WEIL RESTRICTION AND THE QUOT SCHEME
ROY MIKAEL SKJELNES

ABSTRACT. We introduce a concept that we call module restric-
tion, which generalizes the classical Weil restriction. After having
established some fundamental properties, as existence and étaleness
of the module restrictions, we apply our results to show that the
Quot functor Quot’}x /s of Grothendieck is representable by an al-
gebraic space, for any quasi-coherent sheaf F'x on any separated
algebraic space X/S.

INTRODUCTION

The main novelty in this article is the introduction of the module
restriction, which is a generalization of the classical Weil restriction.
Our main motivation for introducing the module restriction is given by
our application to the Quot functor of Grothendieck.

If F'x is a quasi-coherent sheaf on a scheme X — S, then the Quot
functor Quot Fy /S parametrizes quotients of F'x that are flat and with

proper support over the base. For projective schemes X — S the
Quot functor is represented by a scheme given as a disjoint union of
projective schemes [Gro95]. When X — S is locally of finite type and
separated, Artin showed that the Quot functor is representable by an
algebraic space ([Art69] and erratum in [Art74]).

When the fixed sheaf F'y = Ox is the structure sheaf of X the Quot
functor is referred to as the Hilbert functor Hilby .

Grothendieck who both introduced the Quot functor and showed rep-
resentability for projective X — S, also pointed out the connection
between the Hilbert scheme and the Weil restriction [Gro95, 4. Vari-
antes]. If f: Y — X is a morphism with X separated over the base,
there is an open subset €2y _, x of Hi_lby/ g from where the push-forward
map [, is defined. The fibers of f.: Qly_,x — Hilby g are identified
with the Weil restrictions.

However, even though the Weil restriction appears naturally in con-
nection with Hilbert schemes, there does not appear to exist any de-
scription of the more general situation with the Quot scheme replacing
the Hilbert scheme. The purpose of this article is to give such a de-
scription with the Quot functor M;X /s parametrizing quotients of
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Fx that are flat, finite and of relative rank n. In order to do so we will
need to introduce a generalization of the Weil restriction.

Generalizations of the Weil restriction exist ([Ols06] and [Ver72]),
but those generalizations leap off in different directions than what is
needed for the present discussion. The generalization we undertake
here is in the direction from ideals to modules.

We fix a homomorphism of A-algebras B — R, and a B-module
M. The module restriction .#od} , , parametrizes, as a functor from
A-algebras to sets, R-module structures extending the fixed B-module
structure on M.

When M is finitely generated and projective as an A-module, we
show that the module restriction .#od}, , is representable by an A-
algebra. We show representability by constructing the representing
object in the free algebra situation, and using Fitting ideals in the
general situation.

Furthermore, when the B-module M is a quotient module of B, then
we obtain that the module restriction .#od} , 5 coincides with the Weil
restriction.

Our investigations about the module restriction can be summarized
as follows.

Theorem 1. Let X — S be a separated morphism of schemes (or
algebraic spaces) and let (foh}/s denote the stack of quasi-coherent
sheaves on X that are flat, of finite support, and of relative rank n over
the base S. For any affine morphism f:Y — X the push-forward map

(*) f*: %Ohg/s — %Oh}/s

1s schematically representable. Moreover, if f: Y — X 1is étale, then
the push-forward map f, is also étale.

The fibers of the push-forward map (x) are the module restrictions
parameterizing sheaves on .% on Y that are flat, finite, and of relative
rank n over the base, such that the push-forward f,.# is isomorphic to
a fixed & on X.

When f: Y — X is étale the push-forward map (x) is also étale,
but the analogous statement for smooth maps does not hold. This is in
contrast with the situation with the Weil restriction where smoothness
of f: Y — X implies smoothness of the Weil restriction [BLR90].

Our main application and motivation for introducing the module
restriction follows from the above result. Let Fy denote the pull-back
of the quasi-coherent sheaf F'y along f: Y — X. There is an open

subfunctor QF of Quot’l;Y /s On where the push-forward map f, is

defined. In fact, we have that Q. . is given by the fiber product of

(x) and the natural forgetful map from Quot’;x /s 1O ¢oh’y,s. Then
using the fact that Quotzy /s is representable by a scheme for affine
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schemes Y — S, together with the Theorem 1 above, proves the
following.

Theorem 2. Let X — S be a separated map of algebraic spaces, and

Fx a quasi-coherent sheaf on X. Then the Quot functor Quot?x/s is

representable by an algebraic space.

In particular this generalizes the result about the representability of
the Hilbert functor Hilb ¢ described in [ES04]. See also the general-
ization to Hilbert stacks in [Ryd].

Acknowledgements. Comments and corrections from Dan Laksov
and David Rydh were important for the presentation of this manu-
script.

1. WEIL RESTRICTION AND FITTING IDEALS

In this section we use Fitting ideals to construct algebras that param-
eterize algebra homomorphisms between two fixed algebras. Both the
problem and its solution is well-known. The material in this section is
included, not only to make the article self-contained, but also because
we could not find references for the results in the needed generality.

1.1. Notation. If V is an A-module, we let A[V'] denote the symmetric
quotient algebra of the full tensor algebra Ta(V) = @,-,V®". The
dual module Hom 4 (V, A) we write as V*.

1.2. Parametrizing algebra maps. Let g: A — B be a homomor-
phism of commutative, unital rings. Let f: B — Rand u: B — FE
be homomorphism of rings, where R and E are not necessarily com-
mutative. Thus we fix the following data

(1.2.1) A—2L-p-Lop
N
E

where ¢ = pog. We consider the functor Homg(R, E), from the
category of commutative A-algebras to sets, that for any A-algebra A’
assigns the set of B-algebra homomorphisms

HomB_alg(R, E ®A A,)

1.3. We occasionally write Hom 4, (R, E') having implicitely made the
assumption that A = B.
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1.4. Let A’ be an A-algebra, and let £: R — E @), A’ be a B-algebra
homomorphism. The morphism ¢ will factorize as a B Q) , A’-algebra
homomorphism R, A" — EQ,A’, which is the identity on A’
Therefore the set set of A’-valued points of Hom (R, E) is the set

Hompg , a-ag(RQ 4 A, EQ 4 A').

1.5. We are primarily interested in commutative A-algebras R, but
it will be important to allow E to be non-commutative. The reason
for allowing R to also be non-commutative is mainly that some of our
proofs are simplified by doing so.

Lemma 1.6. Let ¢: A — E be a homomorphism of rings, where E
is mot necessarily commutative. Assume that E is finitely generated
and projective as an A-module. For any A-module V' we have that the

A-algebra AV Q) 4 E*| represents Hom (R, E), with R =Ta (V).

Proof. An A-algebra homomorphism ua: Ta(V) — EQ 4 A’ is de-
termined by an A’-linear map u;: V@, A — EQ 4 A’ Since E is
finitely generated and projective as an A-module, the A’-linear map u;
is equivalent with an A’-linear map ¢1: V@, A Q4 (EQR A —
A’. Moreover, the canonical map

Homy(E,A) Q@4 A — Homua (EQ 4 A, A')

is an isomorphism ([Bou98, 4.3. Proposition 7]). Therefore ¢ corre-
sponds to an A-algebra homomorphism ¢: A[V @, E*] — A’. See
e.g. [Die62]. O

Lemma 1.7. Let g: A — B be a homomorphism of commutative
rings. Let h: A — D be homomorphism of rings, and let p: B —
E be an A-algebra homomorphism. Let R = B ®4 D, where the B-
algebra structure is the canonical one. Then we have that Homg(R, E)
is naturally identified with Hom 4(D, E).

Proof. Let A" be an A-algebra. It follows readily that a B-algebra ho-
momorphism B, D — E Q) , A’ is the same as an A-algebra homo-
morphism D — E@Q) 4, A’. Thus Homg(R, E)(A’) = Hom (D, E)(A').

O

Lemma 1.8. Let E be a projective A-module of rank n. Let E — Q)
be a quotient module, and let F,,_1(Q) C A denote the (n—1) st Fitting
ideal of Q. Then the A-module map E — @ is an isomorphism if and
only if F,_1(Q) = 0 is the zero ideal.

Proof. The statement can be checked locally on A, hence we may as-
sume that F is free of finite rank n. The result then follows from the
definition of the Fitting ideal. U



WEIL RESTRICTION AND THE QUOT SCHEME 5

1.9. Rank of projective modules. The rank of a projective module
E is constant on the connected components of Spec(A). Therefore, if
E — @ is a quotient module of a finitely generated and projective
A-module E, we will denote by

Fap1(Q) C A

the Fitting ideal we obtain by assigning on each connected component
of Spec(A) the Fitting ideal F,,_1(Q), where n is the rank of E on that
particular component.

1.10. Extension of scalars to the universal map. Let g: A — B
and let u: B — E be homomorphism of rings, with E not necessarily
commutative. Assume that E is projective and finitely generated as
an A-module, and let V' be an A-module. We have (Lemma 1.6) that

Cy = AV Q, B

represents A-algebra homomorphisms from 74(V') to the A-algebra E.
In particular the identity morphism on C¥ corresponds to an A-algebra
homomorphism

(1.10.1) u: Ta(V) —>EQ,CE .

We have that E is both an A and a B-algebra. And consequently we
get an induced algebra homomorphism

(1.10.2) ug: BR,TA(V) —EQ,CF .
by extension of scalars to the universal map u of 1.10.1

Definition 1.11. Assume the A-algebra FE is finitely generated and
projective A-module, and let V' be an A-module. For any given ideal
I € BQ,Ta(V), we have the Cff-module generated by the image
up(I) C EQ ,CE. We define

F(I7) = Fap-1(EQ, CF Jus(1)CV)

as the (tkE —1)’st Fitting ideal of the C-module given as the quotient
module £ , CF /up(I)CE of the projective module £ , CF.

Proposition 1.12. Let g: A — B be a homomorphism of commu-
tative rings. Let f: B — R be homomorphism of rings, and let
i B — E be an A-algebra homomorphism, where E is not necessar-
ily commutative. Assume that E is finitely generated and projective as
an A-module. Then the functor Homp (R, E) is representable. In fact,
write R = BQ ,Ta(V)/I with V an A-module, and some two-sided
ideal I in B@ ,Ta(V). Then we have that the functor Homg (R, E) is
represented by the A-algebra

AlV Q4 E*|/F(I7) .
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Proof. Consider first the situation with R the full tensor algebra over
B. We can then write R = B ,Ta(V), for some free A-module
V. In that case we have by Lemma 1.7 that Hompg(R, F) equals
Hom ,(T4(V), E). By Lemma 1.6 we get that Homg(R, E) is repre-
sented by A[V @, £E*]. Consider now the situation with general R,
and write R as the quotient of the full tensor algebra B @), Ta(V)
modulo some two-sided ideal I C B Q) , Ta(V). We are then interested
in describing B-algebra homomorphisms o: BQTa(V) — EQ 4 A’
that factors via R, for any A-algebra A’. The condition that (1) = 0
is equivalent with

(1.12.1) EQ A —=Q=ER®,A/o(I)

being an isomorphism. As observed in Lemma 1.8, we have that o(I) =
0 if and only if the Fitting ideal Fi_1(Q) is the zero ideal in A’. The
B-algebra homomorphism o: B, T4(V) — E @, A’ corresponds
to an A-algebra homomorphism ¢: CF = AV ® , E*] — A’. The
correspondance is given as 0 = (1 ® ¢) o up, where up is the map
1.10.2. Therefore we have that the map of Cff-modules

E®,CE —~E®,CE /up()CE

tensored with — ®c§ A’ specializes to the map of A-modules in 1.12.1.
And, for Fitting ideals we have the property that

CPIFIP) Qcp A" = A’ Fa1(Q)

from where the result follows. O

Corollary 1.13. Let g: A — B be a homomorphism of commutative
rings, where B is finitely generated and projective as an A-module. Let
f: B — R be homomorphisms of rings. Write R = B@Q ,Ta(V)/I
as a quotient of the full tensor algebra, where V is some A-module.
Then the Weil restriction Ry p is representable by the A-algebra

AV Q4 B/ F(I7) .

Proof. We have that the Weil restriction Rp/p (see e.g. [BLRIO0]) by
definition equals Homg (R, B). 0

Remark 1.14. The defining properties of the full tensor algebra T4 (V)
as well as the symmetric quotient A[V] are well-known, and can be
found in e.g. [Die62]. The situation with the Weil restriction as in
Corollary 1.13, that is to parametrize B-algebra homomorphisms R —
B can be found in e.g. the proof of [BLR90, Theorem 7.4]. There,
however the Fitting ideal F'(I?) is not mentioned.
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2. WEIL AND MODULE RESTRICTIONS

In this section we will introduce the module restriction, which is the
main novelty of the article. At the end we relate the module restriction
to the Weil restriction.

2.1. Module structure. Recall that an A-module structure on an
Abelian group M is to have a ring homomorphism p: A — Endz(M).
The image of p will factorize via the subring of A-linear endomorphisms
Endy(M). If M is an A-module, then End4(M) is an A-algebra via
the canonical map can: A — End 4 (M).

2.2. Extension of module structures. Let g: A — B be a homo-
morphism of rings. If M is an A-module, then a B-module structure
on the set M, extending the fixed A-module structure, is a B-module
structure on M that is compatible with the A-module structure. That
is, a B-module structure on M extending the A-module structure is
a ring homomorphism p: B — End (M) making the commutative
diagram

B —"> Endu (M) .

g T can
A

In other words, a B-module structure on M extending the A-module
structure, is an A-algebra homomorphism p: B — End 4(M).

Definition 2.3. Let g: A — B and f: B — R be algebras and
homomorphisms, and let M be a B-module. We define the functor
ModY ., from the category of A-algebras to sets, by assigning to
each A-algebra A’ the set

Modl () — R 4, A-module structures on M Q) , A’, extending
BoR the fixed B ), A’-module structure on M & , A’

We call this functor the module restriction.

Theorem 2.4. Let g: A — B be a homomorphism of commutative
rings. Let f: B — R be homomorphism of rings, and let M be a B-
module. Assume that M, considered as an A-module, is projective and
finitely generated. Then the functor .# od¥ . is naturally identified
with Homg(R, E), where E = End (M), and in particular the functor
ModY g is representable.

Proof. Since M is a B-module, we have that M is also an A-module.
In particular we have that the B-module structure on M extends the
A-module structure. Thus, the B-module structure on M is given
by an A-algebra homomorphism p: B — Enda(M). Let A’ be an
A-algebra, and let ¢ be an A’-valued point of the module restriction
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AMod¥ . Then we have that the A’-valued point ¢ is a B-algebra
homomorphism making the following commutative diagram

(2.4.1) R A —*~Endy(M®, A

f®idT T

B, A S Enda(M)Q, A,
where v is the canonical map. Since M is finitely generated and pro-
jective, the map v is an isomorphism ([Bou98, 4.3. Proposition 7]). In
other words, we have a natural identification of functors

%Od]g—ﬂ% = HO—mB(Rv E)?

with £ = Ends(M). As M is projective and finitely generated, so is
E, and the statement about representability follows from Proposition
1.12. O

2.5. Weil restriction revisited. In the rest of the present section we
will show that the functor .Zod} _, , specializes to the Weil restriction
for particular choices of the module M.

Let s: A — A’ be homomorphism of rings. Consider M = A’ as
an A-module. The evaluation map evy: Enda(M) — M evaluating
endomorphism at the identity element of A = M, is an A-algebra
homomorphism.

Proposition 2.6. Let g: A — B and s: A — A’ be homomorphism
of commutative rings. Consider A" = M with the induced A-module
structure.

(1) For each A-algebra homomorphism p: B — Endus(M) the
composition eviou: B — A’ is an A-algebra homomorphism.
(2) If s: A — A’ is surjective, then (1) gives a bijection between
the set of B-module structures on M, extending the A-module
structure, and the set of A-algebra homomorphisms B — A’.

Proof. The composition of A-algebra homomorphisms is again an A-
algebra homomorphism, so the first assertion is clear.

To prove Assertion (2) we note that a B-module structure extend-
ing the A-module structure on M is to give an A-algebra homomor-
phism p: B — Enda(M). The composition ev;ou: B — A’ is an
A-algebra homomorphism. If f: B — A’ is an A-algebra homomor-
phism, then the induced B-module structure on A’ is such that the
multiplication map evyou = f. Thus we need only to prove that a
B-module structure on M, extending the A-module structure, is deter-
mined by the multiplication map p;. This is clear since s: A — A’ is
assumed surjective. U

Corollary 2.7. Let g: A — B and f: B —> R be homomorphisms of
commutative rings. Let M = B/J for some ideal J C B, and assume
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that M = B/J is finitely generated and projective as an A-module.
Then we have a natural identification

Modyp = Homg, ,(R/J, B/J),

where R/J = RQz B/J. In other words, the module restriction gen-
eralizes the notion of Weil restriction.

Proof. By setting R = RQ A, B = BQ , A', etc. we may assume
that A = A’. From Proposition (2.6) we have that an R-module struc-
ture on B/J, extending the B-module structure, is precisely the same
as an B-algebra homomorphism R — B/J. By the usual properties
of tensor product, a B-algebra homomorphism R — B/J is the same
as a B/J-algebra homomorphism Ry B/J — B/J. Thus we may
assume B = B/J, and R = R B/J. We then have that .Zod}
parametrizes B-algebra homomorphisms R — B, thus being equal to
Hompg (R, B). The last statement is given by Corollary 1.13. O

3. TRACE MAP AND FITTING IDEALS

In this section we will describe the Fitting ideals we have be consid-
ering, using the trace map.

3.1. Trace map. We will use the notation from the previous sections.
Let ug: BQ,Ta(V) — EQ,CE be the map 1.10.2, with CF =
AV @, E*], where V is an A-module, and where E is an A-algebra
that is finitely generated and projective as an A-module. Let

(3.11) up: B TA(V) Q4B —=EQ,CV Q4 B — CF
denote the induced composite map.

Proposition 3.2. Let g: A — B be a homomorphism of commutative
rings, and let V' be an A-module. Let p: B — E be an A-algebra
homomorphism, where E is not necessarily commutative. Assume that
E is finitely generated an projective as an A-module. For any two-
sided ideal I C B@ ,Ta(V), let I¥ C AV Q , E*] denote the the
ideal generated by up(I Q) 4 £*), where uy is the map 3.1.1. Then we
have that I is the Fitting ideal F(I®) defined in 1.11.

Proof. Both the Fitting ideal and the ideal I” commute with base
change, and we may therefore assume that F is free as an A-module.
Let eq,...,e, be a basis of E. If (f,)acw generates the ideal I C
B ,T4(V), then we have the map of free Cff-modules

(3-21) Gaaegz O\]; HE@A 05

determined by sending 1, on a’th component to ug(f,). The cok-
ernel of the map 3.2.1 is EQ , CF /up(I)CE, and consequently the
(n — 1)-minors of the map generate the Fitting ideal F/(I®). For any
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element f € B ,T4(V), the element up(f) is in the free CF-module
EQ , CE. Therefore we can write

n

us(f) =Y e ® f7,

k=1

with f¥ € CF, with k = 1,...,n. Then we obtain that the (n — 1)-
minors of the map 3.2.1 are {(f.)¥, ..., (fo)Z}acr. In order to relate
the Fitting ideal F(I®) to the other ideal I, let €7, ..., e* denote the
dual basis of E*. For each k =1,...,n we have that

up(feey) =up(f)@es =0 e fFee = fF
=1

Thus {(fa)F, ..., (fa)E}acw also generate uiy(I @, F*), and we have
the equality I¥ = F(IP). O

Remark 3.3. It follows by the characterization of the Fitting ideal
F(I®B) given in Proposition 1.12, and the above result, that an A-
algebra homomorphism ¢: C¥ — A’ vanishes on ¥ if and only if the
composite map

up id ,
BRLTa(V) 2~ EQ,CELE®, A

vanishes on /. This fact can also be checked directly, and consequently
one could establish the result in this article without using the theory
of Fitting ideals.

Example 3.4. We will in this example explicitely describe the corre-
spondance between T4(V) and EQ , CF, where CF = AV & , E*].
Assume that the A-algebra F is free as an A-module with basis ey, ... e,,
and let V' be a free A-module with basis {t;};,c». For any mono-
mial f = t;, ® - @ ¢;, in Ta(V), we consider the element f% in
EQ AV &Q , E*] given as

(3.4.1) = (Zek ® (t, @ep)) -+ (Zfik ® (i, ®€})),

k=1

where e}, ..., e* is the dual basis of E*. The element f¥ = u(f), where
u is the universal map 1.10.1. Describing the correspondance given by u
for monomials will suffice to descrbie the correspondance for arbitrary
elements. We have a unique decomposition

fF=> e £,
k=1
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with fF € AV, E*], for k = 1,...,n. If we expand the defining
expression 3.4.1 of f¥ we get that

fE: Z 6k1"'el€p®(ti1®621)”'(tip®e}:p)'

Each monomial expression ey, - -- e, in the free A-module E, can be
written Y7 m? (k)e; for some m/ (k) € A, with j = 1,...,n, and each
ordered tuple k£ = ki, ..., k,. Therefore we get that

fE = Zej (Y (ty@ep) - (t, @ep ) -m! (k).

1<k;<n
=1

In particular we have that

[F=2 ta@e,) (i, @) m (k)

i=1,...,p
foreach j =1,...,n.

4. ETALENESS AND NON-COMMUTATIVE TEST RINGS

In this section we will show that if B — R is étale, then the A-
algebra Hom (R, F) is étale. It is notable that the corresponding state-
ment for smoothness does not hold. From now on all rings, unless
otherwise stated, are commutative.

Proposition 4.1. Let g: A — B and f: B — R be homomorphism
of rings, and let u: B — E be an A-algebra homomorphism where E
is not necessarily commutative. If f: B — R is of finite presentation,
then also the functor Homg(R, E) is of finite presentation.

Proof. Let { A, }acw be a directed system of A-algebras (and A-algebra
homomorphisms). We need to show that the natural map of sets

(4.1.1) lim Homp(R, E)(A,) — Homg(R, E)(lim A,)

is a bijection. Injectivity is clear. We will show surjectivity. Let A’ =
lim, A,, and let £ € Homg(R, E)(A"). Then we have the following
commutative diagram of B-algebras

R—RQ A

fT f®1T \
; b1

B—=BQRA—ER,A.

We let S =im(§) € EQ 4 A’, which is a commutative B-algebra. For
each a we let

ot EQ®, Ay —=EQ A =lim(E ®, Ad)
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denote the canonical map. Since R is finitely generated as a B-algebra,
so is the B-algebra S. Let sq,...,s,, generate S. Then there exists an
index /' € o/ such that for « > 4’ the B-algebra E ), A, contains el-
ements ¢, ..., x% such that their images ¢, (z$) = s;, fori =1,...,m.
Let S, be the B-subalgebra S, C E @, A, generated by zf, ..., 2%,
Furthermore, for each z, and y, in S, the image of the commutator
TalYa — Yale 18 zero in S, since S is commutative. Therefore there
exists an index [ € & such that for any o > 3 the B-algebra S,
contains preimages x7, ..., z%, of the generators of S, and these preim-
ages commute. Hence {S,}a>p is a directed system of commutative
B-algebras. Moreover, we have that S = lim_, S,. As B — R is of
finite presentation, we have ([Gro66, 8.14.2.2]) a bijection of sets

lim(HomB_alg(R, Sa)) = HOHlB_a]g(R, S)

Hence the B-algebra homomorphism £: R — S € E@Q 4 A’ corre-
sponds to & = {&,}, where £, is a B-algebra homomorphism that fits
into the commutative diagram

R, Aa
f®1T a

JIg!

Thus &, € Homgz(R, E)(A,), and we have that 4.1.1 is surjective. O

Remark 4.2. Tt follows from the construction of the representing object,
given in Proposition 1.12, that if f: B — R is of finite type, then
Hompg(R, E) is of finite type.

Proposition 4.3. Let g: A — B and f: B — R he homomorphism
of rings, and let u: B — E be an A-algebra homomorphism where
E is not necessarily commutative. If f: B — R is étlale, then the
functor Homg (R, E) satisfies the formal lifting criteria for étaleness.
In particular, if E is finitely generated and projective as an A-module,
then the A-algebra Homg(R, R) is étale.

Proof. We show that Homg (R, F) satisfies the formal lifting property
for étaleness. Having established that together with Proposition 4.1
proves étaleness. Therefore, let A’ be an A-algebra, and let N C A’ bea
nilpotent ideal. An A’/N-valued point of Homg(R, F) is given by a B-
algebra homomorphism {: R — E' Q) , A’/N making the commutative
diagram

R—>~EQ®, AN

1. ]

B*>E®AA’.
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We need to show that there exists a unique lift £: R — E &) , A’ of the
homomorphism &. The twist is that £ is not necessarily commutative.

Assume first that B is a local ring, and let B"* denote its strict
Henselisation. We have that f ® 1 = fh*: B" — R, B" is étale.
By [Gro67, Proposition 18.5.11] it follows that R &), B" is finite over
B and therefore that R @), B" is a finite product [[?_, B"*. Then

there clearly exists a lifting ¢": RQ, B"™ — EFQ A Qp B" of
the B"*-algebra homomorphism

" =¢@1: RQpB" — EQ,A/N Qp B" .

The lifting £"* necessarily equals the fixed map B" — E® , A’ ® 5 B
on each of the components of R, B", thus the lifting is unique.
It is moreover clear that this lifting will satisfy the “cocycle” con-
dition for descent when passing to the situation over B" &), B".
Therefore, as the map B — B"* is faithfully flat, we get by de-
scent (see e.g. [BLR9I0, Chapter 6.1]) the existence of a unique lifting
§&:R— E & 4 A of the homomorphism . This shows étaleness when
B is a local ring.

In the general situation we get the lifting property for each local-
ization B, for any prime p in Spec(B). Thus there is a B,-algebra
homomorphism &,: RQz B, — E® , A’ ® B, lifting the induced
map E®1: RQQz By, — EQ@ 4 A'/N Qg Bp. Since R is of finite type
over B, the Bj-algebra homomorphism ép lifts to a By-algebra homo-
morphism &: R®; By — EQ® 4, A' @ By, for some b not in p C B.
As the liftings ép were unique, the different &, will coincide on inter-
sections, and therefore give a unique lifting £&: R — F Q4 A" of the
A’/N-valued point ¢ of Homg(R, E). O

Example 4.4. We give here an example showing that if B — R is
smooth, then Homy(R, E) is not always smooth. Consider first the

matrices
i 0 € and _|ar + age by + bae
100 y= C1 + co€ d1+d26 ’

where the entries of the matrices are in some ring, where € is a non-zero
element such that € = 0. Since

_|are bie |0 bye
_{O O} and yx—[o cle}’

these matrices do not in general commute. However, when we set € = 0,
the matrix x becomes the zero matrix and the reduced matrices clearly
commute. Therefore we have the following. Let A = kle]/(€?), over a
field k. Let B = A[X] the polynomial ring in one variable X over A,
and let M = A @ A. The matrix x gives a B-module structure on M
by sending the variable X to the matrix x. Thus we have an A-algebra
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homomorphism p: B — Enda(A® A) = E. We let R = A[X,Y]
be the polynomial ring in two variables over A. We let furthermore
A" = A, and the nilpotent ideal N = (¢) C A. We then have the
following commutative diagram

A——= B =A[X] R=A[X,Y]

|- 3

where £: R — Endy(k @ k) is determined by sending X to 0 and
sending Y to the endomorphism given by the matrix y = [(1) 8] . Any

lifting of ¥ to an element in Ends(A & A) is of the form
[1 + age b2€:|
y =

Coe doc

with elements as, by, co, ds in k. From the considerations above we have
that no such lifting will commute with the matrix x. Therefore there
exist no B-algebra homomorphism £: R — End4(A® A) that extends
€. Thus, even if f: B — R is smooth, the A-algebra Homg(R, E),
and .# od} ., , are not necessarily smooth.

4.5. A result about glueing. For any element x in a ring R we let
R, = R[T]/(Tz — 1) denote the localization of R at z.

Lemma 4.6. Let E be an A-algebra which is finitely generated and
projective as an A-module, and let A — B — R be homomor-
phism of commutative rings. For any element x in R the scheme
Spec(Homg (R, E)) is an open subscheme of Spec(Homg (R, E)). More-
over, if y is another element of R, then we have

Spec(Homg(R,,, E)) = Spec(Homg(R,, E)) N Spec(Homg(R,, E)).

Proof. Let C denote the A-algebra that represents Homg(R, F), and
let £: R — E Q) 4 C denote the universal map. Let z be an element of
R. Then the universal map £: R — E Q) , C factorizes via R — R,
if and only if £(z) is a unit in £@,C. The element {(z) in the
finitely generated and projective C-module E ), C is a unit if and
only if d(z) = det(e — e - {(x)) in C is invertible. It follows that Cy(y)
represents Hompg(R,, F). O

5. REPRESENTABILITY OF THE QUOT FUNCTOR

In this section we will put our result about module restricitions in
a geometric context. Thereafter we will apply our results to show
representability of the Quot functor.
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5.1. Relative rank and finite support. Let & be quasi-coherent
sheaf of modules on an algebraic space X. The support of & is the
closed subspace Supp(&’) of X determined by the annihilator ann(&).

Definition 5.2. Let g: X — S be a morphism of algebraic spaces,
and & a quasi-coherent sheaf on X. We say that & is finite, flat of
relative rank n over S, if & is flat over S, and Supp(¢&) is finite over
S, and the locally free Os-module ¢g,& has constant rank n.

5.3. If the quasi-coherent &'x-module & is finite, flat of rank n over the
base S, then it follows that & is coherent &'x-module. In particular the
underlying set |Supp(&’)| of the support, is precisely the set of point
where the sheaf & is non-zero.

5.4. We denote by ¢'oh'y, /s the stack [LMBOO] of quasi-coherent sheaves
on X, that are finite, flat and of relative rank n over S. A morphism be-
tween two objects & and # in €ohx,s(T), where T' — S is a scheme
over S, is an Oxy r-module isomorphism ¢: & — . If T — S is
a morphism then we have an isomorphism of stacks

(5.4.1) CoNsy yryp = Colly)s X5 T.

Lemma 5.5. Let X — S be a separated map of algebraic spaces, and
let f: Y — X be a morphism of S-spaces. Then the push-forward
gives a map fy: %oh’;,/s — %oh}/s.

Proof. Let T' — S be a morphism with 7" a scheme, and let & be an
element of €ohy., 7 Since the support Z = Supp(&’) by assumption
is finite over T', and the map f: Y — X is separated, we have that the
composition fr: Z CY xgT — X xgT is finite [Gro61, Proposition
6.15]. In particular we have that fr,& = &x is quasi-coherent. The
support of & is the image of the support of &. Thus the support &x
is proper and quasi-finite over T', hence finite. If gr: X xgT — T is
the projection map, we have by definition that gy o f7 is the projection
map from Y xgT. It follows that fr.& is finite, flat of relative rank n
over T O

5.6. Since the support of an element & in €oh’y,s(T) is finite, and in
particular proper over the base T, it follows that

%Ohr’(}/s g %Ohrg{/s
is an open substack for an open subspace U C X (see e.g. [Gro95]).

Theorem 5.7. Let f: Y — X and g: X — S be morphisms of
affine schemes X,Y and S. Then we have that the push-forward map
fe: %ohﬁ/s — %”oh}/s 18 schematically representable.

Proof. We want to see that for arbitrary scheme 7', the fiber product
(5.7.1) T Xony, , Cohy;s
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is representable by a module restriction. By Lemma 4.6 the module
restrictions are Zariski sheaves, and we may assume that 7" is affine. We
may, by 5.4.1, assume that 7" = S. Let & in €oh’; 5(5) be the element
corresponding to a given map S — Goh’y 5. Let S = Spec(A), X =
Spec(B), and let M be the B-module corresponding to the sheaf & on
X. Then M is projective and finitely generated as an A-module, and
we have by Theorem 2.4 the A-algebra .#od} ,, where Y = Spec(R).
We have a natural map

a: Spec( M ody., z) —= S Xcony , COhy g

given as follows. Let u': Spec(A’) — Spec(.#Zod¥ ) be a mor-
phism of affine schemes over S. By the defining properties of the
module restriction .#Zod} ., ,, the morphism u’ corresponds to a R’ =
R , A-module structure on M’ = M Q) ,A’, extending the fixed
B' = B , A'-module structure. Let ¢: R — Endp/(M’) be the B-
algebra homomorphism corresponding to the R’-module structure on
M'. And let %y denote the corresponding quasi-coherent sheaf on
Y'=Y xg 8. Then a(uv) = (s, Fy,id), where §': 8 — S is the
structure map. The map «a is a monomorphism, and we need to see
that it also is essentially surjective.

Let (s, #,1¢) be a S’ = Spec(A’)-valued point of the fiber product
5.7.1. Let N be the R = RQ) 4 A-module corresponding to the sheaf
F on'Y xgS'. Then ¢ corresponds to a B = B Q) , A-module iso-
morphism ¢: M’ = M QA — N. We get an induced B’-algebra
isomorphism

U Endp (M') — Endp/(N) .

Finally, let ¢': R* — Endp/(N) be the B’-algebra homomorphism
corresponding to the R’-module structure on N. The composition of ¢’
with 1 ~! gives a B’-algebra homomorphism &: R — Endpg/(M’). By
the defining properties of the module restriction .#ZodY ., , there exists
a unique u': S’ — Spec(# od¥ ) corresponding to £. Thus a(u')
is isomorphic to (s',.%,1), and we have shown that « is essentially
surjective. U

Corollary 5.8. Let f: X — S be a separated map of an algebraic
space X over a scheme S, and let f: Y — X be an affine morphism
of S-spaces. Then the push-forward map

fe: %ohﬁ/s - %ﬂohg(/s

is schematically representable. Moreover, if f: Y — X is étale, then
the representable push-forward map f. is étale.
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Proof. By 5.4.1 it suffices to show the result for affine base scheme
S. By Lemma 4.6 it suffices to show representability for fibers on T-
valued points of €oh’y /8 with affine T'. Then the result follows from the
theorem. The result about étaleness follows from Proposition 4.3. [

5.9. The Quot stack. Fix a quasi-coherent sheaf F'y on an algebraic
space X — S. For any S-scheme T" we let F'x, denote the pull-back
of Fx along the first projection px: X xg¢ T — X. The T-valued
points of the quot stack Quoty /¢ are all Ox r-module morphisms
q: Fx, — &, from Fx, to a quasi-coherent sheaf & on X xg T,
where & is flat, finite of relative rank n over 7. A morphism between
two objects ¢: Fx, — & and ¢': Fx, — &' is an Oxy r-module
isomorphism ¢: & — & such that ¢ = poq.

Remark 5.10. Note that the maps ¢: Fx,, — & are not assumed to
be surjective, and in particular the T-valued points of the quot stack
Quoty. ¢ are not quotients of Fx. The definition of the quot stack is
motivated by the definition of the Hilbert stack in [Ryd], and in [O1s06].

5.11. Identification of pull-backs. We will in the sequel of this
article return to a particular situation that we describe below. Let
T — S be a morphism. Then we have the following Cartesian diagram

(5.11.1) Y xsT 2 X xg T
\LPY \LPX
y—1 - x

For any sheaf F'x on X there is a canonical identification between the
two sheaves f7 Fx, and p§- f*Fx. We will denote both these two sheaves
with Fy,..

Lemma 5.12. Let X — S be a separated map of algebraic spaces,
and f:Y — X a map of S-spaces. Let Fx be a quasi-coherent sheaf
on X, and let Fy = f*Fx denote its pull-back to Y. There is a natural
induced map

fer Quoth, g — Quoty, g .

Proof. Let q: Fy, — & be a T-valued point of Quoty, 5. The canon-
ical map Fy, — fr.f;Fx,, where we use the notation of 5.11.1,
combined with the identification f;Fy, = Fy,., gives the composition

Fxp — fruf1Fxy = frobyy — [16.

By Lemma 5.5 the above sequence is a T-valued point of Quoty . U
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5.13. We have a natural map
c: Quoty g —— Cohly g

that takes a T-valued point of the quotient stack q: Fx, — & to the
sheaf &.

Lemma 5.14. Let X — S be a separated map of algebraic spaces,
and let f: Y — X be a morphism of S-spaces. For any quasi-coherent
sheaf F'x on X, we have the Cartesian diagram

] A

Quoty, g —— Cohyg.

Proof. By Lemma 5.12 we have have the needed map. The proof is
then a formal consequence of adjunction. O

5.15. The Quot functor. Let X — S be a morphism of algebraic

spaces, and let F'x be a quasi-coherent sheaf on X. The Quot functor

Quotgx /s defined by Grothendieck ([Gro95], [Art69]) is the functor that

to each S-scheme T' — § assigns the set of surjective Ox,-module
maps q: Fx, — &, where & is finite, flat and of relative rank n. Two
surjective maps ¢q: Fx, — & and ¢': Fx, — &’ are considered as
equal if their kernels coincide as subsheaves of Fx,..

5.16. Let q: Fx, — & be a T-valued point of Quot’}x/s. We define

L&) = Oxxqr/kerq.

n

This determines a map ¢: Quot Fy/S

n

5.17. Open subfunctor. Let f: Y — X be a morphism of S-
spaces, with X — S separated, and let F'x be a quasi-coherent sheaf

on X. We define QF . as the subfunctor of Quot’}y /s whose T-valued

points are surjective Oy,-module maps ¢q: Fy,, — &, where & is finite,
flat of rank n over 7', such that the induced map of Ox, -modules

f*(Q> FXT - fT*(gg

is surjective, where f, is the map of Lemma 5.12.

Lemma 5.18. Let X — S be a separated map of algebraic spaces,
and let f:' Y — X be a map of S-spaces. For any quasi-coherent

sheaf Fx on X we have that Q¥ is an open subfunctor of QUOt;y/s'
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Moreover, we have the following Cartesian diagram

Quot;x/s _t . Quot%x/s

I

L n
QF . —"=Quoty, 5.

Proof. Let q: Fy,, — & be a T-valued point of Qf . By Lemma
5.5 the sheaf fr.& is quasi-coherent on X xg 7T'. Furthermore, since
fr«& is finite over the base it follows that surjectivity of the map
f«(q): Fx, — fr.& is an open condition on the base, proving the
first claim.

To prove the second claim, we start by noting that there is a nat-
ural map a: QF . — P, where P is the fiber product in question.
If g: Fy, — & is a T-valued point of QF . then by assumption
f(q): Fx, — fr.& is surjective. So a(q) = (f.(q),i(q),id). The map
« is full and faithful.

Let (gx,s,®) be a T-valued point of the fiber product P, where
qx: Fx, — & is surjective, s: Fy,, — % is amap of Oy, ;r-modules,
& and .# are finite, flat of relative rank n over the base, and where 1) is
an isomorphism of Ox, r-modules, making the commutative diagram

fref7Fx, = froFy, —— fr.F

| ‘!

Fx = &.

T

Consider now the pull-back f7(qx) composed with the adjoint of 1),
av: Fy, = f1Fx, 7€ F.

We claim that the Oy, r-module map gy is surjective. To see this we
may restrict ourselves to the support Supp(%#) C Y xgT of #. The
restriction of f: Y xg¢T — X Xg T to the support of .# is finite
([Gro61, Proposition 6.15]), and in particular affine. It is then clear
that since ©¢: & — fr..# is an isomorphism, and then in particular
surjective, the adjoint map f*& — % is also surjective. Since ¢y is
surjective by assumption, so is its pull-back f7(¢). Thus, the map gy
is the composition of two surjective maps, and therefore surjective. So

gy 1s consequently a T-valued point of Quot’, /s Moreover, since v is
—LY

an isomorphism it follows that gy is a T-valued point of Qf .. We
then have that f.(gy) is isomorphic to (¢x,s,), and thus that « is
essentially surjective. U

Theorem 5.19. Let X — S be a separated morphism of algebraic
spaces, and let F'x be a quasi-coherent sheaf on X. For each integer n,

the functor Quot’}x/s is representable by an algebraic space.
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Proof. As the Quot functor commutes with base change, we may reduce
to the case with the base S being an affine scheme S = Spec(A).

Moreover, any T-valued point ¢: Fx,, — & of Quot& /s is such that
—AF

the support Supp(&’) is finite over the base. Hence the support of the
quotient & is contained in an open quasi-compact U C X. Therefore
we have that
dmo Quoty, g = Quoty,
open, g-compact

Hence it suffices to show the theorem for X — S being quasi-compact.
With X — S quasi-compact we can find an affine scheme ¥ — §
with an étale, affine and surjective map f: Y — X. With affine

schemes Y — S we have that Quot; /s is represented by a scheme
—IYy

([GLS07]). By Lemma 5.18 the subfunctor QF . is open in QUOt;Y/y

hence a scheme. Combining the Cartesian diagrams in 5.18 and 5.14,
together with Theorem 5.8, give that the induced map

n

(5.19.1) QF_,x — Quoty, g

is representable and étale.
We then want to see that the map (5.19.1) is surjective. Let k be

a field and Fy, — & be a Spec(k)-valued point of Quot;ix /s where

we use the notation X = X Xg Spec(k). We want to show that there
exists a separable field extension & — L such that the corresponding
Spec(L)-valued point lifts to Qf_, .

The reduced support Z = | Supp(&) | is a disjoint union of a finite

set of points, given by finite field extensions k — k; withi=1,... m.
Then f~"(Spec(k;)) is also a finite union of points U™, Spec(L;,), with
k; — L;, a finite separable field extension for j; = 1,...,m;. There

exists a finite separable field extension & — L such that the induced
map k; ®, L — Lj, ®; L splits, for all « = 1,...,m and all j; =
1,...,m;. Then

F7HZ) Xspec() Spec(L) — Z Xspec(i) Spec(L)

has a section, and we have that the corresponding Spec(L)-valued point

of Quot;iX /s lifts to QF . We then have proven surjectivity, and
consequently [RG71] that Quot’;x /s is an algebraic space. O

Remark 5.20. With Fy = Ox the structure sheaf on X, the Quot

functor Quot’}x /s is the Hilbert functor Hilbyg. The situation with

the Hilbert scheme was considered in [ES04].

Remark 5.21. The separated assumption of X — S is a necessary
condition for representability [LS08]. On the other hand there exist
examples of separated schemes X — S for which the Quot functor is
not represented by a scheme [Knu71], but only an algebraic space. Thus
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when considering representability, the setting with separated algebraic
spaces X — S is the natural one.
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