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3.

y′′ + 8y′ + 16y = 2x+ 1.

yH : r2 + 8r + 16 = (r + 4)2 = 0, r = −4 dubbelrot.
yH = (Ax+B)e−4x.

yP : Ansätt yP = ax+ b, y′P = a, y′′P = 0.
0 + 8a+ 16(ax+ b) = 2x+ 1 ger 16a = 2, a = 1/8.
och 8a+ 16b = 1, 1 + 16b = 1, b = 0.

Allts̊a yP =
x

8
.

y = (Ax+B)e−4x +
x

8
.

V.g. vänd!



4.

V = π
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5.

lim
x→0

ln (1 + x3) + x4 ln |x|
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=
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eftersom lim
x→0

x ln |x| = 0.

6.
Kurvan definieras av x2y3 − x3y2 = 12.
Punkten (−1, 2) ligger p̊a kurvan.
Implicit derivering av kurvans ekvation ger:
2xy3+x2·3y2y′−3x2y2−x3·2yy′ = 0
I punkten (−1, 2) : −16 + 12y′(−1)− 12− (−4)y′(−1) = 0,
16y′(−1) = 28, y′(−1) = 7/4.
Tangentens ekvation i (−1, 2) är allts̊a y − 2 = 7

4
(x+ 1).



7. f(x) = 1
2
(x2 − 4x+ 1) ln (1 + x2)− 4 arctanx− x2

2
+ 4x.

Lokala extremvärden skall bestämmas.

f ′(x) = (x− 2) ln (1 + x2) +
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(x3 − 4x2 + x− 4− x− x3 + 4 + 4x2) =

= (x− 2) ln (1 + x2) +
1

1 + x2
· 0 = (x− 2) ln (1 + x2)

f ′(x) = 0 för x = 2 och x = 0. (ln (1 + x2) = 0, 1 + x2 = 1, x = 0).

Man f̊ar följande teckentabell:

x 0 2
f(x) ↘ ↘ ↗
f ′(x) - 0 - 0 +

x = 2 ger allts̊a lokalt minimum.
fmin = f(2) = −3

2
ln 5− 4 arctan 2 + 6.

(x = 0 ger inflexionspunkt.)

8. Följande p̊ast̊aende P (n) skall visas gälla för n = 1, 2, 3, ....:
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Antag att P (m) är sant och försök visa att d̊a ocks̊a P (m+ 1) är sant.
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V.g. vänd!
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Allts̊a, P (M)⇒ P (m+ 1).
Allts̊a gäller P (n) för n = 1, 2, 3, ....
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9.

F (x) =

∫ x

0

f(t)dt

skall uppfylla fyra givna villkor.
Vi visar att för exempelvis f(x), definierad nedan , uppfylls alla villkor:

f(x) =

{
−2, 0 ≤ x ≤ 1

2, 1 < x ≤ 2

Med detta val av f(x) f̊ar man:

F (x) =

∫ x

0

(−2)dt = −2x, för 0 ≤ x ≤ 1.

F (x) = −2+

∫ x

1

2dt = −2+2(x−1) = 2x−4, 1 < x ≤ 2.

Detta visar att F (2) = 0 .
samt F (x) ≤ 0, d̊a 0 ≤ x ≤ 2 ,
Fmin = F (1) = −2
och slutligen att F (x) inte är deriverbar i x = 1, eftersom F ′−(1) = −2 6=
F ′+(1) = 2.



10.

I =

∫ ∞
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x
dx =
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sin x

x
dx+

∫ ∞
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sin x

x
dx = I1 + I2. (a > 0).

I1 är inte generaliserad eftersom integranden är begränsad nära x = 0

(lim
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sinx

x
= 1).

I2 = lim
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a

sin x

x
dx = lim
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([
− cosx

x

]N
a

−
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a

cosx
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dx

)
,

vilket konvergerar eftersom b̊ada termerna i gränsvärdet konvergerar:

lim
N→∞

− cosN

N
konvergerar eftersom cosN är begränsad.∫ ∞

a

cosx

x2
dx konvergerar eftersom integralen är absolutkonvergent.

(
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∫ ∞
a

dx

x2
.)


