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Abstract

The aim of the project is to re-run the study in [6], possibly with new data sets, but
this time using the correlation integral which is a known tool from manifold learning
[2]. A motivation is that correlation integral is a U-statistic and by this approach there
are several fairly recent results about its asymptotics.

1 The correlation intergal and its basic properties

Let ‖ · ‖ denote the Euclidian norm in RN and X1, . . . , Xn is a fixed set of data
samples in RN . Following [2], we first define the correlation integral Cn(ε) as

Cn(ε) :=
2

n(n− 1)

n∑
i=1

n∑
j=i+1

I
(
‖Xi −Xj‖ ≤ ε

)
where I is the indicator function of the set

{
j : ‖Xj −Xi‖ ≤ ε

}
, i.e., for given i

we check how many other j’s there are such that the corresponding data sample
Xj is at a distance ε from Xi. Next, the correlation (intrinsic) dimension is
defined as

Dn := lim
ε→0

ln
(
Cn(ε)

)
ln ε

.

Dn is also known as the Rényi dimension, see [8] and the references therein.
It is known that [7] Dn ≤ 2 log10 n is required for an accurate estimation for

finite n.

2 Parameter estimation

Usually one computes from some ε1 > ε2 > . . . > εk > 0 the quantities(
ln εj , ln

(
Cn(εj)

))
j=1,...,k

⊂ R2

and estimates the tangent to the linear part of this set of points by linear
regression. The estimate of Dn is the slope of this regression line [2]. There are
various pitfalls in this approach, and techniques of improved estimation can be
found in [3, 4].
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3 Asympotics

An analysis of the asymptotics of the estimator of Dn as n→∞ can be found
in [4]. One can also develop it from [5], these are based on U-statistics theory.
This asymptotics gives us asymptotic distributions, confidence intervals e.t.c. It
is true under some conditions that limn→∞Dn = d in which d is the true Rényi
dimension.

4 Suggested approach

We start of by considering the synthetic data set as in [6] where

X = f(Y ) + ε.

In the above, f : Rd → RN , X are the measurements, Y are the features one
seeks, and ε is some additive data noise. Now, set

X1 := cosφ cos θ

X2 := sinφ sin θ

X3 := cos θ

Xl ∼ Gaussian for l = 4, 5, . . . , N .

The first three coordinates above parametrizes the surface of the unit sphere in
R3, so d = 2. Points on this surface are further embedded in N -dimensional
space where the remaining N − 3 points are Gaussian random variables which
have a small variance [6], see also [1]. We try to estimate d (=2) through the
correlation integral when we have n samples

Xj =
(
X

(j)
1 , X

(j)
1 , . . . , X

(j)
1

)
∈ RN for j = 1, . . . , n.

If the proposed approach works out well on the synthetic data set, we proceed
to analyze gene expression data.
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