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Tal 1.

Cauchy-Riemann ekvationer för funktionen f(x+ iy) = u(x, y) + iv(x, y) ger

u′x = v′y u′y = −v′x.

Om dessutom f(x+ iy) = u(x, y)− iv(x, y) är analytisk, d̊a

u′x = −v′y u′y = v′x.

Därför u′x ≡ u′y ≡ v′x ≡ v′y ≡ 0 som betyder att f är konstant.

Tal 2.
Lösning I.
Vi integrerar partiellt∫ 3+3i

1+i

Log z dz =
[
z Log z

]3+3i

1+i
−
∫ 3+3i

1+i

dz

= (3 + 3i)Log (3 + 3i)− (1 + i)Log (1 + 1i)− (2 + 2i)

= (3 + 3i)(log(3
√

2) + iπ/4)− (1 + i)(log(
√

2) + iπ/4)− 2− 2i

= (1 + i)(log 2 + 3 log 3− 2)− (1− i)π/2.

Lösning II.∫
C

Log z dz =

∫
C

(log |z|+ iπ/4) dz =

∫ 3

1

(log(
√

2 t) + iπ/4) (1 + i) dt

=

∫ 3

1

(log(
√

2 t)− π/4) dt+ i

∫ 3

1

(log(
√

2 t) + π/4) dt

1



= (1 + i)

∫ 3

1

(log(
√

2 t) dt− (1− i)
∫ 3

1

π/4 dt.

För att beräkna
∫ 3

1
log(
√

2 t) dt integrerar vi partiellt∫ 3

1

log(
√

2 t) dt =

∫ 3

1

1

2
log 2 dt+

∫ 3

1

log t dt = log 2 +
[
t log t

]3

1
−
∫ 3

1

t · 1

t
dt

= log 2 + 3 log 3− 2.

Svar: ∫
C

Log z dz = (1 + i)(log 2 + 3 log 3− 2)− (1− i)π/2.

Tal 3.
z3

−z2 + 3z − 2
=

−z3

(z − 2)(z − 1)
=
−z3

z − 1
− −z

3

z − 2

Om 1 < |z|, d̊a

−z3

z − 1
=
z3

z
· 1

1− 1
z

= z2

∞∑
n=0

1

zn
=

2∑
k=−∞

zk.

Om |z| < 2, d̊a

−z3

z − 2
=
z3

2
· 1

1− z
2

=
z3

2
·
∞∑
n=0

zn

2n
=
∞∑
k=3

zk

2k−2
.

Svar:

z3

−z2 + 3z − 2
=

2∑
k=−∞

zk +
∞∑
k=3

zk

2k−2
.

Tal 4. L̊at h(z) = 7z2 + 2 och g(z) = z5 + 3z. Om |z| = 1 d̊a

|g(z)| = |z5 + 3z2| ≤ 4 < 5 ≤ |7z2 + 2| = |f(z)|.

Rouches sats ger d̊a att f(z) har lika många nollställen som h(z) innanför
{z : |z| = 1}, dvs tv̊a nollställen.
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