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Tal 1.

L̊at u(x, y) = sin(3x) cosh(3y).
C-R ekvationer ger oss att

u′x = 3 cos(3x) cosh(3y) = v′y =⇒

v(x, y) = 3

∫
cos(3x) cosh(3y) dy = cos(3x) sinh(3y) + c(x).

v′x = −3 sin(3x) sinh(3y) + c′(x) = −u′y = − sin(3x) sinh(3y)

=⇒ c′(x) = 0 =⇒ c(x) = k = konstant.

Därför

f(z) = u+ iv = sin(3x) cosh(3y) + i cos(3x) sinh(3y) + ik

= sin(3(x+ iy)) + ik = sin(3z) + ik.

Svar: f(z) = sin(3z) + ik, k ∈ R.

Tal 2.

2 ez

z − iπ/4
=

2 eiπ/4ez−iπ/4

z − iπ/4
=

√
2(1 + i)

z − iπ/4

∞∑
n=0

1

n!
(z − iπ/4)n

=
∞∑

m=−1

cm(z − iπ/4)m,

Där cm =
√

2(1+i)
(m+1)!

, m = −1, 0, 1, . . . .
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Tal 3. L̊at

I =

∫ ∞
0

x

x3 + 1
dx

och
f(z) =

z

z3 + 1
.

Vi integrerar funktionen f runt ΓR = Γ1,R + Γ2,R + Γ3,R, där
Γ1,R = {z = x+ iy : 0 ≤ x ≤ R, y = 0},
Γ2,R = {z = x+ iy : z = Reφ, 0 ≤ φ ≤ 2π/3},
Γ3,R = {z = x+ iy : z = re2π/3, R ≥ r ≥ 0}, R > 1.

Funktionen f har en pol av ordning 1 i punkten z = eiπ/3 som ligger innanför
ΓR. Residysatsen ger∫

ΓR

f(z) dz = 2πiRes
[
f(z), eiπ/3

]
= 2πi lim

z→eiπ/3

z(z − eiπ/3)

z3 + 1

(p.g.a. L’Hôpitals regel)

= 2πi lim
z→eiπ/3

(z − eiπ/3) + z

3z2
=

2πi eiπ/3

3e2iπ/3
=

2πi

3
e−iπ/3.

Därför∫
Γ1,R

z

z3 + 1
dz +

∫
Γ2,R

z

z3 + 1
dz +

∫
Γ3,R

z

z3 + 1
dz =

2πi

3
e−iπ/3. (∗)

a. Vi användar ML olikheten och f̊ar∣∣∣ ∫
Γ2,R

z

z3 + 1
dz
∣∣∣ ≤ max

z∈Γ2,R

∣∣∣ z

z3 + 1

∣∣∣ 2πR

3
≤ R

R3 − 1

2πR

3
→ 0, R→∞.

b.

lim
R→∞

∫
Γ1,R

z

z3 + 1
dz =

∫ ∞
0

x

x3 + 1
dx.

c. ∫
Γ3,R

z

z3 + 1
dz =

∫ 0

R

re2iπ/3

r3 + 1
e2iπ/3 dr →

→ −e4iπ/3

∫ ∞
0

r

r3 + 1
dr = eiπ/3

∫ ∞
0

r

r3 + 1
dr, R→∞.
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Vi f̊ar fr̊an (*) att

I (1 + eπi/3) =
2πi

3
e−iπ/3.

Svar:

I =

∫ ∞
0

x

x3 + 1
dx =

2π

3
√

3
.

Tal 4. L̊at z = w + 1. D̊a

f(z) = f(w + 1) = w4 + 4w + 1.

Om h(w) = 4w och g(w) = w4 + 1 d̊a f̊ar vi att

|g(w)| = |w4 + 1| ≤ 2 < 4 ≤ |4w| = |h(w)|, |w| = 1.

Rouches sats ger d̊a att f(z) = f(w+1) har lika m̊anga nollställen som h(w)
innanför {w : |w| = 1}, dvs ett nollställe.
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