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ABSTRACT.

There are many beautiful constructions of the Hilbert scheme of closed subschemes
of a projective schemes. In many cases where Hilbert schemes are involved, it suffices
to know they exist. On the other hand, there are many situations when it is crucial
to have an explicit description of the Hilbert schemes. In this article we give a simple
construction of Hilbert schemes of points, under general circumstances, that provides
such a description. In addition to being useful for computations the construction is
short, elementary, and explicit.

Our methods rely on simple algebraic constructions. It gives explicit expressions
of members of an affine covering of the Hilbert schemes, involving few variables sat-
isfying natural equations. In particular, it explains the connections with commuting
schemes of matrices. We also give some examples showing how our method can be
used.

INTRODUCTION

There are many beautiful constructions of the Hilbert scheme of closed sub-
schemes of a projective schemes. In many cases where Hilbert schemes are in-
volved, it suffices to know they exist. On the other hand, there are many situations
when it is crucial to have an explicit description of the Hilbert schemes. In this
article we give a simple construction of Hilbert schemes of points, under general
circumstances, that provides such a description. In addition to being useful for
computations the construction is short, elementary, and explicit.

The main novelty of this article is the construction of the Hilbert scheme of n
points of an affine scheme Spec(R) over an affine base scheme Spec(A), where R is
any A-algebra. As a consequence of this construction we obtain a description, and
easy proof of the existence, of the Hilbert scheme of n points of a family X — S over
an arbitrary base scheme S, where R is any quasi-coherent graded Og-algebra. We
give explicit expressions for members of an affine covering of the Hilbert schemes,
involving few variables satisfying natural equations. This provides a powerful tool
for studying the geometric properties of Hilbert schemes of points. In particular
we obtain a natural description of an open subset of the generic component of the
Hilbert schemes, corresponding to n distinct points.

1991 Mathematics Subject Classification. Primary 14C05. Secondary 15A27, 16S50.
Key words and phrases. Hilbert scheme of points, endomorphism ring, evaluation map, com-
muting matrices.

e I " L~ N Wy



One of the main features of our construction is that it gives explicit equations
defining the Hilbert schemes of n points of Spec(R) as a closed subscheme of the
scheme of commuting n x n-matrices. To illustrate the flexibility of our methods we
compute the Hilbert scheme of the scheme Spec(S~tA[X]) over Spec(A), where S
is a multiplicatively closed subscheme of the polynomial ring A[X] in the variable
X over A (see [LS], [LST], and [9]).

When S is locally noetherian and R is locally finitely generated by elements of
degree one, our existence result follows from the more general results of Grothen-
dieck [G]. Apparently the first detailed published proof of Grothendiecks result was
the one by Altman and Kleiman [AK] valid under general conditions where S is not
assumed to be locally noetherian. There are however many other proofs, several of
them following the method introduced by Mumford [M] (see [HS], [SE], [St]). The
method is made constructive by Haiman and Sturmfels [HS]. Other proofs of the ex-
istence of Hilbert schemes, valid under various conditions, can be found in [A], [H],
or [N]. However, our methods rely only on simple algebraic constructions and one of
the explanations why it is so adapted to computations is that it avoids embeddings
into high dimensional grassmannians via Castelnuovo-Mumford regularity.

A proof closer to our point of view is the one by Mark Huibregtse [Hu|. He gives
an elementary construction of the Hilbert scheme via open coverings. However, he
uses explicit generators of ideals defining the points on the Hilbert scheme, and
certain syzygies of these generators to guarantee that the residue ring is free, with
a given monomial basis, as a module. Our method completely avoids the choice
of particular generators of ideals and the complicated combinatorics of relations
between these generators. This is achieved by using fixed free residue modules,
and imposing algebra structures on these by using the correspondence between the
action of a ring R on an A-module F' and the A-algebra homomorphisms from R
to the A-module endomorphisms of F'.

Our construction is based upon two simple ideas. The first, already mentioned,
is to use the well-known description of the R-module structure on an A-module
F in terms of A-algebra homomorphisms from R to End4(F'). This approach
has the advantage of removing the annoying ambiguity coming from the different
descriptions of an R-module structure on a free A-module F' in different bases
of F. The second is the observation that the A-module homomorphisms from
an A-module M to End(F') correspond to A-algebra homomorphisms from the
symmetric algebra Sym 4 (M ® 4 End4(F)7) to A. From the latter observation we
obtain that the A-algebra homomorphisms from Sym 4 (M) to End 4 (F) correspond
to the algebra homomorphisms H — A, where H is the residue of the algebra
Sym 4 (M ®4 End 4 (F)7) by the ideal corresponding to commuting n x n-matrices,
and with coefficients in Sym 4 (M ® 4 End4(F)”).

1. THE BASIC FUNCTORS

In this section we define the basic functors used in the remaining part of the
article, and we give an explicit relation between A-module homomorphisms R — F
from an A-algebra R to an A-module F', and the A-algebra homomorphisms R —
End4(F) to the endomorphisms of F'.

1.1 Notation. Let A be a commutative ring with unit, and let F' be a free A-
module of finite rank with a distinguished element e that is part of a basis of F'.
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Furthermore we let R be an A-algebra. We write
Endu(F) =% F

for the evaluation map defined by eve(u) = u(e).
We shall be using several functors from algebras to sets that we shall define next.

1.2 Functors of homomorphisms of modules. For every pair of A-modules M
and N we denote by Hom(M, N) the functor from A-algebras to A-modules that on
an A-algebra B takes the value Homp(M, N) = Hompg(B ®4 M, B ®4 N). When
M = N we write End(M) = Hom(M,M). For every A-algebra homomorphism
¢ : B — C we denote the natural homomorphism by

Hom, : Homp(M, N) — Homc (M, N).

1.3 Functors of homomorphisms of algebras. Denote by Homais (R, End(N))
the functor from A-algebras to sets that on an A-algebra B takes the value

HOTI’LB_a]g(R, End(N)) = HomB_alg(B RKaR,B®x End(N)).

Moreover, denote by Hp the functor from A-algebras to sets that on the A-
algebra B takes the value Hr(B) = Homa_ a1 (R, B). From the canonical isomor-
phism Hom g_a15 (R, A) — Homp.a15(B ®4 R, B ®4 A) we obtain a natural isomor-
phism of functors

Hr — Homag (R, A).

1.4 Subfunctors defined by a unit. Recall that we have a distinguished element
e of our free A-module F'. For any A-algebra B we let Hom®(R, F) consist of
surjective B-module homomorphisms u : B®4 R — B ®4 F such that the kernel
is an ideal in B ®4 R and where u(1p ® 1g) = 15 ® e. We have that Hom®(R, F)
is a subfunctor of Hom(R, F').

1.5 Subfunctors defined by sections. For every A-module homomorphism
B:F — R suchthat f(e)=1p

we denote by HomP(R, F) the subfunctor of Hom®(R, F) whose value on an A-
algebra B that consists of B-module homomorphisms u : B ®4 R — B ®4 F such
that the composite homomorphism

BoaF 2% Bo, R % BoaF

is the identity.
Denote by Homglg(R, End(F)) the subfunctor of Homae(R,End(F')) that on

the A-algebra B consists of the homomorphisms lying in Hom%(R, End(F)).

1.6 Remark. We note that for an A-module N there is a natural structure as a
left End4(N)-module on N, and that there is a natural correspondence between
R-module structures on N and homomorphisms of A-algebras R — End(N).
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1.7 Proposition. Let HEf be the functor from A-algebras to sets whose value
HEG(B) at the A-algebra B consists of the B-algebra homomorphisms ¢ : R —

Endg(B ®4 F) such that the composition of the homomorphisms B ®4 R 2,

eVlB®e

Endp(B®a F) —=—— B ®a F is surjective.
There is a natural isomorphism of functors

HES, — Hom®(R, F) (1.7.1)

that, for every A-algebra B, maps a B-algebra homomorphism ¢ : B @4 R —
End(B®a F) toevi,ge p: BRa R — B4 F. The inverse of the latter homomor-
phism maps a B-module homomorphism u : B @4 R — B ®4 F to the B-algebra
homomorphism ¢ : B®4 R — Endg(B ®4 F) that makes B ®4 F into the unique
B-algebra such that u becomes a B-algebra homomorphism.

The isomorphism (1.7.1) induces a natural isomorphism of functors

Hé’g — HomP (R, F),

where Hé’g is the subfunctor of HEF, consisting of the elements ¢ € HER(B) such

eVlB®e

that the composite B ® 4 F BLELEEN B®sR % Endp(B®a F) ——— B®y F is
the identity.

Proof. The map (1.7.1) described in the proposition is clearly functorial.

To prove the first part of the proposition it thererfore clearly suffices to show
the proposition in the case A = B. Let ¢ : R — End4(F') be a homomorphism
in HEG(A) and let u = evep : R — F. Then u is surjective by definition and
u(lg) = eve 9(1r) = eve(idgna,(r)) = idgnd,(r)(e) = e. Moreover, the kernel of
eve is a left ideal in End 4 (F') and consequently the kernel of u is an ideal in R. We
have thus constructed a map from HERZ(A) to HomG (R, F).

Conversely, let u : R — F be in Hom$ (R, F'). Then F has a unique A-algebra
structure such that u is a homomorphism of algebras. Let

¢: R— Enda(F)

be the homomorphism such that the image ¢ of f is defined by ¢s(x) = u(f)z,
where the product on the right side is multiplication in F' with the given algebra
structure. It is clear that ¢ is an A-algebra homomorphism. We have ev, ¢y =
vr(e) = u(f)e = u(f). Hence u = ev. ¢. In particular ev, ¢ is surjective so that
¢ is in HG(R,End(F)). We have thus constructed a map from Hom% (R, F) to
HEGL(A).

It is clear that the two maps that we have constructed are inverses.

The last part of the proposition is also clear.

The following result is often useful to compute representants of functors.

1.8 Proposition. Let ¢ : R — End4(F') be an A-algebra homomorphism such that
eve @ s surjective, and give F the corresponding structure as an A-algebra such
that eve ¢ is an A-algebra homomorphism. Then an endomorphism v € End4(F)
commutes with all elements in p(R) if and only if

v(z) =v(e)x
4



for all x € F. In other words, if
Xy 1 F— Enda(F)

is the A-algebra homomorphism defined by x,(y)(z) = yx for all x and y in F,
then x,(F) is the subset of End(F) of elements that commute with all elements
in p(R).
Proof. Since ¢ and ev. ¢ both are A-algebra homomorphism we obtain, for all r
and " in R, that o(rr’) = o(r)e(r’), respectively p(rr')(e) = ¢(r)(e)e(r’)(e), such
that

p(r)e(r’)(e) = o(r)(e)e(r’)(e). (1.8.1)
Moreover we have, since ev, ¢ is surjective by assumption, that for x € F' and
v € End 4 (F) there are elements r, and 7, in R such that x = ev, ¢(r;) = ©(r:)(e),
respectively that v(e) = ev, p(r,) = @(ry)(e).

Assume first that vp(r) = ¢(r)v for all » € R. Then v(x) = v(p(rs)(e)) =
o(rz)v(e) = o(re)e(ry)(e). It follows from (1.8.1) that v(x) = p(ry)(e)e(ry)(e) =
zv(e), that we wanted to show.

Assume next that v(z) = wv(e)x for all x € F. For all r € R we obtain
vp(r)(z) = vie)p(r)(z) = @(ry)(e)e(r)(e(re)(e)) = p(rv)(e)e(rre)(e). It follows
from (1.8.1) that vp(r)(x) = @(ry)e(rrs)(e) = @(ryrry)(e). On the other hand
we have p(r)v(xz) = o(r)v(e)r = @(r)(p(re)(e)p(rs)(e)). It follows from (1.8.1)
that p(r)v(z) = @(r)(e(re)e(r:)(e)) = @(rryry)(e). We have thus shown that
vp(r) = ().

The last part of the proposition follows since e is part of a basis for F' and thus
all the elements in F' are on the form wv(e) for some v € End 4 (F).

1.9 Corollary. Let R[Z] be the polynomial ring in the variable Z over R, and let
B :F — R be as in 1.5. With the notation of Proposition 1.7 we have a natural
isomorphism of functors

HE 71 — HER X Hsym , () (1.9.1)

that for each A-algebra B maps ¢ : B4 R[Z] — Endg(B®4a F) to the pair (¢, x)
where ¢ = Y|B ®4 R and where x is determined as follows:

Let z € B®a F be the element determined by V(Z) = x,(z), where x, is the
injective B-algebra homomorphism of Proposition 1.8 for the algebra B. Moreover
letu, : B— B®aF be the B-module homomorphism determined by u.(1) = z, and
let u,”: B®a F~ — B be its dual. Then x is determined by x(w) = u, (1 ® w)
for all w € F~.

In particular, z'ng represents the functor HSZ then H§®A Sym 4 (F") represents
the functor Hé'g[z], and the universal families over Hg and Hg ®a Symy(F7) are

related via the correspondence (1.9.1).

Proof. 1t follows from Proposition 1.8 that 1) : B4 R[Z] — Endp(B®4 F') belongs
to Hc‘fg[z] (B) if and only if ¢ = ¥|B® 4 R belongs to HSIB%(B) and ¢ (Z) is contained
in the image of the B-algebra homomorphism y, : B ®4 F' — Endg(B ®4 F') of
Proposition 1.8. The latter condition is the same as saying that ¥(Z) is determined
by an element in B ®4 F. Such an element is defined uniquely by a B-module
homomorphism B — B ®4 F, or its dual B ®4 F~ — B as in the corollary, and
the dual corresponds to an A-module homomorphism F~ — B. Finally such an A-
module homomorphism corresponds to an A-algebra homomorphism Sym 4 (F") —
B.
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2. REPRESENTING FUNCTORS OF MAPS TO ENDOMORPHISMS

In this section we show how the A-module homomorphisms M — End 4 (F') from
an A-module M to the endomorphisms of a free A-module F' can be described by
A-algebra homomorphisms Sym 4 (M ®4 Enda(F)") — A.

2.1 Notation. Let M be a fixed A-module. We write N” = Homy4 (IV, A) for the
dual of an A-module N, and let Sym 4(N) be the symmetric algebra of N over A.
We shall consider N as the submodule of the graded A-algebra Sym 4 (V) consisting
of elements of degree one.

2.2 Canonical isomorphisms. Since End4(F) is a free A-module of finite rank

the evaluation map
ev:Enda(F) ®4 Enda(F) — A

that maps u ® ¢ to ¢(u) corresponds, by duality, to a natural A-module homomor-
phism
t:A—>EndA(F)V®A EndA(F). (2.2.1)

2.3 Lemma. For every A-algebra B the homomorphism of B-modules
Hom (M ®4 Enda(F)", B) — Homu (M, B ®4 End4(F)) (2.3.1)

that maps u : M @4 End4(F)” — B to the composite homomorphism

u®idgnd 4 (F)

M- M®s A2 M @4 Endy(F) ®4 Enda(F) B ®4 Enda(F)

18 an isomorphism.

Proof. Choosing a basis for End(F’), and the dual basis for End(F')” it is easy to
check that the homomorphism of the lemma has as inverse the isomorphism that
maps an A-module homomorphism v : M — B ®4 Enda(F) to (idg®ev)(v ®

idgnd(ry)-
2.4 Universal homomorphism. Recall that we identify M ®4 End(F)” with

a submodule of Sym (M ®4 End4(F)”). Hence we obtain from the A-module
homomorphism

M®s A% VM @, Enda(F) ©4 Enda(F). (2.4.1)

an A-module homomorphism M — Sym (M ®4 Enda(F)") ®4 Enda(F), and
consequently a natural homomorphism of Sym 4, (M ® 4 End 4 (F")")-modules

p:Symy(M @4 Enda(F)) @4 M — Symy (M ®4 Enda(F)") ®4 End4(F)
uniquely determined by pu(1 ® z) =z ® t(1).
2.5 Proposition. There is a natural isomorphism of functors
HSymA(M®AEndA(F)V) — Hom(M, End(F)) (2.5.1)

such that, for every A-algebra B, a B-algebra homomorphism ¢ : Sym ,(M ® 4
End4(F')") — B is mapped to the B-module homomorphism Homy(p) : B&a M —
B®y EndA(F).
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Proof. We shall show that the homomorphism (2.5.1) is the composite of the fol-
lowing three isomorphisms:
(1) Homa_a1g(Sym 4 (M ®4 Enda(F)7), B) — Homa (M ®4 Enda(F)", B) that
we obtain from the definition of symmetric algebras.
(2) The map (2.3.1).
(3) The canonical isomorphism Homa (M, B ®4 End4(F)) — Homp(B ®4
M, B ®y EndA(F))
Let u = ¢|(M ®4 End(F')”). The image of ¢ by the composite map of the three
isomorphisms is the B-module homomorphism determined on the element 1 ® x
by (u®idgna, (r))(ida ®t)(z®14) for all z € M, and this homomorphism is equal
to Hom, (1) since it follows from (2.4.1) that for all x € M we have Hom,(1)(1p®

) = (¢ ® idgna, (7)) (1sym (M@ aEnda (F)) @ ) = (¢ @ idgna, (7)) (2 @ 1(14)).
As the three isomorphisms are functorial in B we have proved the proposition.

3. REPRESENTING FUNCTORS OF MAPS TO COMMUTING ENDOMORPHISMS

In section 2 we gave the connection between A-module homomorphisms M —
End4(F) and A-algebra homomorphisms Sym 4 (M ® 4 End4(F)") — A. Here we
show how the A-module homomorphisms M — Ends(F) such that the image
consists of commuting matrices correspond to A-algebra homomorphisms H — A,
where H is a natural residue algebra of Sym 4, (M ®4 End4(F")") . Hence we obtain
a correspondence between A-algebra homomorphisms Sym 4 (M) — End4(F') and
A-algebra homomorphisms H — A.

3.1 The ideal of zeroes of a homomorphism. Let v : N — P be a homo-
morphism of an A-module N into a free A-module P of finite rank. We denote by
Jz(u) the ideal in A where u is zero. More precisely, the ideal Jz(u) is the image

of the composite homomorphism N ® 4 P~ e ®u, p @4 P =5 A. Then, for every

A-algebra ¢ : A — B, the homomorphism
idp Qu
B XA N —/75 B XA P

is zero if and only if A %> B factors via the residue map A — A/J(u).

3.2 Definition. Let H be the residue algebra of Sym 4(M ®4 End4(F')”) modulo
the smallest ideal containing the ideals

Jz(pl@x)p(l®y) —pley)p(l®z)) forall z,y in M,
where p is the homomorphism of 2.4. Moreover, let
pr  Symy(M @4 Enda(F)) — H
be the residue class homomorphism. Denote by
pr H®4Sym,(M) — H®y Enda(F)
the H-algebra homomorphism uniquely defined by

pa(l®x) =Hom,, (n)(1®x) forall xe M.



3.3 Proposition. We have a natural isomorphism of functors
Hu — Homaig(Sym 4 (M), End(F))

that for every A-algebra B maps an A-algebra homomorphism ¢ : H — B to the
B-algebra homomorphism Homy(pum) : B ®a Symy (M) — B ®4 Enda(F).

Proof. 1t follows from the definition of H and Proposition 2.5 that there is a bi-
jection between the set Hom g 415 (H, B) of A-algebra homomorphisms ¢ : H — B
and the set of B-module homomorphisms v : B ®4 M — B ®4 End(F) such
that the elements u(1 ® z), for all x in M, commute. Under this bijection ¢ cor-
responds to the homomorphism u given by u(l ® x) = (Homey,, (1)1 ® ) =
(Homi, Hom,, (1))(1® x) = (Hom, () (1 ® ).

From the definition of symmetric products it follows that the set of B-module
homomorphisms v : B®y M — B ®4 End 4 (M) such that the elements u(1 ® x)
commute for all x in M corresponds bijectively to the set of B-algebra homomor-
phisms ¢ : B®4 Sym 4 (M) — B® 4 End 4 (F') such that ¢|(B®a M) = u. We have
thus proved that the homomorphism Hy(B) — Homp.aig(Sym 4 (M), End(F)) de-
scribed in the proposition is an isomorphism. It is clear from the construction of
the homomorphism that it is functorial in B.

4. SECTIONS AND CLOSED SUBSCHEMES

In section 3 we described the connection between A-algebra homomorphisms
Sym 4 (M) — End 4 (F') and A-algebra homomorphisms H — A. Here we show how
we, for any residue algebra R of Sym 4 (M), can construct a natural residue algebra
Hp of H such there is a similar connection between A-algebra homomorphisms
R — End4(F) and A-algebra homomorphisms Hr — A. This we refine further so
that we, for every A-module homomorphism G : F' — R, obtain a correspondence
between A-algebra homomorphisms ¢ : R — End 4(F) such that ev, ¢ = idp and
A-algebra homomorphisms H g — A from a natural residue algebra H g of Hg.

4.1 Definition. Let J be an ideal in Sym 4(M) and let ¢ : 3 — Sym 4 (M) be the
homomorphism given by the inclusion of J in Sym 4(M). Write R = Sym 4(M)/J
and denote by v the composite of the H-module homomorphisms

H®ad 2% 1@, Sym, (M) 25 H @4 Enda(F),

where H is defined in 3.2. Let Hpg be the residue ring of H modulo the ideal Jz(v),
of zeroes of v, and let
PHER - H — HR

be the residue homomorphism. Then the composite homomorphism

idpy ®t Hompyy  (um)

HR ®A J— HR ®A SymA(M) — HR XA EndA(F)
is zero and thus induces an Hg-algebra homomorphism

UHR :HR®AR—>HR®AEndA(F).



4.2 Proposition. We have a natural isomorphism of functors

Hu, — Homag (R, End(F))
such that for every A-algebra B the image of an A-algebra homomorphism ¢ :
Hpr — B is Homy(ppy) : B®4 R — B ®4 Enda(F).

Proof. By the definition of Hr an A-algebra homomorphism ¢ : H — B factors
via the residue homomorphism pg, : H — Hp if and only if the composite homo-
morphism

B®3 2% B, Sym, (M) 221, Bo ) Enda(F)

is zero, that is, if and only if the homomorphism Homy (pr) : B ®4 Sym (M) —
B® 4 End(F) factors via the residue map B® 4 Sym 4 (M) — B®4 (Sym 4(M)/7).
The proposition thus follows from Proposition 3.3.

4.3 Definition. Recall that F'is a free A-module of finite rank with a distinguished
element e that is part of a basis. We fix an A-module homomorphism

B:F — R suchthat f(e)=1p.

Let u be the composite of the Hz-module homomorphisms

id ® id Reve
HR@AFLB)HRQ@ARﬂ)HR@AEHdA(F) L Hr o4 F.

We denote by ng the residue ring of Hg modulo the ideal Jz(idg,s ,r —u) and
let
Prs Hr — H g

be the residue homomorphism. Moreover, we write

,UJHg = HOmpHg (,UJHR> : H]ﬁ{ QX4 R— Hg XA EndA(F).

4.4 Proposition. We have a natural isomorphism of functors

HHQ — Hom? (R, Enda(F))

alg

that for every A-algebra B maps an A-algebra homomorphism ¢ : Hg — B to
Homw(uﬂg) :B®4 R— B®4Enda(F).

Proof. By the definition of H g an A-algebra homomorphism ¢ : Hg — B factors

via the residue homomorphism p,s : Hrp — H g in a homomorphism ¢ : H g — B
R

if and only if the composite of the B-module homomorphisms

idp ®8 Homy (kup)
—_—

BoasF 22, Bos R B®4 Enda(F) 2222 By F

is the identity and Homy (pu,) = Homep 4 (trR) = Homy(piye ). The proof thus
R
follows from Proposition 4.2. :

We sum up what we have done in the following result.
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4.5 Theorem. Let F and M be A-modules with F free of finte rank, with a distin-
guished element e that is part of a basis. Moreover, let J be an ideal in Sym 4 (M)
and let R = Sym 4(M)/3. For all A-module homomorphism B : F — R such that
B(e) = 1gr we have a natural isomorphism of functors

HH};; — HomP (R, F)

that is determined by mapping ing to the homomorphism Hg ®a R — H}g ®a F
obtained from (id,s ®eve)Hom, (1) : H}g QM — Hg ®a F, where we let p =
R
prepuspH @ Symy(M ®4 Endy(F)7) — H}g denote the residue homomorphism.
R

That is, the functor HomP(R, F) is represented by the A-algebra Hg and the
universal family is is the homomorphism Hg ®a R — ng ®a F obtained from
(id s ©eve)Hom, () : Hp ©a M — Hp @4 F.

Proof. 1t follows from Proposition 1.7 that we have a natural isomorphism of func-
tors HE Ig — Hom?(R, F) and from Proposition 4.4 we have a natural isomorphism
of functors H He Homalg(R End(F)). Consequently the theorem follows from

the canonical isomorphism of functors Hom (I, End(F)) — HE g that we obtain
from the natural isomorphism of B- algebras B ®4 Endg(F) — Endg(B®4 F).

5. THE HILBERT FUNCTOR

In this section we show how our results for the Hilbert scheme of n points in
Spec(R) can be used to obtain the Hilbert scheme of any projective scheme over
an arbitrary base.

5.1 The Hilbert functor in the affine case. Let R be an A-algebra. We let
HilbY, /A be the functor from A-algebras to sets, that to an A-algebra B associates
the set Hilb% / 4(B) of surjective B-algebra homomorphism ¢ : B®4 R — @, where
@ is a locally free B-module of rank n. For every A-module homomorphism

B:F — R suchthat f(e) =1g

we let Hzle/A be the subfunctor of Hzlb%/A that to B associates the set Hzle/A( )

of those ¢ such that

idp®ap
——

B®a F BosR%Q

is surjective, and thus an isomorphism.

5.2 The existence of sections. For every homomorphism ¢ : B®4 R — @ in
Hilby,, 4(B) and every maximal ideal in B we can find an element f € B, not in
the maximal ideal, and an A-module homomorphism (¢ : F' — R with fg(e) =1,
such that the composite homeomorphism

idp; ®aBq

Bf@a F ——""5 By®a R L

of By-modules is surjective, and thus an isomorphism. Hence the functors Hilbﬁ2 /A7
for all choises of 3, form an open cover of Hilb', /A We can even choose the 3 to
map a fixed basis of F' to a given set of generators of R to obtain an open covering,
and when R = A[X;, Xs,...,X,,] we can map the basis of F' to monomials in

X1,..., X, of degree strictly less than n.
10



5.3 Lemma. We have a natural isomorphism of functors
Hom” (R, F) — Hilbl,

given, for every A-algebra B, by the canonical homomorphism Homg(R, F) —
Hilb%(B) such that the image of a B-module homomorphismu: B&a R — B4 F
18 equal to itself when B ® 4 F is given the unique B-algebra structure such that u
becomes a B-algebra homomorphism.

Proof. To see that the morphism given in the lemma is an isomorphism we construct

an inverse. For every B-algebra homomorphism ¢ : B®4 R — Q in Hz’lb%(B) the

composite homomorphism B ® 4 F s @8, p ®4 R 5 Q is an isomorphism. Via

this isomorphism B ® 4 F' obtains a unique B-algebra structure such that B ® 4

i -1
R (Pide@9) ¢ g ®a F is in Homg (R, F'). It is clear that this defines an inverse
to the map of the lemma.

5.4 Theorem. Let R be an A-algebra. The functor Hilb%/A is representable. More

precisely, the functor Hilb%/A is covered by the open subfunctors Hilbg/A for all A-
module homomorphism (B : F — R, and for each 3 we have a natural isomorphism
of functors

21103
HHg HHzle/A

that maps jng to Pgs - H]g Q4 R — ng ®a F. That is, the functor Hilbg/A 1S

represented by the A-algebra Hg and the universal homomorphism is i s .
R

Proof. The first part of the theorem we observed in Section 5.2, and the isomor-
phism of the theorem is the composite of the natural isomorphism of functors of
Theorem 4.5 and Lemma 5.3.

5.5 The Hilbert functor. Let X be a scheme over a base scheme S and let
p: X — S be the structure homomorphism. For a morphism 7" — S from a scheme
T we let pr : T xs X — T denote the projection. The T-points Hile/S(T) of the
Hilbert functor Hailb% /s of n points of X over S consists of the closed subschemes
Z of T x g X such that Z is finite over T" and (pr).(Oz) is a locally free Op-module

of rank n (see [LST]).

5.6 Lemma. Let R be a graded A-algebra. For every prime ideal p of A write
k(p) = Ap/pA,.

Let Z be a closed subscheme of Proj(k(p) ®a R) that is finite over Spec(k(p)).
Then there is an element a € A not in p and an element f € R, such that Z is
contained in the open subscheme Spec(k(p) @4, (Ra)(r)) = Spec(K(p)) Xspec(A,)
Spec((Ra)(s)) of Proj(k(p) @, Ra) = Spec((p)) X spec(a,) Proj(Ra).

Proof. Since Z is finite over Spec(k(p)) the fiber of the induced morhpism Z —
Spec(k(p)) consists of a finite number of points, corresponding to homogeneous
prime ideals q1,...,q; in K(p) ®4 R that do not contain the irrelevant ideal. Their
union consequently do not contain the irrelevant ideal. Hence we can find a homo-
geneous element g € k(p) ® 4 R of positive degree that is not contained in any of the
ideals q1,...,qx. Thus Z is contained in the open subscheme Spec(k(p) ®4 R)(g))
of Proj(k(p) ®a R).
11



Clearly we can find an element a € A not in p and an element f € R, such that
L (p) @ f is the image of g by the natural isomorphism k(p) ®4 R — K(p) ®4, Ra.
However, then Spec((k(p) ®a R)(4)) = Spec(k(p) ®4, (Ra)(s)), and we have proved
the lemma.

5.7 Theorem. Let S be a scheme and R a quasi-coherent graded Og-algebra. Then
the functor Hilbgrojm)/s 1 representable.

More precisely, the functor Hilbgroj('R)/S 18 covered by the representable open
subfunctors Hilbgpec(R(f))/spec(Ay where Spec(A) is an open affine subscheme of

S, where R = I'(Spec(A), R| Spec(A)), and where f is a homogeneous element of
R.

Proof. For every affine open subset U of S we have that Hilbz_l(U) U is an open
subfunctor of Hilb", /s and these subfunctors, for all U in an open covering of S,
cover Hilb'y . In order to represent Hilb% o we can thus assume that S = Spec(A)
is affine. Write R = I'(Spec(A),R) such that X = Proj(R). For every a € A
and every f € R, the functor HZlepeC((R )r))/ Spec(Aa) is an open subfunctor of
Hilb', /s It follows from Theorem 5.4 that in order to prove the theorem it suffices
to prove that these subfunctors cover the functor Hilb’y /5" In order to show this it
suffices to show that for every prime ideal p in A and every closed subscheme Z of
Proj(k(p) ®4 R) that is finite over Spec(k(p)), and with I'(Z, Oz) of dimension n
over Kk(p), there is an a € A, not in p and an f € R, such that Z is contained in
the open subscheme Spec(k(p)) Xspec(4,) SPec((Ra)(f)) = Spec(k(p) @4, (Ra)(s))
of Proj(k(p) ®a, Ra). It consequently follows from Lemma 5.6 that the functors
HilbgpeC(Ra)(f)/SpeC(Aa) cover Hilb}/s, and we have proved the theorem.

6. THE HILBERT SCHEME IN COORDINATES

In this section we express our construction of the Hilbert scheme of n points
in Spec(R) in local coordinates. We obtain explicit expression of an open affine
covering of the Hilbert scheme in terms of variables and relations.

6.1 Notation. We choose a basis e = T7,T5, ..., T, of the A-module F', and let
Ty, ..., T;,” be the dual basis of F". Correspondingly we obtain a basis T;; for
i, = 1,...,n of Enda(F), and a dual basis T;;” for End4s(F)". In particular

idEndA(F) = Z?:l Tii and idEndA(F)v = Z?:l Tiiv. Then
Tij (Tk) = jkTi and Tijv(Tkv) = 5iijV.

In these bases we have .
= Z Ti;" @ Ty,
i,j=1
where ¢ is defined in Section (2.2.1). For every A-algebra B we consider T;; as
a basis for the B-module Endg(B ® 4 F) and thus identify B ® 4 End4(F) with

Endp(B ®4 F) via the homomorphism that maps 1 ® T;; to T;;. Then we have for
all b;; in B that

eV1ipoT, Z bi;Ti;) = (idp ®evr,) Z bi; ® T;;) Zbil-
i—1

1,5=1 1,5=1
12



Assume that M is a free A-module with basis {Y;}scs for some index set S. Then
Sym 4 (M ®4 End 4 (F')") is the polynomial ring over A in the independent variables
Y@ Ty, fori,j = 1,...,n and s € S. We write U7, = Y, ® Tj;", and A[U] =
Sym (M ®4 End4(F)7). As above we identify M ® 4 End 4 (F')” with the degree
1 part of Sym,(M ®4 Enda(F)7), and we shall identify M with a submodule
of M ®4 Enda(F)” via the map that takes x to r ® idgna,(r)-- In particular
Y =Y, @idgnanr)y = Ys @ 2oy Tiw = Do, Uy, and Symy (M) = A[Y] is the

A-algebra in A[U] generated by the elements Y; for s € S. We write

vg - U

in

= ZU%@E;':

i,5=1 Us, - US,

For every polynomial f(Y) in A[Y] we write f((Uj;)) for the element in A[U] ®4
End 4 (F) obtained by substituting the matrix (U;) for the variable Y;. The A[U]-
module homomorphism p : A[U] @4 M — A[U] ® 4 End4(F) is determined by

p(lap) ®@Ys) = Z Y, @T;;  @T; = Z U @1y = UZSJ)

4,j=1 1,j=1

6.2 Coordinates of the representing ring.

1) Let J; be the ideal in A[U] generated by the coordinates of the matrices
(1) g y
s t t s
(Uij)(Uij) - (Uij)(Uij)

forall s,tin S. Then H = A[U|/J1, and pg : H® 4 A]Y] - H®4End4(F)
is determined by

pa(la @ f(Y)) = F((U5))

for all f(Y) in A[Y].
(2) Let J be an ideal of A[Y] and let J; be the ideal in A[U]| generated by the
coordinates of the matrices

f(U;;)) for feq.

Then HA A[U]/(jl,jg)

(3) Let 5 : F — A[ | be an A-module homomorphism and write f;(Y) = 8(T%)
for k =1,...,n. Denote by J3 the ideal in A[U] generated by the coefficients
of Ty,..., T, in

ele[U]®Tl(fk((Ui§)))—Tk for k=1,....,n

Then H?

vy = AlUV/ (31,32, 33).

13



7. THE GENERIC OPEN SUBSET OF THE HILBERT SCHEME OF AFFINE SPACE

We use the explicit coordinate description in section 6 of an open covering of
the Hilbert scheme to give a simple expression of an open subset of the generic
component of the Hilbert scheme of n points in Spec(A[Y]), where Y for s € S is
a set of independent variables over A.

7.1 Notation. We shall keep the notation of Section 6, and assume in addition
that S has a distinguished element s;. Denote by
B1: F — AlY]
the A-module homomorphism defined by
BTy =Yt for i=1,...,n.

We write
000 - 00 a3t

100 -+ 00 a3t
O, = Csl_ 010 - 00 a3t

000 « 01 a1
in the basis T;; of End 4 (F'). Then
O =a L, +a3'Cy+ - +asr Ot
Let
1: AlY1] — Enda(F)
be the A-algebra homomorphlsm determined by ¢1(Y7) = Cy. Then the composite
homomorphism
F 25 Avi] 25 Enda(F) 2 F
is the identity on F'

7.2 Lemma. Let ¢ : AlY] — Enda(F) be an A-algebra homomorphism. Then the
composite homomorphism

F 25 AlY] % Enda(F) & F (7.2.1)
is the identity on F if and only if ¢ is defined by
oY1) =C, and o(Y,)=a5l, +a3Ci+ - +asCP 1, (7.2.2)
for all s € S\ {s1}, with af,... a3 in A.

Proof. Assume that ¢ is of the form (7.2.2). Since ¢(Y;) = Cy the composite of
the homomorphisms of (7.2.1) is the same as the composite of the homomorphisms
of (7.1.1), and thus, as we observed in Section 7.1, equal to the identity of F'.

Conversely, assume that the composite of the maps (7.2.1) is the identity on F.
Since ¢(Y;) commute with ¢(Y1) = Cy for all s € S, it follows from Proposition 1.8
that ¢(Y;) is determined by ¢(Y5)(T}) = ¢(Ys)(T1)T} for j =1,...,n, where F has
the A-algebra structure determined by the surjection ev, ¢1 = ev.(p|A[Y1]). Since
¢ and ev, ¢ are A-algebra homomorphisms we obtain, as in (1.8.1), that T;T; =
PV (M) (Y] )(Th) = (Yi™ l)gp(Yljil)(Tl) =i tel () = O H(Ty) for
i,j = 1,...,n . Write o(Ys)(T1) = a1T1 + -+ 4+ ajT,. Then gp(Y)(Tl)T =
(a3Th + -+ a;1,)T; = (a3 1, +a5C + - - +aj, C'" "NT;) for j =1,...,n. Hence
o(Ys) = ail, +a3C) + - -+ a’CT " as we wanted to prove.

14



7.3 Proposition. We have that Hf;l[y] is the polynomial ring over A in the inde-
pendent variables Uy, ..., UsL and Uy, ..., Us, for all s in S different from s;.
The universal family is given by the ideal in AlY] @4 H Zl[y] generated by the ele-
ments Y{* — U —US\Y) — - —USL Y L and Yy — Uy, — U3 Yy —--- = US, Y1
forse S\ {s1}.

Proof. The ideal J3 of 6.2(3) is generated by the coefficients of T}, in the polynomials
eV, ®aTh ((Ufj)k_l)—Tk for k =1,...,n. It follows from Lemma 7.2 that, modulo

the ideal J3, we have that (Ufjl) is congruent to the companion matrix

000 -+ 00 UL

S

100 - OOU%}L

Cpy = 010 - 00U,k

500 - 010
and that
Uy = U I+ U5\ Cy + -+ U Cp ™' (mod J).

In particular the matrices (U;;) commute modulo J3, that is J; C J3, and since
J9 = 0 in this case, it follows that Hf‘l[y] = A[U]/7Js.

To prove the last part of the proposition we note that since I,,,Cyp,... ,C{}_l
clearly are linearly independent over H f‘l[y] the H Zl[y]—algebra homomorphism ¢ :

AlY] ®a Hﬁl[Y] — Endp,,, (Hﬁl[y] ®4 F) defined by ¢y (Y1) = Cpy and ¢y (Ys) =
Cy =U;, I, +US,Cy+---+U:,Ci " for s € S\ {s1} has kernel generated by the

elements in the last part of the proposition.

8. THE HILBERT SCHEME OF POINTS ON A LINE

To illustrate how easily certain question of Hilbert schemes can be handled by our
explicit expressions of open coverings of Hilbsert schemes we describe the Hilbert
scheme of n points in Spec(S™tA[X]), where S is a multiplicative set in the poly-
nomial ring A[X] in the variable X over A.

8.1 The open covering. Let A[X] be the polynomial ring in the variable X over
A and let S be a multiplicatively closed subset of A[X] containing 1. Moreover, let
{Ys}ses be a collection of independent variables with Y7 = X. We denote by M
the free A-module generated by the elements Y for s € S and, as in 6.2 we write
AlY] = Sym 4(M). Then there is a surjective A-algebra homomorphism

@: AlY] — STTA[X]

defined by ¢(Y1) = X and ¢(Ys) = 1/s(X) for all other s in S. The kernel of ¢ is
generated by the elements

s(X)Ys; —1 for all sin S different from 1.
Let B be an A-algebra and let

Y:B®sSTTAX] - C
15



be a surjective homomorphism of B-algebras, where C'is a free B-module of rank n
and write ¥(1 ® X) = f. It follows from the Cayley-Hamilton Theorem that there
is a relation f® 4+ by f" ' +---4+ b, = 0in C, with by,...,b, in B. Consequently
the image of B®4 A[X] by % is in the B-module generated by 1, f,..., f*~!. Let s
be in S and write (1 ® s) = g. Then g is invertible in C. Write )(1®s71) = g~ L.
Since (1 ® s~1) also satisfies a relations (g7 )" +a;(¢g~ )" 1 +---+a, =0in C,
with a1,...,a, in B, we obtain that Y(1® s ') =g ! = —a; — -+ — a,g™ !, and
thus the image of 1/s(X) lies in the B-module generated by 1, f,..., f*~!. When
F is the free A-module with basis e = T4,...,T,, and

B:F — A[X]

is defined by B(T3) = X*~1 for i = 1,...,n, then Hilb%_, 4y, = Hilbg 1 i /-

8.2 Description of the coordinate ring of the Hilbert scheme. In this ex-
ample the ideal J3 in 6.2(3) is generated by the coefficients of 771, ..., T, in

V1A ®Th ((Uzsj)k_l) — Ty for k=1,...,n.

k—l) k—1

The relation vy, . er (U;) = T}, expressed that the first column in (U};)
is equal to the column vector with 1 in the k’th coordinate and 0 elsewhere. It
follows from Lemma 7.2 the matrix (Uj;) is congruent, modulo the ideal J3, to the

companion matrix

000 - 00U},
100 - 00 U3,
010 - 00 U3
CU: 3n

000 - 0102,
In this example the elements given in (6.2)(2) are
s(USHUS) —1 for seS.

Then we have det s((U};)) det(Uy;) = 1 (mod Jz). In particular, the elements d, =
det(s((U};)) are invertible modulo J, and (U3;) = d; 'V, (mod Jz), where V; is the
adjoint matrix of s((U};)), and consequently has coordinates that are polynomials in
Ul for i,j =1,...,n. We see that A[U]/Jy = D7'A[U},,...,U},...,U,,] where
D is the multiplicatively closed subset consisting of all products of the dg for s € S.
Moreover we have seen that A[U]/(J2,733) = E~YA[UL,,...,UL.], where E consists
of the elements obtined from the elements of D by the specialization that takes
(U}5) to the companion matrix Cry. Moreover, since the matrices s((U};)) commute
for s € S, the matrices (U;;) commute modulo J3. Consequently J; of 6.2(2) is
contained in J5 and HY = A[U]/(J2,T3).

In order to get a more attractive presentation of E~1A[U],,..., U, ] we factor
the characteristic polyomial of Cy; as

Pcy (T) =T" - UrlbnTn_l - Ulln = H(T - ZZ)
=1
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where Z1,...,Z, are independent variables over A. That is, we have U}_,.,, =
(=) e (Z) for i = 1,...,n, where ¢;(Z) is the i’the elementary symmetric func-
tion in Zy,..., Z,. It follows from the Spectral Mapping Theorem ([EL],[LSvT], [L]
Chapter XIV, §3, Theorem 3.10, p. 566) that

n

det(s(Cv)) = [ [ 5(Z).

=1

It follows that the functor HilbG_, A[X]/A is represented by the polynomial ring
Alei(Z),...,cn(Z)] localized in the elements [[;_, s(Z;) for all s € S.

9. A DEGENERATE OPEN SUBSET OF THE HILBERT SCHEME OF AFFINE SPACE

In this section we describe an open subset of a component of the Hilbert scheme
containing many subschemes of n points with support at a fixed point. One of the
important features of this set is that it can be used (see [I]) to show that the Hilbert
scheme of n points in Spec(A[Y1,...,Y,,]) is reducible when m > 3 and n is large.

9.1 Notation. We shall keep the notation of Section 6, and assume in addition
that S = {1,...,m} such that R = A[Y7,...,Y,,]. Determine the integer d by the

inequalities
d -1 d
( o )<n§( +m) (9.1.1)
m m
and let s = (djnm) —n. We order the monomials in the variables Yi,...,Y,, lex-
icographically and let mi, ms,... be the monomials in this ordering. Hence the

equalities (9.1.1) are equivalent with the condition that the n’th monomial is of
degree d.

9.2 The section defining the open subset. Let
B:F — AlY]

be the A-module homomorphism defined by ((7;) = m; for i = 1,...,n. For each
s X ((d_Hm) — s)-matrix a = (a;;) with entries from A we define an A-module

m—1
homomorphism
ug  AlY] — F
by
T, for i=1,....n
Ua(mi) — Z;L:(d+$f1)+1 aijTj for i=n+ 1, ceey (d—i—nm) .
0 for i=("T")+1,...

It is clear that the kernel of u, is the ideal generated by the homogeneous monomials
of degree strictly greater than d and by the polynomials

n

. d+m
m; — Z a;;m; for z:n+1,...,< . )
j:(d—1+m)+1

m
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Moreover, it is clear that different matrices a = (a;;) give different ideals. Conse-
quently we obtain for each s x ((dfn’ﬁ;l) — §)-matrix a = (a;;) a unique A-algebra
homomorphism

va : A[Y] — Enda(F)

such that evy, ¢, = u,. In particular we have that ¢, corresponds to an element in
Hilbﬁm (A). We see that the dimension of Hz’lbim is at least equal to s( (d+m_1) —

m—1
s). In order to get the dimension of Hz’lbﬁ[y] as big as possible we must choose

s = L(di{f;l) /2|. Easy computations (see [I], § 3) show that the dimension of

Hilbi[y] is at least equal to n2= (/™) (m!/2)=(2/™)(m?2 /16) when d > 2m?.
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