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Abstract

This paper proposes a new spectral estimation technique based on rational
covariance extension with degree constraint. The technique finds a rational
spectral density function that approximates given spectral density data under
constraint on a covariance sequence. Spectral density approximation problems
are formulated as nonconvex optimization problems with respect to a Schur
polynomial. To formulate the approximation problems, the least-squares sum
is considered as a distance. Properties of optimization problems and numerical
algorithms to solve them are explained. Numerical examples illustrate how the
methods discussed in this paper are useful in stochastic model reduction and
stochastic process modeling.

Key Words: Spectral estimation; optimization; rational covariance extension;
least-squares sum; Schur polynomial.

1 Introduction

Spectral estimation is of great importance for various topics in systems theory;
for instance, system identification, model reduction, speech and signal processing
[25],[24],[17]. In parametric spectral estimation, the main problem is to estimate the
spectral density function that captures characteristics of a stochastic process, such
as covariances, cepstrums, Markov parameters, and the frequency response of the
process. In addition, rationality and degree of the density function are also crucial
in practical applications.

Traditionally, the mazimum entropy (ME) solution for the covariance extension
problem is one of the most popular spectral estimates, since it is rational of relatively
low degree, and matches a given partial covariance sequence [2]. However, there is
no guarantee that the ME solution possesses favorable characteristics other than
covariances matching [5]. To overcome this drawback, several attempts have been
made; for example, simultaneous covariance and Markov parameter matching [23],
simultaneous covariance and cepstrum matching [3], and estimation of the frequency
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response of the density function using both filter banks and spectral zeros [4]. De-
spite these achievements, the question of designing a spectral density that optimally
approximates covariances and the frequency response of a process simultaneously
has not been fully investigated yet, and this is the main topic of this paper.

In this paper, we will propose a new design technique of the spectral density
function for a given covariance sequence. The core theory that we utilize in the
technique is the rational covariance extension theory with degree constraint in [9].
The theory parameterizes all the rational spectral densities of a bounded degree
that match a covariance sequence in terms of a Schur polynomial, thus completing
a line of study initiated in [12], [13]. Regarding the Schur polynomial as a design
parameter, we will formulate and solve problems of approximating the frequency
response of the spectral density function to given density data. Density data are pairs
of gridded frequencies and “desired” amplitudes of a density function, and assumed
to be obtained from experimental data or a priori information of a “desired” density
shape. As a distance between a density function to density data, we will adopt the
least-squares sum [21]. We will minimize this distance under some constraint on
covariances.

To be concrete about the constraint on covariances, we will consider the follow-
ing two situations. The first situation is when we can trust the covariance accuracy.
Such a situation occurs in model reduction, where we would like to reduce the order
of a mathematical model maintaining the finite covariance sequence. In this case,
we presume an allowable deviation of covariances from given ones, and approximate
the density function to density data under this constraint. The “size” of the allow-
able region is at the discretion of designers. The corresponding problem becomes a
“min-min” optimization problem, where the first and second minimizations are with
respect to a Schur polynomial and a covariance sequence, respectively.

The second situation is when we assume that given covariances have uncertainty.
Such situation is typical in using experimental data to estimate covariances, since
the data length cannot be infinite in reality and the data are normally contaminated
by noise. In this case, we approximate a density function to spectral density data
robustly, i.e. for any covariance sequence in the uncertainty region. The problem in
this case is a “min-max” optimization problem, where we minimize, with respect to a
Schur polynomial, the maximum (worst-case) distance due to covariance uncertainty.

The “min-min” and “min-max” problems in this paper are nonconvex. However,
since the cost functional is continuous and differentiable, and since the domain of
the functional is connected, we can search for local optima with gradient-based
algorithms, by selecting an appropriate initial point of a Schur polynomial. As an
initial point, some candidates are, for example, the Schur polynomial corresponding
to the ME solution or the stochastic balanced truncated model [11].

The basic idea in this paper is the same as the one developed for sensitivity
shaping in robust control in [20]. However, neither “min-min” nor “min-max” types
of optimization problems mentioned above, have been dealt with in [20]. In that
respect, this paper deals with a much wider and more interesting class of problems.

The paper is organized as follows. In Section 2, we will explain, using some
examples in the model reduction and spectral estimation, the motivation for sug-
gesting a new technique for estimating a rational spectral density. The proposed



technique is based on the rational covariance extension theory which is reviewed in
Section 3. Based on this theory, spectral density approximation problems are for-
mulated as optimization problems in Section 4. The properties of the optimization
problems and the procedure to solve these problems are presented in Section 5. To
show the efficiency of the proposed methods, numerical examples are provided in
Section 6. Computations of the cost functional and its gradient, which are necessary
in numerical optimization, are explained in the Appendix.

2 Motivating Applications

In system design, estimation of a spectral density is one of the major problems,
and it has been studied in different settings [11],[25]. In this section, through some
examples in model reduction and spectral estimation, we will show the importance
of introducing a new methodology for the estimation of the rational spectral density.

2.1 Model Reduction

In model reduction, for a given filter, a reduced order system is computed [22].
Two of the most common techniques to reduce the order of W are the balanced-
truncation (BT) model reduction and the stochastically balanced truncation (SBT)
model reduction. The BT model reduction was first introduced by [19], and later
in the system and control literature by [18]. The SBT model reduction was first
studied in [11] and later in the system and control context in [16]. One advantage
of BT and SBT model reduction is that it is easy to implement for a relatively large
order system. However, in some situations, BT and SBT model reduction can be
insufficiently accurate in the approximation of the original spectral density. Next,
we will show an example in which the BT model reduction and SBT model reduction
do not approximate well the “true” system.
Let us consider the following system:

(z —0.9¢1%)(z — 0.9~ %) (z — 0.05)(z + 0.15)

W& = 08 (2~ 08 T7)(z — 0.1)( 1 0.1) °

(1)

Using the model reduction techniques, the order of the system is reduced to two.
Fig. 1 shows that the spectral density computed by both BT model reduction and
SBT model reduction do not approximate well the original one in the “valley”, as
well as low frequencies.

On the other hand, if we construct a system which is of order two, has spectral
zeros at dominant spectral zeros of (1), z = 0.9¢*!%, and matches the first two
covariances of (1), then the corresponding rational spectral density will approximate
the original one better than the one computed by BT [10] at the valley and low
frequencies, at the expense of minor errors at high frequencies; see Fig. 2.

In this example the choice of the dominant spectral zeros is obvious. However, in
more complex systems, such choice can be complicated, and a wrong one can affect
adversely the estimation of the rational spectral density. Moreover, the choice of the
dominant spectral zeros does not guarantee the optimality in the approximation of
the spectral density data.
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Figure 1: Frequency responses of the balanced truncated system, of the stochastically
balanced truncated system, and of the “true” system
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Figure 2: Frequency responses of the system by choice of the two dominant spectral
zeros and the “true” system

In this paper, we propose a new technique, based on rational covariance extension
theory, to estimate the optimal spectral zeros of a rational spectral density. After
explaining this technique, in Section 6, we will revisit this example to show that
the proposed method outperforms both BT /SBT model reduction and reduction by
dominant spectral zeros.



2.2 Spectral Estimation

The essence of spectral estimation is to estimate a spectral density from a finite
record of stationary data sequence {y(t)}+cz. The stationary data sequence is mod-
eled as an output signal of a filter W whose input is a white noise {u(t)}1cz. See
Fig. 3.

white noise W) y(t)

Figure 3: Filter, white noise and output data

It is well known that the spectral density of the process {y(t)}icz has a Fourier
representation

)= + Y el 2 2
i=1
where
e, = E{yt+k)y)}, k=0,1,2,..., (3)

is the covariance sequence and F{-} means the expected value. In spectral estima-
tion, we often face the problem of finding a spectral density, which is positive on the
unit circle, and matches only a finite number of covariances

C:(C(),Cl,...,cn). (4)
The covariance sequence is usually estimated from an approximation

N-k

1
Ck = N_k+1 ; Yi+kYts (5)
since only a finite record
Yo, Y1,---, YN (6)

of observation of the process is available.

One particular solution of this problem is the spectral density of the mazimum-
entropy (ME) filter, whose spectral zeros are all at the origin. However, in some
applications, a wider variety in the choice of spectral zeros of the spectral density ®
can be required. In fact, let us consider the following system taken from [15]

2° + Z?:l 0;2°7"
W(Z) = 5 5 5_"
224 ) iz iz

(7)

where the value of ¢; and q;, are shown in Table 1. The output signal of the filter
(7) is sampled as in (6) with N = 500. From (5), we obtain the estimation of the
covariance sequence:

(co,c1,---,c5) = (1.902,0.861,—0.195, —0.505, —0.248, —0.500). (8)



1 1 2 3 4 5
o; | —0.0550 | —0.1497 | —0.2159 | 0.1717 | —0.0495
a; | —0.7031 | 0.3029 0.1103 | —0.1461 | 0.2845

Table 1: The value of o; and a;.

Using these covariances, the rational spectral density derived from a ME design
of (7) is computed. In Fig. 4 the frequency responses of the ME filter and the “true”
system are plotted. Fig. 4 shows that the rational spectral density of the ME design
does not approximate well the original one.

10

4 —— ME design
8 R "True" system

Gain (dB)

-10 L L L L ",' -“:\ I
0 05 1 25 3 35

15 2
Frequency (rad/s)

Figure 4: Frequency responses of the system of the maximum-entropy filter and the
“true” system.

By placing the spectral zeros in the unit disc other than at the origin, the cor-
responding rational spectral density may give a better estimation of the “true” one
[3]. Therefore, we are left with the task of estimating the spectral zeros such that
the corresponding rational spectral density approximates the “true” one better than
the ME design does. Moreover, the estimation of the covariances (8), is affected by
errors since only a finite number of observations of the process {y(t)}+cz are avail-
able, and the process itself is contaminated by noise [25]. In fact, the first six “true”
covariances can be computed from (7) as

¢* = (1.862,0.831, —0.215, —0.531, —0.224, —0.431). (9)

Therefore, in the estimation of the rational spectral density, we should take into
consideration the uncertainty in the covariance sequence.

In this paper, we propose a robust density shaping method with regard to co-
variance uncertainty. To show the robustness of the density function obtained by
the proposed method, we will revisit this example in Section 6.



3 Rational covariance extension problem

Modern spectral estimation is often based on a partial covariance sequence obtained
from a stochastic process. The extension of this partial sequence is called the co-
variance extension. In this section, we will review the rational covariance extension
(RCE) problem and main known results for this problem [5].

Consider a covariance sequence of length n + 1:

c=(co,c1, ", Cn). (10)

The sequence c is called positive when the corresponding Toeplitz matrix

¢ (1 Cn
C1 Coy ee. Cp—1

T(c):=| . . " (11)
Cp Cp—1 --- Cp

is positive definite. Let us denote C;I the space of all positive covariance sequences
of length n + 1, that is,

Cr:={ceR" :T(c) > 0}.

The set C;I is a nonempty, open, convex subset of R**!.
For a given positive covariance sequence (10), the RCE problem is to find a
rational spectral density ®(z) of order at most n'

oo
®(z) =¢o + Z G2+ 27 (12)
k=1
that satisfies interpolation conditions
¢G=c¢, Vi=0,1,...,n, (13)
and a positivity condition
®(z) >0, V|z| <1 (14)

In [12], [13], for the RCE problem, Georgiou conjectured that the class of all the
spectral densities of degree at most n is completely characterized in terms of the class
of Schur polynomials of degree n. This conjecture was proven to be true in [9],[7]

where Byrnes et al. stated the following theorem (we use notation z = [2",...,1]T
and z* = [z, 2z~ 1]7):

Theorem 1 Let ¢ be given in C;}. For each vector o in the set:
S = { o = [0g,01, - ,0n]F €R"™ 100 >0, 2Ta #£0, V|z| > 1 }, (15)

there exists a unique vector a € G such that the rational spectral density ® of order
at most n satisfying conditions (13) and (14), can be written as

olz(z")To
5 712

alz(z*)Ta’
Moreover, the map h. sending o to a is a diffeomorphism.

LA spectral density is of order n if its outer spectral factor is of order n.



Remark 2 The concrete expression of the map h. will be shown in the Appendix
(see 43).

Due to this theorem, the set of all spectral densities functions of order at most
n, that match the given covariance ¢, can be parameterized in terms of o as

T *\T'
Pule) =1 @() = ZZELE a=he(0), 0€6 }. (16)

In [6], Byrnes and Lindquist state a “dual” theorem of Theorem (1), “dual” in
the sense that the vector o is fixed, instead of the covariance sequence.

Theorem 3 Let o be given in &. For each ¢ = (cg,c1,---cn) in the set C;F, there
erists a unique vector a € & such that the rational spectral density ® of order at
most n satisfying conditions (18) and (14), can be written as

olz(z")o

*() = Tz Ta

Moreover, the map g5 sending c to a is a diffeomorphism.

Remark 4 The diffeomorphic properties in Theorem 1 and Theorem 3 are impor-
tant in Lemma 1 and Lemma 2 in the Appendix.

Due to this theorem, the set of all the rational spectral densities of order at
most n with fixed zero polynomial o?2(z*) o, can be parameterized in terms of
the covariance sequence c as

T *\T
Gu(0) = { ®(2) = GrZZhT, a=ggl(c), ceCl }. (17)

In this way, neither only covariance matching nor only the numerator of ® deter-
mine the spectral density function uniquely, and there still is a freedom represented
by the vector o and/or the vector ¢. Utilizing this freedom, we can do Markov pa-
rameter matching, cepstral matching [25] or spectral density shaping, which are also
important characteristics in stochastic processes. The aim of this paper is to exploit
this freedom for taking into account such additional characteristics of a process. In
the next section, we will formulate several optimization problems for spectral density
matching with respect to o and c.

4 Spectral density approximation

Suppose that, for a given stochastic process, we have obtained a covariance sequence
¢ = (eg,c1,---,cp) and spectral density data ¢, at a finite number of frequencies
6 := {6} ,. See Fig 5.

We would like to find a rational spectral density of order at most n that satisfies
the matching of covariances and spectral density data. However, such a spectral
density does not exist in most practical problems, since the actual process may not be
finite dimensional, and the data are corrupted by noise. Therefore, we seek a rational
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Figure 5: The spectral density data (o)X, at each frequency (6)_,

spectral density of order at most n that approzimates the spectral density data under
some requirements on the covariances. Later, we will consider two situations about
these requirements: certain covariances and uncertain covariances.

To clarify the meaning of approzimation, we need to introduce two distances:
a distance between two covariance sequences, and a distance between the spectral
density data and a rational spectral density computed at each frequency.

4.1 Definition of distances
A distance between two covariance sequences of the same length is defined as:
de(c,é) := [le — ¢, (18)

where || - || is some norm (possibly weighted norm).

As a distance between a rational spectral density function and spectral density
data ¢ = {¢k },]cvzl, we will use the weighted squares sum and the weighted squares
sum of logarithms

; (19)

drs(e, @) Zwk

1——</>k

diog (¢, @) Z wi, |log ¢ — log ¢i”, (20)
23

with w = {wg}}_, positive scalars chosen by the designer and ¢ = {¢y}r_;, ¢y :=
D ().

4.2 Optimization for spectral density approximation

Suppose that @ is taken from the set P,(c). Since ® depends uniquely on both o
and ¢, we write the element in the set P, (c) as ®(o,c). Thus, the distance (19) and
(20) can be written as functions of vectors o and c:

1 O'TMkO' 2

21
or alMya| (21)

dLS(cp q’) g, C Z’wk




1 Y o' Mo 2
diog(p, (0, ¢)) = 2 ; wy, |log ¢, — log oTMa| (22)
where a = h (o) and My is the Toeplitz matrix
1 cos 0y, “e- cos n
cos by, 1 -+ cos(n — 1)
Mk =
cosnby cos(n —1)6; --- 1

Note that the imaginary part of the product oTz(2*)To evaluated at z = &'
disappears because it is a quadratic form of a skew symmetric matrix.

Remark 5 In the rest of the paper, the analysis will be done using only the distance
function dps since the discussion for dj,g is analogous to that for dps.

Thus, the problem becomes to find a vector o € & such that the correspond-
ing rational spectral density ® approximates the spectral density data under some
requirements on the covariance sequence.

In this paper, we consider two different optimization problems:

. . d A 23
i min (¢, p(0,0)), (23)

i d 3 24
i max (¢, p(0,0)), (24)

where d can be the least-squares discrepancy drs and C,, is defined, for a given scalar
radius r > 0, as
Cni={¢€Cl :dcce) <r}. (25)

Both problems (23) and (24) are looking for the best o such that the corresponding
rational spectral density ® approximates the spectral density data. The difference
is the interpretation of the set C,. In (23), C, is interpreted as an “admissible” error
on the covariances to improve the approximation of the spectral density data with
respect to o. On the other hand, in (24), C, is considered to be the uncertainty
region of a given covariance sequence c¢. To maintain the approximation of the
spectral density against perturbation of ¢, we minimize the worst-case discrepancy
with respect to o.

Remark 6 The optimization problem (23) has been already studied from a theoret-
ical point of view in [8], with the distance d being the Kullback-Leibler distance [14].
Using the methodology suggested in this section, the optimization problem studied
in [8] can be solved numerically. The problem formulated in [8] is reformulated in
our setting:

min min dir(p, (o, ¢)), (26)
TES seiKe

with dg, the discretized Kullback-Leibler distance

N

dxcr (i, $(0,€)) = ~

= (¢r log or — @y log dy) - (27)
k=

1
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The positivity of (27) is guaranteed by the condition on the covariances

1 ™

:% .

o B (e'%)do.

Thus, the domain constraint CA’,IL{L is equal to C, in (25) with one extra constraint
é() = (-

In the next section, we will describe properties of the two problems (23) and
(24), and how to solve them numerically.

5 Properties and methodologies of the optimization prob-
lems

The optimization problems (23) and (24) can be written in a more compact form as

o o) 0
Inin ?géff(” ¢) (28)

‘ : 29
gpelggé%ff(a,f:), (29)

where f : & x C, — R is defined by
flo,c) :==d(p, d(o,c)). (30)

5.1 Properties of the optimization problems

The optimization problems (28) and (29) have the following properties:
e The cost functional f is nonconvex with respect to (o, c).
e The cost functional f is continuously differentiable on & X Cn.
e The domain & x C,, is nonconvex.

In addition, the function f(,c¢) : & — R is nonconvex in the set G, and so is
flo,):Ch = R

Due to the nonconvexity of the cost functional and the domain, a unique global
minimizer is not guaranteed. Therefore, we are trying to find a local minimizer in
G xC, by choosing a proper initial point. We will explain how to choose the initial
point in Section 5.2.

Due to the differentiability of the cost functional, we can use gradient-based
algorithms, such as Newton’s method and steepest descent method [21]. This will
be explained in Section 5.3.

11



5.2 Initial Points

The choice of the initial point depends on the problem that we have at hand. We
will consider two estimation problems: the estimation of the optimal (o,c) from
experimental data, and the estimation of the optimal (o, c) when we are interested
in reducing the order of a given spectral density. Next, for the two situations, two
different candidates will be suggested as initial points.

In the first situation, the initial o is taken to be [1,0,---,0]7 which corresponds
to the maximum entropy solution. The initial covariances ¢ are equal to the co-
variances estimated from experimental data. In the second one, the initial o is
taken such that o’ 2(2*)To is the zero polynomial of the spectral density of the
balanced truncated model. The initial covariances ¢ equal the first n, element of the
covariance sequence of the given spectral density, with n, the degree of the reduced
model.

Besides these candidates of initial points, we can use whichever feasible points if
we have a priori knowledge about “good” spectral zeros.

5.3 Algorithms

Next, we will discuss which algorithms we will use for solving the optimization
problems. The choice of the algorithm depends on which problems we are solving,
min-min or min-max.

For problem (23), there are two popular algorithms: Gauss- Newton and Levenberg-
Marquardt [21, Chapter 13]. These two methods were originally developed for uncon-
strained nonlinear least-squares problems. In order to incorporate the constraints
o € 6 and ¢ € C,, we modify these algorithms in line with [20].

For problem (24), we will solve two optimization problems iteratively:

e In the first step, we solve a min-max problem:

: (k)
nin  max d(p, p(o,c™)) (31)

where {c(*®) }Ile are samples of the covariances in the set C,. The problem (31)
is solved using a sequential quadratic programming method [21]. By solving
(31), we are able to find a worst-case ¢*) and a suboptimal o

e In the second step, a finite number of covariance sequences {é(l)}{i o are ran-
domly chosen in the set C,. For a fixed o, which is the solution of (31), a
covariance sequence ¢ € {&é)}¥  is found that solves a maximization problem

(max d(p, ¢, &) (32)

In this way, the solution c of (32) affects adversely the density approximation
for the fixed o.

o We redefine the sample of covariances by {c(’“)}f:1 Uc. We go back to the first
step.

12



We will stop the iteration when the difference between the values of (31) and
(32) are sufficiently small.

In any case, this algorithm guarantees an approximation of a density function
only for a finite number of sampled covariances. Therefore, it is important to analyze
the obtained o, for example, by sampling a number of ¢(¥) ¢ Cn. In the analysis,
if we find some “bad” covariances, we should include them in the sampled set, and
redo the iterations above.

6 Examples

In this section we will show the usefulness of our approach with the same numerical
examples as in Section 2.

6.1 An example in Model Reduction

Let us again consider the fourth order system (1). Suppose that we would like to
reduce the order of this system to two. For this purpose, we compute the first two
covariances (cg,c1) as

WEWE D =cot+alz+z )+ (33)

We have tried several methods to reduce the model order, that is, the balanced
truncation, and using the covariance (cg,c1) computed in (33), our minimization
(23) for two different distances: least-squares sum and Kullback-Leibler distance. In
the minimization problem (23), the spectral density data ¢ = {cpk}fsv:l are computed
at the frequencies 8 = [0,0.01,0.02,..., 7], and the set C,, is defined such that the
distance d. is:

de(é,¢) =|]é — ¢||loo < 0.1.

Fig. 6 and Fig. 7 show the comparisons of the spectral zero locations and of the
frequency responses, respectively. As can be seen from the figures, the least-squares
method approximates best the original system.

Remark 7 If the distance in the optimization problem (23) is the Kullback-Leibler
distance (27), the steepest descent algorithm [21], modified in order to take in con-
sideration the constraints o € G and ¢ € (fn, can be used.

Fig. 7 shows that the Kullback-Leibler (KL) method approximates the original
system worse than the balanced truncation (BT) does, even if the final value of
the cost function for KL is smaller than that for BT. This behavior can be easily
explained. In fact, at each frequency 6y, each element in the summation (27), can
be either positive or negative. Thus, even if the total sum is small, this does not
imply that the rational spectral density @ is close to the spectral density data ¢ at
each sampled point of the frequency 6.

13



Figure 6: Spectral zero of the given system (<)), of balanced truncated model (x),
of the least-squares design (o) and the Kullback-Leibler design ().
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Figure 7: Frequency responses of the given system, of the balanced truncated system,
of the least-squares design, and of the Kullback-Leibler design.

6.2 An example in Spectral Estimation

Let us again consider the fifth order system (7). The covariances are computed as
explained in Section 2.2. Using the estimated covariances, we solve the min-max
problem (24) for the least-squares distance.

14
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Figure 8: Frequency responses of the given system, of the maximum-entropy model,
and of the least-squares design.

In this example, the set C, is defined such that the distance d, is

de(é,c) = [|92(¢ — [0 < 1,
co — ¢
Q=

es — c

where ¢ and ¢* are computed respectively in (8) and (9). Fig. 8 and Fig. 9 show,
respectively, the nominal and robust performance of the designed o. To show the
robustness of the solution, we chose randomly 30 covariance sequences in the set Cn,
and compute the corresponding rational spectral density for a fixed zero polynomial
oTz(z*)To. From these figures, we can see that the designed o provides a better
approximation, both nominally and robustly, of the spectral density data than the
maximum-entropy solution does.

6.3 Another example in Spectral Estimation

Finally, we will apply our proposed method to a spectral estimation example using
real experimental data, which is taken from [3, Example 3.4]. In this example,
speech data {yk}iz)o measured during around 30ms are given. From the data, we
can compute the first seven covariance lags (co, ... ,cg) as?

(1,0.8689,0.5813, 0.2540, —0.0031, —0.1299, —0.1662).

In [3], for the density matching to the periodogram, a manually tuned Schur poly-
nomial has been proposed as o(z) = 25 + 22:1 0,257 F, where the coefficients

2The first covariance is 1 due to the normalization of the data.
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Figure 9: Robustness of the ME solution, dotted line (left) and of the solution of
the min-max problem, dotted line (right). In both, left and right part, the solid line
represent the “true” system.

(01,...,06) were given by
(—0.136, —0.301, —0.228, —0.507, 0.556, 0.429). (34)
In Fig. 10 (left), the robustness of design proposed in [3] is shown by choosing

Previous Design Proposed Design
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Figure 10: Robustness of the previous design, and of the proposed one.

randomly 30 covariance sequences in the set C,, for a fixed Schur polynomial with
coefficients (34), where we assume 0.1% uncertainty in each covariance lags. Al-
though the corresponding spectral density approximates well the periodogram, the

16



selected Schur polynomial is not optimal in whatever sense, and covariance uncer-
tainty is not taken into account in their design.

Regarding the Schur polynomial in (34) as an initial point, we will solve the
optimization problem (24) by the procedure presented in Section 4.2.

Then, the optimization procedure has returned the following coefficients (o1, . .., 0¢)
of a Schur polynomial:

(—0.167, —0.369, —0.279, —0.516, 0.657, 0.4445). (35)

In Fig. 11, the optimal spectral zeros are plotted together with the zeros of the
Schur polynomial with coefficients (34). In Fig. 10 (right), the robustness of the

1

0.8

0.6

0.4r

0.2

-1 1 1 1 L 1 1 1
-1 -08 -06 -04 -0.2 0 0.2 0.4 0.6 0.8 1

Figure 11: Optimal spectral zeros (o) and the zeros of the Schur polynomial (34).

solution (35) of the optimization problem is plotted with the periodogram, using
the same 30 randomly chosen covariance sequences. This figure, as well as its zoom
around particular frequencies in Fig. 12, shows that the proposed design approxi-
mates the periodogram around the frequencies 0.35 rad/s and 1.73 rad/s better than
the previous design in [3].

We remark that, as it has been done in this example, the proposed method can
be used for “fine-tuning” of spectral zeros by selecting heuristically designed spectral
zeros as initial points of the optimization.

Finally, we would like to remark that the choice of the radius of C, in the three
examples presented in this section is arbitrarily. However, it is not the purpose of
this paper to suggest a systematic way of determining it. This will be exploited in
detail in the future.
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Figure 12: Zoom around the frequencies 0.35 rad/s and 1.73 rad/s of the robustness
of the previous design and of the proposed one. Solid lines are the periodograms and
dotted lines are the frequency responses of the system of the least-squares design
and of the previous design.

7 Conclusions

In this paper, we have proposed a method for estimating a spectral density function
from a given covariance sequence and spectral density data. The method is based
on the covariance extension theory with degree constraint, where all bounded-order
spectral densities matching the given covariance sequence are parameterized by the
set of Schur polynomials. Using the Schur polynomials as design parameters, we
have formulated and solved the approximation problem of the frequency response of
a spectral density to given density data. The distance between a density function
and density data is measured with the least-squares sum evaluated at the gridded
frequencies. To solve the optimization problems, we have used gradient-based meth-
ods (such as Newton’s method and steepest decent method). Since all the problems
are nonconvex, we have suggested some ways to select initial points for optimization.
Numerical examples have illustrated that the rational spectral density estimated by
the proposed technique approximates well the given spectral density data in the
model reduction and spectral estimation settings.
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A Computation of the gradients

In this appendix, we will derive the expression of gradients of the cost function d

in (23) and (24) with respect to o and c¢. The function d can be expressed in the
following form:

1
d(QO, ¢(0’, C)) = iF(aa C)TF(O', C)a
where F : 6 x C;F — RV is a vector-valued map and represented as
F(o,c):= [fi(o,c),..., fn(o,0)]". (36)

The gradient of the cost functional d(¢, ®(o,c)) with respect to (o, ¢) is computed
by

grad(d(y, ¢(o,c))) = [Jo F, J.F|" - F, (37)
where
T
JoF = [%,...,%N] , (38)
T
JF = [%,...,%V] . (39)

Remark 8 We will use the following notations: for the gradient of a functional
f:R" - R with respect to z,

of 8f of
gradf(z) := [8:61 6:1:2 - 8xn

and for the Jacobian of a functional F': R* — R™ with respect to a vector z € R”,
J,F € Rmxn_

] , z€eR",

In the case of weighted least-squares sum drg,

frlo,c) := /g (1 _ LUTM]CO->

or al' Mia

8fk 2,/wk O'TMkO' oa
= M —M,
oo 90 (79 oraT Mya | aT Mya \ 0o KAV
Bfk 2./wkaTMk0' Jda T
2k —vRE TR (Z2) Ma.
dc (o) or(a’Mpa)? \ dc ke
On the other hand, in the case of weighted least-squares sum of logarithms dj,g,
Py
MkO'
fk(a-a C) =V (10g Pk — IOg TMka )

Ofy ( ) Mia Mo
oo B0 (70 = 2k [ a’Ma a'TMka'] ’
8fk ( ) Mka

Oc Fe (999 = 2V aTM a

The computation of the vector a is obtained by the continuation method devel-
oped in [1]. Next, the computation of da/do and da/dc will be explained.
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Lemma 1 For a given covariance sequence c, the derivative of the vector a = h (o)
with respect to o is computed by

1
da

5 = Bl0) |R(a)K + 320 a;jR(kj)| (40)
where
e R(v) is, for a vector v = [vo,m,...,vn]T, the Hankel + Toeplitz operator
defined by
Vo Un Vo Un
R(v):==| : .- + A (41)
Un Vo

K = . . (42)

e a; is the (j + 1)-th element of the vector a and k; is the (j + 1)-th column of
the matriz K.

Proof It was established in [7],[9] that the map h. sending o to a is a diffeomor-
phism, thus the partial derivative (40) is well defined. Next, we will derive (40). See

also [20, Section 3.2].
The nonlinear map h. can be expressed as a composition of two maps:

h,:= hyoh;. (43)
The map h; is defined in G as
hi(o) := zR(0o)0o. (44)
The map ho is defined in D
Di={ di=[do,di,..da]" €R™, do+ 3, i +279) >0 V)2 <1},

as the inverse map of
g,(a) == R(a)Ka, a €, (45)

with A defined as

A:={a€G:a’zz7TKa+al2712TKa >0, V|z| <1 }.
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The map g, was proven to be a diffeomorphism in [7], [9], its inverse hy = g, !
is well-defined. In [7],[9] it was also proved the diffeomorphism of h;. Thus, the
following derivatives are well-defined:

Ohy

9o — Blo), (46)
—1
% = |R(@K+)) a;R(k;)| - (47)
=0

Finally, (40) is obtained from (46) and (47) using the chain rule.

Remark 9 In the next lemma, we will use the following notation

z= |1 U ] g potxmi (48)
0 1 0

with Z0 = I,, 1.

Lemma 2 For a given vector o € &, the derivative of a = g4 (c) with respect to ¢
is computed by
-1

Py Qo
- : (49)

Py Qn
Here P, € RvD)X(nt1)? gpq Q; € RHDX1 4 — 0. ... n are matrices defined respec-
tively as:

da _
oc

P, = 2(a" @ Int1) (Vi ® Iny1) (50)

Qi = (a" ®I,41)(VVi)a, (51)
where I 1 is the identity matriz, V; is computed by

1

Vi= 3 [(Z+(@)") K+ K" (7" + (2]

and V in (51) is a differential operator® such that

VY = % [((Z' + (Z)7") @ Iny1) L+ M (2" + (29)")],

3For a matrix-valued functional V : R® — R"® x R™, the operator V is defined as

gra‘dz‘/ll (.’K) e gra‘dm ‘flm(x)
VV(z) := : : ,
grad, Vai(z) --- grad,Vam(z)

where grad,, is the gradient with respect to x.
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n

L:=I,+1®e)+ Z ((Zk)T ® 2€k+1) )

k=1
n
M :=(Int1 ® €e1) + Z (Zk ® 2€k+1) ,
k=1
with ey, for k =1,---,n+ 1, the canonical basis in R**1,

Proof In [6] it was proved that the map g5 sending the vector ¢ in a is a diffeo-
morphism, thus the derivative (49) is well-defined. Moreover, there exists a relation
between the vector a and the vector o [4],[5]:

a’z2(z"V ' Ka+a"KT2z(z")Ta = 6T 2(z*) o, (52)
where K is defined in (42). Identifying coefficients of the same powers, we obtain

2a"Ka
a’(Z+Z")Ka 1
. = ,R(0)o, (5)

al(Z" + (Z")T)Ka

where the matrix Z is defined in (48). Each element of the column vector of the left
hand side of (53) is a quadratic form, thus it can be written as

a’(Z' + (Z)")Ka = a” Si(c)a, Vi=0,---n, (54)

with S;(c) the symmetric part of (Z° + (Z°)T)K (the skew-symmetric part is zero
for the properties of quadratic form). Inserting (54) in (53) yields
a’Sy(c)a )
: = ER(O')O'. (55)
a’S,(c)a
Derivating with respect to ¢ the left and right side of (55), we obtain
P92 + Qo
: =0, (56)
o)
P32+ Qn
with P; and @; defined respectively in (50) and (51). The Jacobian da/dc is com-

puted from (56). The invertibility of the matrix [Py, - - -, P,]" is guaranteed by the
diffeomorphic property of the map g4 in Theorem 3.
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