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H., Norm (1/2)

fNo’[a’[ion
mD:={z|z€C(, |z <1}
miD:={z|z€C, |z|] =1}
mD,:={z|z€C, |zl > 1}

Definition

A

(i) Ho(D,) = { r

;}Dp Omax (T[z]) < 00}

(i) Given T € H.,
|| = max T
u o = 52p o () N
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H., Norm (2/2)

| B

Property | T[z] = C(zI-A)"'B+D

(i) eig(4) cD = T e H,
(i) T € Ho = eig(A) c D if stabilizable and detectable
(ii) Given T € Ho,

T

SUP G (T121)

(o]

T 0
oSBT (T1e/1)
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Design Framework

Yy u

m Given: Generalized plant G

G[Z]:[g; ](ZI—A)_l[ Bl B2 ]+[ gz 1)012:|

m Find: Controller K
K[Z] = CK(ZI - AK)_lBK + DK

ez =7(6 R) [ vl |
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LFT (Linear Fractional Transformation)

— bl

F. (G, H): upper LFT F¢ (G, H): lower LFT

G + GaiH(I - GiiH) 'Gra
G11 + GoH(I = GoH) 'Gy

F. (G, H)
Fe (G, H) :

Example

A B
CleZI-A"'B+D=F, (M '), M:= [

CD] B
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H., Control Synthesis

| B

¢ (G, K)[2] = Cer(zl = Act) "Beg + Dt
|

A 0| B B, 0
Ace B ! 2 Dx Ck || Co 0|Dn
Cor Do | 71200 1O L s a0 1] 0
ol cl Cl 0 Dll D12 0 K K

Given G. Find K such that

H., control synthesis

m cig(Ay) C D
n ”ﬂ (G, IZ)HO0 <1

]
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Bilinear Transformation (1/2)

Bilinear Transformation z=

Property: Given G. Let G.(s) := G H al S]

-8
m GeH.(D,) © G eH.(C,)
. Suppose G € Ho(D.). ||G]|_ =G|, ]
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Bilinear Transformation (2/2)

Given G[z] = C(zI = A)"'B+ D with —1 ¢ eig(A)

Fact: G.(s) =G [1 J_rﬂ = Ce(s — A.)"'B. + D.

Ac Be| _[(A-DA+D" V2(A+D)7'B
C. D. |7 | v2cia+D! G[-1]
Proof: Notice
A -1 A B
‘G[Z]=7:u(M,z I), M::[C D]
1- -1 N2 Mg
1+ V2 -1 |
Cels) = Fu (M, Fu (Mg, s71)) = Fu(Me * M, s71) |

[ ] 271[ =

21 = Fu(Ms, s7), Mg :=
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Reduction to Continuous-Time H,, Control Synthesis
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Design Procedure

(%
[N

Step 2|CT H., synthesis

Z < l— 0 B_l ZC - N l—— wc
Ge
Step 3

R N
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Bounded Real Lemma
fNotation
mA>0: AeR™ is positive definite
mA>B: A-B>0

Lemma | Given T[z] = C(zI-A)'B+ D,y >0

(i) eig(A) cDand|T|_ <y
& (iyP=P" >0,

ABl[Pol[aB] [P 0 0
C D 0 I||C D 0 VI
Lo Analysis via convex optimization J
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Schur Complement

Lemma | SAE
Mi M;
] >0
[
® M; >0and M, - MJM;'M;3 >0
® M, >0 and My — MsM;'M] >0

Proof: easy

L |
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Elimination Lemma

| B

Notation: Given A € R™" rank(A) = r
At € R=>" is any matrix satisfying

ATA =0, A*A'T>0

Lemma | Given L € R™™ R e RP*", and M = M' € R™"

() 3Z e R™?, LZR + (LZR)" + M < 0
& (i)

L*MIAT<0 or LLT>0
R™MR™T <0 or RTR>0

L |
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LMI Feasibility Condition
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Theorem | Given G. SAE

(i) * a solution to H,, control synthesis problem
([HIX=X">0,Y=YT>0,

X 0 X 0
il T _ 1T
B(ﬂ[o I A [0 I])B < 0
Y 0 Y O
TL T _ TLT
]

A B ] B,_[ B,

Lwheref( = [ ¢, Du Do, ], C:= [ Cy Dy ] J
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Sketch of Proof (1/3)

| B

e Step 1: Bounded Real Lemma
Acf Bcf ! Pcf 0 Acf BCZ _ Pc[ 0 <0
Cc€ Dcé’ 0 I Ccé’ Dct’ 0 I
T
[ Pct’ 0 ] [ Acf Bc[ ]
0 I Cct’ Dcé’ >0
A Ber Pc_fl 0
Cc[ Dc€ 0 I
e Step 2: Notice that

[Acf Bct’ ]
ccl' Dct’

—~ O O

0 IO
I 00
0 0 I

o~ O

"o 0]+[0 IHB: AZHOIJ]
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Sketch of Proof (2/3)

| B

10/(1)[;3 AT 0 [CT 0] 80
- 0 0 0 1|7kl o 1
Pl 0[P,
X 0]0 >0
[ﬂ 0]+[B o]z[c 0] 0 03
0 0 0o 1|7 o1
Ql 00,

_|lY Ps 4| X & | Px Cx
where ch—-[Pg P, ]/ Py _[Q; Qz]’ ZK'_[BK AK]
Y= (X-Q:Q'QN™
= X-Y1=030,'01 >0
= [)Ii ;]20
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Sketch of Proof (3/3)

| B

LZR+ (LZxR)T + M(Pe) > 0

o] (e
0 - 0 0

L= [za o] , R:HC 0] 0] MPy=| LT O1F2
I X 0|0Qs
01 [5‘1 0] o 1lo

00
Q] 0|Q

e Step 3: Elimination Lemma for Zx with

LL:[(I) [Bloo]]’ RTL:{[CT; '] (I)]

L |
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Recovering P.,

I]>OT

. , o X
f m Solution to synthesis LMI (X, Y) satisfying [ Iy

otherwise replace by (X + ¢I, Y + &l)
(X + eI, Y + €l) solves synthesis LMI for small ¢ > 0

m Fact: 7P,, Q, such that

Y N, X M, Y NJ[ X M]_,
NT P, M " [NT Py || MT Q|

Controller Construction

f m Naive Algorithm: T
Substitute P, back to L£ZxR + (LZxR)" + M(Pe) > 0
Solve as an LMl in Zg (feasible !)
Works well, but numerically expensive

m Sofisticated algorithm:
Without recovering P, explicitly
Decomposing £LZxR + (LZxR)" + M(®P,) >0 by using

o[ X 1]_[1 Y
“AM ol |o NT

where MNT :=- XY Py r;}
T
Note: M, N are X 1 b, X I|_[x1
- MT 0| Mo 1Y
e nonsingular .
, Iy I Y X I
e computable via SVD J L [ T] P-;[ T]:[ ]
| o NT|«|lo N Iy ]
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Decomposing LZxR + (LZxR)" + M(P.) >0 (1/3)

| B

Lemma | SAE

(i) 7Zx suchthat LZxR + (LZxR)T + M(Pee) > 0
(i) Bk, Cx, D) such that

X Lx(Cx) Y Ly(By)
[L§<CK) A(Dx) ]>0’ [Li(?«) A(Dx) ]>0

[10] CI8T+[x oA
L) BKC+£YO 0 [A [10]
where | Ly(By) |:= [ I] (A + BDC)T
ADK) 0 ‘o
ﬂ+BDKC [0 I]

L |
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Decomposing LZxR + (LZxR)" + M(P) > 0 (2/3)
fSketch of Proof: T
(i) © 3(Ax, Bk, Cx, Dk) such that
[ X Ay ] [LX(CK)
A Y Ly(Bx)
| LXCo LIBo | D)

>0

by taking

o X
Ax By y No|A 00 B 0 C 0 I TO
el = I || OGN ) B P2 B | P A
Lo 000 10 0 I

& (ii): Set Ax = Ly(Bx)A™ (Dx)LL(Cx)
| |
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Decomposing LZxR + (LZxR)" + M(P.) > 0 (3/3) Controller Construction Algorithm
[ B [

Lemma | YDg such that A(Dx) > 0 m Step 0: (X, Y): solution to synthesis LMI
m Step 1: Find Dy such that A(Dk) >0

Given solution (X, Y) to synthesis LMI Algorithm

Y Ly(Bx)

= 9By such that [ G ADY |~ 0 m Step 2: Find By and Cy such that
y X Lx(Cy) Y Ly(Bx)
~ X Lx(Ck) [ ~ ] >0, [ ~ ] >0
m 1Cy such that [ LY AX(D;) ]> 0 LY(Cx)  A(D) LI(Bx) A(Dx)

3 m Step 3: Set Ax = Ly(Bx)A™}(Dx)LY(Ck)
Sketch of proof: Invoking Elimination Lemma for By, m Step 4: Recover Zx by
: K

Y Ly(Bx) ADi) > 0 I 0 I 0][Dg Cel[I -GX] [0 © I o
~ >0 o Y O Y 0 Zx = _1 R - g
LI(Bx) A(Dx) CT (AT 01 A- 0 C™T <0 0N ~YB, I|| Bx Ax|lo 1 0 YAX |)]| 0 M
L J L& SVD-based methods available for Step 1 and 2 J
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