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Abstract. It is known that in generic, full unimodal families with a critical point of finite
order, there exists a set of positive measure in parameter space such that the corresponding
maps have chaotic behaviour. In this paper we prove the corresponding statement for
certain families of unimodal maps with flat critical point. One of the key-points is a large
deviation argument for sums of ‘almost’ independent random variables with only finitely
many moments.

1. Statement of results

Definition 1. For allq > 0 we define

fa,q(x) = Q(1− aϕq(x)) (1.1)

where

Q =
(

q

1+ q

)1/q

and ϕq(x) =
{

e(q+1)/q−1/|x|q , if x 6= 0

0, if x = 0.
(1.2)

We will often drop the subscripts and just writeϕ andfa (or f ) when the meaning is
obvious.

fa,q mapsI = Iq := [−Q,Q] into itself if 0 < a ≤ 2. Furthermore, for eachq,
{fa,q}0<a≤2 is a full unimodal family. Eachf is aC∞ flat top function with critical point
x = 0, that is, for alln > 0, dnf /dxn(0) = 0. Flatness is increasing inq the sense that
log |f ′q | is in Lp(−ε, ε) exactly whenp < 1/q. Note thatQ is the critical value offa,q

for anya.
The families

{
fa,q

}
0<a≤2 are flat-topped versions of the standard quadratic family.

Topologically they are the same; our main theorem says that they also share an important
metric property, the analogue of the Benedicks–Carleson theorem, if the family is not too
flat.
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MAIN THEOREM. Let fa,q andQ be defined as in (1.1) and (1.2). Then there exists a
q0 > 0 such that for all0 < q < q0 the following holds. For all̃a < 2 there exists a
constantλ > 0 and a setA ⊂ (ã, 2) of positive Lebesgue measure, with two as density
point, such that ifa ∈ A then:

(i) |(d/dx)f n
a,q(Q)| ≥ eλn, ∀n ≥ 1;

(ii) fa admits an invariant probability measure, absolutely continuous with respect to
Lebesgue measure;

(iii) fa,q has no periodic attractors.

For a close to two, there is a slightly larger interval [−z(a, q), z(a, q)] ⊃ Iq such that
fa,q (±z(a, q)) = −z(a, q) and on whichfa,q is a self-map with negative Schwarzian
derivative. Thus, by Singer’s theorem [9], (i) implies thatfa has no periodic attractors.

The main theorem has a series of ancestors in the non-flat category, the first of which
is due to Yakobson [15], who proved that a positive measure set of maps in the quadratic
family admits an absolutely continuous invariant probability measure (an acip). (See also
[8].) Benedicks and Carleson in [1] proved sub-exponential growth of the derivative along
the orbit of the critical value and existence of an acip for which the critical point is generic
for a positive set of parameters in the quadratic family. (See also [4] and [11].) In
[2] exponential growth of the derivative at the critical value was obtained for a positive
measure set of quadratic maps. Another proof has been given by Tsujii [14]. This result
was later generalized to generic families with non-flat critical point [13, 10].

Remark 1 (On the size ofq). The main theorem holds withq0 = 1/8, but this is certainly
not optimal. In [3] Benedicks and Misiurewicz prove that iffa,q is a Misiurewicz-map,
fa,q admits an acip if and only ifq < 1. This fact suggests that our theorem fails for
q0 > 1. See also Remark 4 in §4. In fact we have arguments indicating that the theorem
holds withq0 = 1 (see §9). Restrictions onq0 appear in the proof in several places. We
will often consider high iteratesf k restricted to certain small intervals. In order to get a
uniform bound on the distortion off k these intervals must not be too large. On the other
hand, the images of these intervals must have grown to a certain size at so called free
returns, if we want to obtain a parameter setA of positive measure. This trade-off is only
possible ifq is not too large:
• if the conclusions of Lemmas 4.1 and 4.2 are to hold simultaneously, we need

q < (
√

5− 1)/2;
• the conclusions of Lemmas 4.2, 5.3 and 6.2 hold simultaneously ifq < 1/8.

More efficient distortion estimates could allow for a somewhat largerq0, but to get past
q0 = 1/2 does not seem possible at all with our methods.

We now list the properties offa andϕ which are needed in the proof.
P1. |f ′a,q(x)| ∼ |ϕ′q(x)| ∼ |ϕq(x)|/|x|q+1.
P2. f2,q(±Q) = −Q, that is, fora = 2 the critical orbit falls on the unstable fixed point

x = −Q.
P3. f ′a,q(±Q) = ∓a(1+ q). Thus, there existsa0(q) such that|f ′a,q(±Q)| > 2 for all

a ∈ [a0(q), 2].
P4. fa,q [0, x] = [Q(1− aϕq(x)),Q]. Thus,|fa,q(0, x)| = aQϕq(x).
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P5. fa,q is unimodal, has negative Schwarzian derivative onIq , and is symmetric and
concave.

Remark 2.In fact, you can pick anŷa such that the critical orbit offâ falls on an unstable
periodic orbit, and then find a positive measure setA in any neighbourhood of̂a as in the
theorem. You can replace ‘symmetric’ with any condition that insures the non-existence
of wandering intervals, e.g. that the involutionτ defined byf (x) = f (τ(x)) is Lipschitz.
The concavity is only used to conclude that maxI |f ′(x)| = f ′(−Q).

It is essential that the nature of the critical point does not depend on the parameter
a, since general (small) perturbations of a flat critical point could create infinitely many
critical points.

2. Strategy
The basic idea follows that used in [2]. By the chain rule,

df n

dx
(Q) =

n−1∏
j=0

df

dx
(f j (Q)).

So we must select parameters which maximise the length of time the critical orbit spends
far away from zero, where derivatives are small. The proof of the main theorem will consist
of the following steps.

(i) By choosinga very close to two, the orbit of the critical valueQ will have a long initial
sequence, where the derivative grows exponentially fast, (Lemma 3.1).

(ii) As long as the orbit moves outside any fixed neighbourhood of the critical point,
derivatives grow exponentially fast, (Lemma 3.2).

(iii) A return close to the critical point at timen, will always be followed by a (large)
number of iterates (less thann) where the orbit shadows the initial part of the critical orbit
closely. The condition is that, for some suitableβ, |f n+j (Q) − f j (Q)| < j−β for all
j considered. We can use inductive information about the size of the derivatives to make
sure that the loss in the derivative that occurs at timen is compensated during this so
calledbound period. It is essential that there is even some net gain, although this will be
polynomial rather than exponential in time. This idea works out only if the returns do not
get too small too soon, so we will recursively delete parameters for which|f n

a (0)| < 1/nα

for some suitableα, where 1< α < β < 1/q.
To end up with exponential growth, we must also delete parameters with frequent

small returns. For eachn, we delete parameters who spend more than, say,n/2 iterates
compensating returns to a small neighbourhood(−δ1, δ1) of zero (§4).

(iv) Finally, we must show that what remains after making the exclusions in the previous
step for alln is a set of parameters of positive measure (§6). We study the critical orbit for
different parameters,a, using the mappings

ξn : a 7→ f n
a (0).
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We consider the restrictions ofξn to certain intervalsωk
n. Estimates on the size of the

deleted sets at timen is performed on the images of the intervalsωk
n underξn. Thus, it is

essential that the distortion of the mappingsξn is uniformly bounded. We show thatx- and
a-derivatives are comparable in size, as long asx-derivatives grow exponentially. This and
inductive use of the expansion makes it possible to bound the distortion ofξn on intervals
ωk

n, if these are sufficiently small (§5).

On the other hand,|ξn(ω
k
n)|must be large compared to 1/nα so that the set deleted due

to the(1/nα)-condition is small. This is carried out in §6.1.
In §6.2 we estimate the measure of the parameters with frequent small returns. This is

the part of the proof requiring most work. We will consider two neighbourhoodsI∗1 ⊂ I∗0
of the critical point, whereI∗i = (−δi, δi) andδ1� δ0. The reason that we work with two
nested neighbourhoods is as follows: we will show that for a typicala most returns toI∗0 are
not close to zero in the sense that they return toI∗0 \ I∗1 . Even though a typical orbit spends
most of its time in bound periods, most of this bound time comes from returns outside
I∗1 . This enables us to conclude, using (ii), that we have exponential growth of derivatives
for long stretches of the critical orbit for a large set ofa-values. Special returns, called
escape returns, when|ξn(ω

k
n)| > δ0 are considered. Inductive use of the expansion shows

that such returns do occur frequently. The length of bound periods following returns to
(−δ1, δ1) will be estimated with certain numbersEk. By definition, at a return toI∗0 \ I∗1 ,
the correspondingEi = 0. The total amount of bound time spent compensating returns
to I∗1 for a up to timen is thus less thanTs(a) := ∑s

k=1 Ek(a), for some suitables. The
value ofEk(a) is essentially determined by the position of the corresponding returnξn(a).
At escape returns the imagesξn(ω

k
n) are distributed over(−δ0, δ0), and so the functionsEi

may be considered as almost independent stochastic variables with small support and small
expectation. Large deviation techniques for sums of random variables are used to show
that the fraction of parameters deleted in this step at timen (those for whichTs(a) > n/2),
decreases fast enough inn to leave us with a positive measure set in the limit. In contrast to
the quadratic case, the functionsEi only have finitely many moments, and the techniques
of [2], where exponential moments are considered, do not apply. Some recent ideas from
the theory of large deviations are used to fix this up. Also some of the measure-estimates
used as an input in the final large deviation argument are performed in a different manner
than in [2].

(v) In §8 we prove the existence of a finite absolutely continuous invariant measure for each
fa , a ∈ A. We form averages of the push-forward of the Lebesgue measure restricted to
certain intervals, and recycling some estimates from the previous step, we show that these
averages accumulate on a measure with a finite, non-vanishing, absolutely continuous part.
Sincefa andf−1

a preserve zero Lebesgue measure, we may take this absolutely continuous
part as our invariant measure, cf. Proposition 8.1.

3. Preliminaries: expansion lemmas and notation

Fora close to two the critical orbit stays close to−Q for a large number of iterates. More
precisely we have the following.
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LEMMA 3.1. For any smallδ the following holds. For allm sufficiently large, there exists
a0 = a0 (m, q) such that for alla ∈ (a0, 2] andk = 1, . . . ,m− 1 the following holds:
(i) f k

a (0) ∈ [−Q, 0);
(ii) |(f k

a )′(Q)| ≥ 2k.
Furthermore, we can choosea0 such thatf m

a0
(0) = δ.

Proof. By continuity, this follows from properties P2 and P3. The details are left to the
reader. 2

Next we want to state that we have exponential growth of the derivative as long as we
are moving outside any fixedI∗. In the quadratic case this can be done by an explicit
change of coordinates. Here we need a more abstract formulation.

THEOREM 1. Assumeh is a unimodal,C3 Misiurewicz map with all periodic points
hyperbolic and repelling. Letc be the critical point ofh. Also assume thath has negative
Schwarzian derivative and that the involution,τ , defined byh(x) = h(τ(x)), τ (x) 6= x for
x 6= c, is Lipschitz continuous. Then the following holds. There exist constantsC > 0 and
θ > 1 and a neighbourhoodW of c such that for any neighbourhoodU ⊂ W of c there
exists a neighbourhoodN of h in theC1 topology such that for allg ∈ N one has:
(i) x, . . . , gk(x) /∈ W H⇒ |Dgk(x)| ≥ Cθk;
(ii) x, . . . , gk−1(x) /∈ U andgk(x) ∈ W H⇒ |Dgk(x)| ≥ Cθk;
(iii) x, . . . , gk−1(x) /∈ U H⇒ |Dgk(x)| ≥ Cθk infj=0,1,...,k−1 |Dg(gj (x))|.
Proof. This is a modified version of Theorem 6.4 in Chapter III of [6], where we
have substituted the condition ‘C2 with non-flat critical points’ with ‘C3 with negative
Schwarzian and Lipschitz continuous involution’. The proof in [6] is based on a series of
results. The non-flatness condition is only used at one point to deduce the non-existence
of wandering intervals (Theorems II, 6.2 and II, 6.3). But the proof of Theorem II,
6.3 (Guckenheimer’s result on the non-existence of wandering intervals for unimodal
maps with negative Schwarzian) uses the non-flatness condition only to conclude that the
involution is Lipschitz! For reference, the path in Chapter III of [6] is as follows.

No wandering intervals and no periodic attractorsH⇒ Conclusion of Lemma 6.1.
Negative SchwarzianH⇒ Koebe principle. Koebe principle and Lemma 6.1H⇒
Theorem 6.1H⇒ Theorem 6.2H⇒ Theorem 6.3H⇒ Theorem 6.4.

(Theorem 6.1 in [6] contains a statement saying that iterates are quasi-polynomial on
monotone branches. Of course this fails for our maps but the property needed in the proof
of Theorem 6.2 remains true: there exists ann̄, independent ofn, such that ifIn is a
monotone branch ofhn then

hn|In = hn̄ ◦9n ◦ h ◦8n,

where9n and8n are diffeomorphisms depending onn andIn but with universally bounded
distortion.) 2

As a corollary we obtain the following lemma.

LEMMA 3.2. There exists constantsK0 > 0 andλ0 > 0 such that for anyI∗ = (−δ, δ)

sufficiently small, there existsa0 < 2 such that for alla ∈ (a0, 2]:
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(i) x, . . . , f k−1
a (x) /∈ I∗ H⇒ |Df k

a (x)| ≥ K0e
λ0k infj=0,1,...,k−1 |Dfa(f

j
a (x))|;

(ii) x, . . . , f k−1
a (x) /∈ I∗, f k

a (x) ∈ I∗ H⇒ |Df k
a (x)| ≥ K0e

λ0k.

Remark 3.The constantsK0 andλ0 do not depend onI∗. If we shrinkI∗, we just choose
a0 closer to two.

Proof. By P2, the critical point off2 is strictly pre-periodic and sof2 is a Misiurewicz
map. Singer’s theorem states that for maps with negative Schwarzian, all stable or neutral
periodic orbits attract either a critical point or an end-point. Thus, P2 and P5 imply that
all the periodic orbits off2 are hyperbolic and repelling. By P5,f2 also fulfils the other
conditions of Theorem 1 and the lemma follows. 2

We now introduce some constants.

• First letε0 be a small positive number.ε0 depends onq and controls the size of intervals
Iµν that will form a partition of a neighbourhood of zero. In §6 conditions on the size of
ε0 will be given.

• Let

α = 1− 2q − ε0q

2q(q + 1)
and β = 1

2q
.

α controls the speed with which the critical orbit is allowed to approach the critical point,
andβ controls the tightness of the bound period condition. To simplify notation later on
we also introduce

σ := 1

q
− β − 1− ε0 = 1

2q
− 1− ε0

and

σ1 := 1

2q
− 1− 3ε0.

Note that we can chooseε0 so thatσ1 > N if and only if q < 1/(2N + 2).

• Let

λ = min

{
λ0

4
,

log 2

2

}
.

With thisλ, part (i) of the main theorem holds.

We will consider two neighbourhoodsI∗1 ⊂ I∗0 of the critical point, whereI∗i =
(−δi, δi) and

δ0 = δ
q+1/2+2qε0
1 .

We will repeatedly shrink these neighbourhoods during the course of the proof. All
estimates will continue to hold if we restrict ourselves toa-values close enough to two.
We will always chooseδ0 = 1

−1/q

0 for some10 ∈ N. 11 will denote the largest integer

such thatδ1 ≤ 1
−1/q

1 . Depending on the situation we will say ‘δ0 (or δ1) is small’ or ‘10

(or 11) is large’, and all will mean the same thing.
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We will useC, possibly indexed by a natural number, to denote local constants that do
not depend on the size ofδ0. Certain constants that will be inserted in estimates later on
are indexed by letters indicating their origin.

To control the dynamics and the distortion of iterates following a return toI∗0 , we need
a sufficiently fine partition ofI∗0 . (On the other hand, the images of the intervals in the
partition must grow to a certain size before the next return, so they must not be too small.)
Forµ ∈ Z, |µ| ≥ 10, let

Iµ = ((µ+ 1)−1/q, µ−1/q ] if µ > 0 and Iµ = −I−µ for µ < 0.

Subdivide eachIµ into finitely many subintervalsIµν of length

|Iµν | ∼ |Iµ|
|µ|1+ε0

∼ 1

|µ|2+1/q+ε0
.

Thus,

I∗0 = {0} ∪
⋃
|µ|≥10

Iµ = {0} ∪
⋃
|µ|≥10

⋃
ν

Iµν .

There is a bound, uniform inµ, on the one-step distortion offa restricted to anIµ. This
does not hold for partitions of any coarser type. Also, letI+µν denote the union ofIµν and
its two neighbouring intervals and let

Îµ = [−µ−1/q, µ−1/q ].
For future use we note that

|fa(Îµ)| ∼ |fa(Iµ)| ∼ |µ|1+ε0|fa(Iµν)| ∼ e−|µ|.

Finally, for anyx andy, let (x; y) denote the interval withx andy as endpoints.

4. Bound periods for compensation, free periods for growth
In this section we give two conditions on the parameters such ifa close to two fulfils these
conditions, then|Df n

a (Q)| grows exponentially inn.

Definition 2 (The approach rate).We say that

a ∈ BAn if |f j
a,q(0)| > 1

jα
for 0 < j ≤ n. (4.1)

Remark 4 (How to chooseα). Already at this point, we see that we have to choose an
approach-rate of the form above, withα ∈ (1, 1/q). Suppose that|Df n(Q)| ∼ en and that
we have a small returnxn := f n(Q) ∼ ±n−α aftern iterates. Then

|Df n+1(Q)| = |Df (xn)Df n(Q)| ∼ e−1/|xn|q

|xn|q+1 · en ≈ en−1/|xn|q ≈ exp(n− nαq).

Thus, at least forn large, we needα < 1/q. Indeed, by the reasoning in [12], even
one single return closer than∼1/n1/q appearing at a so-calledS-time implies that the map
under consideration has a periodic attractor. On the other hand, the setA will be something
similar to a fat Cantor set, with a proportion 1/nα deleted at timen, so in order to end up
with a positive measure set we needα > 1.
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A returnf n(Q) close to the critical point will be followed by a number of iterates where
f n+j (Q) ≈ f j (Q).

Definition 3 (Bound periods).Definep = p(µ) = p(µ, a) to be the maximal positive
integer such that

|f j
a (|µ|−1/q)− f

j
a (0)| ≤ 1

jβ
for all 0 < j < p.

This is thebound periodfor x ∈ Iµ.

Remark 5 (How to chooseβ). We want the orbit of̂Iµ to stay away from the critical point

during the bound period. All we know is that|f j
a (0)| > j−α , soβ > α is necessary.

When an orbit is not in a bound period following a return to someI∗, we say it is in a
free period. A free period terminates when the orbit hitsI∗, and a bound period follows.
These always terminate in a finite number of iterates (see Lemma 4.2) so another free
period follows. Thus, any orbit is the disjoint union of free and bound periods respectively
(relative toI∗). During free periods the orbits stay outsideI∗, and Lemma 3.2 tells us that
derivatives then grow exponentially. During the bound periods (including the return) there
will be no loss, in fact there is a small gain, according to Lemma 4.2.

Definition 4 (Free period assumption).Let

H(a, n) = #{j ≤ n : f j
a (Q) is in a bound period following a return toI∗1 }.

We say thata ∈ FAn = FAn(δ1) if

H(a, n) ≤ n

2
.

Our good set will be a setA =⋂∞n=1 An whereAn ⊂ BAn ∩ FAn.

PROPOSITION4.1. Letλ = min{λ0/4, log 2/2}. For eachδ1 sufficiently small there exists
an â such that for alln ≥ 1 and for alla ∈ BAn ∩ FAn(δ1) ∩ (â, 2), we have∣∣Df n

a (Q)
∣∣ ≥ eλn.

Before we prove this, we prove two lemmas relating to the dynamics during bound
periods.

To use inductive information during bound periods, we need to know that distortion is
uniformly bounded in the following sense.

LEMMA 4.1. For δ0 sufficiently small there exists a constantCbd, independent ofδ0, such
that if a ∈ BAn and|µ| ≥ 10, then

|Df
j
a (x)|

|Df
j
a (y)|

< Cbd, ∀x, y ∈ fa(Îµ),∀j < min{p, n}.
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Proof. Write xi := f i
a (x) andyi := f i

a (y).

|Df
j
a (x)|

|Df
j
a (y)|

=
j−1∏
i=0

|Dfa(xi)|
|Dfa(yi)| ≤ C1(δ0)

j−1∏
i=1

|yi|1+q

|xi|1+q
exp

{
1

|yi |q −
1

|xi|q
}

= C1 exp

{ j−1∑
i=1

(
1

|yi |q −
1

|xi |q + (1+ q)(log |yi| − log |xi|)
)}

.

HereC1(δ0) takes care of the first factor. Obviously,C1 → 1 asδ0 → 0. Sincej <

min{p, n} anda ∈ BAn, it follows that 0 6= (xi; yi) for i ≤ j and so||yi |−|xi || = |yi−xi |.
By the mean value theorem, there existszi ∈ (|xi |; |yi|) such that∣∣∣∣ 1

|yi|q −
1

|xi|q + (1+ q)(log |yi | − log |xi |)
∣∣∣∣ =

∣∣∣∣∣ −q

z
1+q
i

+ 1+ q

zi

∣∣∣∣∣ |yi − xi |

which is

≤ 1+ 2q

z
1+q
i

|yi − xi |.

It follows that∣∣∣∣ j−1∑
i=1

(
1

|yi |q −
1

|xi|q + (1+ q)(log |yi | − log |xi |)
)∣∣∣∣ ≤ j−1∑

i=1

1+ 2q

z
1+q

i

|yi − xi|.

Now since

zi ∈ (|xi |; |yi|) ⊂ ±(f i+1
a (0); f i+1

a (1/µ1/q)),

i ≤ j < min{p(µ), n}, a ∈ BAn and the definition ofp(µ) implies that

|yi − xi | < 1

(i + 1)β

and

zi >
1

(i + 1)α
− 1

(i + 1)β
.

This gives

j−1∑
i=1

1+ q

z
1+q
i

|yi − xi | ≤ (1+ 2q)

∞∑
i=2

1/iβ

(1/iα − 1/iβ)1+q

= (1+ 2q)

∞∑
i=2

iα(1+q)−β(1− iα−β)−(1+q)

≤ C(α, β, q)

∞∑
i=2

iα(1+q)−β.

This last sum is convergent sinceα (1+ q)− β = −(1+ ε0). Together this gives

|Df
j
a (x)|

|Df
j
a (y)|

≤ C1 exp

{
C(α, β, q)

∞∑
i=2

iα(1+q)−β

}
≤ Cbd(α, β, q). 2
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Remark 6 (On the choice ofα andβ and the size ofCbd). To make this distortion estimate
work, it was necessary to chooseα andβ so thatα (1+ q) − β < −1. If q is close to
1/8 we need to chooseε0 very small in a later step in the proof, and so this crude estimate
leads to a huge distortion constantCbd with our specific choice ofα andβ. This does not
affect the rest of the proof of the main theorem.

The following lemma gives us control over the size ofp(µ) and of derivatives and
positions during bound periods.

LEMMA 4.2. Let a ∈ BAn be sufficiently close to two and suppose that|Df
j
a (Q)| ≥ eλj

for all 0 < j < n, 10 ≤ |µ| < nαq , and that there is a constantCbd, independent ofµ,
such that

|Df
j
a (x)|

|Df
j
a (y)|

≤ Cbd, ∀x, y ∈ fa(Îµ),∀j < min{p, n}.

Then for10 andn large enough, the following holds.
(i) There exists a constantCp, independent ofµ, such that

1

Cp
|µ| ≤ p(µ) ≤ Cp|µ| (< Cpn

αq < n).

(ii) There exists a constantCbe, independent ofµ, such that for allx ∈ Iµ

|Df
p(µ)
a (x)| ≥ Cbe|µ|1+1/q−β.

In fact |Df
p(µ)
a (x)| ∼ |µ|1+1/q−β ∼ p1+1/q−β .

(iii) For all j < p and allx ∈ f (Îµ) we have

|Df
j
a (x)| ≥ 1.

(iv)

f
j
a (Îµ) ∩ (−2n−α, 2n−α) = ∅, ∀j ≤ p.

Note that ifx = f n
a (0) ∈ Iµ anda ∈ BAn, then|µ| < nαq .

Proof. We first prove (i). As long asj < min{p, n}, |Df
j
a (x)| ≥ Cbde

λj for all
x ∈ fa(Îµ). Let l = min{p, n}. Then

1 > |f l−2
a (fa(Îµ))| > Cbde

λ(l−2)|fa(Îµ)| > Ceλ(l−2)e−|µ|.

Now |µ| < nαq � n by assumption, sol < n if n is large and thusl = p < C′p|µ|.
By the definition ofp, P3 and P5,

p−β ∼ |f p−1
a (fa(Îµ))| < C(a(q + 1))p−1e−|µ|

which impliesp > C′′p |µ|.
We now prove (ii). Since

1

pβ
≤ |f p−1

a (fa(Îµ))| ≤ a(q + 1)

pβ
,
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the mean value theorem and bounded distortion imply

1

Cbd

1

pβ
≤ |Df

p−1
a (y)||fa(Îµ)| ≤ 4Cbd

1

pβ

for all y ∈ fa(Îµ). Using the left inequality, P1, P4 andp(µ) ∼ |µ|, for x ∈ Iµ we obtain

|Df
p(µ)
a (x)| = |Dfa(x)||Df

p−1
a (fa(x))|

≥ C
ϕq(µ−1/q)

|µ−1/q |q+1

1

pβϕq(µ−1/q)
≥ Cbe

|µ|(q+1)/q

|µ|β .

|Df
p(µ)
a (x)| . |µ|1+1/q−β is obtained in the same way.

To prove (iii), letj0 be so large thatCbde
j0λ > 1 and note that ifa is sufficiently close

to two and10 large,f j
a (x) stays in a neighbourhood of−Q for j = 2, . . . , j0.

Finally, we prove (iv). For anyx ∈ Îµ and anyj < p

|f j
a (x)| ≥ |f j

a (0)| − |f j
a (Îµ)|.

If a ∈ BAn and|f j
a (Îµ)| . ej log 4e−|µ|, then|f j

a (0)| > j−α for all j ≤ n, so forj ≤ √p,

|f j
a (x)| ≥ p−α/2 − Celog4

√
p−|µ|,

and first usingp < Cp|µ| and|µ| large, and then|µ| < nαq andαq < 1 this gives

|f j
a (x)| ≥ 2

nα
.

If
√

p < j < p we use the fact that|f j
a (x)− f

j
a (0)| < 1/jβ for all j < p to obtain

|f j
a (x)| ≥ 1

jα
− 1

jβ
= 1

jα

(
1− 1

jβ−α

)
>

1

pα

(
1− 1

p(β−α)/2

)
>

1

2pα
>

2

nα
,

where we once again use the facts thatp ∼ |µ| and|µ| ≤ nαq . 2

Remark 7 (More on the choice ofα andβ and the size ofq). From Lemmas 4.1 and 4.2
we see that since

1+ α(1+ q) < β < 1+ 1/q, (4.2)

a small return toIµ is compensated for during the bound period. There is even some
net-expansion, without which the measure-estimates in §6 break down completely. Thus,
our choice ofα andβ was partially dictated by (4.2). In the remark on the choice ofα

following Definition 2, we saw that

1 < α < 1/q (4.3)

was ana priori condition onα. (4.2) and (4.3) are compatible, forq > 0, if and only if
2+ q < 1+ 1/q, that is if and only if

0 < q <

√
5− 1

2
.

As we will see, sharper restrictions on the size ofq will appear in other parts of the proof.
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Proof of Proposition 4.1.Let Qi = f i
a (Q). Then

Df n
a (Q) =

n−1∏
i=0

Dfa(Qi).

Let δ1 > 0. For any large positive integerM0 we can find an̂a such that

|Df n
a (Q)| ≥ 2n > eλn

for all n ≤ M0 and alla ∈ (â, 2]. This follows from Lemma 3.1.
Let m1 be the least positive integer such thatQm1 ∈ I∗1 . ForM0 < n < m1 we apply

part (i) of Lemma 3.2 and the estimate above to obtain

|Df n
a (Q)| = |Df n−M0

a (QM0)||Df M0
a (Q)|

≥ 2M0K0e
λ0(n−M0) inf

j=M0,...,n−1
|Dfa(Qj )|

≥ K02M0eλ0(n−M0)e−11

SinceM0 is large when̂a is close to two we see that

|Df n
a (Q)| ≥ eλn

for M0 < n < m1 and alla ∈ (â, 2].
Recall the definition ofm1 above. Ifmk is defined such thatQmk ∈ I∗1 , let pk = p(µk)

whereQmk ∈ Iµk , and definemk+1 to be the least integer which is greater than or equal to
mk + pk such thatQmk+1 ∈ I∗1 . Let s ≥ 1 be maximal such thatms ≤ n. Also letr1 = m1

andrk = mk − mk−1 − pk−1 for k ≤ s. We distinguish two cases: (I)n ≥ ms + ps and
(II) ms ≤ n < ms + ps .

(I) In this case letrs+1 = n−ms − ps . We have

Df n
a (Q) = Df r1

a (Q) ·
( s−1∏

k=1

Df
pk
a (Qmk ) ·Df

rk+1
a (Qmk+pk )

)
·Df

ps
a (Qms ) ·Df

rs+1
a (Qms+ps ). (4.4)

From (ii) of Lemma 3.2, we have that
∣∣Df

r1
a (Q)

∣∣ > K0e
λ0r1. For a bound period followed

by a full free period, the factors inside the bracket, (ii) of Lemma 4.2 and (ii) of Lemma 3.2
give us

|Df
pk
a (Qmk )||Df

rk+1
a (Qmk+pk )| ≥ Cbe|µk|1+1/q−β ·K0e

λ0rk+1 ≥ eλ0rk+1,

since 1+ 1/q − β > 0 and|µk| ≥ 11 is large. For the last two factors we have, using (ii)
of Lemma 4.2, (i) of Lemma 3.2 and|Qn| ≥ δ1,

|Df
ps
a (Qms )| · |Df

rs+1
a (Qms+ps )| ≥ Cbe|µs |1+1/q−β ·K0e

λ0rs+1e−11 ≥ eλ0rs+1−11,

once again because|µs | ≥ 11 is large.
Note that

∑s+1
k=1 rk is the total amount of free time (with respect toI∗1 ), and so∑s+1

k=1 rk > n/2 sincea ∈ FAn. All together this implies

|Df n
a (Q)| ≥ K0e

λ0
∑s+1

k=1 rk−11 ≥ K0e
nλ0/2−11 ≥ eλn,

sincen > M0 is large.
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(II) This is the case when thenth iterate is in a bound period.Df n
a (Q) is given by an

expression similar to (4.4), where the last two factors are substituted by

Dfa(Qms ) ·Df k
a (Qms+1)

wherek = n −ms < ps . According to (iii) of Lemma 4.2,|Df k
a (Qms+1)| ≥ 1, and since

a ∈ BAn ⊂ BAms , we have that

|Dfa(Qms )| ≥ |Dfa(m
−α
s )| ≥ |Dfa(n

−α)| ≥ e−nαq

.

So in this case, usinga ∈ FAn, we have the estimate

|Df n
a (Q)| ≥ K0e

λ0r1eλ0
∑s−1

k=1 rk+1e−nαq ≥ K0e
λ0n/2−nαq ≥ eλn,

for our choice ofλ if n is large, sinceαq < 1. 2

5. Pseudo orbits of parameters
Our task is to delete all parameters from a small interval[a0, 2] that does not belong to⋂∞

n=1 BAn ∩ FAn, and show that what remains has positive Lebesgue measure.

Definition 5. For j ≥ 1 we define

ξj : a 7→ f
j
a (0).

We will recursively construct setsAn ⊂ BAn ∩ FAn. The estimates of how much
measure is deleted when constructingAn from An−1 will be based on the relative size of
the images of subsets ofAn−1 underξn. Deleting parameters that are not inBAn simply
means deletingξ−1

n (ξn(An−1) ∩ (−n−α, n−α)). Deleting parameters not inFAn is more
complicated, but measure estimates are still performed on the images. So we need an
absolute bound on the distortion ofξj . This can only be obtained on small intervalsω,
with the property thatξj (ω) is contained in one or two intervalsIµν if ξj (ω) ∩ I∗0 6= ∅.
This calls for a partitionPn on An. If ω ∈ Pn−1, thenPn onω will be the pullback byξn

of the partitionI = (I \ I∗0
) ∪⋃µ,ν Iµν . (This will carried out in detail in §6.1.)

We now define bound periods for parameter intervalsω.

Definition 6. Let ω ⊂ [a0, 2]. Thenp = p(µ,ω) is defined to be the maximalp such that∣∣∣∣ ⋃
a∈ω

f
j
a (Îµ)

∣∣∣∣ < j−β, ∀j < p.

We have the following lemma.

LEMMA 5.1. Letω ⊂ BAn. Suppose|(f j
a )′(Q)| ≥ eλj for all j ≤ N and alla ∈ ω, and

suppose thatξN (ω) ⊂ I+µν where|µ| ≥ 10 and10 is sufficiently large. Then there exists
constantsCp > 0 andCpe > 0, independent of10, such that:
(i) C−1

p |µ| ≤ p(µ,ω) ≤ Cp|µ|;
(ii) |(f p

a )′(x)| ≥ Cpe|µ|1+1/q−β , ∀x ∈ Iµ;
(iii) |ξN+p(µ,ω)(ω)| ≥ Cpe|µ|1+1/q−β |ξN(ω)|;
(iv) ξN+j (ω) ∩ (−N−α,N−α

) = ∅, ∀j ≤ p(µ,ω).
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So imagesξj (ω) of small parameter intervals expand during their bound periods. As
will be seen, when orbiting outsideI∗0 they expand exponentially fast. So they will intersect
I∗0 again, and the part very close to zero is a small fraction of the image. This will be stated
precisely and exploited over and over again in §6.

Fix a positive integerN . For a small parameter intervalω we can split its ‘orbit’ under
ξj into a disjoint union of bound and free periods up to theN th ‘iterate’: there is minimal
t1 such thatξt1(ω) ∩ I∗0 6= ∅. This is the first free return and the end of the first free
period. Ifω is sufficiently smallξt1(ω) ⊂ someIµν . The first bound period of finite length
p1 = p(µ,ω) follows. The second free period starts at timet1+p1 and terminates at time
t2, the least integer which is greater than or equal tot1+p1 such thatξt2(ω)∩ I∗0 6= ∅, and
so on.

The next lemma shows that images of anω grows exponentially fast during free periods.

LEMMA 5.2. Assumea0 is sufficiently close to two, and suppose thatω ⊂ [a0, 2] is such
that ξn̂(ω) ⊂ Iµν and ξn(ω) are two consecutive free returns with return timesn̂ andn,

n̂ < n. Also assume that|Df
j
a (Q)| ≥ eλj for all j < n and all a ∈ ω. Then there is a

constantCfp, independent ofδ0, such that the following holds:
(i) |ξn−k(ω)| ≤ Cfpe−λ0k|ξn(ω)|, ∀ 1 ≤ k ≤ n− n̂− p(µ,ω);
(ii) |ξn(ω)| ≥ 2|ξn̂(ω)|.
Furthermore, there is a positive integerN0(δ0) such that for anyω close to two:
(iii) ξk+j (ω) ∩ I∗0 = ∅, j = 0, 1, . . . , N0 H⇒ |ξk+N0(ω)| ≥ e(λ0/2)N0|ξk(ω)|.

As mentioned, measure estimates will be pulled back to parameter space. This is
possible because of the next lemma.

LEMMA 5.3. There exists a constantCld, independent ofδ0, such that for allε0 > 0 the
following holds. Ifω = (b, c) ⊂ BAN is a parameter interval such that|Df

j
a (Q)| ≥ eλj

for all a ∈ ω and all j ≤ N , ξj (ω) ⊂ someI+µν at each free return timej < N and such
that ξN(ω) is a free return and|ξN(ω)| < 10δ0, then

1

Cld
≤
∣∣∣∣ξ ′N(b)

ξ ′N(c)

∣∣∣∣ ≤ Cld.

The proofs of Lemmas 5.1, 5.2 and 5.3 use the following two lemmas that relate the
dynamics ofξj |ω to the dynamics offa , a ∈ ω.

The first of these lemmas states that as long as thex-derivatives grow sufficiently fast,
a- andx-derivatives will be comparable in size. This is a general fact; see Lemma 2.1
in [2]. For completeness we give a proof adapted to the maps under consideration. Let
Fn(x; a) = f n

a (x). Then∂xF
j (x; a) = df

j
a /dx and we want to compare∂xF

j (Q; a)

with ∂aF
j (Q; a) = ξ ′j+1(a).

LEMMA 5.4. There is a constantCax such that for alla sufficiently close to two the
following holds: if |∂xF

j (Q; a)| ≥ eλj for all j ≤ k then

1

Cax

≤
∣∣∣∣∂aF

k(Q; a)

∂xF k(Q; a)

∣∣∣∣ ≤ Cax.
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Proof. Let

Qj = Qj (a) = ∂aF
j (Q; a)

∂xF j (Q; a)
.

F j (x; a) = F(F j−1(x; a); a) = Q(1− aϕ(F j−1(x; a))), so by the chain-rule we have

∂xF
j (x; a) = −aQϕ′(F j−1(x; a)) · ∂xF j−1(x; a)

∂aF
j (x; a) = −aQϕ′(F j−1(x; a)) · ∂aF

j−1(x; a)−Qϕ(F j−1(x; a)).

This gives a recursion forQj :

Qj = Qj−1− Qϕ(F j−1(Q; a))

∂xF j (Q; a)
,

and since 0≤ ϕ(x) ≤ 1 for all x ∈ I we obtain

|Qj−1| − Q

|∂xF j (Q; a)| ≤ |Qj | ≤ |Qj−1| + Q

|∂xF j (Q; a)| .

Using|∂xF
j (Q; a)| ≥ eλj for all j ≤ k, a repeated use of the right inequality gives

|Qk| ≤ |Q1| +
k∑

i=2

Q

eλi

which is uniformly bounded ink.
Repeated use of the left inequality shows that for anyj < k,

|Qk| ≥ |Qj | −
k∑

i=j+1

Q

|∂xF i(Q; a)| > |Qj | −
∞∑

i=j+1

Q

eλi
,

so to obtain a positive lower bound on|Qk(a)| it suffices to show that for somej0,
|Qj0(a)|−Q

∑∞
i=j0+1 e−λi > 0. If this holds fora = 2, then it also holds fora sufficiently

close to two with the samej0. By explicit calculation,Q1(2) = Q/2(1+ q). Using this,
the recursion formula forQj and the fact thatf2(±Q) = −Q we get

Qj (2) = Q

j∑
i=2

(
1

2(1+ q)

)i

.

SoQj (2) is positive and increasing inj . The expressionQ
∑∞

i=j+1 e−λi tends to zero as
j →∞, and so the existence of the requiredj0 is clear. 2

Let HD-dist(J,K) denote the Hausdorff distance between the setsJ andK.

LEMMA 5.5. Suppose thatω ∈ BAN ∩ [a0, 2] wherea0 is sufficiently close to two,
|Df k

a (Q)| ≥ eλk for all a ∈ ω and all k ≤ N , and assume thatξN(ω) ⊂ Îµ. Then,
for eacha, b ∈ ω we have:
(i) HD-dist(f j

a (Îµ), f
j
b (Îµ)) < 1

1000|f j
a (Îµ)|

(ii) HD-dist(ξN+j+1(ω), f
j
a (ξN+1(ω))) < 1

1000|f j
a (ξN+1(ω))| for all j ≤ p(µ,ω).



782 H. Thunberg

Proof of Lemma 5.5.Pick anx ∈ Îµ anda, b ∈ ω. We want to estimate

|f j
a (x)− f

j
b (x)|

for all j ≤ p. Let κ = supa,x |∂aF (x; a)|. Forj = 1 we have

|fa(x)− fb(x)| ≤ κ |a − b|.
Let 31 = 1, and for 0< j ≤ p, let

3j := dj−13j−1 + 1= dj−1(dj−2(. . . (d2(d1+ 1)+ 1) . . . )+ 1)+ 1,

wheredi := |f ′a(yi)| for someyi ∈ (f i
a (x), f i

b (x)). For 1< j ≤ p we now verify that

|f j
a (x)− f

j
b (x)| ≤ 3jκ |a − b|. (5.1)

This follows by induction onj :

|f j
a (x)− f

j

b (x)| = |F(f
j−1
a (x); a)− F(f

j−1
b (x); b)|

≤ |∂xF (yj−1, a)||f j−1
a (x)− f

j−1
b (x)| + κ |a − b|

≤ dj−13j−1κ |a − b| + κ |a − b| = 3jκ |a − b|. (5.2)

From the definition of3k it follows that

3k =
( k−1∏

i=1

di

)(
1+ 1

d1
+ 1

d1d2
+ · · · + 1

d1d2 . . . dk−1

)
. (5.3)

We claim that
j−1∏
i=1

di ∼ |Df
j−1
a (Q)|. (5.4)

This can be proved with an argument similar to the proof of Lemma 4.1 since∏j−1
i=1 di

|Df
j−1
a (Q)|

=
∏j−1

i=1 |Dfa(yi)|∏j−1
i=1 |Dfa(f i

a (0))|
,

|yi − f i
a (0)| < β−i for all i considered, andω ⊂ BAN . Combining (5.3) and (5.4), we

obtain

3j ≤
( j−1∏

i=1

di

) ∞∑
k=1

Ce−λk .
j−1∏
i=1

di.

Inserting this estimate and (5.4) in (5.1), we find that

|f j
a (x)− f

j
b (x)| < C|Df

j−1
a (Q)||a − b|,

which is

≤ C
|f j

a (Îµ)|
|fa(Îµ)| |ω|.

Note that|ω| . e−λN , because of the assumption on|Df k
a (Q)| and Lemma 5.4. Using

|fa(Îµ)| ∼ e−|µ| and|µ| < Nαq gives

|f j
a (x)− f

j
b (x)| < C|f j

a (Îµ)|eNαq−λN < 1
1000|f j

a (Îµ)|
for largeN sinceαq < 1. This proves the first statement of Lemma 5.5. The second
is proved in a similar manner: Pickb ∈ ω, let x = ξN+1(b) and estimate the distance
betweenξN+j+1(b) = f

j
b (x) andf

j
a (x) as above. 2
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Proof of Lemma 5.1.The right inequality in (i) follows from part (i) of Lemma 4.2 and the
definition ofp(µ,ω). The first statement of Lemma 5.5 implies that

∣∣⋃
b∈ω f

j

b (Îµ)
∣∣ and

|f j
a (Îµ)| are, up to a small constant independent ofa, of the same size forj ≤ p. Thus

(ii) and the left inequality of (i) follows from the proof of the corresponding statements in
Lemma 4.2. In the light of part (ii) of Lemma 5.5, (iii) follows from (ii), and (iv) follows
from part (iv) of Lemma 4.2. 2

Proof of Lemma 5.2.Let ω = (b, c). For anya ∈ ω andx = ξn−k(a) ∈ ξn−k(ω) we have
thatf j

a (x) /∈ I∗0 for j = 0, 1, . . . , k−1, and so|Df
j
a (x)| ≥ C(δ0)e

λ0j , j = 1, 2, . . . , k−1
and|Df k

a (x)| ≥ K0e
λ0k holds by Lemma 3.2. Copying the proof of the right inequality in

Lemma 5.4 we see that

|∂aF
k(x, a)| ≤ C1(δ0)|∂xF

k(x, a)|.
Introduce the auxiliary functionψk(a) = Fk(ξn−k(a), a). From Cauchy’s mean value
theorem it follows that

|ξn(ω)|
|ξn−k(ω)| =

|Fk(ξn−k(b), b)− Fk(ξn−k(c), c)|
|ξn−k(b)− ξn−k(c)|

= |ψk(b)− ψk(c)|
|ξn−k(b)− ξn−k(c)| =

|ψ ′k(a∗)|
|ξ ′n−k(a

∗)| ,

for somea∗ ∈ ω. We calculateψ ′k and obtain

|ξn(ω)|
|ξn−k(ω)| =

1

|ξ ′n−k(a
∗)| |∂xF

k(ξn−k(a
∗), a∗) · ξ ′n−k(a

∗)+ ∂aF
k(ξn−k(a

∗), a∗)|

≥ |∂xF k(ξn−k(a
∗), a∗)| − |∂aF

k(ξn−k(a
∗), a∗)|

|ξ ′n−k(a
∗)| ,

and, invoking the estimate on∂aF
k, this is

≥ |∂xF k(ξn−k(a
∗), a∗)|

(
1− C1(δ0)

|ξ ′n−k(a
∗)|

)
.

By the assumption and Lemma 5.4,|ξ ′n−k(a
∗)| ∼ |Df n−k−1

a∗ (Q)| ≥ eλ(n−k−1) which is
greater than 2C1(δ0), sincen− k > m0 andm0 is large ifa0 is close enough to two. This
proves part (i). (ii) follows immediately from what we have just proved and from part (iii)
of Lemma 5.1. (iii) is proved in the same way as (i), using part (i) of Lemma 3.2. 2

Proof of Lemma 5.3.Using Lemma 5.4 we get∣∣∣∣ξ ′N(b)

ξ ′N(c)

∣∣∣∣ ≤ C2
ax

∣∣∣∣∣Df N−1
b (Q)

Df N−1
c (Q)

∣∣∣∣∣ = C2
ax

∣∣∣∣∣
∏N−2

i=0 f ′b(f i
b (Q))∏N−2

i=0 f ′c(f i
c (Q))

∣∣∣∣∣
=
(

b

c

)N−1

C2
ax

∣∣∣∣∣
∏N−1

i=1 ϕ′(ξi(b))∏N−1
i=1 ϕ′(ξi(c))

∣∣∣∣∣ ≤ C

∣∣∣∣∣
∏N−1

i=2 ϕ′(ξi(b))∏N−1
i=2 ϕ′(ξi(c))

∣∣∣∣∣
since|b − c| . e−λN , and just as in the proof of Lemma 4.1, we see that this is

≤ C1 exp

{
(1+ 2q)

N−1∑
i=2

|ξi(c)− ξi(b)|
|zi |1+q

}
,
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for somezi betweenξi(b) andξi(c).
Let �j = (ξj (b); ξj (c)) and let t1 < · · · < tk = N denote the free return times

of ω. Then, by assumption, there exists{(µi, νi)} such that�ti ⊂ I+µiνi
for i < k.

Let pi = p(µi, ω) for 0 < i < k and let t0 = p0 = 0. We now split the sum
S =∑N−1

i=2 |ξi(c)− ξi(b)| / |zi |1+q into sub-sums corresponding to free and bound periods
respectively:

S =
k−1∑
i=0

(S
bp
i + S

fp
i ),

where

S
bp
i =

ti+pi−1∑
l=ti

|�l|
|zl |1+q

and

S
fp
i =

ti+1−1∑
l=ti+pi

|�l|
|zl |1+q

.

With this notation,Sfp
0 is the contribution up until the first return toI∗, where the two

first terms inS
fp
0 equal zero by definition.Sbp

0 is an empty sum and is equal to zero by
definition.

First we estimate
∑k−2

i=0 S
fp
i , using (i) and (ii) of Lemma 5.2, and|zl | > δ0.

k−2∑
i=0

S
fp
i =

k−2∑
i=0

ti+1−1∑
l=ti+pi

|�l|
|zl |1+q

≤ 1

δ
1+q

0

k−2∑
i=0

C1|�ti+1|

≤ C2

δ
1+q

0

|�tk−1| ≤ C3
1

1+1/q

0

1
2+1/q+ε0
0

= C31
−(1+ε0)
0 . (5.5)

So we have aδ0-independent estimate of the distortion-contribution during all but the last
free period.

We now turn to the last free period and estimateS
fp
k−1. Let N̂ be the largest integer such

that tk−1 + pk−1 ≤ N̂ < N and such that�
N̂
∩ (−√δ0,

√
δ0) 6= ∅. From the argument

below one sees that if no sucĥN exists, this part of the proof reduces to a simpler case. We
split Sfp

k−1 into two sub-sums:

S
fp
k−1 =

N−1∑
l=tk−1+pk−1

|�l|
|zl |1+q

=
N̂∑

l=tk−1+pk−1

|�l|
|zl|1+q

+
N−1∑

l=N̂+1

|�l |
|zl|1+q

. (5.6)

Estimating the second sub-sum is easy:

N−1∑
l=N̂+1

|�l|
|zl |1+q

≤ 1

(
√

δ0)1+q

N−1∑
l=N̂+1

Cfpe−λ0(N−l)|�N | ≤ C
10δ0

δ
(1+q)/2
0

≤ C1, (5.7)

whereC1 can be chosen independently ofδ0 since we only considerq < 1.
To estimate the first sub-sum we need to know thatN − N̂ is large. We make the

following two claims.
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CLAIM 1. �
N̂
⊂ (−2

√
δ0, 2
√

δ0)

CLAIM 2. If �
N̂
⊂ (−2

√
δ0, 2
√

δ0), thenN − N̂ &
√

10.

Proof of Claim 1.Assume that�
N̂
\ (−2

√
δ0, 2
√

δ0
) 6= ∅. We will show that this

contradicts the assumption that|�N | ≤ 10δ0. Clearly, we may suppose�
N̂
=

[√δ0, 2
√

δ0], so that|�
N̂
| = √δ0. Now �

N̂+j
is close to±Q as long asj ≤ T0, where

T0 can be made arbitrarily large by choosingδ0 small andω close to two. It follows, using
Lemma 5.2, that

|�N | ≥ C2T0eλ0(N−N̂−T0)|�
N̂
|,

whereC is independent ofδ0. For δ0 sufficiently small andω close to two we have that
C2T0 ≥ 1, so|�N | ≥ |�̂N | = √δ0, and we have reached a contradiction. This proves
Claim 1. 2

Proof of Claim 2.Let δ = 1−1/q be a small positive number. Thenf2,q mapsJδ = [0, δ]
onto an interval of lengthC(q)e−1 with Q as an end-point. Sincef2,q (±Q) = −Q and

sup|f ′2,q | ≤ 4 for all q considered,f j

2,q(Jδ), j ≥ 2, is contained in[−Q,−Q/2] as long
as

4j e−1 ≤ C1,

for some suitableC1 = C1(q). If 1 is large, this holds whenj ≤ 1/2. Thus, it takes
at least1/2 iterates underf2,q for Jδ to intersect a small neighbourhood of zero. Given
q andδ, the same holds forfa,q if a is sufficiently close to two. We now apply this with
δ = 2

√
δ0. This corresponds to taking1 = 1/2q

√
10 . From this the claim follows. 2

We proceed to estimate the first sub-sum in (5.6), using Claim 2, Lemma 5.2 and the
assumption|�N | ≤ 10δ0.

N̂∑
l=tk−1+pk−1

|�l |
|zl|1+q

≤ 1

δ
1+q

0

N̂∑
l=tk−1+pk−1

|�l|

≤ 1

δ
1+q

0

N̂∑
l=tk−1+pk−1

Cfpe−λ0(N−l)|�N |,

≤ C

δ
q

0

N̂∑
l=tk−1+pk−1

e−λ0(N−l)

≤ C

δ
q

0

∞∑
j=N−N̂

e−λ0j

≤ C1

δ
q

0

e−λ0(N−N̂) ≤ C1

δ
q

0

e−c
√

10 ≤ C1
10

ec
√

10
≤ C2. (5.8)

Combining (5.5)–(5.8) we get the desired bound on the total distortion during the free
periods.
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Now we estimateSbp
i . First, we estimate the individual terms inSbp

i for l > ti :

|�l|
|zl|1+q

. |f
l−ti
a (ξti (ω))|
|zl |1+q

= |f
l−ti
a (ξti (ω))|
|f l−ti

a (Îµi )|
· |f

l−ti
a (Îµi )|
|zl|1+q

∼ |fa(ξti (ω))|
|fa(Îµi )|

· |f
l−ti
a (Îµi )|
|zl|1+q

. |fa(ξti (ω))|
|fa(Îµi )|

· 1/(l − ti )
β

1/(l − ti)α(1+q)
.

This holds for anya ∈ ω because of Lemma 5.5, Lemma 4.1, Definition 6 anda ∈ BAn.
Sinceβ > 1+ α(1+ q) we can, just as in the proof of Lemma 4.1, sum overl to obtain

an estimate forSbp
i − |�ti |/|zti |1+q :

ti+pi−1∑
l=ti+1

|�l|
|zl|1+q

≤
∞∑

l=ti+1

|fa(ξti (ω))|
|fa(Îµi )|

· 1/(l − ti)
β

1/(l − ti )α(1+q)
. |fa(ξti (ω))|
|fa(Îµi )|

= |fa(ξti (ω))|
|fa(Iµi )|

· |fa(Iµi )|
|fa(Îµi )|

∼ |fa(ξti (ω))|
|fa(Iµi )|

∼ |ξti (ω)|
|Iµi |

.

In the last two steps we used the fact that|fa(Iµi )| ∼ |fa(Îµi )| and that the distortion for

fa restricted toIµ is bounded uniformly inµ. It is easily seen that the first term inSbp
i is

also∼ |ξti (ω)|/|Iµi |. Finally, we estimate
∑k−1

i=0 S
bp
i :

k−1∑
i=0

S
bp
i .

∑
µi

∑
returns
to Iµi

|ξti (ω)|
|Iµi |

.
∑
µi

∑
last return

to Iµi

|ξti (ω)|
|Iµi |

≤
∑
µi

∑
last return

to Iµi

|I+µiνi
|

|Iµi |
.

∑
|µ|>10

1

|µ|1+ε0
< C1

−ε0
0 .

The second ‘.’ holds because of part (ii) of Lemma 5.2. 2

6. The good setA
In this section we construct a decreasing sequence of setsAn in parameter space such that
An ⊂ BAn ∩ FAn ∩ [â, 2), whereâ = â(δ0) is so close to two that Proposition 4.1 holds.
We show thatAn−1 \An is so small compared toAn−1 that

A =
∞⋂

n=1

An

has positive Lebesgue measure.
In §5, in the discussion following Lemma 5.1, bound periods and free returns for

parameter intervals were defined. We now distinguish two types of free returns. Ifn is
a free return forω andξn(ω) ⊃ Iµν , for someIµν with |µ| ≥ 10, thenn is anessential
free return. Free returns that are not essential are calledinessential. Note that in this case,
ξn(ω) ⊂ someI+µν .

PROPOSITION6.1. Let λ = min{λ0/4, log
√

2}. For any0 < q < 1/8, any ã < 2 and
anyδ0 > 0 sufficiently small, there exists a sequence of sets{An}∞n=1 and aγ > 1 such
that:
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(i) [ã, 2) ⊃ A1 ⊃ A2 ⊃ · · · ⊃ An ⊃ . . . ;
(ii) An ⊂ BAn ∩ FAn(δ1);
(iii) |Df

j
a,q(Q)| ≥ eλj for all j ≤ n and alla ∈ An;

(iv) |An| ≥ (1− n−γ )|An−1|.
Furthermore, on eachAn, there is a partitionPn such that for anyω ∈ Pn the following
holds:
(v) if j ≤ n is a free return ofω, thenξj (ω) ⊂ someI+µν . If n is an essential free return

of ω, thenIµν ⊂ ξn(ω) ⊂ I+µν for someIµν ⊂ I∗0 . If n is not an essential free return
andm̂ is the largest integer which is less thann such thatm̂ is an essential free return
for ω, thenω ∈ Pj for j = m̂, m̂+ 1, . . . , n.

The proof of Proposition 6.1 will occupy the rest of §6. Throughout this section we will
assume thatδ0 is small enough, and only considera sufficiently close to two. We will not
always state this explicitly. For anyδ0 > 0, we choose an̂a so close to two that all lemmas
and propositions from the previous sections hold. This also means that we have chosen a
sufficiently large integerm0, and anâ = a0(m0, q) according to Lemma 3.1. Clearly we
may assume that̂a > ã. By constructionAn ⊂ [â, 2], so (iii) will follow from (ii) by
Proposition 4.1. Note that ifAn−1 is as above, thenξn is a diffeomorphism on elements
of Pn−1.

Let

A1 = A2 = · · · = Am0 = ξ−1
m0

(I−11 ∪ I11).

For 1≤ n ≤ m0 define

Pn = {ξ−1
m0

(I10,ν)}.
It is clear that (i)–(v) of Proposition 6.1 hold for 1≤ n ≤ m0 and that any subset ofAm0 is
contained in[â, 2].

We proceed to construct the setsAn recursively. This is done in two steps. In
§6.1 we construct a setA′n ⊂ An−1 ∩ BAn, by deleting those parametersa for which
|ξn(a)| ≤ 1/nα. We show that the deleted set is small compared toAn−1 if n is large.
Also,Pn is constructed as a refinement ofPn−1 onA′n. In §6.2 we delete and estimate the
measure of those parameters inAn−1 for which the free period assumption does not hold.

6.1. Construction ofA′n. In this section we constructA′n from An−1 and a refinement
Pn of Pn−1. For intervalsω ∈ Pn we verify (v) of Proposition 6.1, and we show that
ω ⊂ BAn. We also show that there is aγ > 1 such that|A′n| > (1− n−γ )|An−1|.

Pick anω ∈ Pn−1. Let m̂ be the last free return ofω beforen, and letp̂ be the length
of the corresponding bound period. Ifξn(ω) ∩ I∗0 = ∅, or n < m̂+ p̂, we leaveω as it is:
ω ⊂ A′n andω ∈ Pn. (v) of Proposition 6.1 then holds by induction (n is not a free return).
Also ω ⊂ BAn: by induction we only have to consider the case of a return toI∗0 during a
bound period at timen. In this case, (iv) of Lemma 5.1 shows that|ξn(a)| > 1/nα for all
a ∈ ω.

Now assume thatξn(ω) ∩ I∗0 6= ∅ andn ≥ m̂ + p̂. If ξn(ω) does not cover anyIµν ,
an inessential return, we still leaveω unchanged. (v) of Proposition 6.1 once again holds
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trivially, and we have to show thatω ⊂ BAn. This follows by induction from the next
lemma.

LEMMA 6.1. For 10 sufficiently large, the following holds. Supposeξn(ω) ⊂ Iµν is an
inessential return, and assume that the preceding essential return took place inIµ̂ν̂ at time
m̂. Then|µ| < |µ̂|. More precisely, there existsκ = κ(q) < 1 such that

|µ| < |µ̂|κ .

Proof. Since the return is assumed to be inessential and because of Lemmas 5.1 and 5.2,
we have

|µ̂|−(1+β+ε0) . |ξm̂+p(µ̂)(ω)| . |ξn(ω)| . |Iµν | . |µ−(2+1/q+ε0)|.
Thus,

|µ| . |µ̂|(1+β+ε0)/(2+1/q+ε0),

and the lemma follows sinceβ = 1/(2q). 2

Finally, consider an essential free return:n ≥ m̂+ p̂ andξn(ω) ⊃ someIµν , |µ| ≥ 10.
Let

ω′ = ω \ ξ−1
n (ξn(ω) ∩ (−n−α, n−α)).

The remaining partω′ will be in A′n. Pn on ω′ is defined so thatω′′ ∈ Pn implies that
ξn(ω

′′) is either a component ofξn(ω) \ I∗0 or Iµν ⊂ ξn(ω
′′) ⊂ I+µν for someIµν ⊂ I∗0 . By

construction,ω′ ⊂ BAn and (v) holds forn. This finishes the construction ofA′n andPn.
We now estimate the measure of the deleted set. Note that it was only in the case of an

essential free return that we deleted anything at all.

LEMMA 6.2. For each0 < q < 1/8 there exists aγ > 1 such that

|A′n| > (1− n−γ )|An−1|.
Proof. Supposeω ∈ Pn−1 has an essential free return at timen. Clearly, we may assume
that |ξn(ω)| ≤ 10δ0. There is a maximalm < n such thatξm(ω) is either (I) an essential
free return andIµν ⊂ ξm(ω) ⊂ I+µν for someIµν ⊂ I∗0 or (II) ξm(ω) ⊃ I10−1,ν where
I10−1,ν is a neighbouring interval ofI∗0 . (II) happens ifω ⊂ ω̂ is a component mapped
outsideI∗0 by ξm andm is an essential return for̂ω.

Consider case I. The return at timem is followed by a bound period of lengthp =
p(µ,ω) andm+ p ≤ n sincen is a free return. Letω′ be as above. We apply Lemma 5.3
to conclude that

|ω \ ω′|
|ω| ≤ Cld

|ξn(ω) ∩ (−1/nα, 1/nα)|
|ξn(ω)| . 1/nα

|ξn(ω)| .

Using Lemmas 5.1 and 5.2 we see that

|ξn(ω)| & |ξm+p(ω)| ≥ C|µ|1+1/q−β |ξm(ω)|
∼ |µ|1+1/q−β |Iµν | ∼ |µ|(1+1/q−β)−(2+1/q+ε0),
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so

|ξn(ω)| ≥ C1|µ|−(1+β+ε0).

Sinceω ⊂ BAn−1, |µ| ≤ nαq and thus

|ω \ ω′|
|ω| ≤ C2

n−α

|µ|−(1+β+ε0)
≤ C2n

αq(1+β+ε0)−α.

From the definitions ofα andβ in §3, it follows that

−γ1 := αq(1+ β + ε0)− α < −1,

if ε0 > 0 is sufficiently small. We only delete at essential returns, and they do not appear
until after timem0. If m0 is sufficiently large (which is the same as requiring thatâ is
sufficiently close to two), we can findγ , 1 < γ < γ1, such that the statement of the lemma
holds for alln > m0.

Now consider case II. Then|ξn(ω)| > δ0 (see Lemma 6.3) and we may proceed as in
case I. Since this holds for allω ∈ Pn−1, the lemma follows. 2

Remark 8 (On the choice ofα andβ and the size ofq0). Consider a fixedq and suppose
we had not yet specified the values ofα andβ. From Remarks 4 and 7 in §4, we know that
our choice is limited to an open triangleT in theαβ-plane given by the inequalities

1 < α < 1/q, 1+ α(1+ q) < β < 1+ 1/q.

In the light of the proof of Lemma 6.2 we want to chooseα andβ in T such that for
sufficiently smallε0,

hq(α, β) := αq(1+ β + ε0)− α < −1.

To find out for whichq this is possible, we minimizehq over the given region ofαβ-space.
One can easily prove the following claim.

CLAIM .
(i) For q ≥ 1/8 and for anyε0 > 0, hq ≥ −1 in T .
(ii) For 0 < q < 1/8 we can find anε0 > 0 such that the function

hq(α, β) = αq(1+ β + ε0)− α

attains values which are less than−1 inside the triangleT . More precisely this
happens in a neighbourhood of

α = 1− (2+ ε0)q

2q(q + 1)
,

β = 1+ α(1+ q).

In fact,α = (1− (2+ ε0)q)/(2q(q + 1)) andβ = 1/2q will do for ε0 sufficiently
small.
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6.2. DeletingAn−1 \ FAn. In this section we delete those parameters that are in some
Bn ⊃ An−1 \ FAn(δ1), and prove that|Bn| is small.

Considera ∈ A′n. Then there exists parameter intervalsωj = ωj (a) ∈ Pj ,
j = 1, . . . , n, such thata ∈⋂n

j=1 ωj . There also exists integersni(a),

n1 = m0 < n2 < · · · < nk ≤ n,

such that for each 1< j ≤ k:
• nj is an essential free return forωnj−1;
• ωnj is either (I) returning insideI∗0 underξnj , and then

Iµj νj ⊂ ξnj (ωnj ) ⊂ I+µj νj

for some(µj , νj ), or (II) a component of

ξ−1
nj

(ξnj (ωnj−1) \ I∗0 ).

In this caseξnj (ωnj ) ⊃ I±10−1,ν , a neighbouring interval ofI∗0 . In case (I) we call
Iµj νj the host interval, and in case (II) we say thatI10−1 is the host interval.

• a ∈ ωm ∈ Pm andnj < m < nj+1 impliesωm = ωnj .
nj (a) is called thej th essential return ofa.

Definition 7. A free returnnj of a ∈ ωnj−1 is anescape situationif

|ξnj (ωnj−1)| > δ0.

Also n1 = m0, the first return time, is considered as an escape. The correspondingescape
timenk(a) for a ∈ ωnj is the smallestnk > nj such that|ξnk (ωnk−1(a))| > δ0. The time
interval(nj , nk) is the calledthe escape period. Also defineej (a) = nk − nj , the length
of the escape period.

Returns outside(−δ1, δ1) will be followed by an escape situation at the next free return.
This is stated in the following lemma. Recall thatδ0 = 1

−1/q

0 , δ0 = δ
q+1/2+2qε0
1 and that

(11+ 1)−1/q < δ1 ≤ 1
−1/q

1 .

LEMMA 6.3. For all ε0 > 0, a sufficiently close to two,10 sufficiently large and for
|µ| ≤ 11 the following holds:

ξnj (ωnj ) has host intervalIµν or I10−1 H⇒ |ξnj+1(ωnj )| > δ0.

Proof. From (iii) of Lemma 5.1 and (i) of Lemma 5.2, we have that

|ξnj+1(ωnj )| ≥ C|µ|1+1/q−β |Iµν | ≥ C1|µ|−(1+β+ε0) ≥ C11
−(1+β+ε0)

1 ,

whereC1 does not depend on10. Sinceβ = 1/2q and 11 ≤ 1
1/(q+1/2+2qε0)

0 by
definition, the lemma follows for10 sufficiently large. 2

We want to count the amount of bound time originating from returns inside(−δ1, δ1).
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Definition 8. Let nj be the escape times which are less than or equal ton for a givena.
Define

Ej(a) =
{

0, if ξnj (a) /∈ (−δ1, δ1),

ej (a), if ξnj (a) ∈ (−δ1, δ1),
(6.1)

and

T (a, n) =
∑
nj≤n

Ej (a).

Clearly, each bound period following a return to(−δ1, δ1) is contained in an escape
period corresponding to a non-zeroEi . Let

Bn = {a ∈ An−1 | T (a, n) > n/2}
To prove (iv) in Proposition 6.1 it now suffices to prove that there exists aγ > 1 such that

|Bn| < n−γ |An−1|.
This will be proved in several steps. When going from one escape to another, small

setsIµν expand to sizeδ0. This makes the functionsEi almost independent, and the sum
T (a, n) can be estimated with a large deviation argument. To accomplish this we must
estimate the distribution functions of the functionsEi . Consider anω at an escape situation
at timenj . We may use inductive information about behaviour during bound periods for
anothernj iterates. For 0< t < nj , we want to estimate

m{a ∈ ω | Ej(a) ≥ t}.
Subdivideω into setsωµν corresponding to different host intervals inI∗1 . Consider each
ωµν separately, and for anys, consider a subsetωs ⊂ ωµν such thatnj+i (ωs) is well-
defined, is less thannj + t and is not an escape situation fori = 1, . . . , s. Then we can
estimate|ωs |/|ωµν | in terms ofµ, and the indices of the host intervals at the return times
nj+i . This is done in §6.2.1.

In §6.2.2 we give an upper bound for the time gap between two subsequent essential
returns, in terms of the host interval index.

In §6.2.3 we consider anωs as above going through host intervals{Iµiνi }i≤s and such
thatEj(ωs) ≥ t for somet ≤ nj . Using the estimates from §6.2.2, we prove a relation
betweens, t , and{µi}i≤s . From this and the estimates from §6.2.1, we obtain estimates
of m{a ∈ ωs | Ej(a) ≥ t}, and after summation we obtain estimates of the distribution
function restricted to oneωµν , and then toω.

Finally, in §6.2.4, we first delete and estimate the measure of those parameters that have
an escape situation at timen and for which the length of the following escape period is
greater thann. This has been done for alln, so in the last step we may assume that an
escape period starting at timenj ≤ n terminates before time 2nj ≤ nj +n. In the last step,
m{a ∈ An−1 | T (a, n) > n/2} is estimated using the information about the distribution
functions for the functionsEi .
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6.2.1. The relative size ofωs . Consider anω0 ∈ Pnj , nj ≤ n an essential return time
for a ∈ ω0 with host intervalIµ0,ν0, and a subsetωs ⊂ ω0 such that fori = 1, 2, . . . , s the
following holds:
• nj+i (a) is constant onωs ;
• nj+i (a) is not an escape situation for anya ∈ ωs ;
• nj+s (ωs) ≤ 2nj (≤ nj + n).
This means that there are parameter intervals{ωi}si=0 and intervalsIµi νi , |µi | ≥ 10 − 1,
such that

ωs ⊂ ωs−1 ⊂ · · · ⊂ ω0

and such thatIµi νi is the host interval ofξnj+i (ωi). None of these returns are escape returns
so we have

|ξnj+i (ωi−1)| < δ0 for i = 1, 2, . . . , s.

(Because of Lemma 6.3 this actually forces|µi | > 11 for i < s. We will not use this fact.)
We estimate the relative size ofωs , using the results of §5. Letpi = p(µi).

|ωs |
|ω0| ≤ Cld

|ξnj (ωs)|
|ξnj (ω0)| ≤ Cld

|I+µsνs
|

|Iµ0ν0|
s−1∏
i=0

|Df
pi
a (µ

−1/q
i )|−1

. Cs
0
|µ0|2+1/q+ε0

|µs |2+1/q+ε0

s−1∏
i=0

1

|µi |1+1/q−β

≤ Cs
0

1

1
1+β+ε0
0

1

|µs |1+1/q−β

|µ0|2+1/q+ε0

|µ0|1+1/q−β

s−1∏
i=1

1

|µi |1+1/q−β

= Cs
0

1
1+β+ε0
0

|µ0|1+β+ε0

s∏
i=1

1

|µi |1+1/q−β
, (6.2)

where the second inequality follows since

s−1∏
i=0

|Df
pi
a (µ

−1/q
i )||ξnj (ωs)| ≤ |I+µsνs

|,

and third inequality follows from part (ii) of Lemma 5.1 withC0 = C−1
pe .

6.2.2. The time between two essential returns.Supposeω ∈ Pm has an essential return
at time m with host intervalIµν . The return is followed by a bound period of length
p = p(µ,ω) ∼ |µ|, and then a free period follows. Letr = r(µ,ω) be the length of this
free period. From the results of §5 it follows that

2Q ≥ |ξm+p+r (ω)| ≥ 1

Cfp
eλ0r |ξm+p(ω)| ≥ Ceλ0r |µ|−(1+β+ε0),

and we conclude that

r ≤ C1 log |µ|. (6.3)



Positive exponent for flat tops 793

An essential free return of anω at timem to a host intervalIµ0ν0 might be followed by a
sequence of inessential free returns. Suppose they appear in host intervalsIµiνi , at times
mi , m = m0 < m1 < m2 < · · · . Let �i = ξmi (ω). From Lemma 5.2 we know that

|�k| ≥ 2|�k−1|.
Since�k ⊂ I+µkνk

, for k ≥ 0, andIµ0ν0 ⊃ �0, it follows that

|µk|−(2+1/q+ε0) & |�k| ≥ 2k|Iµ0ν0| & 2k|µ0|−(2+1/q+ε0).

So |µk| . κ̂k|µ0| for someκ̂ < 1. In particular, a new essential return appears in finitely
many steps. Using this estimate, (6.3) and part (i) of Lemma 5.1, we can estimate the total
time u until the next essential free return ofω0. Let pk andrk denote the length of the
bound and free period respectively following the return toIµkνk .

u =
k̂(µ0)∑
k=0

(pk + rk) ≤ C0

k̂(µ0)∑
k=0

(|µk| + log |µk|)

≤ C1

k̂(µ0)∑
k=0

|µk| ≤ C2

∞∑
k=0

κ̂k|µ0| ≤ C|µ0|.

We record this as follows.

LEMMA 6.4. If ξm(ω) is an essential return to host intervalIµν , and ifu is the time to the
next essential free return we have

u(µ) < C|µ|,
if δ0 is small.

6.2.3. Estimates on the distribution functions ofEi . Let ω0 be as in §6.2.1, that is,
ξnj (ω0) is an essential free return with host intervalIµ0ν0. Let {nj+i (a)} denote the
essential free return times which are greater thannj . ej (a) is the time it takes fora ∈ ω0

to be in an escape situation, thus taking place at timenj + ej (a). For anyt ≤ nj , let

At = {a ∈ ω0 | ej (a) ≥ t},
and let

Bt,s = {a ∈ ω0 | ej (a) ≥ t, nj+s < nj + t ≤ nj+s+1}.
Bt,s is the set of parameters inω0 that have an escape period of length at leastt , and which
experience exactlys essential returns before timenj + t . Clearly

At ⊂
⋃
s≥0

Bt,s .

Finally, with µ̂ = ((µ1, ν1), . . . , (µs, νs)), for s > 0, let

Bt,s,µ̂ = {a ∈ Bt,s | ξnj+i (a) ∈ Iµiνi , i = 1, 2, . . . , s}.
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Note that eachBt,s,µ̂ is a subset of the typeωs defined in §6.2.1.
From all this it follows that

m(At ) ≤ m(Bt,0)+
∑
s≥1

2s
∑
µ̄∈�

m(Bt,s,µ̂)

s∏
i=1

|µi |1+ε0, (6.4)

where� = �(t, µ0) ⊂ Ns is specified,µ̄ is the projection onto the first component of
each double-index in̂µ, and 2s

∏s
i=1 |µi |1+ε0 represents the number of possible choices of

double-indices((µ1, ν1), . . . , (µs, νs)) with {|µi |} fixed.
Let ui = nj+i+1 − nj+i . Then fora ∈ Bt,s,µ̂, t ≤ nj+s+1 − nj = ∑s

i=0 ui . Because
of Lemma 6.4 there is a positive constantκ0, independent ofs, t , µ̂ andω0, such that

t ≤
s∑

i=0

ui ≤ 1

κ0

s∑
i=0

|µi |,

and so

Y = Y (t) := κ0t − |µ0| ≤
s∑

i=1

|µi |, ∀a ∈ Bt,s,µ̂.

This means thatBt,s,µ̂ = ∅ if
∑s

i=1 |µi | < Y . For s = 0 this holds with the empty sum
equal to zero.

This, andµi > 10, defines� in (6.4):

�(t, µ0) =
{
µ̄ = (µ1, . . . , µs) ∈ Ns

∣∣∣∣ s∑
i=1

|µi | ≥ Y, µi > 10

}
.

Using (6.2), we can now estimatem(Bt,s) for s > 0.

2s
∑
µ̄∈�

m(Bt,s,µ̂)

s∏
i=1

|µi |1+ε0 ≤
∑
µ̄∈�

2sCs
0|µ0|1+β+ε0|ω0|

1
1+β+ε0
0

s∏
i=1

|µi |1+ε0

|µi |1+1/q−β

≤ Cs
1|µ0|1+β+ε0|ω0|

1
1+β+ε0
0

∫
∑

xi≥Y
xi≥10

s∏
i=1

1

x
1/q−β−ε0
i

dV . (6.5)

To estimate the integral, note that{
(x1, . . . , xs)

∣∣∣∣ s∑
i=1

xi ≥ Y andxi ≥ 10, i = 1, . . . , s

}

⊂
s⋃

j=1

{
(x1, . . . , xs)

∣∣∣∣ xj ≥ Y

s
andxi ≥ 10, i 6= j, 1≤ i ≤ s

}
,

so that ∫ ∏
dV∑

xi≥Y
xi≥10

≤
s∑

j=1

∫ ∏
dV

xj≥Y/s

xi≥10,i 6=j

= s

∫ ∏
dV

x1≥Y/s
xi≥10,i 6=1

.
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Thus, by Fubini’s Theorem,∫
∑

xi≥Y
xi≥10

s∏
i=1

1

x
1/q−β−ε0
i

dV ≤ s

( ∫
x≥Y/s

1

x1/q−β−ε0
dx

)( ∫
x≥10

1

x1/q−β−ε0
dx

)s−1

,

and this is, writingσ := 1/q − β − 1− ε0 = 1/(2q)− 1− ε0,

≤ C2(β, q, ε0)
sσ+1

Bs−1

1

Yσ
,

whereB = 1σ
0 →∞ whenδ0→ 0 . Using this, (6.4) and (6.5) we obtain

m(At ) ≤ m(Bt,0)+ C2|µ0|1+β+ε0

1
1+β+ε0
0

∞∑
s=1

Cs
1s

σ+1

Bs−1

1

Yσ
|ω0|

≤ m(Bt,0)+ C3

1
1+β+ε0
0

|µ0|1+β+ε0
1

Yσ
|ω0|,

with Y = κ0t − |µ0| for some positive constantκ0.
We now consider the cases = 0. Bt,0 are those parameters that do not have any free

return before timenj + t , and this set is empty fort > |µ0|/κ0. This proves the following.

LEMMA 6.5. There are positive constantsκ0 andC such that ifω0 ∈ Pk has an essential
free returnξk(ω0) with host intervalIµν , and if e(a) is the time until the next escape
situation fora ∈ ω0 then for allt > |µ|/κ0

m{a ∈ ω0 | e(a) ≥ t} ≤ C

1
1+β+ε0
0

|µ|1+β+ε0

(κ0t − |µ|)σ |ω0|, (6.6)

whereσ := 1/q − β − 1− ε0 = 1/2q − 1− ε0.

Our goal is to estimate the distribution functions ofEi on anω which is at itsith escape
situation. Using the previous lemma, we can prove the following.

LEMMA 6.6. There exists a constantK(δ0), limδ0→0 K(δ0) = 0, such that ifω∗ ∈ Pk−1

has itsith escape return at timek, then for all0 < t ≤ k, we have

m{a ∈ ω∗ | Ei(a) ≥ t} ≤ K(δ0)
1

tσ1
|ω∗|,

whereσ1 := 1/2q − 1− 3ε0.

Proof. Fix t . Remember thatIµ is subdivided into∼ |µ|1+ε0 subsetsIµν and that
Ei(a) = 0 if ξk(a) /∈ I∗1 , wherek is the ith escape return fora. We partition the set
of all possible index pairs with|µ| ≥ 11:

�1 = {(µ, ν) | |µ| ≥ κ0t/2}, �2 = {(µ, ν) | |µ| < κ0t/2}.
Letω∗µν = ξ−1

k (Iµν∩ξk(ω
∗)) (orω∗µν = ξ−1

k (I+µν∩ξk(ω
∗)) if Iµν is one of the end-intervals

of ξk(ω
∗)). Then

m{a ∈ ω∗ | Ei ≥ t} =
∑

µ,ν s.t. |µ|≥11

m{a ∈ ω∗µν | Ei ≥ t}

=
∑
�1

m{a ∈ ω∗µν | Ei ≥ t} +
∑
�2

m{a ∈ ω∗µν | Ei ≥ t},
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and, applying Lemma 6.5 to the second sum, this is

≤
∑
�1

|ω∗µν | +
C

1
1+β+ε0
0

∑
�2

|µ|1+β+ε0

(κ0t − |µ|)σ |ω
∗
µν |.

Using Lemma 5.3, saying that|ω∗µν |/|ω∗| ∼ |Iµν |/|ξk(ω
∗)|, and the definition of�2,

we see that this is

.
∑

|µ|≥max{11,κ0t/2}
|µ|1+ε0

|µ|−(2+1/q+ε0)

δ0
|ω∗|

+ 1

1
1+β+ε0
0

∑
11≤|µ|<κ0t/2

|µ|1+ε0
|µ|1+β+ε0

tσ

|µ|−(2+1/q+ε0)

δ0
|ω∗|,

and sinceβ = 1/2q andδ0 = 1
−1/q

0 , this is

≤ 1
1/q

0

∑
|µ|≥max{11,κ0t/2}

|µ|−(1+1/q)|ω∗| + 1
1/2q−1−ε0
0

tσ

∑
|µ|≥11

|µ|−(1/2q−ε0)|ω∗|

≤ 1
1/q

0

1
1+1/2q+3ε0
1

∑
|µ|≥κ0t/2

|µ|−(1/2q−3ε0)|ω∗| + 1
1/2q−1−ε0
0

tσ

∑
|µ|≥11

|µ|−(1/2q−ε0)|ω∗|

.
(

1
1/q

0

1
1+1/2q+3ε0
1

+ 1
1/2q−1−ε0
0

1
1/2q−1−ε0
1

)
t−σ1|ω∗|.

This proves the lemma, since for eachε0, we have that11/q

0 is of smaller order of

magnitude than11+1/2q+3ε0
1 . 2

6.2.4. Adjusting to the free period assumption.In this section we estimate the measure
of the set deleted fromAn−1 in order to fulfil theFAn condition. First we delete the set
B ′n consisting of thosea ∈ An−1 such thata belongs to anω ∈ Pn−1 having an escape at
timenk = n and such thatEk(a) ≥ n. Let

A′′n = An−1 \ B ′n. (6.7)

From Lemma 6.6 it follows that

|B ′n| ≤ K(δ0)n
−σ1|An−1|, (6.8)

where limδ0→0 K(δ0) = 0.
We may assume that we have performed this operation at all previous times, so in what

follows we are allowed to assume that an escape period staring at some timem, always
terminates before time 2m. All previous estimates of this section then hold, and we can
apply Lemma 6.6 at all escape situations up until timen.

Notation. In the following, {ni} will denote a sequence of escape times (not free return
times, as earlier in the text) ands will denote the number of escapes considered.
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PROPOSITION6.2. For each q < 1/8 and for δ0 small enough, there is aK ′(δ0),
K ′(δ0)→ 0 asδ0→ 0, such that for alln,

m{a ∈ A′′n | a /∈ FAn(δ1)} < K ′(δ0)n
−(σ1−1)|An−1|.

Proof. Consider ana ∈ A′′n. For such ana a sequence of escape timesni ≤ n and integers
Ei(a) ≥ 0 are defined for 1≤ i ≤ s̄(a) � n according to Definition 7 and Definition 8.
s̄(a) is the number of escape situations fora up until timen. PositiveEi ’s are the length of
escape periods following escape returns to(−δ1, δ1). Since each bound period originating
from a return inI∗1 is contained in an escape period corresponding to a positiveEi , it
suffices to prove that

m{a ∈ A′′n | T (a, n) ≥ n/2} < K ′(δ0)n
−(σ1−1)|An−1|,

where

T (a, n) =
∑

ni (a)≤n

Ei(a).

Let M = M(a0, δ1) be the shortest possible value of a bound period fora ∈ [a0, 2]
following a return to(−δ1, δ1). It is clear that we have a uniform bound ons̄(a): there
exists a positive integer̂s ≤ n/M , independent ofa, such that

s̄(a) ≤ ŝ.

For simplicity we defineEi(a) also fori > s̄(a):

Ei(a) =
{

Ei(a), for i ≤ s̄(a)

0, for i > s̄(a).

ThenT (a, n) = Tŝ(a) = ∑ŝ
i=1 Ei(a) is defined for alla. We may also considerTs for

s < ŝ.
For eachs ≤ ŝ we form a partition onA′′n. Write

A′′n = {a ∈ A′′n | s̄(a) ≥ s} ∪ {a ∈ A′′n | s̄(a) < s}.
It is not hard to see that we can partition{a ∈ A′′n | s̄(a) ≥ s} into subsetsω∗ such that:
• ni(a) is constant fori = 1, 2, . . . , s on eachω∗;
• for eachω∗ and eachi < s, ξni (ω

∗) is either outsideI∗0 or contained in some host
intervalIµν ;

• |ξns (ω
∗)| ≥ δ0.

Likewise we partition{a ∈ A′′n | s̄(a) < s} into setsω∗ such that:
• s̄(a) is constant on eachω∗;
• ni(a) is constant fori = 1, 2, . . . , s̄(a) on eachω∗;
• for eachω∗ and eachi ≤ s̄(a), ξni (ω

∗) is either outsideI∗0 or contained in some host
intervalIµν .

This gives us a partition̂Ps , A′′n =
⋃

ω∗, with the following additional properties:
• eachω∗ ∈ Pk for somek ≤ n;
• Ts−1(a) =∑s−1

j=1 Ei(a) is constant on eachω∗.
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Also note that:
• T1(a) = E1(a) = 0 for all a since the first escape situation, by definition, is the first

return at timem0 to I−10 ∪ I10.
We are now in position to carry out our large deviation estimate. The idea of how to

handle sums of random variables that do not have exponential moments is inspired by
Nagaev’s article [7].

Fix a positive integerτ (which we will take to ben/2 in the end), and a sufficiently
small positive real numberθ = θ(q). Let

Ẽi (a) =
{

Ei(a), if Ei(a) ≤ θτ

0, if Ei(a) > θτ .

Define

T̃s (a) =
s∑

i=1

Ẽi(a).

Then, with{a | . . . } as a shorthand for{a ∈ A′′n | . . . },

{a | Ts > τ } ⊂ {a | T̃s > τ } ∪
s⋃

i=1

{a | Ei > θτ }

so

m{a | Ts > τ } ≤ m{a | T̃s > τ } +
s∑

i=1

m{a | Ei > θτ }. (6.9)

We will show that the right-hand side is dominated by the second term, and is therefore
. sn−σ1|A′′n| < n−(σ1−1)|A′′n|, according to Lemma 6.6.

For allh > 0 we have, by Chebychev’s inequality, that

m{a ∈ A′′n | T̃s > τ } ≤ e−hτ

∫
A′′n

eh
∑s

1 Ẽi (a) da. (6.10)

Using the partitionA′′n =
⋃

ω∗ and using the fact that̃Ts−1 is constant on eachω∗ we have∫
A′′n

eh
∑s

1 Ẽi (a) da =
∑
ω∗

(ehT̃s−1(ω
∗)|ω∗|)

(
1

|ω∗|
∫

ω∗
ehẼs (a) da

)
. (6.11)

To estimate
∫
ω∗ e

hẼs (a) da we need a lemma.

LEMMA 6.7. Let J be a compact, measurable set and letg : J −→ R be a positive,
measurable function with‖g‖∞ < ∞. Let b > 0, r ≥ 2, B > 0, µ andAr be numbers
such that:
(i) m{a ∈ J | g(a) > b} = 0;
(ii) (1/|J |) ∫

J
g(a) da ≤ µ;

(iii) (1/|J |) ∫
J
(g(a))2 da ≤ B;

(iv) (1/|J |) ∫
J
(g(a))r da ≤ Ar .

Then the following holds:
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(i) for anyh, 0 < h ≤ r/b,

1

|J |
∫

J

ehg(a) da ≤ exp

[
hµ+ erB

h2

2

]
;

(ii) for anyh > r/b,

1

|J |
∫

J

ehg(a) da ≤ exp

[
hµ+ erB

h2

2
+ Ar(e

hb − 1− hb)

br

]
.

This is a reformulation of Lemma 1.4 in [7]. The proof is not very difficult.
We now want to apply this lemma to the functionsEi . For 1≤ u < σ1− 1, define

Mu =
∞∑
t=1

K(δ0)t
u−σ1,

whereK(δ0) is the constant from Lemma 6.6.

LEMMA 6.8. For all q < 1/8, for all ω∗ ∈ P̂i , and for allr, 2 ≤ r < σ1−1, the following
is true for sufficiently smallδ0 and allh > 0:

1

|ω∗|
∫

ω∗
ehẼi(a) da ≤ e9(h),

where

9(h) =


hM1+ er h2

2
M2, if h ≤ r

θτ

hM1+ er h2

2
M2+ ehθτ − 1− hθτ

(θτ )r
Mr, if h >

r

θτ
.

Proof of Lemma 6.8.According to the definition of̃Ei and Lemma 6.6,

1

|ω∗|
∫

ω∗
Ẽr

i (a) da ≤ 1

|ω∗|
ni∑

t=0

trm{a | Ei ≥ t} ≤
∞∑
t=1

K(δ0)t
r 1

tσ1
= Mr.

SinceẼi(a) ≤ θτ for all a, we may apply Lemma 6.7 withJ = ω∗, b = θτ , µ = M1,
B = M2 andAr =Mr . 2

Because of (6.10), by repeated applications of (6.11) and Lemma 6.8 it follows that for
anys > 1:

m{a ∈ A′′n | T̃s > τ } ≤ e−hτ
∑

ω∗∈P̂s

(ehT̃s−1(ω
∗)|ω∗|)

(
1

|ω∗|
∫

ω∗
ehẼs(a) da

)

≤ e−hτ e9(h)

∫
A′′n

ehT̃s−1(a) da

≤ e−hτ · es9(h)|A′′n| = es9(h)−hτ |A′′n|.
We also used the fact thatT1 ≡ 0.
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For

h = ĥ := 1

θτ
log

(
(θτ )r

sMr

+ 1

)
we have

s9(ĥ)− ĥτ ≤ ĥsM1+ er ĥ2

2
sM2+ eĥθτ − 1− ĥθτ

(θτ )r
sMr − ĥτ

and since((eĥθτ − 1− ĥθτ)/(θτ )r )sMr < 1, this is

< −ĥ

(
τ − sM1− er ĥ

2
sM2

)
+ 1

= −1

θ
log

(
(θτ )r

sMr

+ 1

)(
1− s

τ

(
M1 + er ĥ

2
M2

))
+ 1.

M1, M2 andMr are absolute constants, and for fixedθ with τ = n/2 we see that̂h is
uniformly small for largen. Thus, the expression(M1+er(ĥ/2)M2) is bounded. Choosing
τ = n/2 and remembering thats ≤ n/M , we see that we can get

1− s

τ

(
M1+ er ĥ

2
M2

)
≥ 1− 2

M

(
M1+ er ĥ

2
M2

)
arbitrarily close to one by takingδ0 small enough, sinceM →∞ asδ0→ 0. Thus,

s9(ĥ)− ĥτ ≤ − 1

2θ
log

(
(θτ )r

sMr

+ 1

)
+ 1

for sufficiently smallδ0. With τ = n/2 ands ≤ n/M we have

es9(ĥ)−ĥτ ≤ e

(
sMr

(θτ )r + sMr

)1/2θ

≤ e

(
2rMr

Mθr

)1/2θ 1

n(r−1)/2θ
= K(δ0)n

−(r−1)/2θ,

whereK(δ0)→ 0 asδ0→ 0. Sincer ≥ 2, this is

� n−σ1+1,

if θ(q) is sufficiently small, and so

m{a ∈ A′′n | T̃s > n/2} � n−σ1+1|A′′n|.
From (6.9) and Lemma 6.6 we therefore have

m
{
a ∈ A′′n | Ts >

n

2

}
≤ 2sK(δ0)

(
2

θ

)σ1

n−σ1|A′′n|
≤ K ′(δ0)n

−σ1+1|An−1|,
sinceθ is chosen independently ofδ0. In particular, this holds fors = ŝ. This completes
the proof of Proposition 6.2. 2

Let A′′′n = {a ∈ An−1 | T (a, n) ≤ n/2}. ThenA′′n ∩ A′′′n ⊂ FAn ∩ An−1 and we have
already constructedA′n ⊂ BAn ∩ An−1. Finally let

An = A′n ∩ A′′n ∩ A′′′n .

From Lemma 6.2, the estimate (6.8) and Proposition 6.2, part (iv) of Proposition 6.1
follows, and this finishes the proof of Proposition 6.1.



Positive exponent for flat tops 801

7. The properties of the setA and the first part of the main theorem
Let

A :=
∞⋂

n=1

An =
∞⋂

n=m0

An.

From part (iv) of Proposition (6.1) it follows that

|A| ≥
∞∏

n=m0

(1− n−γ )|A1|,

for someγ > 1. So|A| > 0, and the first statement of the main theorem follows from
parts (i)–(iii) of Proposition 6.1. Choosinga close to two means choosingm0 large. From
this, it is not hard to see that two is a density point ofA.

8. Invariant measures forfa , a ∈ A

In this section we prove that iff = fa,q for somea ∈ A, thenf admits a finite invariant
measure that is absolutely continuous with respect to Lebesgue measure. We assume
throughout this section thatq < 1/8.

Let m0 denote normalized Lebesgue measure onJ0 := I−10,1 ∪ I10,1, the union of the
two end-intervals of our partition onI∗0 . Construct the averages of the push-forward ofm0

underf :

mn := 1

n

n−1∑
k=0

f k∗ (m0).

Then any infinite subsequence of{mn} has a convergent subsequence (in the weak*
topology), converging to an invariant Borel probability measurem∗, which in turn can
be decomposed as

m∗ = m∗ac+m∗sing, m∗ac� Leb., m∗sing⊥ Leb.

It is a standard fact that iff andf−1 map sets of measure zero to sets of measure zero,
which is true for ourf , then the absolutely continuous part of an invariant measure is itself
invariant. For the convenience of the reader, we formulate this as a proposition below,
and give a short proof. Thus, it suffices to find a subsequence of{mn} converging to an
invariant measure with non-zero absolutely continuous part. We will choose a subsequence
such that the contributions from the escape situations (defined for iterates off ) give us a
non-vanishing absolutely continuous part.

PROPOSITION8.1. Let m be a probability measure on a measure spaceX and letg :
X→ X be measurable such thatm(E) = 0 impliesm(g(E)) = m(g−1(E)) = 0. If m∗ is
a finite invariant measure forg with Lebesgue decompositionm∗ = m∗ac+m∗sing, m

∗
ac� m

andm∗sing⊥ m, thenm∗ac andm∗sing are invariant underg.

Proof. There exists a setY ⊂ X such thatm(Y ) = 0 andm∗sing(Y ) = m∗sing(X). Let

Y ′ =
∞⋃
i=0

g−i

( ∞⋃
j=0

gj (Y )

)
.
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ThenY ′ is a totally invariant set and so isY ′′ = X \Y ′. Note thatm∗ac(Y
′) = 0. Using this,

it is easily checked thatm∗ac(g
−1(E)) = m∗ac(E) for any measurable setE. It follows that

m∗sing is also invariant. 2

For an intervalJ ⊂ Îµ, f i(J ) is in a bound period fori = 1, . . . , p(µ)−1 according to
Definition 3. If t ≥ p(µ) is minimal such thatf t (J ) ∩ I∗0 6= ∅, we call the iteratesf i(J ),
i = p, . . . , t − 1, free.t is called a free return time. This could be essential or inessential,
according to whetherf i(J ) covers someIµ′ν ′ or not.

We now form a sequence{Rn} of partitions ofI∗0 and a sequence of free return times
{tk(x)} with the following properties:
• tk is constant on elements ofRm if m ≥ k;
• if ω ∈ Rn andf tk (ω), tk < n, is a free return, then eitherf tk (ω) ⊂ someI+µν , or

f tk (ω)∩ I∗0 = ∅. In the latter case,f tk (ω) contains an interval of the formI±10−1,ν ,
adjacent toI∗0 ;

• if ω ∈ Rn and tk = n is a free return forω, thenIµν ⊂ f tk (ω) ⊂ I+µν for some
Iµν ⊂ I∗0 .

Let

R0 = {Iµν}|µ|≥10.

We considert0 = 0 a free return for each element ofR0. SupposeRn−1 is defined with the
above properties, and pick anω ∈ Rn−1. If f n(ω) is in a bound period, does not intersect
I∗0 or has an inessential return at timen, ω becomes an element ofRn. In case of a free
returnRn refinesRn−1 onω according to host intervals at timen. We omit the details.

We now define the free return timestk(x) for k > 0. Supposetk−1(x) is defined and
let ωn(x) denote the element ofRn containingx. If f tk−1(ωtk−1(x)) has host intervalIµν ,
tk(x) is the smallest positive integer which is greater than or equal totk−1+p(µ) such that
tk is a free return forωtk−1(x).

A free return time is an escape situation forx if

|f ti (ωti−1(x))| ≥ δ0.

This gives a sequence of escape times{ns(x)}∞s=0, a subsequence of{tk(x)}, where
n0 = t0 = 0 by definition. Also define

e(x) :=
{

n1(x), for x ∈ I∗0
M, for x ∈ I \ I∗0 ,

whereM is the first return time toI∗0 for I±(10−1),ν a neighbouring interval ofI∗0 . It is
easily shown that|f M(I±(10−1),ν)| > δ0 (cf. Lemma 6.3). Note thatns(x) − ns−1(x) =
e(f ns−1(x)).

Let R̂s be the refinement ofR0 into escaping intervals on thesth level:

ω ∈ R̂s , ns |ω = k ⇐⇒ ω ∈ Rk−1, k = ns(ω).

As we will see,ns(x) is finite for almost allx, soR̂s is well-defined up to measure zero.
Now definem̂+n andm̂−n to be the restrictions toI10,1 andI−10,1 respectively of

1

n

n−1∑
s=0

∑
ω∈R̂s

ns (ω)<n

f ns∗ (m0|ω).
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Following [5] we will show that in the limit, at least one of̂m+n and m̂−n gives a non-
vanishing, absolutely continuous contribution tom∗. First we state a phase space analogue
of the distortion estimate in Lemma 5.3.

LEMMA 8.1. There is constantC such that ifω ⊂ I∗0 is an interval such thatf tj (ω) is
contained in someI+µj νj

at each free returntj < N , then

1

C
≤
∣∣∣∣Df N(x)

Df N(y)

∣∣∣∣ ≤ C, ∀x, y ∈ ω.

Proof. This is proved in the same way as Lemma 5.3. The proof of Lemma 5.3 is in fact a
perturbed version of the proof of this lemma. 2

Using the previous lemma we show that the measuresm̂±n are uniformly dominated by
Lebesgue measure. LetE be a measurable subset ofI , and defineE+ := E ∩ I10,1. Then

m̂+n (E) = 1

n

n−1∑
s=0

∑
ω∈R̂s

ns (ω)<n

f ns∗ (m0|ω)(E+)

≤ C
1

n

n−1∑
s=0

∑
J0⊃ω∈R̂s
ns (ω)<n

|f−ns (E+) ∩ ω|

≤ C1
1

n

n−1∑
s=0

∑
J0⊃ω∈R̂s
ns (ω)<n

|E+ ∩ f ns (ω)|
|f ns (ω)| |ω|

≤ C2

δ0
|I10,1||E+| ≤ C3|E|.

The constants do not depend onn. Therefore, we have proved the following lemma.

LEMMA 8.2. Each weak* accumulation point of the sequences{m̂+n } and {m̂−n } is
absolutely continuous with respect to Lebesgue measure.

We proceed to show that̂m+n + m−n has total mass larger than some fixed positive
constant for infinitely manyn. First, we state the following lemma, remembering that
σ := 1/q − β − 1− ε0 = (1/2q)− 1− ε0.

LEMMA 8.3. There are positive constantsκ andC such that ifIµν ⊂ J ⊂ I+µν , then

m{x ∈ J | e(x) ≥ t} ≤ C
|µ|1+β+ε0

(κt − |µ|)σ m(J ), ∀t >
|µ|
κ

.

Proof. This is proved in the same manner as Lemma 6.5, see §§6.2.1–6.2.3. Since we are
now considering a fixed mapf = fa with log |Df n(Q)| ≥ λn for all n, the statement
holds for allt > |µ|/κ . 2

The next lemma gives a bound on the average length of escape periods.
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LEMMA 8.4. There is a constantK such that for alls ≥ 0,∫
I ∗0

(ns+1(x)− ns(x)) dx ≤ K.

Proof. It suffices to give a uniform upper bound on

1

|ω|
∫

ω

(ns+1(x)− ns(x)) dx,

whereω ∈ R̂s . LetJ = f ns (ω). Using Lemma 8.1, remembering thatns+1−ns = e◦f ns ,
and takingy = f ns (x) as a new variable, we get

1

|ω|
∫

ω

(ns+1(x)− ns(x)) dx ≤ C
1

|J |
∫

J

e(y) dy.

Now
∫
J ≤

∫
I ∗0
+ ∫J \I ∗0 and ∫

J \I ∗0
e dy = M|J \ I∗0 | < M.

Let us estimate
∫
I ∗0

e dy:∫
I ∗0

e(y) dy =
∞∑
t=1

t ·m{x ∈ I∗0 | e(x) = t}

≤
∞∑
t=1

t
∑
µ,ν

10≤|µ|≤κt

m{x ∈ Iµν | e(x) ≥ t}.

We split the inner sum into two sub-sums,∑
µ,ν

10≤|µ|≤κt

=
∑
µ,ν

10≤|µ|≤κt/2

+
∑
µ,ν

|µ|≥κt/2

,

and estimate them separately. Using Lemma 8.3 we obtain∑
µ,ν

10≤|µ|≤κt/2

m{x ∈ Iµν | e(x) ≥ t} .
∑

10≤|µ|≤κt/2

|µ|1+ε0
|µ|1+β+ε0

tσ
|Iµν |

≤ t−σ
∑
|µ|≥10

|µ|β−1/q+ε0

≤ Ct−σ .

In the second sub-sum we apply the trivial estimate

m{x ∈ Iµν | e(x) ≥ t} ≤ |Iµν |,
and so ∑

µ,ν
|µ|≥κt/2

m{x ∈ Iµν | e(x) ≥ t} ≤
∑
|µ|>κt/2

|µ|−1−1/q . t−1/q .

It follows that
∫
I ∗0

e dy is finite, and this gives us a uniform bound on
∫
J

e dy whenJ is as

above. Since|J | ≥ δ0, this proves the lemma. 2
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Recall that we want to conclude that either{m̂+n } or {m̂−n } has a subsequence converging
to a measure with positive total mass. This is the content of the next lemma. Let

Rk,J0 =
⋃
{ω ∈ Rk | f k(ω) = I10,1 or I−10,1, k = ni |ω, for somei}.

LEMMA 8.5. There exists a constantK1 > 0 such that

lim inf
N→∞

1

N

N∑
k=0

m(Rk,J0) ≥ K1.

Proof. From Lemma 8.4 we know that∫
I ∗0

ns dx ≤ Ks.

This implies that

m{x ∈ I∗0 | n1 < n2 < · · · < ns ≤ 2Ks} ≥ |I
∗
0 |
2

,

and it follows that

2Ks∑
k=1

m{x ∈ I∗0 | k = ni(x) for somei} ≥ s
|I∗0 |
2

. (8.1)

If k is an escape situation forω′, there exists anω ⊂ ω′ such thatf k(ω) = I10,1 or I−10,1.
Because of Lemma 8.1,

|ω|
|ω′| & |I10,1|,

and this combined with (8.1) gives us the proof of the lemma. 2

Proof of part (ii) of the main theorem.From the previous lemma it follows that

(m̂+n + m̂−n )(I) ≥ K1

2
,

for infinitely many n. Combined with Lemma 8.2 and the discussion preceding
Proposition 8.1, this proves the second statement in the main theorem. 2

9. A toy model forq ∈ (0, 1)

We consider a simplified model of the free returns of parameters for hypothetical unimodal
families fa,q with all the properties of our explicit maps, (1.1) and (1.2), and with
some of the extra simplifying features. Givenq < 1, we chooseα and β such that
1 < α < β < 1/q. To begin with, we assume the following.

A1. Distortion is negligible in the situations considered.

Thus, there is no need for the subdivision of eachIµ into Iµν -intervals. Letω ∈ Pm

have a free return at timem, ξm(ω) = Iµ, and supposen is the next free return fora ∈ ω.
We then assume that:
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A2. n−m = p(µ,ω) = |µ|;
A3. If ξm(ω) = Iµ andn is the next free return fora ∈ ω, then|ξn(ω)| ∼ 1.

Assumptions A2 and A3 imply that each free return is essential, and even an escape
return. Let{ns(a)} denote the set of free return times fora, let µs = µs(a) be the host-
interval index fora at timens . The length of thesth escape-period is then just

es = ns+1− ns = p(µs) = |µs |. (9.1)

CLAIM . With these extra assumptions, the statements of the main theorem hold with
q0 = 1.

Recall the definitions ofBAn (Definition 2) andFAn (Definition 4) in §4. If A =⋂∞
n=1 An, whereAn = [a0, 2) ∩ BAn ∩ FAn, for somea0 sufficiently close to two, then

parts (i)–(iii) of the main theorem hold for alla ∈ A. We will argue that under assumptions
A1–A3, A will have positive Lebesgue measure, providedq < 1. The assumptions hold,
modulo constants, in our explicit families if intervalsξn(ω) have length approximately one
at each essential free return. This is not true in general, but we conjecture that it is generic
in measure sense, that is, it holds for all parameter-intervals except for a small exceptional
set that should be excluded according to a third parameter-selection rule.

9.1. BAn-exclusion. If ω ∈ Pn−1 has a free return at timen, then |ξn(ω)| ∼ 1 by
assumption A3. From each suchω we delete

ξ−1
n (ξn(ω) ∩ (−n−α, n−α)).

It follows that at timen we delete at most a fraction 1/nα of the measure in parameter
space because of the approach-rate condition.

9.2. FAn-exclusion. Let es , Es andTs be defined as in Defintions 7 and 8 in §6.2. If
ω ∈ Pns−1 has itssth free return at timens , then this is an escape situation by assumption,
and from (9.1) it follows that

m{a ∈ ω | es(a) = t} = |It ||ω| ∼ 1

t1+1/q
|ω|, (9.2)

and that

m{a ∈ ω | es(a) ≥ t} = |Ît ||ω| ∼ 1

t1/q
|ω|. (9.3)

We estimate the fraction of parameters deleted at timen because of theFAn condition with
the same type of large deviation argument as in §6.2.4. Because of (9.2), the functionsEi

have moments of orderr iff r < 1/q. In the argument in §6.2.4 we used the existence of
second moments, but it suffices to have first order moments. This only effects the explicit
form of the ‘error-term’m{a | T̃s > τ } in (6.9). See Theorem 1.2 and Theorem 1.3 in [7].
We want to estimate

m{a ∈ An−1 | Ts(a) > n/2},
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whereTs(a) = ∑s
i=1 Ei(a). Using Theorem 1.2 in [7], suitably adapted to our situation,

we can show that

m{a ∈ An−1 | Ts(a) > τ } ≤
s∑

i=1

m{a ∈ An−1 | Ei(a) > θτ } + R(τ ; θ, q), (9.4)

where the error termR is of smaller order inτ than the sum, ifθ = θ(q) is sufficiently
small. Combining (9.3) and (9.4) we see that

m{a ∈ An−1 | Ts(a) > n/2} ≤ sC(θ)
1

n1/q
≤ C(θ)

1

n1/q−1
.

Finally, we note that it is enough to delete according to the free period assumptionFAn

at dyadic timesn = 2km0, since we are then guaranteed that at least 1/4 of the iterates
are free up to an arbitrary time. The remaining parameter setA will then have positive
measure if and only if

∞∑
k=0

1

(2km0)1/q−1
= 1

m
1/q−1
0

∞∑
k=0

1

(21/q−1)k

is finite, which of course happens exactly when 21/q−1 > 1, that is, whenq < 1.
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