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Sampled-Data Systems
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Internal Stability of Sampled-Data Systems (1/3)
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Definition | Fix w. =0

SDS is internally stable

def { x(H) >0 (- o)

T\ k=0 (k> o) 30 1[0)
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Internal Stability of Sampled-Data Systems (2/3)
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Sketch of Proof: Define x[k] := x.(kh)
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Internal Stability of Sampled-Data Systems (3/3)
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Theorem | SAE

m SDS is internally stable
m eig(Ay) €D

0
| Sketch of Proof: x.(kh + 6) = e*“x[k] + f e0-DBy dny (Cixx[K] + DiCax[k])|
0
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Properties of Discretized Systems (1/3)

Y95 22 HpE=--u
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Fact: 7K, such that eig(A.,) c D iff
m (A, By): stabilizable
m (A, C;): detectable

Claim:
m (A, Bep): stabilizable = (A, B,): stabilizable
L m (A, Cp): detectable = (A, C;): detectable
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Properties of Discretized Systems (2/3)
fCounter Example:

B Ay, Ay €eig(A) = ehh ehlt ¢ eig(A)

B £A, = el zehld
B Re(1)) = Re(1y), Im(A;) - Im(Ay) = 27“]‘-71 = el = eloh
Ac BC2 0 !
Co 0 |T|2L0
c2 0 1

0
1 |: stabilizable, detectable
0

u eig(Ac) = {]r _]}

- A z+1 0
lh=n7'(—>rar1k[Z ]:rank 0 z+1
C2 0 1
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Properties of Discretized Systems (3/3)
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Definition | Given A., h >0

h is pathological if 71, A, € eig(A.), k € Z such that

_m
T h
sampling frequency

A#EA, A1—AE j]R, A1 — Ao = wsk,  ws:

Theorem | Suppose & is not pathological

m (A, Bep): stabilizable & (A, B,): stabilizable
m (A, Cp): detectable & (A, C;): detectable
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L,-Stability of Sampled-Data Systems (1/3)

" Py

Definition | SDS is L,-stable if "w. € L, = z. €L,

Claim:
m Internal stability = L,-stability
m Internal stability =» L,-stability

]
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L,-Stability of Sampled-Data Systems (2/3)
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Counter Example:

T I
m Internally stable (A, = 0)

1, 0¢€][0, h/(k+1)3)

m Set w. by wc(kh +0) := { 0, 0€lh/(k+1)% h)

00

* 1
Hdt= ) —0 L
j; we(t) Z(k+1)2 <o = w.elL

k=0

z)=1, "t>h = z.¢L
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L,-Stability of Sampled-Data Systems (3/3)

v s mEIRE

Theorem | Suppose D1 =0

Internal stability = L,-stability

Message: Put low-pass filter F before sampler S

we
T
Anti-Aliasing Filter J
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Aliasing

m Sampler can produce same discrete-time signal from

distinct continuous-time signals

m Usually we put low-pass filter before sampler to avoid it

fa

fo [Pl 5

L Anti-Aliasing Filter

]
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Sampled-Data LQ Optimal Control Problem

Given:
Xc(t) | _| Ac B xc(t) _
[zc(ﬂ]‘[cc DcHuca)]’ %(0) = %0
Problem | Find F € R™*" such that

m 7, (G., HFS) is internally stable
® minimize ||z|l,

B
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Reduction to Discrete-Time Problem (1/2)

Theorem Zs «—— C
m 7, (G., HFS) is internally stable X "
& Fr (G, F) is internally stable
m Supposing stability ||zc[l, = [zs]l»
where i
x[k+1] | | A B || x[k] 2[0] = x
zlkl |"[C D||ulk]| -0

(C, D) is any pair of matrices satisfying

[g][c D]:fohexp

Y]
LandA:: e Bi= f e B, dt
0

;
Ac B, cT Ac B
5 0 Lo e oden([ 5 G ]

]
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Reduction to Discrete-Time Problem (2/2)

| B

Design Procedure:

m Step 1: Reduction to Discrete-Time Problem
Compute A, B,C, D

m Step 2: Discrete-Time LQ Optimal Control Problem
Find optimal gain F for (A, B, C, D)

Proof of Theorem:

2(kh + ) = Cee™*xc(kh) + Deulk] = [ Cc De Jexp ([ fclf o ]9)[ ﬁlzj ]

for 6 € [0, h)

]
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Numerical Example (1/4)

—

Plant:

B

o1 [xo] (1) BE
PO = oot 1 [yp(t)}_ L 040 [u,,(t)}’ x”(o)_[o]

Discrete-Time Design: Find F; which minimizes ||yd||2
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Numerical Example (2/4)

B a

0 0.‘2 0‘4 o.‘s 0‘8 1‘ 1‘2 1‘4 l.‘6 1‘8 zTIme [S]
m Deadbeat at sampling instants
L m Oscillating intersample behavior J
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Numerical Example (3/4)

fDis.crete-Time Design: Find F; which minimizes ||yd||2

B
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Numerical Example (4/4)

R R B

0 o.‘z 0‘4 u‘e o.‘x 1‘ 1‘1 1.‘4 1‘6 1‘8 2T|me [S]
m Less-oscillating response by Sampled-data design
L m Discrete design is better at sampling instants J
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