
Home assignment 1. Deadline is 26.10, 24:00

There are 11 exercises. Please write the solutions in LaTex. You
can email the solutions, in .pdf of course, to me using the address
skjelnes@kth.se

Exercise 1. Let S ⊆ A be a multiplicatively closed subset in a ring A.
Show that the natural map Y = Spec(S−1A) → X = Spec(A) gives a
homeomorphism between Y and its image in X. In particular the basic
open sets X \ V (f) are identified with Spec(Af ). (Note that a bijective
continuous map is not in general a homeomorphism)

Exercise 2. Let A be a ring. If (f1, . . . , fn) = A, is it true that
(fN1 , . . . , f

N
n ) = A, for any integer N ≥ 1?

Exercise 3. Let k[x] denote the polynomial ring in the variable x over
the field k. Let A = k[x](x) be the local ring obtained by localizing k[x]
in the maximal ideal (x). For any integer n ≥ 1 we let Fn be the free
A-module ⊕ni=1Aei, where e1, . . . , en is a basis. Let Mn be the quotient
of Fn modulo the A-module generated by the relations

e1 − xe2, e2 − xe3, . . . en−1 − xen.
Let in : Mn →Mn+1 denote the natural inclusion. The collection {Mn, in}
is a directed set, and we let M = lim→Mn denote the direct limit (see
AM, pp 32-33, exercises 14-19).

(1) Show that Mn is isomorphic to A, for any n.
(2) Identify Mn = A. What is in : A→ A?
(3) Show that M is non-zero.
(4) Is M finitely generated?
(5) Determine M ⊗A A/m, where m is the maximal ideal of A.

Exercise 4. Let A = k[x, y] denote the polynomial ring in two variables
over a field k. Let OX denote the sheaf of rings on X = Spec(A)
determined by its value on basic opens sets; for any basic open D(f)
the value of the sheaf is OX(D(f)) = Af . And for any inclusion of
basic open sets D(f) ⊆ D(g) the corresponding map Ag → Af is the
localization map. Compute OX(U), where U = X \ (0, 0).

Exercise 5. Let V be a free Z-module of finite rank n. For any ring
A we set VA = V ⊗A Z, and we let

F (A) = HomA−module(VA, VA).

(1) Show that VA is a free A-module of finite rank n, for any A.
(2) Show that F (−) determines, naturally via tensor product, a co-

variant functor from the category of rings to sets.
(3) Let ξ ∈ F (A) be an element, for a given ring A. Show that we

naturally get an induced map of functors

Gξ : hA = Homrings(A,−)→ F (−).
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(4) Represent the functor F ; that is find a ring R and an element
ξ ∈ F (R) such that Gξ is an isomorphism (induces a bijection
between the set hR(A) and F (A), for any A) of functors.

Exercise 6. Let I = (x2 − yz, xz − x) in the polynomial ring k[x, y, z]
in three variables over a field k. Give a minimal primary decomposition
of I, and describe the isolated and the embedded primes. Write each
associated prime as an annihilator (colon ideal) (I : f).

Exercise 7. Let A = k[x, y, z], and consider the ideal p1p2, where
p1 = (x, y) and p2 = (y, z). Give a minimal decomposition of I, and
describe the associated primes. Indicate which ones are the minimal
primes of I.

Exercise 8. Let A = k[x, y]/(y2 − x3), where k is a field. The ring A
is an integral domain. Let F (A) denote its fraction field. Determine
the integral closure of A in F (A).

Exercise 9. Let A ⊆ B be an inclusion of rings, with B integral over
A. Show that any homomorphism f : A→ k to an algebraically closed
field k, can be extended ϕ : B → k. Give an example of an integral
extension A ⊆ B, and a morphism f : A→ k, with k a field, that does
not extend.

Exercise 10. Let k be a field, and k(x) the fraction field of the poly-
nomial ring k[x] in one variable x.

(1) Show that k(x)⊗k k(y) is not a field.
(2) Give an example of fields K and K ′ such that K ⊗k K ′ is not

Noetherian. In particular we have that the tensor product of
Noetherian rings is not Noetherian.

Exercise 11. Let A = k[t] → B = k[t, x]/(tx − t), where k is a field.
Draw a picture of the map of spectra, describe geometrically the fibers

κ(p) = Ap/(p)→ B ⊗A κ(p),
and deduce that B is not flat as an A-module.1

1The map X = Spec(B) → Spec(k[t]) is flat if and only if every component of
X dominates Spec(k[t]).


