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Abstract It is known that in generic, full unimodal families with a critical point of finite
order, there exists a set of positive measure in parameter space such that the corresponding
maps have chaotic behaviour. In this paper we prove the corresponding statement for
certain families of unimodal maps with flat critical point. One of the key-points is a large
deviation argument for sums of ‘almost’ independent random variables with only finitely
many moments.

1. Statement of results

Definition 1. For allg > 0 we define

fa,q(x) =001~ Cl(Pq(x)) (1.1)
where
1/q (q+D/q=1/1x|19
q e , ifx#0
= | = d = 1.2
© <1+q) and ¢ao {o, if x = 0. 42

We will often drop the subscripts and just wrigeand f, (or ) when the meaning is
obvious.

fa,q mapsl = I, := [-Q, Q] into itself if 0 < a < 2. Furthermore, for each,

{ fa.q}o<a<2 is a full unimodal family. Eacly is aC® flat top function with critical point
x = 0, thatis, for alln > 0,d" f/dx"(0) = 0. Flatness is increasing inthe sense that
log |fq/| isin LP(—e, €) exactly whenp < 1/q. Note thatQ is the critical value off, ,
for anya.

The families{fa,q}(ka52 are flat-topped versions of the standard quadratic family.
Topologically they are the same; our main theorem says that they also share an important
metric property, the analogue of the Benedicks—Carleson theorem, if the family is not too
flat.
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MAIN THEOREM. Let f, , and Q be defined as in (1.1) and (1.2). Then there exists a

go > O such that for all0 < ¢ < ¢o the following holds. For alz < 2 there exists a

constant, > 0 and a setA C (a, 2) of positive Lebesgue measure, with two as density

point, such that itz € A then:

() Id/dx)fl,(Q)] = e, Vn > 1,

(i)  f, admits an invariant probability measure, absolutely continuous with respect to
Lebesgue measure;

(i) fa,4 has no periodic attractors.

Fora close to two, there is a slightly larger interval{(a, g), z(a, g)] D I, such that
fa.q (£2(a,q)) = —z(a,q) and on whichf, , is a self-map with negative Schwarzian
derivative. Thus, by Singer’s theore®[(i) implies that f, has no periodic attractors.

The main theorem has a series of ancestors in the non-flat category, the first of which
is due to Yakobsonl], who proved that a positive measure set of maps in the quadratic
family admits an absolutely continuous invariant probability measure (an acip). (See also
[8].) Benedicks and Carleson it][proved sub-exponential growth of the derivative along
the orbit of the critical value and existence of an acip for which the critical point is generic
for a positive set of parameters in the quadratic family. (See aparid [11].) In
[2] exponential growth of the derivative at the critical value was obtained for a positive
measure set of quadratic maps. Another proof has been given by TglijiiThis result
was later generalized to generic families with non-flat critical pdift [LJ.

Remark 1 (On the size g). The main theorem holds witp = 1/8, but this is certainly
not optimal. In B] Benedicks and Misiurewicz prove that ff, , is a Misiurewicz-map,
fa,q @admits an acip if and only i < 1. This fact suggests that our theorem fails for
go > 1. See also Remark 4 in 84. In fact we have arguments indicating that the theorem
holds withgpo = 1 (see 89). Restrictions app appear in the proof in several places. We
will often consider high iterateg* restricted to certain small intervals. In order to get a
uniform bound on the distortion of* these intervals must not be too large. On the other
hand, the images of these intervals must have grown to a certain size at so called free
returns, if we want to obtain a parameter gedf positive measure. This trade-off is only
possible ifg is not too large:
° if the conclusions of Lemmas 4.1 and 4.2 are to hold simultaneously, we need
g < (/5-1)/2;

. the conclusions of Lemmas 4.2, 5.3 and 6.2 hold simultaneouglyifl/8.

More efficient distortion estimates could allow for a somewhat laggglbut to get past
go = 1/2 does not seem possible at all with our methods.

We now list the properties of, andg which are needed in the proof.
PL. |fi g (O] ~ lef(0)] ~ g (0)1/Ix19 L.
P2. f2,(x0) = —Q,thatis, fora = 2 the critical orbit falls on the unstable fixed point
x =—-0.
P3. f‘j’q(iQ) = Fa(1l+ q). Thus, there existsy(g) such thaﬂf‘j’q(iQﬂ > 2 for all
a € lao(q), 2].
P4, fuql0.x]1=[0Q(1 - ag,(x)), Q1. Thus,| fu4(0, x)| = a Qe (x).



Positive exponent for flat tops 769

P5. f.q is unimodal, has negative Schwarzian derivative/pnand is symmetric and
concave.

Remark 2.In fact, you can pick anyg such that the critical orbit of;; falls on an unstable
periodic orbit, and then find a positive measure4ét any neighbourhood af as in the
theorem. You can replace ‘symmetric’ with any condition that insures the non-existence
of wandering intervals, e.g. that the involutierdefined byf (x) = f(z(x)) is Lipschitz.

The concavity is only used to conclude that max (x)| = f/(— Q).

It is essential that the nature of the critical point does not depend on the parameter
a, since general (small) perturbations of a flat critical point could create infinitely many
critical points.

2. Strategy
The basic idea follows that used i?][ By the chain rule,

dfn n—1 df j

() = ]j ).
j=0

So we must select parameters which maximise the length of time the critical orbit spends

far away from zero, where derivatives are small. The proof of the main theorem will consist

of the following steps.

(i) By choosinga very close to two, the orbit of the critical valy2 will have a long initial
sequence, where the derivative grows exponentially fast, (Lemma 3.1).

(i) As long as the orbit moves outside any fixed neighbourhood of the critical point,
derivatives grow exponentially fast, (Lemma 3.2).

(i) A return close to the critical point at time, will always be followed by a (large)
number of iterates (less thafh where the orbit shadows the initial part of the critical orbit
closely. The condition is that, for some suitalfle| f"*/(Q) — f/(Q)| < j—# for all
j considered. We can use inductive information about the size of the derivatives to make
sure that the loss in the derivative that occurs at timie compensated during this so
calledbound period It is essential that there is even some net gain, although this will be
polynomial rather than exponential in time. This idea works out only if the returns do not
get too small too soon, so we will recursively delete parameters for Wiijat®)| < 1/n®
for some suitable;, where 1< o < 8 < 1/g4.

To end up with exponential growth, we must also delete parameters with frequent
small returns. For each, we delete parameters who spend more than,s&jterates
compensating returns to a small neighbourhGeéh, 51) of zero (84).

(iv) Finally, we must show that what remains after making the exclusions in the previous
step for alln is a set of parameters of positive measure (86). We study the critical orbit for
different parameters;, using the mappings

& tar f(0).
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We consider the restrictions @, to certain intervalsot. Estimates on the size of the
deleted sets at time is performed on the images of the intervafsunderé,. Thus, it is
essential that the distortion of the mappiggs$s uniformly bounded. We show that and
a-derivatives are comparable in size, as long-@kerivatives grow exponentially. This and
inductive use of the expansion makes it possible to bound the distortégnoof intervals
ok, if these are sufficiently small (85).

On the other handg, (a),’g)| must be large compared tg/A* so that the set deleted due
to the(1/n%)-condition is small. This is carried out in §6.1.

In §6.2 we estimate the measure of the parameters with frequent small returns. This is
the part of the proof requiring most work. We will consider two neighbourhdpds /5
of the critical point, wheré* = (—§;, §;) andéy < o. The reason that we work with two
nested neighbourhoodsis as follows: we will show that for a typicabst returns td; are
not close to zero in the sense that they returfjto /. Even though a typical orbit spends
most of its time in bound periods, most of this bound time comes from returns outside
I7. This enables us to conclude, using (ii), that we have exponential growth of derivatives
for long stretches of the critical orbit for a large setae¥alues. Special returns, called
escape returnswvhen|g, (a),’;)| > §p are considered. Inductive use of the expansion shows
that such returns do occur frequently. The length of bound periods following returns to
(=41, 81) will be estimated with certain numbeks. By definition, at a return tdg \ 77,
the corresponding; = 0. The total amount of bound time spent compensating returns
to I for a up to timen is thus less thaff;(a) := Y i—1 Ex(a), for some suitable. The
value of Ex (a) is essentially determined by the position of the corresponding réun.
At escape returns the imagg,z{a)ﬁ) are distributed ovei—4ég, ), and so the functions;
may be considered as almost independent stochastic variables with small supportand small
expectation. Large deviation techniques for sums of random variables are used to show
that the fraction of parameters deleted in this step at tirftbose for whichl; (a) > n/2),
decreases fast enoughvitio leave us with a positive measure set in the limit. In contrast to
the quadratic case, the functioAs only have finitely many moments, and the techniques
of [2], where exponential moments are considered, do not apply. Some recent ideas from
the theory of large deviations are used to fix this up. Also some of the measure-estimates
used as an input in the final large deviation argument are performed in a different manner
than in P].

(v) In 88 we prove the existence of a finite absolutely continuous invariant measure for each
fa,a € A. We form averages of the push-forward of the Lebesgue measure restricted to
certain intervals, and recycling some estimates from the previous step, we show that these
averages accumulate on a measure with a finite, non-vanishing, absolutely continuous part.
Sincef, andf,~! preserve zero Lebesgue measure, we may take this absolutely continuous
part as our invariant measure, cf. Proposition 8.1.

3. Preliminaries: expansion lemmas and notation
Fora close to two the critical orbit stays close+a) for a large number of iterates. More
precisely we have the following.
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LeEmMA 3.1. For any smalls the following holds. For alin sufficiently large, there exists
ao = ao (m, ¢) such that for allz € (ag, 2] andk =1, ..., m — 1 the following holds:

() 50 el[-0,0);

(i) 1) =28

Furthermore, we can choosg such that a0 (0) = 6.

Proof. By continuity, this follows from properties P2 and P3. The details are left to the
reader. a

Next we want to state that we have exponential growth of the derivative as long as we
are moving outside any fixeff*. In the quadratic case this can be done by an explicit
change of coordinates. Here we need a more abstract formulation.

THEOREM 1. Assumeh is a unimodal,C3 Misiurewicz map with all periodic points
hyperbolic and repelling. Let be the critical point of:. Also assume that has negative
Schwarzian derivative and that the involutian defined by:(x) = h(z (x)), T(x) # x for

X # ¢, is Lipschitz continuous. Then the following holds. There exist constast® and
6 > 1 and a neighbourhood of ¢ such that for any neighbourhodd c W of ¢ there
exists a neighbourhoal of & in the C topology such that for aly € A" one has:

() x....8%n¢W = |Dg"(x)| = Co¥;

(i) x,...,¢5tx) ¢ Uandgk(x) e W = |Dgk(x)| > Co*%;

(i) x,....¢"t(x) ¢ U = |Dg"(x)| = COXinfj—o1._k—11Dg(g’ (x))].

Proof. This is a modified version of Theorem 6.4 in Chapter Il 6|, [where we

have substituted the conditio@? with non-flat critical points’ with €3 with negative
Schwarzian and Lipschitz continuous involution’. The proof6hif based on a series of
results. The non-flatness condition is only used at one point to deduce the non-existence
of wandering intervals (Theorems Il, 6.2 and Il, 6.3). But the proof of Theorem II,
6.3 (Guckenheimer’s result on the non-existence of wandering intervals for unimodal
maps with negative Schwarzian) uses the non-flatness condition only to conclude that the
involution is Lipschitz! For reference, the path in Chapter 111 6ffig as follows.

No wandering intervals and no periodic attractots= Conclusion of Lemma 6.1.
Negative Schwarzian—> Koebe principle. Koebe principle and Lemma 6 4=
Theorem 6.1— Theorem 6.2—> Theorem 6.3—> Theorem 6.4.

(Theorem 6.1 in§] contains a statement saying that iterates are quasi-polynomial on
monotone branches. Of course this fails for our maps but the property needed in the proof
of Theorem 6.2 remains true: there existsiarindependent of:, such that iff, is a
monotone branch gf* then

h'|1, =h"oW,0hod,,

wherev,, and®,, are diffeomorphisms depending eand/, but with universally bounded
distortion.) O

As a corollary we obtain the following lemma.

LEMMA 3.2. There exists constanf§p > 0 andig > 0 such that for any* = (-6, §)
sufficiently small, there existg < 2 such that for alla € (ao, 2]:
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() x ..., fFlx) ¢ IF = IDfA0O| = KoK infi—o1 k-1 IDfa(fL (0)];
(i) x,..., fF0) ¢ 1%, fR ) e IF = IDfF(x)| > Koetok.

Remark 3.The constant&o andig do not depend oi*. If we shrink7*, we just choose
ap closer to two.

Proof. By P2, the critical point off> is strictly pre-periodic and sg¢> is a Misiurewicz

map. Singer’s theorem states that for maps with negative Schwarzian, all stable or neutral
periodic orbits attract either a critical point or an end-point. Thus, P2 and P5 imply that
all the periodic orbits off> are hyperbolic and repelling. By P3; also fulfils the other
conditions of Theorem 1 and the lemma follows. a

We now introduce some constants.

o First leteg be a small positive numbesp depends o and controls the size of intervals
1., that will form a partition of a neighbourhood of zero. In §6 conditions on the size of
€o Will be given.
o Let
_ 1—2q — eoq n 1
2q(q+1) 2q
a controls the speed with which the critical orbit is allowed to approach the critical point,

and g controls the tightness of the bound period condition. To simplify notation later on
we also introduce

! B—1 ! 1
o =——p—-1l—-€ec=-——-—1-¢
2q
and
1
= — —1-— 3ep.
o1 2 €0

Note that we can chooseg so thato; > N ifand onlyifg < 1/(2N + 2).
o Let

A
)L:mm{_o’loiz}
4 2

With this A, part (i) of the main theorem holds.
We will consider two neighbourhood§” C I of the critical point, wherel =
(=éi,8;) and

5o = (Sg+1/2+2450.

We will repeatedly shrink these neighbourhoods during the course of the proof. All
estimates will continue to hold if we restrict ourselvesitoalues close enough to two.
We will always chooség = Aal/" for someAp € N. A; will denote the largest integer
such that; < AIl/". Depending on the situation we will sajp‘(or 81) is small’ or ‘Ag

(or Aj) is large’, and all will mean the same thing.



Positive exponent for flat tops 773

We will useC, possibly indexed by a natural number, to denote local constants that do
not depend on the size 8f. Certain constants that will be inserted in estimates later on
are indexed by letters indicating their origin.

To control the dynamics and the distortion of iterates following a returj tove need
a sufficiently fine partition o y. (On the other hand, the images of the intervals in the
partition must grow to a certain size before the next return, so they must not be too small.)
Foru € Z, || = Ao, let

ILi=(u+D Y Y ifp>0 and I, =-1_, foru<O.
Subdivide eacli,, into finitely many subintervalg,, of length

L 1
H|1+eo |M|2+1/q+eo :

|1;w| ~ |
Thus,

g=©u |J n=0uv |J Uiw-
[ul=Ao lul=Ag v
There is a bound, uniform ip, on the one-step distortion ¢f, restricted to arf,,. This
does not hold for partitions of any coarser type. Also,llgtdenote the union of,,, and
its two neighbouring intervals and let

~

Iy = [—p 4, p= ),
For future use we note that

a0l ~ 1 fa L)l ~ M0 fu(Tn)] ~ e,

Finally, for anyx andy, let (x; y) denote the interval withh andy as endpoints.

4. Bound periods for compensation, free periods for growth
In this section we give two conditions on the parameters suclelidse to two fulfils these
conditions, thenDf’ (Q)| grows exponentially im.

Definition 2 (The approach rate)Ve say that

. ; 1
a € BA, if |fl,0]> — for0<j<n (4.1)
J

Remark 4 (How to choose). Already at this point, we see that we have to choose an
approach-rate of the form above, withe (1, 1/¢q). Suppose thatDf"(Q)| ~ " and that
we have a small retury, := f"(Q) ~ +n~“ aftern iterates. Then

—1/lxnlf
e RPN en—l/\x,,\q ~ expin — n%d).

IDf" Q)| = IDf (xa) DF"(Q)] ~

|xn|q+l

Thus, at least fon large, we needt < 1/¢. Indeed, by the reasoning iiZ], even
one single return closer thanl/n1/? appearing at a so-callefitime implies that the map
under consideration has a periodic attractor. On the other hand, thexskébe something
similar to a fat Cantor set, with a proportioriit* deleted at timez, so in order to end up
with a positive measure set we naed- 1.



774 H. Thunberg

Areturn f"*(Q) close to the critical point will be followed by a number of iterates where
") ~ f1(Q).

Definition 3 (Bound periods)Definep = p(u) = p(u, a) to be the maximal positive
integer such that

. . 1
LA (Al Y9 — £0)] < 7 forall0 < j < p.

This is thebound periodor x € 1,,.

Remark 5 (How to choog®). We want the orbit offu to stay away from the critical point
during the bound period. All we know is thgt/ (0)| > j~%, S0 > « iS necessary.

When an orbit is not in a bound period following a return to sdrfiewe say itis in a
free period A free period terminates when the orbit hit§ and a bound period follows.
These always terminate in a finite number of iterates (see Lemma 4.2) so another free
period follows. Thus, any orbit is the disjoint union of free and bound periods respectively
(relative to7*). During free periods the orbits stay outsitfe and Lemma 3.2 tells us that
derivatives then grow exponentially. During the bound periods (including the return) there
will be no loss, in fact there is a small gain, according to Lemma 4.2.

Definition 4 (Free period assumption.et
H@,n)=#j<n: faj(Q) is in a bound period following a return tg'}.
We say that: € FA, = FA,(81) if

H(a,n) <

N =

Our good set will be a set = (°2; A, whereA,, C BA, N FA,.

PROPOSITION4.1. Leti = min{Ao/4, log 2/2}. For eachs sufficiently small there exists
ana such thatforall: > 1and foralla € BA,, N FA, (§1) N (a, 2), we have

|DfI(Q)| = M.

Before we prove this, we prove two lemmas relating to the dynamics during bound
periods.

To use inductive information during bound periods, we need to know that distortion is
uniformly bounded in the following sense.

LEMMA 4.1. For 8o sufficiently small there exists a constéhyy, independent afy, such
thatifa € BA, and|u| > Ao, then

IDf] (%) -

; Cod.  Vx,y € fa(l). ¥j < min{p, n}.
RIAG]
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Proof. Write x; := fi(x) andy; := fi(y).

DAl )| _ 7 1Dfat) |yz|1+" { 1 = }
; C1(8 —
IDfd (9] ,H)IDfa(yz)I = )H xl e P e T

=t 1
= Clexp{ ; <Iyi|" - W + A+ g)(og|yi| — |09|x1|))}

Here C1(8p) takes care of the first factor. Obviously; — 1 asdgp — 0. Sincej <
min{p, n} anda € BA,, itfollows that 0# (x;; y;) fori < jandsq|y;|—|x;|| = |yi —x;l.
By the mean value theorem, there existg (|x;|; |y;|) such that

1 —q 1+q
_— — 1 logly;| —log|x;D| = | =— + —2L —
il 1|7 + (1+¢)(loglyil g|xl|)’ zl.lJrq + lyi — xil
which is
1+2q
= Iyz—le
z

i

It follows that

&t 1
Z( ——+(1+q)(log|y,|—Iog|x,|))
i=1

1+
ZTq'y’_xll'

i=1 Zi

lyile Ixild
Now since

zi € (Ixil: 1yih € £(£THO): £ /ut)),
i <j <min{p(n),n}, a € BA, and the definition o (1) implies that

1
oy e —
and
1 1
Zi > — — .
T+ DY (4 1P
This gives
j—1 -8
1+¢ 1/i
— |vi —xil =1 +29) .
pct ZilJrq ! Z(l/ jo — 1/iB)l+a
=1+29) Z et =Fq — je—By=(1+a)
i=2
e8]
< Cla,B,q) Y i®HH0F,
i=2
This last sum is convergent sine€1 + q) — 8 = —(1+ €g). Together this gives
D J 00
DEOL . cieplcw oo Y5607} < G pua). 0
[Dfa () i=2
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Remark 6 (On the choice afand 8 and the size of,g). To make this distortion estimate
work, it was necessary to choogeand 8 so thate (1+¢q) — B < —1. If ¢ is close to

1/8 we need to choosg very small in a later step in the proof, and so this crude estimate
leads to a huge distortion constaryy with our specific choice ok andg. This does not
affect the rest of the proof of the main theorem.

The following lemma gives us control over the size igfu) and of derivatives and
positions during bound periods.

LEMMA 4.2. Leta € BA, be sufficiently close to two and suppose it (Q)| > e*
forall 0 < j < n, Ag < |u] < n*?, and that there is a constaudl,q, independent of,
such that

j
[Dfa (I < Cpa, Vx,y € fu(I,),Vj < min{p,n}.
IDf ()]

Then forAg andn large enough, the following holds.
(i)  There exists a constan, independent oft, such that

1 g
C—|M| < p(u) < Cplpl (< Cpn™ < n).
p
(i)  There exists a constafke, independent of, such that for allx € 1,

IDFPY (x)] > Cpelu|HY4P,

In fac“DfaP(ll)(x)' ~ |’u|1+l{\q7,3 ~ p1+l/q7,3_
(i) Forall j < pandallx € f(1,) we have

IDfd (x)] = 1.
(iv)
fAdynE2n, 207 =9, Vj<p.
Note thatifx = f(0) € I, anda € BA,, then|u| < n*9.

Proof. We first prove (i). As long asi < min{p,n}, |Df}(x)| > Cpqe’ for all
x € fa(Iy). Letl = min{p, n}. Then

1> 172 fa (D)) > Coae™ =2 fo(ly)] > Cer72e7IM,

Now |u| < n®? < n by assumption, sb< n if n is large and thus= p < Cylul.
By the definition ofp, P3 and P5,

PP ~ 1P ()] < Clalg + )P~ te

which impliesp > Cglul.
We now prove (ii). Since

1 U alg +1)
I < (fald)) < o
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the mean value theorem and bounded distortion imply

L D O£ < ACoa—
depﬂ = a y allp)| = bdeB

forall y € fa(fu). Using the left inequality, P1, P4 andu) ~ |ul, for x € I,, we obtain
IDFLY (@) = DL OIDLL ™ (fal))]

2 N SN Gl
- - e -~ .z
lu=Yaja+l pPoy (u=11) ML

IDEPW (x)| < |u|3+1/9-B is obtained in the same way.

To prove (iii), let jo be so large thafpge/* > 1 and note that if: is sufficiently close
to two andAg large, £/ (x) stays in a neighbourhood efQ for j =2, ..., jo.

Finally, we prove (iv). For any € f,l and anyj < p

L@ = 1A O = 1 ).
If a € BA, and|fj(fu)| < e/1094=Iul then| £/ (0)| > j~forall j <n,soforj < VP
£ ()] = p~/2 — 9P,

and first usingp < Cp|u| and|u| large, and theiu| < n*? andag < 1 this gives
j 2
[ fa ()| = prl

If /P < j < p we use the fact thay”j(x) - faj(0)| < 1/jP forall j < p to obtain

oLt Lt
je JjP

j* jPe
1 1 1 1 2
T \TT pF02) T gpe T
where we once again use the facts that |u| and|u| < n%9. O

Remark 7 (More on the choice efand 8 and the size of). From Lemmas 4.1 and 4.2
we see that since

l1+a(l+qg)<B<1l+1/q, 4.2)

a small return tol,, is compensated for during the bound period. There is even some
net-expansion, without which the measure-estimates in 86 break down completely. Thus,
our choice ofe and 8 was partially dictated by (4.2). In the remark on the choice of
following Definition 2, we saw that

l<a<1l/g (4.3)

was ana priori condition on«. (4.2) and (4.3) are compatible, for> 0, if and only if
24+qg <1+ 1/q,thatisif and only if
0 V5-1
< < .
1 2
As we will see, sharper restrictions on the size afill appear in other parts of the proof.
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Proof of Proposition 4.1Let Q; = f;(Q). Then

n—1
DfQ) =[] Dfal@i).
i=0

Letsy > 0. For any large positive integ@fg we can find ari such that
IDf(Q)] = 2" > ™

foralln < Mg and alla € (a, 2]. This follows from Lemma 3.1.
Let m1 be the least positive integer such ti@},, € 1. ForMp < n < my we apply
part (i) of Lemma 3.2 and the estimate above to obtain
IDf Q)] = IDf =M (Qume) 1 Df ()

> 2Mogpeton=Mo) — inf  |Df,(Q;)
j=Mpo,....n—1

> KOZMoeko(H*Mo)e*Al
SinceMy is large wher is close to two we see that

IDfI(Q)] > e

for Mg < n <miandalla € (a, 2].

Recall the definition ofz1 above. Ifmy is defined such thaD,,,, € I7, let py = p(ui)
whereQ,,, € I, and definen;1 to be the least integer which is greater than or equal to
my + py such thatQ,,, , € If. Lets > 1 be maximal such that; < n. Also letr; = my
andry = my — mg_1 — pi—1 for k < s. We distinguish two cases: (k) > m, + p; and
() mg <n < mgs + ps.

() In this case letg+1 = n — mg — p;. We have
s=1
Df;(Q) = Df;*(Q) - (1‘[ Df{* (Qm,) - Df;M(Qmﬁpk))
k=1

“DfY(Qm,) - Dfy ™ (Qmy4p,)- (4.4)

From (i) of Lemma 3.2, we have thabf,* (Q)| > Koe**"1. For a bound period followed
by a full free period, the factors inside the bracket, (ii) of Lemma 4.2 and (ii) of Lemma 3.2
give us

IDFPOm I DL (Ot pi)| = Chelpux | FFYI7P L Kpehorist > grori

since 14+ 1/q — B > 0 and|ux| > A1 is large. For the last two factors we have, using (ii)
of Lemma 4.2, (i) of Lemma 3.2 and,| > 31,

s 7 14+1/q— roFsi1,—A AQFs+1—A
IDEE (Om)| - I1Dfa  (Qmytps)| = Chelpus| M7 Koeh0stie ™A1 > phorssi=AL)

once again becausg,| > A1 is large.

Note that Zij rr is the total amount of free time (with respect 1¢), and so

ii ry > n/2 sincea € FA,. All together this implies

s+1
IDf;(Q)] = Koe*d izt kA1 = Koe™0/27 8 = oM,

sincen > M is large.
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(I) This is the case when theth iterate is in a bound periodDf;’ (Q) is given by an
expression similar to (4.4), where the last two factors are substituted by

Dfa(Qm,) - DFX(Qmy+1)

wherek = n — m; < pg. According to (iii) of Lemma 4.21Dfak(Qms+1)| > 1, and since
a € BA, C BA,,, we have that

|Dfa(Qm)| = |Dfa(m®)| = [Dfa(n™*)| = ™"

So in this case, using € FA,, we have the estimate

aq

s—1
|Df(f(Q)| > Koe)\orle)\o Byt rk+1e—11”q > KOeAOn/Z—n”q > e)\n’

for our choice ofx if n is large, sincerg < 1. |

5. Pseudo orbits of parameters
Our task is to delete all parameters from a small intefwgl 2] that does not belong to
M,—1 BA, N FA,, and show that what remains has positive Lebesgue measure.

Definition 5. For j > 1 we define
£ a— f](0).

We will recursively construct setd,, ¢ BA, N FA,. The estimates of how much
measure is deleted when constructifigfrom A,,_1 will be based on the relative size of
the images of subsets df,_1 underé,. Deleting parameters that are notBm,, simply
means deleting,;l(én(A,,,l) N (—n~%,n~%)). Deleting parameters not iAiA, is more
complicated, but measure estimates are still performed on the images. So we need an
absolute bound on the distortion §f. This can only be obtained on small intervals
with the property thag; (w) is contained in one or two intervalg, if &;(w) N 15 # 0.
This calls for a partitioP, on A,,. If v € P,_1, thenP, onw will be the pullback by,
of the partition/ = (7 \ I§) U,,., I,.v- (This will carried out in detail in §6.1.)

We now define bound periods for parameter interyals

Definition 6. Letw C [ag, 2]. Thenp = p(u, w) is defined to be the maximal such that

U £ dw

acw

< j*ﬂ, Vj<p.

We have the following lemma.

LEMMA 5.1. Letw C BA,. Supposé(£;/)(Q)| > ¢ forall j < N and alla € , and
suppose thaiy (w) C I;[v where|u| > Ag and Ag is sufficiently large. Then there exists
constantp > 0 andCpe > 0, independent oA, such that:

()  Cpllul < p(p. ) < Cplul;

(i) 1) ()] = Cpelu™1F, Vx € I;

(i) &N+ pou.) (@)] = Cpelu 1P ey (w)];

(V) Enij(@)N(=N"* N"%) =@,Vj< p(u, o).
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So images; (w) of small parameter intervals expand during their bound periods. As
will be seen, when orbiting outsidg they expand exponentially fast. So they will intersect
15 again, and the part very close to zero is a small fraction of the image. This will be stated
precisely and exploited over and over again in §6.

Fix a positive integeN. For a small parameter intervalwe can split its ‘orbit’ under
&; into a disjoint union of bound and free periods up to Nid ‘iterate’: there is minimal
11 such thatt, (w) N Iy # ¥. This is the first free return and the end of the first free
period. Ifw is sufficiently smalk;, (w) C somel,,,. The first bound period of finite length
p1 = p(u, w) follows. The second free period starts at time- p1 and terminates at time
12, the least integer which is greater than or equa te p1 such tha, (w) N 1§ # @, and
so on.

The next lemma shows that images otagrows exponentially fast during free periods.

LEMMA 5.2. Assumeyg is sufficiently close to two, and suppose that [ag, 2] is such
that&;(w) C I, and§,(w) are two consecutive free returns with return tinfeand n,
i < n. Also assume thdDf;/ (Q)| > ¢* forall j < n and alla € w. Then there is a
constaniCty, independent ofy, such that the following holds:

() l&-k(@)] < Crpe?Hg (@), V1 <k <n—i— pu,w);

(i) & ()] = 2|&;(w)].

Furthermore, there is a positive integ®(3o) such that for any» close to two:

(i) &4j@NIE=0,j=01....,No = [&1n ()| = e*/DNo|g ().

As mentioned, measure estimates will be pulled back to parameter space. This is
possible because of the next lemma.

LEMMA 5.3. There exists a constadlq, independent ofp, such that for allo > 0 the
following holds. lfw = (b, ¢) C BAy is a parameter interval such thabf; (Q)| > ¥
foralla e wandallj < N, &;(w) C somellj at each free return timg < N and such

v

thatéy (w) is a free return andéy (w)| < 1080, then

&y (b)
gy (c)

1
— =<
Cqd

< Cig.

The proofs of Lemmas 5.1, 5.2 and 5.3 use the following two lemmas that relate the
dynamics of; |w to the dynamics off,, a € w.

The first of these lemmas states that as long as ttlerivatives grow sufficiently fast,
a- and x-derivatives will be comparable in size. This is a general fact; see Lemma 2.1
in [2]. For completeness we give a proof adapted to the maps under consideration. Let
F"(x;a) = fM(x). Thend,F/(x;a) = df; /dx and we want to compar& F/(Q; a)
with 8, F/(Q; a) = £ (@)

LEMMA 5.4. There is a constan€,, such that for alla sufficiently close to two the
following holds: if |8, F/(Q; a)| > ¢*/ forall j < k then

3. F*(Q; a)
I FK(Q; a)

1
Cax -

S Cax-
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Proof. Let

3. FI(Q; a)
W FI(Q;a)
FJ(x;a) = F(F/~Y(x; a); a) = Q(1 — ap(F/~1(x; a))), so by the chain-rule we have

Q;=Qj) =

W FI(x;a) = —aQ¢' (FI Y (x; a)) - 8, F/ 7 1(x; a)
0 Fi(x;a) = —a0¢' (FI7Y(x;a)) - 0. F/Y(x; a) — Qo(F/~Y(x; a)).

This gives a recursion fa@;:

_ Qp(FI7HQ; @)
Fi(Q;a)
and since < ¢(x) < 1forallx € I we obtain

Q=01

3

92
[0 FI(Q; a)l

Using|d, F/(Q; a)| > ¢ forall j < k, a repeated use of the right inequality gives

Q1] — | <1Qj-al+

Y .
TN

~ 0
|kl < 1Q1l+ ZW
i=2

which is uniformly bounded ir.
Repeated use of the left inequality shows that for any k,

k Q o0 Q
[Qkl > Q] — — > [Q| — TR
= ,2;1 o F(Qia) ,,;1 e
so to obtain a positive lower bound d@y(a)| it suffices to show that for somgy,
1Qjp @ —=0 372011 e~ > 0. If this holds fora = 2, then it also holds far sufficiently
close to two with the samg. By explicit calculation,Q1(2) = Q/2(1 + ¢). Using this,
the recursion formula fo@; and the fact thaf>(+Q) = —Q we get

J 1 i
i(2) = — .
%@ Q,;(z(uq))

S0 Q;(2) is positive and increasing if. The expression Z;‘iﬁl e~ tends to zero as
J — o0, and so the existence of the requirgds clear. a

Let HD-dist(J, K) denote the Hausdorff distance between the $etad K .

LEMMA 5.5. Suppose thaty € BAy N [ao, 2] Whereag is sufficiently close to two,
IDfX(Q)| = ¢ foralla € wand allk < N, and assume thaty (w) C I,. Then,
for eacha, b € w we have:

() HD-dist(f] (7). fi (1)) < ool £ )]
(i) HD-distén+j+1(@), £ (n+1(@)) < 1000/ Gn+a(@)) forall j < p(u, w).
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Proof of Lemma 5.5Pick anx € f,t anda, b € . We want to estimate
£ o) = £ ()]
forall j < p. Letk =sup, , |0, F(x; a)|. Forj = 1 we have
[ fa(x) — fp(x)| < kla —b|.
LetA1 =1,andforO< j < p, let
Aji=dj_1Aj1+1=dj_1(djo(.. . (da(di+ D +1D)...)+ D+ 1,

whered; := | f;(y;)| for somey; € (f}(x), f(x)). For1< j < p we now verify that

1] (x) = f{ ()] < Ajkla—b|. (5.1)
This follows by induction ory:

) = i@ = 1F( ey — FOF 001 b))
< |0 F(yj-1. @)l f1 0 — £ 710l +kla — b

<dj_1Aj_1k|la —b|+«la —b| = Ajkla — b|. (5.2)
From the definition ofA it follows that
k=L 11 1
Ak=<Hdi)(l+d—l+m+"'+7dld2”.dk_l>' (5.3)
We claim that
j-1
[T ~ 1psi Q. (5.4)
i=1

This can be proved with an argument similar to the proof of Lemma 4.1 since
i—1 i—1
[Zid TTZ 0 IDfa()l

DN [T DA (fiO)]
lyi — fi(0)] < B~ for all i considered, and ¢ BAy. Combining (5.3) and (5.4), we
obtain

j—1 00 j—1
a = ([Ta) e <[ a
i=1 k=1 i=1
Inserting this estimate and (5.4) in (5.1), we find that
1] @) = )] < CIDfIH@)lla - b,
which is
£ ()
| fa (L)1
Note thatjw| < e *V, because of the assumption rihfa"(Q)| and Lemma 5.4. Using
| fa(I)] ~ e~ * and|u| < N%9 gives
£ @) = 0l < CLE dle™ =N < ol £ ()
for large N sinceaqg < 1. This proves the first statement of Lemma 5.5. The second
is proved in a similar manner: Pidk € o, letx = &y11(b) and estimate the distance
betweerty j+1(b) = f; (x) and £/ (x) as above. O

<C

|l
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Proof of Lemma 5.1The right inequality in (i) follows from part (i) of Lemma 4.2 and the
definition of p(11, ). The first statement of Lemma 5.5 implies thay,,, fbj(f,l)\ and
|faj(f,t)| are, up to a small constant independent pbf the same size fof < p. Thus

(ii) and the left inequality of (i) follows from the proof of the corresponding statements in
Lemma 4.2. In the light of part (ii) of Lemma 5.5, (iii) follows from (ii), and (iv) follows
from part (iv) of Lemma 4.2. |

Proof of Lemma 5.2Letw = (b, ¢). For anya € w andx = &, (a) € &,—«(w) we have
thatf (x) ¢ I for j =0,1,..., k—1,andsdDf] (x)| = C(8p)e/, j =1,2, ..., k—1
and|Dfk(x)| > Koe** holds by Lemma 3.2. Copying the proof of the right inequality in
Lemma 5.4 we see that

19, F¥ (x, a)| < C1(80)|8x F* (x, a)|.

Introduce the auxiliary functiony(a) = FX¥(€,_x(a),a). From Cauchy’s mean value
theorem it follows that
[En ()| |Fk(&u—i(b), b) — F*(Ea—k(c), 0|
k(@) 1En—k (D) — En—k (0)|
V(D) — Yu(0)| ¥ (@®)]

k(D) = Eni ()] & (@)’
for somea™ € w. We calculatey; and obtain

|‘§"(w)| 1 k * * / * k * *
= 8xF n— s ‘" Sp— 8aF n— s
& (@)] Ié,é_k(a*)|| (En—k(a®),a”) - §,_4(a”) + (En—k(a™),a”)|

18g FX (&n—i (a*), a®)|

= |aka(§n7k(Cl*), a*)| — 1€ (a")]
n—k

and, invoking the estimate diy F¥, this is
C1(30)
> |0 F¥ gy k@), a®)| (1 - ———— ] .
ok &) (@]

By the assumption and Lemma 58, , (a*)| ~ |Df* Q)| > *@~*~1 which is
greater than €1(8o), sincen — k > mg andmg is large ifag is close enough to two. This
proves part (i). (ii) follows immediately from what we have just proved and from part (iii)
of Lemma 5.1. (iii) is proved in the same way as (i), using part (i) of Lemma 3.2. O

Proof of Lemma 5.3Using Lemma 5.4 we get

VO] _ o | DTN _ o [T £
EvOI ™ Do ITTISE 1)
MY o' & (b)) IRERAGIR))

<C

=(- C
((;) TS G 15 ' & (o)
sincelb — ¢| < eV, and just as in the proof of Lemma 4.1, we see that this is

& (c) — & (b)] }

N-1
= Clexp{(l+2q)2 |ZA|1+<]
i=2 !
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for somegz; betweert; (b) andg; (¢).
Let Q; = (§;(b);&j(c)) and letry < --- < # = N denote the free return times
of w. Then, by assumption, there exidig;, v;)} such that; C Ilfv fori < k.
Let p; = p(,u,,a)) for0 < i < k and letrp = po = 0. We now split the sum
S = Z |§, (¢) — & (b)|/ |zi|** into sub-sums corresponding to free and bound periods

respectlvely.

k=1
b fi
=Y (545",

i=0
where
ti+pi—1
gbp _ ' Iz: [€2]
l = laltt
—h
and
t 171
P _ K 1€
i |Zl|1+q'
I=ti+pi

With this notation,SE,p is the contribution up until the first return &, where the two

first terms inS(';p equal zero by definitionSgp is an empty sum and is equal to zero by
definition.

First we estimat&"*-2 5™

, using (i) and (ii) of Lemma 5.2, and;| > &o.

k=2 i1
S €2/

1 k=
Zsfp Z Z |Zl|1+q = 81—+q§C1|QtH1|
0 i=

i=0I=t;+pi
Cy 1+1/q Lo
0 _ —(1+€o
51+q |th 1| = C3W C3A0 . (55)
0 0

So we have dp-independent estimate of the distortion-contribution during all but the last
free period.

We now turn to the last free period and estims,?gl. Let N be the largest integer such
thatfy_1 + pr—1 < N < N and such tha® N (—v/80. v/80) # ¥. From the argument
below one sees that if no sudhexists, this part of the proof reduces to a simpler case. We
split S,fﬁl into two sub-sums:

N-1 N N-1
o 1 €] €21
Sk*]- - Z 1+q — Z 1+q + Z 1+q - (5.6)
|z |z IZII
I=tp_1+pr-1 I=tp_1+pr-1 I=N

Estimating the second sub-sum is easy:

N-1
[€2] 1 —Ao(N—I 1080

§ < § Cpe VD QN < C——= < (4, 5.7
|Zz|1+q T (Veo)tte " P il = stz ' &

whereCl can be chosen mdependently&@fsmce we only consider < 1.
To estimate the first sub-sum we need to know tNat N is large. We make the
following two claims.
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CLAIM 1. Q4 C (=280, 2/50)
CLAIM 2. If Q4 C (—2/80, 2(/30), thenN — N > /Ao.

Proof of Claim 1.Assume thatQ \ (—2/80.2v/30) # #. We will show that this
contradicts the assumption thé®y| < 1030. Clearly, we may suppos€; =
[v/80. 24/50], so that|2 3| = +/80. Now Q5 is close to=Q as long asj < Tp, where
To can be made arbitrarily large by choosiygsmall andw close to two. It follows, using
Lemma 5.2, that

|Qy| = €270 W =N=T0) | o |,

whereC is independent ofg. Forép sufficiently small andy close to two we have that
c2 > 1, s0|Qy] > |Qy] = +/80, and we have reached a contradiction. This proves
Claim 1. O

Proof of Claim 2.Let§ = A~Y/4 be a small positive number. The,, mapsJs = [0, §]
onto an interval of lengti€' (¢)e~2 with Q as an end-point. Sinck 4 (£Q) = —Q and
sup|f2/,q| < 4forallg consideredfzf,q(Jg), j > 2,is contained in—Q, —Q/2] as long
as

4e <y,

for some suitable€”; = C1(q). If A is large, this holds wher < A/2. Thus, it takes
at leastA /2 iterates undey> , for Js to intersect a small neighbourhood of zero. Given
g andé, the same holds fof, , if a is sufficiently close to two. We now apply this with
8 = 2./80. This corresponds to takingy = 1/29./Aq. From this the claim follows. O

We proceed to estimate the first sub-sum in (5.6), using Claim 2, Lemma 5.2 and the
assumptionQy| < 108p.

N N
€2/ 1
Z |Zl|1+q = 51+q Z IS

I=tp_1+pr-1 0 I=t-1tpra
1 N
—Ao(N=I)
PEe] Z Crpe 12n1,
0 I=t-1tpra

C N
<= Z o~ ro(N=D)

q
80 I=tp_1+pir-1
—Xoj
=5 ZAe °
0 j=N-F
C1 ov—m _ €1 _cyno Ao
—= ool ) < ST WA < 01— < (). 5.8
5 =3 =G 5=C (5.8)

Combining (5.5)—(5.8) we get the desired bound on the total distortion during the free
periods.
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Now we estimateS?p. First, we estimate the individual termssﬁp forl > 4

1 _ e "Gl 1 fa "G @] fa )

e ™~ gl ) |z2| 44
e @) 1 ")) faG @)l 10— 1)
(falyl ™ T )l VA=)t

This holds for any: € w because of Lemma 5.5, Lemma 4.1, Definition 6 and BA,,.
Since > 1+ a(1+ g) we can, just as in the proof of Lemma 4.1, sum dverobtain
an estimate fos;” — [, 1/|z;, |*+4:

ti%_l €2 - i | fa(r ()| 1/0 — )P |fa(§tl ()|
T Ay ) Y= )@ : | fa ()
_ e (@) falp)l oG (@)] & (@)
@) f(l el |
In the last two steps we used the fact that(7,,,)| ~ |fa(fm)| and that the distortion for
fa restricted tol,, is bounded uniformly ins. Itis easily seen that the first term Hﬁ)p is
also~ [, (w)|/|1,,|. Finally, we estimat& ¥} s°P:

Zsbp<z Z |§t,(w)| <Z Z |§t,(w)|

ui returns 17 Nz Wi lastreturn | “i|

I=t;+1

to Iy, 01,
1 —€
0
<Z Z | | Z |,u,|1+€0 <CAO .
Wi lastreturn '"Hi |]>Ag
o/,
The second<’ holds because of part (ii) of Lemma 5.2. |

6. The good set

In this section we construct a decreasing sequence ofigdtsparameter space such that
A, C BA,NFA, Nla,?2),wherea = a(8p) is so close to two that Proposition 4.1 holds.
We show thatd,,_1 \ A, is so small compared t4,,_1 that

00
A= (A
n=1

has positive Lebesgue measure.

In 85, in the discussion following Lemma 5.1, bound periods and free returns for
parameter intervals were defined. We now distinguish two types of free returngs If
a free return fow andé§, (w) D I, for somel,, with |u| > Ag, thenn is anessential
free return. Free returns that are not essential are calésgential Note that in this case,
&n(w) C somel,f,.

PROPOSITIONG.1. Let A = min{io/4, log~/2}. Forany0 < ¢ < 1/8, anya < 2 and
anyédo > 0 sufficiently small, there exists a sequence of §&fg°°; and ay > 1 such
that:
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() [a,2DA1DA2D-- DA, D...;

(") Ay C BA, N FA,(31);

(i) |Dfd,(Q) > e forall j <nandalla € Ay;

(V) [Anl = QX —=n"7)[Ap-al

Furthermore, on eaclt,, there is a partitionP, such that for anyw € P, the following

holds:

(v) if j <nisafreereturn o, thent;(w) C somellfu. If n is an essential free return
of w, thenl,, C &,(w) C I;v for somel,,, C I. If n is not an essential free return
andnm is the largest integer which is less thaisuch thatn is an essential free return
for w, thenw € P;for j =m,m+1,...,n.

The proof of Proposition 6.1 will occupy the rest of §6. Throughout this section we will
assume thaig is small enough, and only considesufficiently close to two. We will not
always state this explicitly. For ady > 0, we choose afi so close to two that all lemmas
and propositions from the previous sections hold. This also means that we have chosen a
sufficiently large integetig, and ana = ag(mg, g) according to Lemma 3.1. Clearly we
may assume that > a. By constructionA, C [a, 2], so (iii) will follow from (ii) by
Proposition 4.1. Note that ifi,,_1 is as above, theg, is a diffeomorphism on elements
of P,,_1.

Let

Ar=Az= = Apy =0 (I, Ulny).
For 1< n < mg define

P = {Epg Uno)}-

Itis clear that (i)—(v) of Proposition 6.1 hold ford n < mg and that any subset df,,, is
contained ina, 2].

We proceed to construct the sets recursively. This is done in two steps. In
§6.1 we construct a set, C A,—1 N BA,, by deleting those parametersfor which
&, (a)] < 1/n%. We show that the deleted set is small compared to; if n is large.
Also, P, is constructed as a refinement®f_1 on A),. In 86.2 we delete and estimate the
measure of those parametersdip_i for which the free period assumption does not hold.

6.1. Construction of4),. In this section we construet], from A,_1 and a refinement
P, of P,_1. For intervalsw € P, we verify (v) of Proposition 6.1, and we show that
® C BA,. We also show that there is/a> 1 such thatA)| > (1 —n"7)|A,_1].

Pick anw € P,_1. Letm be the last free return @ beforen, and letp be the length
of the corresponding bound period &f(w) N I§ = @, orn < m + p, we leavew as it is:
» C Al, andw € P,. (v) of Proposition 6.1 then holds by inductionié not a free return).
Also w C BA,: by induction we only have to consider the case of a returkj tduring a
bound period at timea. In this case, (iv) of Lemma 5.1 shows thgt(a)| > 1/n* for all
a e w.

Now assume tha,(w) N Iy # ¥ andn > m + p. If ,(w) does not cover any,,,
an inessential return, we still leaweunchanged. (v) of Proposition 6.1 once again holds
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trivially, and we have to show that ¢ BA,. This follows by induction from the next
lemma.

LEMMA 6.1. For Ag sufficiently large, the following holds. Suppds€w) C 1, is an
inessential return, and assume that the preceding essential return took plagedntime
m. Then|u| < |ii|. More precisely, there exisis= «(gq) < 1 such that

lul < Il

Proof. Since the return is assumed to be inessential and because of Lemmas 5.1 and 5.2,
we have

|20 < 18y @) S 1 (@)] S ] S [~ @FYaro),

Thus,

| < || At/ @H1/g+eo)

and the lemma follows singe = 1/(2g). m]

Finally, consider an essential free retusr i + p andg,(w) D somel,,, |u| > Ao.
Let

o =\ & E (@) N (—n~%, 1)),

The remaining par®’ will be in A,. P, on’ is defined so thab” € P, implies that
& (") is either a component &f, (w) \ 1§ or I, C &, (") C I;v for somer,, C I§. By
constructionw’ C BA, and (v) holds for. This finishes the construction df, andP,.

We now estimate the measure of the deleted set. Note that it was only in the case of an
essential free return that we deleted anything at all.

LEMMA 6.2. For eachO < g < 1/8there exists & > 1 such that
|ALl > L —=n"7)|Ap-1l.

Proof. Supposev € P,_1 has an essential free return at timeClearly, we may assume
that|&, (w)| < 108g. There is a maximah < n such that,, (») is either (I) an essential
free return and,, C &,(w) C I;v for somel,, C Iz or (I) & (w) D Ias-1,» Where
Ino—1,v i @ neighbouring interval of3. (Il) happens ifo C @ is a component mapped
outsidel; by &, andm is an essential return fas.

Consider case |. The return at timeis followed by a bound period of length =
p(u, w) andm + p < n sincen is a free return. Led’ be as above. We apply Lemma 5.3
to conclude that

lw\ | &n (@) N (=1/n%, 1/n%)]| 1/n®
— =< Cu < .
|l 1€n ()] 1€n ()]
Using Lemmas 5.1 and 5.2 we see that

En(@)] 2 |Emip(@)] = Clu|TY97P g, (w)]
~ |M|1+1/q—/3|1W| ~ |M|(1+1/q—/3)—(2+1/q+6o)’
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SO
&, ()| > Cq|p| AT,

Sincew C BA,_1, |u| < n%? and thus

/ —a
lw\ @' <G n < Cznaq(l+/3+€o)—a.
o] ||~ (A+A+e0)

From the definitions o andg in 83, it follows that
—y1:=aq(l+ B +e€) —a < -1,

if e0 > 0 is sufficiently small. We only delete at essential returns, and they do not appear
until after timemo. If mg is sufficiently large (which is the same as requiring thas
sufficiently close to two), we can find, 1 < y < y1, such that the statement of the lemma
holds for alln > mq.

Now consider case Il. Thel§, (w)| > 8o (see Lemma 6.3) and we may proceed as in
case |. Since this holds for all € P,_1, the lemma follows. O

Remark 8 (On the choice afand 8 and the size ofg). Consider a fixed and suppose
we had not yet specified the valuessohndg. From Remarks 4 and 7 in 84, we know that
our choice is limited to an open triandlein the «S-plane given by the inequalities

l<a<1l/q, 14+a(l+qg)<B<1l+1/g.

In the light of the proof of Lemma 6.2 we want to choaseand g in T such that for
sufficiently smalleg,

hg(a, B) :=aq(l+ B +e€) —a < -1

To find out for whichy this is possible, we minimizk, over the given region afs-space.
One can easily prove the following claim.

CLAIM .
(i) Forg > 1/8andforanyeg > 0,y > —-1inT.
(i) For0 < g < 1/8we can find arkg > 0 such that the function

hg(a, B) =aq(1+ B +e€0) —a

attains values which are less thanl inside the triangleT. More precisely this
happens in a neighbourhood of

_1-(2+e0)q
T 29@+1
B=14+a(l+q).

Infact,a = (1 — (2+ €0)q)/(2q(q + 1)) and 8 = 1/2q will do for ¢q sufficiently
small.
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6.2. DeletingA,_1\ FA,. Inthis section we delete those parameters that are in some
B, D A,-1\ FA,(81), and prove thatB, | is small.

Considera € A). Then there exists parameter intervals = w;j(a) € Pj,
j=1,...,n,suchthau € (}_; ®;. There also exists integets(a),

n=mo<ng<---<np=<n,

such that foreach & j < k:
° n; is an essential free return fay,;_,;
° wn; is either (I) returning insidéy underé, ;, and then

Lujuj C&nj(wn;) C I/ir_/v./

for some(u j, v;), or (Il) a component of
& (0n; )\ D).

In this case&,, (wn;) D I+a—1,v, @ N€ighbouring interval ofy. In case (I) we call
1,,;v; the host interval, and in case (Il) we say tihaf—1 is the host interval.

° ac€wy €Ppandn; <m <nji implieSwmzwn/..

n;j(a) is called thejth essential return af.

Definition 7. A free returmn; of a Wnj—1 is anescape situatioif
|$nj ((Unj—l)| > 8p.

Also n1 = my, the first return time, is considered as an escape. The correspasdiage
timen(a) fora € w,; is the smallest; > n; such thaté,, (w,,—1(a))| > do. The time
interval (n;, ny) is the calledhe escape periadAlso definee;(a) = ny — nj, the length
of the escape period.

Returns outsidé—31, §1) will be followed by an escape situation at the next free return.
This is stated in the following lemma. Recall tisgt= Aal/q, S0 = 8‘1”1/2*2‘”0 and that

(A1+1)7Y7 <61 < ATV,

LEMMA 6.3. For all ¢g > 0, a sufficiently close to twoAg sufficiently large and for
|| < Aj the following holds:

&, (wn;) has hostinterval,, or Ing-1 = &4, (ws;)| > 0.
Proof. From (iii) of Lemma 5.1 and (i) of Lemma 5.2, we have that
_ - —1
160,01 (@n )] = Clp S Y4B 1| = Oy~ A€ > ¢y a7 HHFHO),

where C; does not depend ono. Sincef = 1/2¢ and Ay < AYTHZH40 py
definition, the lemma follows foAq sufficiently large. |

We want to count the amount of bound time originating from returns inside, 51).
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Definition 8. Let n; be the escape times which are less than or equalfty a givena.
Define

Ej(ay=1"

! (6.1)
ej(a), if & (a) € (=81, 81),

and

T(a.n)= Y Ej).

<
nj<n

Clearly, each bound period following a return teds, §1) is contained in an escape
period corresponding to a non-zeffp. Let

By ={ae€A,—1|T(a,n)>n/2}
To prove (iv) in Proposition 6.1 it now suffices to prove that there exists-al such that
|B,| <n™7|Ap—1].

This will be proved in several steps. When going from one escape to another, small
setsl,, expand to sizég. This makes the functions; almost independent, and the sum
T (a,n) can be estimated with a large deviation argument. To accomplish this we must
estimate the distribution functions of the functidfys Consider am at an escape situation
at timen ;. We may use inductive information about behaviour during bound periods for
anothem; iterates. For O< ¢ < nj, we want to estimate

mia e w| Ej(a) > t}.

Subdividew into setsw,,, corresponding to different host intervals i. Consider each
wyy separately, and for any, consider a subset; C w,, such that:;; () is well-
defined, is less tham; 4 ¢+ and is not an escape situation fox= 1,...,s. Then we can
estimatelws|/|w,y| in terms ofu, and the indices of the host intervals at the return times
njyi. Thisis donein §6.2.1.

In 86.2.2 we give an upper bound for the time gap between two subsequent essential
returns, in terms of the host interval index.

In 86.2.3 we consider a@, as above going through host intervélg, ., };<; and such
that E;(wy) > ¢t for somer < n;. Using the estimates from §6.2.2, we prove a relation
betweens, ¢, and{u;}i<s. From this and the estimates from §6.2.1, we obtain estimates
of m{a € ws | Ej(a) > t}, and after summation we obtain estimates of the distribution
function restricted to one,,,, and then ta.

Finally, in 86.2.4, we first delete and estimate the measure of those parameters that have
an escape situation at timeand for which the length of the following escape period is
greater tham. This has been done for all, so in the last step we may assume that an
escape period starting at time < »n terminates before timen2 < n; +n. Inthe last step,
mf{a € A,—1 | T(a,n) > n/2}is estimated using the information about the distribution
functions for the function%;.
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6.2.1. The relative size ab,;. Consider anwg € Py, n; < n an essential return time
for a € wo with host intervall,, ,,, and a subseb, C wo such thatfoi =1,2,...,sthe
following holds:

° nji(a) is constant of;;

° nj+i(a) is not an escape situation for amye w;;

o  njis(ws) <2nj (X nj+n).

This means that there are parameter inter@l$;_, and intervalsl,,,,,, (il > Ao — 1,
such that

ws Cwg—1 C---Cwo

and such that,,,, is the host interval of,,;,, (w;). None of these returns are escape returns
so we have

16n ;4 (@i-1)] < d0 fori=1,2,...,s.
(Because of Lemma 6.3 this actually for¢as| > Aj fori < s. We will not use this fact.)
We estimate the relative size @f, using the results of 85. Let; = p(u;).
|(,()s| |‘§n,(ws)| |I;jv | =1 pi, —1/q\,—1
< Cy < Cd— IDfa" (1; ™I
|wol &, (o) | Zigvo| 1:!, ¢

|2+l/q+60 s—1 1

s o
~ >0 _
|Ms|2+1/q+eo s |,U«i|l+1/q B

s 1 1 | ol 2HY/ateo it 1
<
<Gy Aé+/fi+eo it [ 5720 =B |t la=p L1 1 17a=p
1=

S 1

G| ttise]

— B+e€o

~ ALtheo | ol LU+ 1a—6° (6.2)
0 i=1

where the second inequality follows since

s—1

-1
[T10 i YD1, @0l < 1151,
i=0

and third inequality follows from part (ii) of Lemma 5.1 witty = Clgel.

6.2.2. The time between two essential return§uppose» € P,, has an essential return
at time m with host intervall,,. The return is followed by a bound period of length
p = p(n, w) ~ ||, and then a free period follows. Let= r(u, w) be the length of this
free period. From the results of 85 it follows that

l p—
2Q > |‘i:m+p+r(a))| > aekor|5m+p(0))| > Ce)hor“” (l+,3+€0)’
p

and we conclude that

r < Cplog|pul. (6.3)
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An essential free return of an at timem to a host interval,,,, might be followed by a
sequence of inessential free returns. Suppose they appear in host infgryalst times
mi,m=mgo<my <mp<---.LetQ; =&, (). From Lemma 5.2 we know that

(%] = 2|2 1]

Since C I}, , fork >0, andl,q, O Qo, it follows that

||~ BT > 104 > K[ T00] 2 26 ol BHY4HO,

So|ux| < &%|mol for somek < 1. In particular, a new essential return appears in finitely
many steps. Using this estimate, (6.3) and part (i) of Lemma 5.1, we can estimate the total
time u until the next essential free return ®p. Let py andr; denote the length of the
bound and free period respectively following the returd (g, .

IG(Mo) IG(MO)
u= Y (pr+n) <Co Yy (ukl+loglurl)
k=0 k=0
k(uo) 00
<C1 Y il = C2) " #F|pol < Clpol.
k=0 k=0

We record this as follows.

LEMMA 6.4. If &, (w) is an essential return to host intervg],, and ifu is the time to the
next essential free return we have

u(p) < Clul,

if 8o is small.

6.2.3. Estimates on the distribution functions 8f. Let wg be as in §86.2.1, that is,
&n,; (wo) is an essential free return with host interval,,,. Let {n;+:(a)} denote the
essential free return times which are greater thare; () is the time it takes for € wo
to be in an escape situation, thus taking place attim¢ ¢;(a). Foranyr < n;, let

Ar={acwo]ejla) >t}
and let
Bis={acwolej(a)>t,njis <nj+t<njygr1}.

B; s is the set of parameters iy that have an escape period of length at leaahd which
experience exactly essential returns before time + ¢. Clearly

Arc|JBus

s>0
Finally, with &t = ((u1, v1), ..., (us, vs)), fors > 0, let

Bisp=1a €Bis|én;(a) € Iy, i =1,2,..., s}
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Note that eacl; ; ; is a subset of the type, defined in §6.2.1.
From all this it follows that

m(A) <mBio)+ 2 mew)]"[m [+, (6.4)
s>1 e
whereQ = Q(¢, up) C N* is specified,u is the projection onto the first component of
each double-indexif, and 2 [T;_; Iui |1*<o represents the number of possible choices of
double-indiceg(u1, v1), ..., (ug, vs)) With {|u; |} fixed.
Letu; =njyiy1—njyi. Thenfora € B, s 5,1 <njysi1—nj =Y i_qu;. Because
of Lemma 6.4 there is a positive constagtindependent of, ¢, & andwp, such that

A N
1
t < u < — il
< Z i < KOZW
i=0 i=0
and so

N
Y =Y():=kot — |pol <Y _luil. Va€B
i=1

This means thaB, , , = @ if Y ;_; il < Y. Fors = 0 this holds with the empty sum
equal to zero.
This, andu; > Ap, definex2 in (6.4):

Q(t,,LLO) = {ﬁ: (/’le"'ﬂ/’LS) ENS

N
Ylwl =Y, wi> Ao}-

i=1
Using (6.2), we can now estimaae(3; ) for s > 0.

2 Cylpol T PHe0lap] (i | He0

2y mBysp) l_[ 0 < 3 ALTFTe l:[ |Mi|1l+l/qfﬂ

nes2 ne2
Csluol”ﬂ*g"lwol
< AT / ]_[ T ﬂ ~dv. (6.5
le>Y

xi=Ag

To estimate the integral, note that

s
inzYandxion, i=1,..-,S}

i=1

C U {(x]_,...,
j=1

{(xl, e, Xs)

Y
sz?andx,on, i#jﬁlfiSS},

so that

/1‘[w<2/1‘[dv—s/ndv

Y xi>Y j=1 xj>Y/s x1>Y/s
xi>Ag Xi>Ag,i#] xi>Ag,i#l
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Thus, by Fubini’s Theorem,

S 1 1 1 s—1
[] 1/qﬂeodvfs(/ P dx)(/ P dx) :

i=1%;

> xi>Y x>Y/s x>Ag
xi=Ag
and thisis, writingg :=1/g — B —1—¢0=1/(29) — 1 — €,
S(T+l
< C2B.q, GO)FF,

whereB = A — oo whendp — 0. Using this, (6.4) and (6.5) we obtain

C2|/L0|l+'3+€0 o0 Cisa-l—l 1

m(A) <m(B:o0) + —— — |wo|
A(l)JrﬂJreo S=Zl Bs—1 yo

C 1
<m(Bio) + X [FHATe0 = |agl,

3
~Trpre M0 7o
0
with Y = kot — |uo| for some positive constarp.
We now consider the case= 0. 15, ¢ are those parameters that do not have any free
return before time ; + ¢, and this set is empty far> |uol/ko. This proves the following.

LEMMA 6.5. There are positive constants andC such that ifwg € P has an essential
free return&,(wo) with host intervall,,, and if e(a) is the time until the next escape
situation fora € wg then for allt > |u|/ko

|M|1+,3+60
AL ot — [ul)”

whereo :=1/g — B —1—€p=1/2g — 1 — ¢p.

m{a € wo | e(a) >t} < |wol, (6.6)

Our goal is to estimate the distribution functionsifon anw which is at itsith escape
situation. Using the previous lemma, we can prove the following.

LEMMA 6.6. There exists a constarki (o), lims,—o K (80) = 0, such that ifw* € Pr_1
has itsith escape return at timk, then for all0 < ¢ < k, we have
>k 1 *
mia € 0" | Ei(a) > 1} < K(50)t71|w [,
whereo := 1/2qg — 1 — 3¢p.
Proof. Fix r. Remember thaf, is subdivided into~ || Lteo subsets/,,, and that
Ei(a) = 0if &(a) ¢ If, wherek is theith escape return faz. We partition the set
of all possible index pairs withu| > Aq:
Q1={(n,v) | lul = kot/2},  Q2={(w,v) | | < «ot/2}.
Letw?, = & 1 (wNé (@) (orwf, = & 1(I5,N& (")) if I,,, is one of the end-intervals
of & (w*)). Then
mia e w* | E; >t} = Z m{aewZU|Eizt}
w,vS.t|u|>A1

=Y mlacw), | E=t}+ > mlac, | E =1},
Q1 Q2
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and, applying Lemma 6.5 to the second sum, this is

|1+/3+60

C |
<) o+ [SyME
921 [3Y Aé+ﬁ+eo sz (Kot _ |M|)" [y

Using Lemma 5.3, saying thaw”, |/|w*| ~ |Iw|/|&(@*)|, and the definition of2o,
we see that this is

|Iu|7(2+l/q+€o)
S > 0|
lul=max{Ag, kot /2} 0
1 —(2+1
n 1 Z |HI1+€°|H| +h+eo || ~(2+1/q+e0) |
Al+ﬂ+eo 1o 80 ’

0 A1=|pul<kot /2

and since8 = 1/2g andég = Aal/q, this is

1/ 1+1 Al/zq_l_so 1
e N L et D D T It (2
|ul=max{Aq,kot /2} lul=Ar
Ag* (1/24-3c0) AgHTe (1/24—0)
I~ - —9€Q, * - - —€ *
= ALFL/24+3¢0 Z |l o™ + e Z |l |7
1 |ul=kot /2 lul=Ar
1/q 1/2q—1-¢o
< A0 + A0 t—0'1|a)>k|.
~ Ai+1/2q+350 Ai/Zq—l—eo

This proves the lemma, since for eaefy we have thatAé/q is of smaller order of

magnitude thamj /%30, O

6.2.4. Adjusting to the free period assumptionin this section we estimate the measure
of the set deleted from,,_1 in order to fulfil the FA,, condition. First we delete the set
B/, consisting of those € A,_1 such that: belongs to am € P,_1 having an escape at
timen; = n and such thaE,(a) > n. Let

Al'= Ay_1\ B). (6.7)
From Lemma 6.6 it follows that
|B,| < K(8o)n " |A,-1l, (6.8)

where limy,—.0 K (60) = 0.

We may assume that we have performed this operation at all previous times, so in what
follows we are allowed to assume that an escape period staring at some tiaheays
terminates before timen2 All previous estimates of this section then hold, and we can
apply Lemma 6.6 at all escape situations up until time

Notation. In the following, {n;} will denote a sequence of escape times (not free return
times, as earlier in the text) ardvill denote the number of escapes considered.
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PROPOSITION6.2. For eachg < 1/8 and for 8o small enough, there is &’ (5p),
K’ (80) — 0asdy — 0, such that for alls,

mia € A | a ¢ FA,(81)} < K'(So)n~ V|4, 4],

Proof. Consider am € A. For such am a sequence of escape timgs< »n and integers
E;(a) > 0 are defined for & i < §(a) < n according to Definition 7 and Definition 8.
s(a) is the number of escape situations daup until timen. PositiveE;’s are the length of
escape periods following escape returnété, §1). Since each bound period originating
from a return inZ]" is contained in an escape period corresponding to a poditiyét
suffices to prove that

m{a € Ay | T(a,n) > n/2} < K'(So)n~ D[4, 4],
where

T(a,n) = Z Ei(a).

ni(a)<n

Let M = M/(ao, §1) be the shortest possible value of a bound periodafoe [ag, 2]
following a return to(—é1, 81). It is clear that we have a uniform bound &¢): there
exists a positive integér < n/M, independent of, such that

S(a) < 5.
For simplicity we defineE; (a) also fori > §(a):

Ei(a), fori <s(a)

E;(a) =
@ :O, fori > s(a).

ThenT (a,n) = T;(a) = Zle E;(a) is defined for alla. We may also considef; for
s < 5.
For eachs < § we form a partition orA;,. Write

Al ={a€ A |5@)>s}U{aeAll|5)<s}

Itis not hard to see that we can partitione A/, | s(a) > s} into subsets* such that:

. n;(a) is constantfoi = 1,2, ..., s on eachw®;
. for eachw® and each < s, &, («*) is either outsidd; or contained in some host
interval7,,,;

] |&ny (@) = do.
Likewise we partition{a € A | 5(a) < s} into setsw* such that:
. s(a) is constant on each*;

. n;(a) isconstantfoi = 1,2, ..., 5(a) on eachw®;
. for eachw* and eachi < 5(a), &, (0*) is either outsidd; or contained in some host
interval 7.

This gives us a partitio@s, Al = |J o*, with the following additional properties:
. eachw* € P, for somek < n;
e T,1(a) = Y3} Ei(a) is constant on each*.
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Also note that:
. T1(a) = E1(a) = 0 for all « since the first escape situation, by definition, is the first
return at timeng to 7_a, U Ia,.

We are now in position to carry out our large deviation estimate. The idea of how to
handle sums of random variables that do not have exponential moments is inspired by
Nagaev’s articleT].

Fix a positive integer (which we will take to ber/2 in the end), and a sufficiently
small positive real number = 0(g). Let

Ei(a), if Ei(a) <6t

Ei(a) =
(@) 0, if E;(a) > 0.

Define
Ty(a) =) Ei(a).
i=1
Then, with{a | ...} asashorthandfdu € A}/ | ...},

{a|T5>t}C{a|T5>t}UU{a|Ei>9t}
i=1
o)
_ N
m{a | Ty >t} <mfa| Ty > )+ Y mia| Ei > 61}, (6.9)
i=1
We will show that the right-hand side is dominated by the second term, and is therefore
< snO Al < n~©@~D|A”| according to Lemma 6.6.
For allh > 0 we have, by Chebychev’s inequality, that

mlaeAl| Ty > 1} < eiht/ M TLE@ g (6.10)
Al

Using the partitiom], = | »* and using the fact that_1 is constant on each* we have
/ NTLE@ g, — Z(ehfrl(“’*)|w*|) 1 / MES@ gq ). (6.11)
Al = lw*] Jo

To estimate/ . e+ da we need a lemma.

LEMMA 6.7. Let J be a compact, measurable set anddet / — R be a positive,
measurable function withg|l.c < oo. Letb > 0,r > 2, B > 0, u and A, be numbers
such that:

() miaeJ]|gl@>>b}=0

(i)  @/1JD [, gl@)da < p;

(i) (/17D [;(g(@)?da < B;

(v) @/1JD [,(g(@) da < A,.

Then the following holds:
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(i) foranyh,0<h <r/b,

= / he@ gq < exp| hu + rBh2
— e a< nwtreb—|;
1 Js 2

(i) foranyh > r/b,

1 h2 A" —1—hb
m/ehg(“)dafexp[hu—}—erB?—}— rie ) .
J

br

This is a reformulation of Lemma 1.4 if][ The proof is not very difficult.
We now want to apply this lemma to the functiaBis For 1< u < o1 — 1, define

o0
M, = K(@o)"~,
=1
wherek (8p) is the constant from Lemma 6.6.

LEMMA 6.8. Forall ¢ < 1/8, for all o* € P;, andforallr, 2 < r < o1—1, the following
is true for sufficiently smalip and all 2 > O:

1 ME@ g < YD)
|@*| Jo
where
h? :

hM1+ " — M3, if h < r
W) — 2 0t
" SR A i el LS VR T
1re e @) T g

Proof of Lemma 6.8According to the definition of; and Lemma 6.6,

1

||

1 & > 1
r . r —
o] Eot mia | E; >t} < ElK((So)t o =M,.
1= =

/ Eir(a) da <
w*

SinceE;(a) < 67 for all a, we may apply Lemma 6.7 with = o*, b = 61, u = Mq,
B = MpandA, = M,. =

Because of (6.10), by repeated applications of (6.11) and Lemma 6.8 it follows that for
anys > 1:

~ 7 * 1 ”
mlae Al | Ty >t)<e " Z (ehTo-1@ )Ia)*|)<m/ MEs@ da)
A w*
w*ePy

ge—’”e‘””)/ NTa(@) g,
Ay

< e*h‘( . eS\I’(/’l)|A:1/I — eS\I’(h)fh‘(IAZL

We also used the fact th@i = 0.
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For
N 1 O1)
h=h:=—1Io 1
ot g( sM, + )
we have
. . . ]fl2 hot 1— fl@ .
sW(h) —ht <hsMi+ ¢ —sMy+ ;sMr —ht
2 O1)

and since((e"™ — 1 — h67)/(07) )sM, < 1, this is

. h
< —h (r —sMq — er55M2> +1

1 O1) s h
= 5Iog(sMr+1)<1 ;<M1+e §M2>>+1~

M1, M> and M, are absolute constants, and for fixeavith r = n/2 we see that is
uniformly small for large:. Thus, the expressiaif1+e” (h/2) M2) is bounded. Choosing
t = n/2 and remembering that< n/M, we see that we can get

s h 2 h
1--(M "My >1—— (M "M
T( 1+62 2)_ M( 1+62 2)

arbitrarily close to one by takingy small enough, sinc#éf — oo asdg — 0. Thus,

N N 1 @)
Wh)—ht <——1lo
Y @) r= 20 g(sMr

for sufficiently smallsg. With t = n/2 ands < n/M we have

o 1/26 1/26
SY—ht _ sM, <e 2'M, 1 — K((go)n—(r—l)/29
O1) +sM, -\ Mo nr=1/29 ’
wherekK (8g) — 0 asdg — 0. Sincer > 2, thisis

+1)+1

<« nortl
if 0(g) is sufficiently small, and so

mia € Al | Ty > n/2) < n=otA”).
From (6.9) and Lemma 6.6 we therefore have

2\
m [a cA|T, > %} < 25K (50) <5> n=o1|AY|
< K'(Go)n " Ayl

sinced is chosen independently 8§. In particular, this holds fos = 5. This completes
the proof of Proposition 6.2. a

LetA) ={a € Ap—1| T(a,n) <n/2}. ThenA N A} C FA, N A,—1 and we have
already constructed, C BA, N A,_1. Finally let

Ay =A,NAINA).

From Lemma 6.2, the estimate (6.8) and Proposition 6.2, part (iv) of Proposition 6.1
follows, and this finishes the proof of Proposition 6.1.
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7. The properties of the sett and the first part of the main theorem
Let

Ay
0

o0
A=A =
n=1 n

From part (iv) of Proposition (6.1) it follows that

DL

o0
Alz [T @—n")Aql,
n=mgo
for somey > 1. So|A| > 0, and the first statement of the main theorem follows from
parts (i)—(iii) of Proposition 6.1. Choosingclose to two means choosing, large. From
this, it is not hard to see that two is a density pointiof

8. Invariant measures fof,,a € A
In this section we prove that if = f, , for somea € A, then f admits a finite invariant
measure that is absolutely continuous with respect to Lebesgue measure. We assume
throughout this section that< 1/8.

Let mo denote normalized Lebesgue measurd@nr= I_a, 1 U Iaq.1, the union of the
two end-intervals of our partition offj. Construct the averages of the push-forwaregf
underf:

1 n—1
my ==Y fE(mo).
=0

Then any infinite subsequence ¢fi,} has a convergent subsequence (in the weak*
topology), converging to an invariant Borel probability measurfe which in turn can
be decomposed as

m* =mac+ Mgy Mz K Leb,  mgpy L Leb.

It is a standard fact that if and f—1 map sets of measure zero to sets of measure zero,
which is true for ourf, then the absolutely continuous part of an invariant measure is itself
invariant. For the convenience of the reader, we formulate this as a proposition below,
and give a short proof. Thus, it suffices to find a subsequenée,gf converging to an
invariant measure with non-zero absolutely continuous part. We will choose a subsequence
such that the contributions from the escape situations (defined for iterafggyofe us a
non-vanishing absolutely continuous part.

PrROPOSITIONS8.1. Let m be a probability measure on a measure spaceand letg :
X — X be measurable such that(E) = 0impliesm(g(E)) = m(g~1(E)) = 0. If m* is
a finite invariant measure fog with Lebesgue decompositiorf = mz.+mg g, mac < m

* * * 1 1
andmg,, L m, thenmz, andmg, are invariant underg.

Proof. There exists a sét C X such thain(Y) = 0 andm®_ (YY) =m*_(X). Let

sing sing
W=Ug(Uywﬂ
i=0 j=0
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ThenY’ is a totally invariant set and so ¥’ = X \ Y. Note thatn};(Y’) = 0. Using this,
it is easily checked thah;c(g‘l(E)) = m}(E) for any measurable sét. It follows that

Ming 1S also invariant. O

For anintervall C fM, fi(J)isinabound period far = 1, ..., p(u) — 1 according to
Definition 3. If > p(w) is minimal such thay’ (J) N I # @, we call the iterateg’ (J),
i=p,...,t — 1, free.r is called a free return time. This could be essential or inessential,
according to whethefi(J) covers some,,,» Or not.

We now form a sequendg,,} of partitions of/; and a sequence of free return times
{t (x)} with the following properties:

° 1 is constant on elements &, if m > k;
° if o € R, and f*(w), tx < n, is a free return, then eithef’* (w) C somel , or

v
f*(w)NI§ = @. Inthe latter casef’* (w) contains an interval of the fort,-1,,,
adjacent talj;

° if o € R, andsx = n is a free return fow, thenl,, C f*(w) C IIU for some
I C I
Let

Ro = {Lw}ui=a0-

We considery = 0 a free return for each element®f. Supposér,,_1 is defined with the
above properties, and pick ane R,_1. If f"(w) is in a bound period, does not intersect
I5 or has an inessential return at timew becomes an element &,. In case of a free
returnR,, refinesk,_1 onw according to host intervals at timee We omit the details.

We now define the free return timegx) for k > 0. Suppose;_1(x) is defined and
let w, (x) denote the element &,, containingx. If f%-1(w,_,(x)) has host interval,,,,
1 (x) is the smallest positive integer which is greater than or equaltot+ p(u) such that
1 is a free return fot,_, (x).

A free return time is an escape situation foif

| f1 (@1, ()] = So.
This gives a sequence of escape times(x)}52,, a subsequence dfi(x)}, where
no = to = 0 by definition. Also define
o(x) = ni(x), forx eIy
M, forx eI\ I},
whereM is the first return time td;y for /1 (a,-1),» @ neighbouring interval ofJ. It is
easily shown thajth(Ii(Ao,l),uﬂ > &p (cf. Lemma 6.3). Note that;(x) — ng_1(x) =
e(f"s71(x)).
Let R, be the refinement dRg into escaping intervals on th¢h level:
weRs, nslw=k < weRi1, k=ns(w).
As we will see,(x) is finite for almost allx, soR, is well-defined up to measure zero.
Now definen;," andm;, to be the restrictions tdx, 1 and/_x, 1 respectively of

%i Y (molw).

1
s=0 4HeR,

ns(w)<n
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Following [5] we will show that in the limit, at least one ok, ands;, gives a non-
vanishing, absolutely continuous contributiomtb. First we state a phase space analogue
of the distortion estimate in Lemma 5.3.

LEMMA 8.1. There is constan€ such that ifw C Ij is an interval such thay’/ (w) is
contained in somé?  ~ateach free returm; < N, then

v

Df"(x)
<C, Vx,yeow.
' DV |~ '
Proof. This is proved in the same way as Lemma 5.3. The proof of Lemma 5.3 isin fact a
perturbed version of the proof of this lemma. |

Using the previous lemma we show that the meastifesire uniformly dominated by
Lebesgue measure. LEtbe a measurable subsetigfand defineEt := E N 15, 1. Then

1 n—1
A (E) == ) fimol)(ET)

s=0 ,eR,

n;(w)<n

<c= Z Yo ED N

s=0 JODwERg
ng(w)<n

|ET N f™ ()]
C_ - v 7
3D T

s=0 JoDwE'RS
ng(w)<n

C2
< 3—0|1Ao,1||E+| < C3|E|.

The constants do not dependmnTherefore, we have proved the following lemma.

LEMMA 8.2. Each weak* accumulation point of the sequendés’} and {m,} is
absolutely continuous with respect to Lebesgue measure.

We proceed to show that,” + m, has total mass larger than some fixed positive
constant for infinitely many:. First, we state the following lemma, remembering that

oc:=1g—PB—1—e=(1/29) —1— e0.

LEMMA 8.3. There are positive constantsandC such thatiff,, C J C I}, then
|M|1+ﬂ+€0

mixelJ|ex)>t} < C——m((J), Vt>
(et — )

Iul

Proof. This is proved in the same manner as Lemma 6.5, see 886.2.1-6.2.3. Since we are
now considering a fixed map = f, with log|Df"(Q)| > in for all n, the statement
holds for allr > |u|/k. O

The next lemma gives a bound on the average length of escape periods.
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LEMMA 8.4. There is a constark’ such that for alls > 0,
/I*(nerl(x) —ns(x))dx < K.
Proof. It suffices to give a uni:zorm upper bound on
o [ = e,

wherew € R;. LetJ = ™ (w). Using Lemma 8.1, remembering thgt,1 —ny = eo [,
and takingy = " (x) as a new variable, we get

1 1
1 / (ns41(x) — ny (1)) dx < C— / e(y)dy.
ol J, 1)
Now f; < [+ [z and
/ edy=M|J\ I| <M.
I

Letus estimatg}g edy:

/ e(y)dy = Zt-m{x elylex)=t}
13 =1

=<

Nk

t Z m{x € I,y | e(x) > t}.

w,v
Ao=|ul=kt

Il
N

t

We split the inner sum into two sub-sums,

2. = 2 ).
L,V v L,V

s M,
Ao=|ul=xt  Ao=|ul=kt/2 |p|=kt/2

and estimate them separately. Using Lemma 8.3 we obtain

1+e |,u,|1+/3+€0
Y mirelwle®zns Y MOl
v Ao<|u|=Zkt/2
Ao<|pl=«kt/2
<177 Y |upYate
[u]>=A0
<Ct/°.

In the second sub-sum we apply the trivial estimate
mi{x € I, | e(x) >t} <[],
and so

Y omixelwle =< Yo | VgL

L,V t/2
lul=«t/2 ulzwtf

It follows thatflg e dy is finite, and this gives us a uniform bound ﬁpe dy whenJ is as
above. SinceJ| > §, this proves the lemma. O
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Recall that we want to conclude that eithér!} or {2, } has a subsequence converging
to a measure with positive total mass. This is the content of the next lemma. Let

Ric.jp = U{w € Ry | (@) = Ing1 07 I_pg1, k = n;|w, for somei}.
LEMMA 8.5. There exists a constait; > 0 such that
l N
liminf — R, > K1.
imint — ];)M( kJo) = K1

Proof. From Lemma 8.4 we know that

/ ngdx < Ks.
Is

This implies that

I*
m{XEIS|n1<n2<~-<n‘g§2Ks}2|—§|,

and it follows that
2Ks | >k|
> mix e Ig |k =ni(x) forsomei}zs%. (8.1)
k=1

If k is an escape situation far, there exists am C o' such thatf* () = Iay,1 0r I_ag 1.
Because of Lemma 8.1,
||
— >1] ,
| ~ gl

and this combined with (8.1) gives us the proof of the lemma. |

Proof of part (ii) of the main theorermf-rom the previous lemma it follows that
. . K1
iyt + i ) (1) = R
for infinitely many n. Combined with Lemma 8.2 and the discussion preceding
Proposition 8.1, this proves the second statement in the main theorem. |

9. Atoy modelfog € (0, 1)

We consider a simplified model of the free returns of parameters for hypothetical unimodal
families f, , with all the properties of our explicit maps, (1.1) and (1.2), and with
some of the extra simplifying features. Givgn < 1, we chooser and 8 such that

1< a < B < 1/q. To begin with, we assume the following.

Al. Distortion is negligible in the situations considered.

Thus, there is no need for the subdivision of edghinto 7,,,-intervals. Letw € P,
have a free return at time, &, (w) = I,,, and suppose is the next free return far € w.
We then assume that:
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A2.n—m = p(u, ) =|pnl;
A3. If &, (w) = I, andn is the next free return far € w, then|&, (w)| ~ 1.

Assumptions A2 and A3 imply that each free return is essential, and even an escape
return. Let{n;(a)} denote the set of free return times tarlet u;, = wuy(a) be the host-
interval index fora at timeng. The length of theth escape-period is then just

ey = ng1 — ng = p(is) = |Usl. (9.1)

CLAIM . With these extra assumptions, the statements of the main theorem hold with
qo = 1.

Recall the definitions oB A, (Definition 2) andFA, (Definition 4) in 84. IfA =
Noe1 Ay, WhereA, = [ao, 2) N BA, N FA,, for someqg sufficiently close to two, then
parts (i)—(iii) of the main theorem hold for alle A. We will argue that under assumptions
A1-A3, A will have positive Lebesgue measure, providee 1. The assumptions hold,
modulo constants, in our explicit families if intervélgw) have length approximately one
at each essential free return. This is not true in general, but we conjecture that it is generic
in measure sense, that is, it holds for all parameter-intervals except for a small exceptional
set that should be excluded according to a third parameter-selection rule.

9.1. BA,-exclusion. If ® € P,_1 has a free return at time, then|&,(w)| ~ 1 by
assumption A3. From each suehwe delete

£ (E(@) N (—n7%, n™%)).

It follows that at timen we delete at most a fractiory4® of the measure in parameter
space because of the approach-rate condition.

9.2. FA,-exclusion. Leteg, E; andTy be defined as in Defintions 7 and 8 in 86.2. If
o € Py,—1 has itssth free return at timey, then this is an escape situation by assumption,
and from (9.1) it follows that

mfa € o | es(a) =t} = |I1||w] ~ |l (9.2)

1+1/q

and that

1 |w]. (9.3)

mia € | es(a) >t} = |I;||ow| ~ g

We estimate the fraction of parameters deleted at tilnecause of thé'A,, condition with

the same type of large deviation argument as in 86.2.4. Because of (9.2), the fuigtions
have moments of orderiff »r < 1/¢. In the argument in 86.2.4 we used the existence of
second moments, but it suffices to have first order moments. This only effects the explicit
form of the ‘error-termm{a | Ty > 7} in (6.9). See Theorem 1.2 and Theorem 1.37n |

We want to estimate

mia € Ap—1 | Ts(a) > n/2},
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whereTy(a) = > }_4 Ei(a). Using Theorem 1.2 in7], suitably adapted to our situation,
we can show that

mia € An-1|Ts(@) > 1) < ) mla € Ay-1| Ei(@) > 0T} + R(1:0,9),  (9.4)

i=1

where the error ternk is of smaller order it than the sum, i = 6(q) is sufficiently
small. Combining (9.3) and (9.4) we see that

1 1
mia € Ap-1 | (@) > n/2) < sCO) 70 = CO) 7=

Finally, we note that it is enough to delete according to the free period assuniptipn
at dyadic times: = 2fmg, since we are then guaranteed that at legdtdf the iterates
are free up to an arbitrary time. The remaining parameteAsetll then have positive
measure if and only if

) 00
Z 1 _ 1 Z 1
= (kao)l/qfl mé/qfl pard (Zl/qfl)k

is finite, which of course happens exactly whéff21 > 1, that is, whery < 1.
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