigenfunction of
Uy h ; then Un np is an eigenfunction ofUy nphn  and furthermore

X X : Thus we may assume that the Hecke operators areUy h ;h
Hp : If D is a quadratic residue modulop then p is called split, if D is not a
guadratic residue modulop then p is called inert, and if p D then p is called
rami ed.

Denition 5.4.  LetN :Z%  Zy bedenedbyN x xi Dx3:
Lemma 5.1. AssumeB SL 2;Zy and that x Bx: We have that

I X;X, X1X

Uy B % o

Proof. By the multiplicativity of both sides of the equality it is enough to prove
the lemma for the generators ofSL 2;Zy : SinceN  p? we have that t

S 1pX land2r 1 modN (see [12]). Using the de nition of Uy we
get

2
X1t rb x Kt
Uy Nb e “L e 2_P

K X2 pkt
t Z g p N
p
. rbx3 . X bx, t o [ XaXe XaXo _
= 7k X2 pkt — X
N tz, p N
X1t SXqt
Uy as « p_k s 1 x, pkt p—k s Ixp pkt
t Zpk t Zpk
N X
and
Xt 1 2ryz
Uv !« O x; pkt 2 € T
t Z k z Zn
X2y
e N e X1 Yy t e X2y )
P P N o
t Zpk t Zpk
X2 X1 pft I X;X,  X1X2
© TN adt & Ty
t Z

As a special case of Lemma 5.1 we get the following corollary:
Corollary 5.2.  We have that

1 tpkD . N xt
tp¢ 1 pk

Un

11



Proof. With x Bx we have

K
1 tp*D F X;X, X1X2
UN X e - X
k N
tp 1
r x2 Dx3t X1 tpkDx, s
pK e pK X2 tpkxy spk
Szpk
r x2 Dx3t X1 S txg N xt
& — & Tk e & T X
s Z k

De nition 5.5. For C Z, we de ne

Ve C X -
X Zerk
N x C

SinceHp preservesN x we see thatVc is invariant under the action of
Hp: Moreover, if is a Hecke eigenfunction, then Corollary 5.2 tells us that

Vc for someC  Z,: The main reason to studyVc is however the following
property, which hold when p C : If a Hecke eigenfunction has a nonzero
coe cient for some , V¢ then it has nonzero coe cients for all , V¢
and they have the same absolute value. To see this, pick some ng with
N Xo C: SinceHp Xxg X Z%:N x C the claim follows from
Lemma 5.1. We will use this property as one of the key ideas in evaluatpHecke
eigenfunctions. Ifp C the orbit Hp Xg is not always as large asx ng ;N X

C : This corresponds to the fact that the irreducible representatiors in Ve are
no longer uniquely de ned.

Note that Sy 2k m;m P x C x p2m C Vc and that the bijec-
tions in Theorem 3.3 corresponds to dividing byp™ in the indexes of the
functions. In particular the oldforms are linear combinations of x wherep x and
newforms are linear combinations of x wherep x: If pisinertthen N x 0

mod p implies p x; thus Sy 2k 1;1 pc Vc! If pis split or rami ed the
implication is not true and there are newforms such that Vc even when
p C:

K D Lk 1.
CELAEE

Lemma 5.3. If p does not divideC or D then dim V¢ p
Proof. To calculate the dimension we rst prove that we can nd x; and X»
such that x2 C Dx3 modp* : This is done by induction on k where each
induction step use Newton-Raphson approximation, a method know in number
theory as Hensel's lemma. Fork 1 we have p 1 2 dierent squares, so
both the left hand side and the right hand side assumesp 1 2 dierent values
and by the pigeon hole principle we must have a solution to the equation Now
assume we havex; and x, such that x3 C Dx3 modp" !:Atleastone
of x1 and x; is not divisible by p and we may assume that this isx;: Putting

X1 X1 x2 Dx3 C 2x; we see that x ;2 C Dx% modp" :
X1 X2D .

Let B have determinant congruent to C modulo p¥: We see
X2 X1

12



that V¢ Un B Vi; thus every Ve has the same dimension. We now count

the number of x;y  Zj, such that x> Dy? 0 modp :If % 1
we immediately getx 'y 0 mod p which gives p? ? solutions. But if

% 1 we also get the solutionsy Z, and x Dy modp ; so in this
case the total number of solutions isp? 2 2p¢ p¢ 1p 1 2p 1p* 2
From this we see that for % 1 we have

: 1 : prop* 2
d|m VC m d|m s VC m p p
pk

and for 2 1we have

. 1 . p*o2p 1p* 2 g

O

The evaluation of a Hecke eigenfunction will lead to the study of the slutions
to the equation x> a modpK : Itis easy to see thatifa 0 mod p“
and p divides a an odd number of times, then the equation has no solutions.
If however p divides a an even number of times we may reduce the equation
to x2 a modpk 2 ;wherep a:lf ais a square modulop then this
equation has two solutions xg and the solutions to the original equation are
X Xox® p¢ Sm  modpt form Z,:Ifa 0 modpt then the
solutions arex pk2m modp¢ form Z,« 2 @ Since the solutions to the
equation are written in quite di erent forms we formulate the evaluation in two
di erent theorems corresponding to di erent right hand sides of the equation.

Theorem 5.4. Let Vc be a normalized Hecke eigenfunction and assume
that p does not divideC or D: Let b Zy and assume that the equatiorx?
C Db?> modp“ has the solutionsx Xop® p SZps mod pk for

somexp and s such thatp Xxp and0 s k 2: Then

P P

b —1 = b e %7 b e 12 . (o

1 b1 z 1 P z 1 P
[

whereq z r bz xoDbz? pk 253 'D2KPz% and b b
1
Remark. The function b ; which takes values inZps; will be specied in
equation (11).
Proof. We know that is a linear combination of y such that N x C:

Fixing Xo; any suchx can be written ashxg for someh Hp; hence it follows
from Lemma 5.1 that all constants in this linear combination have the same

13



absolute valueR: The orthogonality of ;X 1;2;::;p¢ 2 and Lemma 5.3
gives

D R2
1 2 pk = pk 1 —:
? p P
12
thus R 1 % % :Since y b Ounlessx, b modpX the value
of b is only a sum overx ng such that x2 C Db?> modp“ and

X2 b  modp* : By the assumptions of the theorem we have thatx

Xop®  p¥ $Zps mod p¢ and we see that the values ok can be represented
by the elements

Xop®

z
B s b

S
iz OLopt 1 Bs*? Xt?p iz OLnpt 1

. 1 er2k s pk sD - . N

in ZZ: Here B s and by induction it is
pk s 1 er2 k s

easy to show that

1 rD22ka s pk Sz 3 1er3k s ZS z D

pk Sz 3 erpSK s ZS z 1 rDZZpZK s

Bs*?

Denote xope and call the constants in front of these functions
b

B sz
Ra .;: We have that

If we use Lemma 5.1 we see thatly B s 7z 1 e

N z

forz 1;::;p° 1, where

f z 1 Dz?p?’k S p°xo pX Sz 3 iDpik s z2 z Db

pk s; 3 1er3k s 23 z pSXo 1 rDZzpzk S p
pSXOb pk S Dbz pZSX(Z) p2k s 3 er 2b2 z
p?* S2xoDbz? p3% 3 '2D2%KZ3 mod N :

. . 1 pD .

SinceB s P C 1 Corollary 5.2 givesus thatUy B s e prk—c
p

forsomeC C modp¢ and this leads to

a erCerfzlea
Z pks N iz 1

rCz rf z f O
ka e N

14



p“ Sx2z p?* S3rxoDbz? p* ¥ D 2p?Z3

But ;b e N hence
K s K sy2
a., 4 b p¢ 5rCz f z rf 0 p* 5x§z
' N
p? $3rxoDbz? p3k s rD2p?z3 q _
e N a ;0 a. '()e ps y
whereq z r bz xoDbz? p* 283 D2z and
bp¢ x3p® C Db? p?k 3 YD2Y modp® ® : (11)
Remark. Note that b is well de ned, but that it can not be lifted to an

integer polynomial. Di erent Hecke eigenfunctions in V¢ correspond to di erent
choices ofC C mod p* :

O
Theorem 5.5. Let Vc be a normalized Hecke eigenfunction for som€
Zy: b Zy fulllsthat C Db? 0 modp* then
p k 2
b b e 92, (12)
D 1z1 p
1 P P
whereqz r bz p¢2k231CcDz3 ; b 1and
bpk C DbZ pk k 2k 2 3 erD modp3k2

Proof. This is the same proof as for Theorem 5.4. O

6 Exponential sums of cubic polynomials

We have seen that the values of the Hecke eigenfunctions are givdsy expo-
nential sums over ringsZys: In this chapter we will derive the results we need
in order to study the supremum of the eigenfunctions. The method we use
are both elementary and well known and more general results maydfound in
chapter 12 of [8]. For convenience we will still assume thap 3:

De nition 6.1.  Let n be a nonnegative integer. Forg Z,» x we de ne

Sqg;n e

Lemma6.1. Letqz azz® apz’ ayz ag and assume thatp az butp as:
Then Sqg;n p"2:

Proof. It is trivial to seethat S ;0 1 p°?2: On the other hand S ;1

2 . .
P e 22212 80 and this Gauss sum is well known to have absolute value

equal to p' 2 (cf. [18] chapter I1.3). Now assumen 1: The observation that

15



we will use and use repeatedly is that if we have a polynomiafj Zpy z then
qzz p" 'z gz q zp" 'zz modp" :In this case this gives us that

p p p n 1
z Z; 72
S g;n e a e L
p" p"
z 1 zy 1z, 1
"t op
e 972 42 p" 1z,
pn
z1 1z, 1
Z; Z;
D q e q
p" p"
Z1 an 1 Z; an 1
g zz 0 modp z;  aira,’ mod p
pr 2 1 1
ajra z ajra
p q 2 p p e q 2 S ql:n 2 :
p" p"
z 1

whereq is a polynomial of degree 3 which ful lls the assumptions of the lemma.
The proof now follows by induction. O

Lemma 6.2. Let qz azz® a;z ag and assume thatp az and that
p> a;: Then Sqg;n 2p" 2

Proof. For n 1 this is well known, see for instance [18], therefore we assume
that n 1. Using the same calculation as in the proof of Lemma 6.1 we obtain
that

qz;

Sqgn p e o

Z1 Zpn 1
gz O modp

(13)

The equation q z; 0 mod p has at most two solutions modulo p; hence
this expression consists of at most two di erent sums of lengthp” 2: If p a
these sums are of the forme xop " S q;n 2 ; wherexg Z and ¢ fullls
the assumptions of Lemma 6.1. On the other hand, iy a;pwith p a;; we
get

p 3
. qz; ao azPz; a1 Zy
Sqgn p e o pe p_” e T
Z1 Zpn 1 z; 1
g zz 0 modp
3
Z az
pz e ao e azpzy 121 0
pn pn 2
Z1 an 3

O

Lemma 6.3. lLetqz asz® pla;z ag and assume thatp az: Forn 3
we have thatS g;n  p?S oq;n 3 ;wherequ z azz® az:

16



Proof. Again we write

Sqgn p e
Z1 Zyn 2
g zz; 0 modp

ag
p- e p_n Sq;n 3:
De nition 6.2. For Zpn andn lorn 2we dene

Sup z,, S dy N
pn 2

n

3

whereq.; z z tz:

Remark. A ., is of course a function ofp but this is suppressed since we often
think of p as xed.

Lemma 6.4. For xed n and p, A, assumes at most three di erent values
andif p 2 mod 3 thenA., Iisindependent of: Moreover,1 A.; 2
and 2 A., 2

Proof. Since the multiplicative group Z. is cyclic of order p 1 p" L we write
the elements asg¥; wherek Z p 1pr 1:1fp 2 mod3 then 3 isinvertible in
Z, 1pn 1 SOwe seethatg" g3 3isacube. Ifp 1 mod3 any element
can be written asg g ° wherel  0:1;2: We have that

su . S g osyg;n su " St .z ;n
A o R z, - it R z, pn,t2 A
and from this the rst claim follows. To prove that A.; 1 we notice that
e - is an orthonormal basis inL? Z, : Thus
t Zp
z3 2 z3 tz
1 e — e — ;e —
p 2 t Zp p p
1 2
psup =S q; ;1 A< g
tz, P '
To prove that A . , 2 we use the same proof but we notice that we only

have to sum overt such that S g ;2  0: By the proof of Lemma 6.2 we see
that this gives usthatt 0 mod p orthat t is a unit such that 3 1 1t
is a square (otherwise the sum in (13) is empty). The number of such is less
than p? 2 and that gives our estimate. That A ., 2 follows directly from
Lemma 6.2 and the factthat S z 3;2  p: O

Theorem 6.5. If q z z% tzand Z,. then

p2n 3 if n 0 mod3
sup S gy ;n A.pM316 ifn 1 mod3
t Zpn A.,p"3 13 ifn 2 mod3

17



Proof. For n  0;1;2 the proof is trivial, hence assumen 3. We see that
sup z,, S Qi ;N max supye¢ S git ;N ;sup.e ¢ S gy ;n andthatthe

last of the two expressions is less thap" 2 by Lemma 6.2. The rst expression
is equal to p? sup, Zn s S qg:;n 3 bylLemma 6.3 and this is always larger

than 2p” 2 since p 2: The theorem now follows by induction. O

7  Supremum norms of Hecke eigenfunctions in Ve

From [13] and [11] we know that normalized Hecke eigenfunctions full
2

if N pand as we will see this is also true foN  p? (if is orthogonal to
S, 1;1) and for half of the Hecke eigenfunctions for a generaN  p%<: In
fact, this estimate is a very good approximation of the supremum nam of these
functions:

Theorem 7.1. Let N  p?¢ for some primep 3 that does not divideC or D

and assume that V¢ is a normalized Hecke eigenfunction. If % %
orif k 1then
2 2 2
— ' &
D 1 D 1
L 3% L 5%
Proof. We see that if & B then C Db? 0 modp forall b;
hence Theorem 5.4 immediately gives
2
(14)
D 1
L %5

in this situation. If k 1thens 0in Theorem 5.4 and k 2  0in Theo-
rem 5.5, and this also gives the estimation (14). To prove the other irquality

we pick b Zy such that CTW 1: We know (using the notation from

the proof of Theorem 5.4) that

1
b tpk —— a, ob ¥ a., o b tp*
D 1
155
1 Xot Xot
ep_?(a:o ob e pko ao ob
1 b 1
PP
t
e [;(0 a o Ob 2Xot a .o ;ob
K b
D 1 p a.o ;0
155
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Sincexp, 0 modp we can pickt so that the di erence of the arguments of
the two expressions in the parenthesis is at most p“: Remembering that both
the a o and .o b have absolute value 1 we see that this gives us

2
b tp 2 2cos

2

4
b 1 b 1 b 1
1PP 1p 1p

The other half (neglecting pc Ve for a moment) of the Hecke eigen-
functions have rather large supremum norms. As we shall see shtyr these
supremum norms assume at most three di erent values for a xedN:

Theorem 7.2. Let N p? for some primep 3 and assume that V¢ is

a normalized Hecke eigenfunction for some€  Z,,: If % % andk 1
then
1 pe® if k 0 mod3
Asscp; 2 pk 813 if kK 1 mod3 : (15)
1 % % A36CD; 1 pk 316 if k 2 mod 3

Proof. Let us rst estimate the expression in Theorem 5.4, that is equation
(10): Ifb 0 modp then x? C Db? modp* has at most 2 dierent
solutions and therefore we may assume thab is a unit because otherwise b
is much smaller than the expressions in equation (15). ButthenS q ;s ps 2
by Lemma 6.1, hence

2p52 2pkl4

b 1 b 1
1pp 1pp

We see that this is less than the claimed supremum norm ik  2: If however
k 2thens 0and using this we see that b is small also in this case. The
expression in Theorem 5.5 (equation (12)) has absolute value b tpX

12
1 % % Sq; k2 where
qz b tp* z pk 2%23 1cDpz?
By the de nition of we have that

b tp* p~ C Dbtpk2 pt k 2k2 3 Lcp
b 2Dbt p¢ modp?3*?

Sincep 2Db we see that, as we let run through all elements in Z . ; the polyno-
mial q run through all polynomials of the formq z z p< 2%23 yCDz?3
with Z, 2 - We now study the cases wherk is even and whenk is odd
separately: Ifk is odd we getS q ; k 2 Oif p ; hence

sup Sq; k2 p sup Sw;k2 1;

pA z
p k2 pk2 1
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wherew z z 3 rCDz3: Applying Theorem 6.5 we get the expression we

want. (Lemma 6.4 says thatAjz 1,cp:n Asscpan :) If k is even we have that

q w and we can apply Theorem 6.5 directly to get the desired expression.
([l

For completeness we also study the case whgnD; that is the rami ed case.
Our evaluation procedure for the Hecke operators still works andwe get the
following result which is somewhat analogous to the known result for gmes,
see [11].

Proposition 7.3.  Let Vc be a normalized Hecke eigenfunction for some
C Zpk and assume thatp D: We have that

2
8N’

21

Proof. Let us determine the dimension ofV¢; that is the number of solutions

to x3 Dx3 C in Zy: This is easy because for any, the equation x%

C Dx3 has exactly two solutions so the total number of solutions i2p¥: We
X some Xg such that N Xgq C and we notice that everyx with N x

C can be written as hxg for someh  Hp: This shows that is a sum
of y functions whereN x C and the constants in front of them have
absolute value pk 2pk 1 2: We now argue as in the proof of Theorem 7.1
to get the desired conclusion. O

Last we will turn our focus to the case whenp C: This implies that pis either
split or rami ed. The case when p C and p is rami ed will not be treated in
this paper but one can expect that the supremum norms in that cas behave in
the same manner as in Theorem 7.2. Now assume thatis splitand let D be

an element inZy such that 52 D: Now de ne

\/ C 4
X Zik
x;1 Dx, 0 mod p

and V in the same manner but with a minus sign in front of D: Note that
bC Ve V V Sy 2k 1;1 andthat V are invariant under the action
of H D-

Proposition 7.4. Let N  p? for some primep 3 and assume thatp C and
that D is a quadratic residue modulop: If VeV is a normalized Hecke
eigenfunction then

1 if p b
b 15 :
0 if pb
Proof. We may assume that Vc V : To prove the theorem the main

di culty is to prove the following claim: If ; y Ve V thereisanh Hp
suchthathx y modpX : Assumethatp' C but p' * C: We see thatx;
Dx, modp and that the same equality holds fory: But then p' X1y, X2y1
and we see that we can choosle, so that Ch, X3y, Xzy1 mod p" : This
determinesh, modulo p¢ ': Now chooseh;  y; Dxzhy x;* mod p* and
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h; h,D
put h hh . It is straightforward to verify that hx y modp* ;
2
but in generalh  Hp: In fact calculations show that h2 Dh3  y?  x1y,
X2y1 Dh; x12 mod p¢ and we notice that the expression in front ofh, is
invertible. Since h, only is determined modulop* ' we can chooséh, so that
h Hp aslong as we can show thatet h 1 modpk ' : But this follows
immediately from the factthat C N y N hx Cdeth modpk :
Let VeV :ThedimensionofVe V isp ! p 1;hence isalinear
combination of 4 where the coe cients have absolute value p< pk 1 p 1
1 1p 2 Weseethatifp bthenx? C Db? modpK has exactly one

solution such that x Db modp and if p bthe equation has no solutions
suchthatx 0 modp : O

Remark. If pC and Vc is a normalized Hecke eigenfunction orthogonal to
Sk 2k 1;1 ; then Cauchy-Schwarz inequality applied to Proposition 7.4 gives
us

2
1

Tl

Theorem 7.5. Let N p? for some primep 3 and assume thatp D: If
L2 Zy is a normalized Hecke eigenfunction then N14:

Proof. First assume that p is inert. Then there is an integer0 m  k such
that Sok 2k m;m but S)k 2k m 1,m 1:By Theorem 3.3
Sok 2k m;m L2 Zyx 2m - and it is obvious that T, must belong to
Vc forsomeC Z ,, ,.: Hence the estimates in Theorem 7.1 and Theorem 7.2
together with the fact that Ty, is unitary gives the estimate directly. Now assume
that pis split. If Vc for someC Zp2k then Theorem 7.1 and Theorem 7.2
gives the estimate. If Vc and p C we write 0 1 1; for some
| ki misconstructed sothat ,, Sy 2k m;m but |, is orthogonal to
Sk 2k m 1,m 1:Theorem 7.4 together with Theorem 3.3 tells us that

the supportof ., form lis x;p™ x p™ ! x ; hence the supports are all
disjoint and we see that maxo m k m . By our last remark we see
that
2 2
m 1 T pm 2 m 2 1 T pm 2
p p
form land pk2 o pkZ O

Remark. Note that Theorem 7.5 is true for all N that could be written as a
product of dierent N of the form stipulated in the theorem. Also note that
the estimates  x N! 4 implies that h logN; the estimate
in Theorem 4.1.
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